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Abstract

W e prop ose a new class of learning algorithms that com bines v ariational appro xi-

mation and Mark o v c hain Mon te Carlo (MCMC) sim ulation. One of these algorithms

is a mixture of t w o MCMC k ernels: a random w alk Metrop olis k ernel and a blo c k

Metrop olis-Hastings (MH) k ernel with a v ariational appro ximation as prop osal distri-

bution. The MH k ernel allo ws one to lo cate regions of high probabilit y e�cien tly . The

Metrop olis k ernel allo ws us to explore the vicinit y of these regions. This algorithm

outp erforms v ariational appro ximations b ecause it yields sligh tly b etter estimates of

the mean and considerably b etter estimates of higher momen ts, suc h as co v ariances.

It also outp erforms standard MCMC algorithms b ecause it lo cates the regions of high

probabilit y quic kly , th us sp eeding up con v ergence. W e demonstrate this algorithm on

the problem of Ba y esian parameter estimation for logistic (sigmoid) b elief net w orks.



1 In tro duction

MCMC sim ulation is a p o w erful and accurate strategy for inference and learning (Gilks,

Ric hardson and Spiegelhalter 1996, Rob ert and Casella 1999). Ho w ev er, it often requires

the design of complex prop osal distributions when applied to new tasks. Otherwise, the

algorithms can tak e v ery long to con v erge ( i.e. , mix p o orly). On the other hand, v aria-

tional metho ds ha v e b een sho wn to pro vide fast appro ximate estimates in man y scenarios

(Jaakk ola and Jordan 1999, Jordan, Ghahramani, Jaakk ola and Saul 1999). Y et, they

rely on simpli�cations of the original problem in order to ensure mathematical tractabilit y .

This often results in algorithms that yield p o or estimates of high order momen ts, suc h a

co v ariances and kurtosis.

In this pap er, w e in tro duce a class of Mark o v c hain Mon te Carlo (MCMC) algorithms

that exploits the fact that v ariational appro ximations can b e used as prop osal distribu-

tions. W e sho w that naiv e algorithms exploiting this prop ert y can mix p o orly , but solv e

this problem b y in tro ducing more sophisticated MCMC k ernels based on blo c k sampling

and mixtures of MCMC k ernels. In particular, w e use mixtures with v ariational k ernels that

allo w the algorithm to detect the regions of high probabilit y quic kly and metrop olis k ernels

that enable it to explore the neigh b ourho o d of these regions. The resulting algorithm con-

v erges quic kly to the regions of high probabilit y and also yields reasonable appro ximations

to the en tire distribution of in terest. Our approac h mak es it p ossible to com bine v ariational

and MCMC algorithms within a rigorous probabilistic setting so as to exploit the b ene�ts

of b oth approac hes sim ultaneously .

There ha v e b een other attempts at com bining sp eci�c appro ximation tec hniques and sim-

ulation metho ds; indeed, researc hers in the statistics comm unit y often com bine the Laplace

appro ximation with sim ulation metho ds (Gilks et al. 1996). Ho w ev er, the Laplace metho d

is based on truncated T a ylor expansions of deriv ativ e terms that can often lead to p o or

appro ximations. Recen tly , Ghahramani and Beal (2000) sho w ed that using a v ariational

appro ximation for mixtures of factor analyzers as the prop osal for an imp ortance sampler

could lead to an impro v emen t in the accuracy of the results. The approac h w e tak e here

is far more general and surmoun ts man y of the problems encoun tered in the imp ortance

sampling approac h.

W e demonstrate the approac h on the task of Ba y esian parameter estimation of logistic

(sigmoidal) b elief net w orks with laten t v ariables. This problem is of in terest for sev eral rea-

sons. First, it exhibits nonlinearit y an non-Gaussianit y . Second, it includes the problems

of logistic regression and classi�cation with missing observ ations as a sub-case. That is,

our approac h can handle situations in whic h w e ha v e man y partially observ ed input signals.
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Third, the noise is v ery uninformativ e and consequen tly one has to b e v ery careful when

applying mo del testing tec hniques suc h as cross-v alidation. This motiv ates the Ba y esian

paradigm and, in particular, the in tro duction of a Gaussian prior as a regularisation mec h-

anism. Lastly , this t yp e of net w ork has imp ortan t connections with researc h carried out in

the area of neural computation.

The remainder of this pap er is organised a follo ws. The probabilistic mo dels and estima-

tion goals are outlined in Section 2. In Section 3, w e presen t the v ariational appro ximations

to the original mo dels and the exp ectation maximisation (EM) algorithm to p erform the

necessary computations. The presen tation of v ariational tec hniques for parameter estima-

tion b egins at a v ery general lev el. Subsequen tly , it fo cuses on the cases of fully observ ed

Ba y esian net w orks (BNs) and BNs with hidden no des. A no v el strategy that com bines

MCMC and v ariational metho ds is prop osed in Section 4. The exp erimen tal results ob-

tained with this metho d for logistic BNs are presen ted in Section 5. Conclusions and

recommendations for future w ork are dra wn in Section 6. Finally , the notation app ears in

the app endix.

2 Mo del Sp eci�cation

In this section, w e presen t our probabilistic mo del for parameter estimation in b elief net-

w orks (BNs). These net w orks pro vide a con v enien t pictorial represen tation of probabilit y

distributions that can b e factorised as follo ws

1

p ( x
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x
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n

x

Y

i =1

p ( x

i

j x
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where x

1: n

x
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1

; x
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; : : : ; x

n

x

g represen ts a stac k ed set of no des, x

i

denotes the v ariable

asso ciated with no de i , x

� ( i )

denotes the paren t no des of no de i and �

i

are some unkno wn

parameters asso ciated with no de i . Figure 1 sho ws a simple BN where all the no des are

observ ed (A) and a BN where the v alue of one of the no des is unkno wn (B). In b oth cases,

w e will sho w that it is p ossible to design algorithms to estimate the parameters.

More formally , w e consider a coun table set of random v ariables x

i

2 X , and partition

the set in to a visible part, x

v

i

2 X

v

, and a hidden part, x

h

i

2 X

h

, suc h that X = fX

v

[ X

h

g .

1

F or simplicit y , w e use x

t

to denote b oth the random v ariable and its realisation. Consequen tly , w e express

con tin uous probabilit y distributions using p ( d x

t

) instead of Pr ( X

t

2 d x

t

) and discrete distributions using

p ( x

t

) instead of Pr ( X

t

= x

t

). If these distributions admit densities with resp ect to an underlying measure

� (usually coun ting or Leb esgue), w e denote these densities b y p ( x

t

). F or example, when considering the

space R

n

, w e will use the Leb esgue measure, � = d x

t

, so that p ( d x

t

) = p ( x

t

) d x

t

. T o mak e the material

accesible to a wider audience, w e shall allo w for a sligh t abuse of terminology b y , sometimes, referring to

p ( x

t

) as a distribution.
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Figure 1: (A) F ully observ ed b elief net w ork. (B) Belief net w ork with one hidden no de

(righ t). The parameters � are treated as hidden units in the Ba y esian framew ork. The

dashed b o x represen ts the Mark o v blank et for no de �

i

, while the con tin uous b o x is a tem-

plate indicating that there are T copies of x .

W e shall assume that w e ha v e T sets of measuremen ts for the observ ed v ariables; that is
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n um b er of paren t no des in the case of a b elief net w ork. In general, the cardinalit y of �
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�

,

P
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� ( i )

. Ev en though parameters in the Ba y esian setting are to b e regarded as

hidden v ariables, w e will here mak e a notational distinction b et w een the hidden states and

the distributional parameters of the hidden states.

W e shall restrict the parameterisation of the conditional probabilit y distributions to the

follo wing Bernoulli family with a logistic mapping
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and � is assumed to b e �xed. (Note that w e

only mak e the latter assumption for presen tation purp oses. One could alw a ys in tro duce an

extra no de �xed to 1 and treat � as an extra parameter.) T o complete the sp eci�cation of

the Ba y esian mo del, w e assume a Gaussian prior N ( �

0

; �

0

) on the parameters �

i

and prior
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indep endence, that is p ( d � ) =

Q

i

p ( d �

i

).

The goal of the analysis will b e to compute the p osterior distribution p ( d � j x

v

). F rom

this distribution, one can easily deriv e other quan tities of in terest, suc h as predictiv e dis-

tributions and marginal distributions. As illustrated in Figure 1, w e need to distinguish

b et w een t w o scenarios: fully observ ed net w orks and net w orks with hidden no des.

(i) F ully observ ed BNs: As sho wn in the left plot of Figure 1, the Mark o v blank et of

�

i

(the no des inside the dashed b o x) do es not include an y other parameters. As a result of

this, the problem of parameter estimation for BNs simpli�es to sev eral logistic regression

sub-problems; one for eac h no de with paren ts. The p osterior for eac h of these no des can b e

computed using Ba y es rule
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where n

xc

denotes the n um b er of no des that ha v e at least one paren t.

(ii) BNs with hidden no des: Hidden no des in tro duce dep endencies b et w een the param-

eters of the mo del. F or example, in the righ t plot of Figure 1, the parameters �

j

dep end on

the parameters �

i

b ecause x

i

is unkno wn. T o compute the p osterior, w e need to marginalise

o v er the hidden v ariables
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P
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The p osterior distributions, in b oth cases, cannot b e calculated analytically b ecause of

the large in tegrals and sums app earing in the denominators. T o circum v en t this problem, in

the next section w e in tro duce v ariational metho ds to obtain appro ximate solutions. These

metho ds will require that w e map the original mo del to a simpli�ed mo del that is more

amenable to analytical and computational treatmen t. W e shall correct for this c hange of

mo del using Mark o v c hain Mon te Carlo sim ulation in Section 4.

3 V ariational Appro ximation

W e b egin this section b y presen ting a general v ariational framew ork for parameter esti-

mation. W e then enforce the b elief net w ork top ological constrain ts and, �nally , deriv e

appro ximations for parameter estimation in logistic b elief net w orks. The resulting appro x-

imations are similar to the ones of (Jaakk ola and Jordan 2000), with the exception that w e

in tro duce an extra parameter, � , to treat m ultimo dalit y .
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3.1 V ariational metho ds for parameter estimation

The aim of v ariational metho ds is to con v ert a complex problem in to a simpler, more

tractable problem: see for example (Jordan et al. 1999). The simpler problem is generally

c haracterised b y a decoupling of the degrees of freedom in the original problem. This

decoupling is ac hiev ed b y in tro ducing an extra set of parameters, the so-called v ariational

parameters. The v ariational parameters are then optimised so that the solution to the

simpler problem resem bles the solution to the complex problem.

Bounds and con v exit y pla y an imp ortan t role in the v ariational paradigm. In man y

situations, including our BNs, the lik eliho o d of the data p ( x

v

j � ) cannot b e easily ev aluated.

Ho w ev er, if w e kno w a lo w er b ound on the lik eliho o d, w e can maximise this b ound to

obtain an appro ximate solution. Lo w er b ounds on the lik eliho o d can b e easily obtained

using Jensen's inequalit y

log p ( x

v

j � ) = log E

q ( x

h

)

�

p ( x j � )

q ( x

h

)

�

� E

q ( x

h

)

[ log p ( x j � )] � E

q ( x

h

)

h

log q ( x

h

)

i

(1)

where q ( x

h

) is an arbitrary densit y o v er the hidden states with resp ect to the Leb esgue

or coun ting measure. The righ t hand side is the negativ e Kullbac k Leibler \distance"

b et w een q and p (that is, � K L ( q k p )) while the the last term is kno wn as the en trop y ,

H ( q ( x

h

)) , � E

q ( x

h

)

�

log q ( x

h

)

�

, of the distribution q . It is clear, therefore, that maximising

the lo w er b ound is equiv alen t to minimising the Kullbac k Leibler \distance".

The distribution q that yields the tigh test b ound can b e found b y free-form maximi-

sation, but this t ypically leads to b ounds that cannot b e ev aluated (Chandler 1987). An

alternativ e approac h is to c ho ose a parametric form, bq ( x

h

j � ), of q ( x

h

) that mak es the righ t

hand side of equation (1) easy to ev aluate. The v ariational parameters � can then b e opti-

mised to get a b ound that is as tigh t as p ossible. This approac h is similar to what is done in

statistical mec hanics where one uses a tractable energy function and the Gibbs-Bogoliub o v-

F eynman inequalit y to calculate the partition function (the normalising densit y in Ba y es'

rule) of a system with an in tractable energy function (Zhang 1993).

It ma y b e imp ossible, in general, to c ho ose a sp eci�c functional form of bq ( x

h

j � ) that

mak es the ev aluation of E

bq ( x

h

j � )

[log p ( x j � )] tractable. Ho w ev er, additional 
exibilit y can b e

in tro duced b y lo w er b ounding p ( x j � ) with a w ell-c hosen function bp ( x j � ; � ), where � denotes

an additional set of v ariational parameters. T o summarise, the v ariational approac h in v olv es

the follo wing t w o steps

1. In tro duce the v ariational parameters � to mak e the conditional join t distribution of

the hidden and visible v ariables, p ( x j � ), tractable.
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2. In tro duce the v ariational distribution q with parameters � to mak e the conditional

marginal distribution of the visible v ariables, p ( x

v

j � ), tractable.

F ollo wing these steps, w e can obtain an unnormalised lo w er b ound on the lik eliho o d

bp ( x

v

j � ; � ; � ) / exp

n

E

bq ( x

h

j � )

[ log bp ( x j � ; � )] � E

bq ( x

h

j � )

h

log bq ( x

h

j � )

io

(2)

and, using Ba y es' rule, w e can easily obtain a lo w er b ound on the p osterior distribution

bp ( d � j x

v

; � ; � ) / p ( d � ) exp

n

E

bq ( x

h

j � )

[ log bp ( x j � ; � )]

o

(3)

Finally , w e can obtain a lo w er b ound, bp ( x

v

j � ; � ), on the evidence, p ( x

v

), b y standard

marginalisation

p ( x

v

) = E

p ( d � )

[ p ( x

v

j � )] � E

p ( d � )

[ bp ( x

v

j � ; � ; � )] = bp ( x

v

j � ; � ) (4)

Implicitly , w e are replacing the in tegrand in the normalising expression of the p osterior

distribution with a tractable lo w er b ound (that is, one that can b e in tegrated easily). W e,

then, maximise the resulting lo w er b ound on the in tegral to appro ximate the true in tegral.

In other w ords, w e ha v e replaced the in tegration problem b y an easier optimisation problem.

An alternativ e approac h to obtain a lo w er b ound on the lik eliho o d w as prop osed in

(Jaakk ola and Jordan 2000). The metho d is also based on con v exit y and Jensen's inequalit y .

In particular, it is based on the fact that the geometric a v erage,

Q

i

p

q

i

i

, where q

i

is a

probabilit y distribution, is less than or equal to the arithmetic a v erage,

P

i

q

i

p

i

. F ollo wing

this result, the lik eliho o d can b e lo w er b ounded as follo ws

p ( x

v

j � ) = E

bq ( x

h

j � )

�

p ( x j � )

bq ( x

h

j � )

�

� E

bq ( x

h

j � )

�

bp ( x j � ; � )

bq ( x

h

j � )

�

�

Y

X

h

�

bp ( x j � ; � )

bq ( x

h

j � )

�

bq ( x

h

j � )

= C ( q )

Y

X

h

( bp ( x j � ; � ))

bq ( x

h

j � )

where log C ( q ) is the en trop y of the random v ariable x

h

under the distribution bq ( x

h

j � ).

The lo w er b ound on the lik eliho o d can b e written as follo ws

bp ( x

v

j � ; � ; � ) /

Y

X

h

( bp ( x j � ; � ))

bq ( x

h

j � )

That is, the dep endencies b et w een the v ariables x that w ould ha v e resulted from p erforming

exact marginalisation ha v e b een replaced with dep endencies through a shared v ariational

distribution. W e shall ho w ev er use the b ound giv en b y equation (2) as it is more general

and tractable.

T o compute the parameters � , � and � , w e maximise the lo w er b ound on the evidence,

bp ( x

v

j � ; � ). This step can b e carried out using the co ordinate ascen t maxim um lik eliho o d
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1. Exp e ctation step: Compute the exp ectation of the complete log-lik eliho o d using

the old values of the va riational pa rameters

Q , E

bp ( d � j x

v

; �

old

; �

old

)

[log bp ( x

v

; � j � ; � )]

2. Maximisation step: Maximise with resp ect to the va riational pa rameters

( �

new

; �

new

) = arg max

� ; �

Q

3. Go to 1 until a maximum numb er of iterations o r required erro r tolerance a re

reached.

Figure 2: EM algorithm for v ariational appro ximation.

algorithm sho wn in Figure 2 (Dempster, Laird and Rubin 1977). This algorithm is guaran-

teed to maximise the lo w er b ound on the evidence bp ( x

v

j � ; � ), but it is not guaran teed to

maximise the actual evidence p ( x

v

). That is, monitoring con v ergence on bp ( x

v

j � ; � ) can b e

misleading. Ho w ev er, if the b ounds on the lik eliho o d of the observ ed and complete data are

c hosen carefully , some existing empirical results suggest that this framew ork can p erform

v ery w ell in complex scenarios (de F reitas, Niranjan and Gee 2000, Jaakk ola and Jordan

1999, Jaakk ola and Jordan 2000). F or the BNs in tro duced in the previous section, the

exp ectation of the complete log-lik eliho o d is de�ned as
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� ( i )
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)

�

o

p ( d �
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! #

(5)

where x

h

i

denotes the hidden no des in f x

i

; x

� ( i )

g and H ( bq ) ,

P

n

xc

i =1

H ( bq ( x

h

i

j �

i

)). In the

follo wing t w o sections, w e sho w ho w to compute this quan tit y in the case of logistic b elief

net w orks.
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3.2 V ariational appro ximation for fully observ ed logistic BNs

When analysing logistic BNs, w e can can lo w er b ound the lik eliho o d of the data using a

Gaussian appro ximation (Jaakk ola and Jordan 2000), as follo ws

p ( x

i

j x

� ( i )

; �

i

) = g ( '

i

) � g ( �

i

) exp

�

'

i
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2

� � ( �

i

)

�

'

2

i

� �

2

i

�

�

(6)

where '

i

= x

i

( � + �

0

i

x

� ( i )

) and � ( �

i

) ,

tanh ( �

i

= 2)

4 �

i

. It is then trivial to apply Ba y es' rule to

compute a lo w er b ound on the p osterior distribution of the parameters
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) / bp ( x
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)

where bp ( x

i

j x

� ( i )

; �

i

; �

i

) corresp onds to the righ t hand side of equation (6). Using conjugate

analysis and completing squares, w e can obtain the follo wing recursiv e expressions for the

mean, � , and v ariance, � , of the Gaussian p osterior distribution

�

� 1

i;t

= �

� 1

i;t � 1

+ 2 � ( �

i;t � 1

) x

� ( i ) ;t

x

0

� ( i ) ;t

�

i;t

= �

i;t

h�

x

i;t

2

� 2 � ( �

i;t � 1

) �

�

x

� ( i ) ;t

+ �

� 1

i;t � 1

�

i;t � 1

i

As an instance of equation (5), w e can compute the v ariational parameters b y maximis-

ing the lo w er b ound on the evidence

�

new

i

= arg max

�

i

E

bp ( d �

i

j x

i

; x

� ( i )

; �

old

i

)

�

log bp ( x

i

j x

� ( i )

; �

i

) p ( d �

i

)

�

Since all the distributions are Gaussian, one can tak e deriv ativ es and equate to zero to

obtain the follo wing recursiv e form ula for the v ariational parameters

�

2

i;t

= E

bp ( d �

i

j x

i

; x

� ( i )

; �

old

i

)

�

( � + �

0

i

x

� ( i ) ;t

)

2

�

= �

2

+ 2 � �

0

i;t

x

� ( i ) ;t

+ x

0

� ( i ) ;t

�

�

i;t

+ �

i;t

�

0

i;t

�

x

� ( i ) ;t

= �

2

+ 2 � �

0

i;t

x

� ( i ) ;t

+ tr

�

�

�

i;t

+ �

i;t

�

0

i;t

�

x

� ( i ) ;t

x

0

� ( i ) ;t

�

The EM algorithm used for computing the v ariational appro ximation of fully observ ed

logistic BNs is sho wn in Figure 3.

3.3 V ariational appro ximations for logistic BNs with hidden no des

T o obtain the EM up date equations for logistic net w orks with hidden no des, w e �rst calcu-

late a lo w er b ound on the p osterior distribution

bp ( d �

i

j x

v

i

; x

v

� ( i )

; �

i

; �

i

) / bp ( x

v

i

j x

v

� ( i )

; �

i

; �

i

; �

i

) p ( d �

i

)

/ exp

n

E

bq ( x

h

i

j �

i

)

�

log bp ( x

i

j x

� ( i )

; �

i

; �

i

)

�

o

p ( d �

i

)

/ exp

�

E

bq ( x

h

i

j �

i

)

�

'

i

� �

i

2

� � ( �

i

)

�

'

2

i

� �

2

i

�

��

p ( d �

i

)
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F o r each child no de x

i

Initialise �

i; 0

, �

i; 0

and �

i; 0

F o r t=1 to t=T

Initialise iterations counter: k = 0

While ( k < maxIterations and erro r tolerance � T ol)

k = k + 1

�

� 1( k )

i;t

= �

� 1

i;t � 1

+ 2 � ( �

i;t � 1

) x

� ( i ) ;t

x

0

� ( i ) ;t

�

( k )

i;t

= �

( k )

i;t

��

x

i;t

2

� 2 � ( �

i;t � 1

) �

�

x

� ( i ) ;t

+ �

� 1

i;t � 1

�

i;t � 1

�

�

2( k )

i;t

= �

2

+ 2 � �

0 ( k )

i;t

x

� ( i ) ;t

+ tr

��

�

( k )

i;t

+ �

( k )

i;t

�

0 ( k )

i;t

�

x

� ( i ) ;t

x

0

� ( i ) ;t

�

Compute tolerance

End While ( k )

End F o r ( t )

End F o r ( i )

Figure 3: EM for fully observ ed logistic BNs.

Pro ceeding as in the previous section, one can easily obtain the follo wing recursiv e form ulas

for � , � and �

�

� 1

i;t

= �

� 1

i;t � 1

+ 2 � ( �

i;t � 1

) E

bq ( x

h

i

j �

i

)

h

x

� ( i ) ;t

x

0

� ( i ) ;t

i

�

i;t

= �

i;t

�

E

bq ( x

h

i

j �

i

)

h�

x

i;t

2

� 2 � ( �

i;t � 1

) �

�

x

� ( i ) ;t

i

+ �

� 1

i;t � 1

�

i;t � 1

�

�

2

i;t

= �

2

+ 2 � �

0

i;t

E

bq ( x

h

i

j �

i

)

�

x

� ( i ) ;t

�

+ tr

�

�

�

i;t

+ �

i;t

�

0

i;t

�

E

bq ( x

h

i

j �

i

)

h

x

� ( i ) ;t

x

0

� ( i ) ;t

i �

T o obtain an up date equation for the v ariational distribution, q , w e in tro duce the follo wing

parametric mean �eld appro ximation

bq ( x

h

j � ) =

Y

f j ; x

j

2X

h

g

�

x

j

+1

2

j

( 1 � �

j

)

�

x

j

� 1

2
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That is, eac h hidden no de is represen ted b y an indep enden t Bernoulli distribution. T o �nd

the optimal parameters, w e need to compute arg max

�

Q , where

Q / E

bp ( d � j x

v

; x

v

�

; �

old

; �

old

)

"

H ( bq ) + log

 

n

xc

Y

i =1

exp

n

E

bq ( x

h

i

j �

i

)

�

log bp ( x

i

j x

� ( i )

; �

i

; �

i

)

�

o

p ( d �

i

)

!#

= H ( bq ) + E

bp ( d � j x

v

; x

v

�

; �

old

; �

old

)

"

n

xc

X

i =1

E

bq ( x

h

i

j �

i

)

�

log bp ( x

i

j x

� ( i )

; �

i

; �

i

)

�

+ log ( p ( d �

i

))

#

= H ( bq ) + E

bp ( d � j x

v

; x

v

�

; �

old

; �

old

)

"

n

xc

X

i =1

E

bq ( x

h

i

j �

i

)

�

'

i

� �

i

2

� � ( �

i

)

�

'

2

i

� �

2

i

�

�

+ log ( p ( d �

i

))

#

W e can accomplish this b y computing the deriv ativ e

@

@ �

j

Q (for all j suc h that x

j

2 X

h

)

and equating to zero. In doing so, w e �rst notice that

@

@ �

j

H ( bq ) = log

1 � �

j

�

j

. Consequen tly ,

�

j

=

exp ( D

j

)

1 + exp ( D

j

)

where,

D

j

=

@

@ �

j

E

bq ( x

h

j

j �

j

)

"

E

bp ( d � j x

v

; x

v

�

; �

old

; �

old

)

�

'

j

� �

j

�

2

� � ( �

j

) E

bp ( d � j x

v

; x

v

�

; �

old

; �

old

)

�

'

2

j

� �

2

j

�

#

:

(7)

The EM algorithm for logistic BNs with hidden no des is analogous to the one for fully

observ ed BNs, with the exception that no w one has to compute exp ectations with resp ect

to E

bq ( x

h

j

j �

j

)

and include equation (7). As an example, if an observ ed no de, �

i

has a hidden

paren t, x

� ( i ) ;j

, the second term on the righ t hand side of equation (7) is equal to zero,

yielding

D

i

=

@

@ �

j

E

bq ( x

� ( i ) ;j

j �

j

)

�

x

i

�

0

i

x

� ( i )

� �

i

2

�

: (8)

4 V ariational MCMC

In the previous section, w e sho w ed ho w v ariational metho ds can b e used to map a complex

problem to a simpler problem, to whic h one can apply metho ds that exploit some of the

analytical prop erties of the functions under consideration. Suc h a strategy , of course, can

result in biased estimates. T o correct for this error, w e can resort MCMC sim ulation.

In particular, w e shall use the v ariational p osterior distribution, bp ( d � j x

v

; x

v

�

; � ; � ), as the

prop osal distribution for v arious MCMC samplers. Before w e can explain ho w this is done,

w e need to in tro duce some basic notions of MCMC sim ulation.

MCMC tec hniques are a set of p o w erful sim ulation metho ds that ma y b e applied to solv e

in tegration and optimisation problems in large dimensional spaces (Gilks et al. 1996, Rob ert

10



and Casella 1999, Tierney 1994). These t w o t yp es of problem pla y a fundamen tal role in

the �elds of mac hine learning, ph ysics, econometrics, statistics and decision analysis. In the

con text of maxim um lik eliho o d estimation, MCMC tec hniques can b e used for carrying out

the necessary maximisations (Gey er and Thompson 1992). Within the Ba y esian framew ork,

giv en some unkno wn v ariables � 2 � and data y 2 Y , MCMC sim ulation can b e adopted

to solv e the follo wing in tegration problems (Bro oks 1998, Gilks, Thomas and Spiegelhalter

1994)

Normalisation: T o obtain the p osterior distribution p ( d � j y ) giv en the prior p ( d � ) and

lik eliho o d p ( y j � ), the normalising factor in Ba y es' theorem needs to b e computed

p ( d � j y ) =

p ( y j � ) p ( d � )

R

�

p ( y j � ) p ( d � )

Marginalisation: Giv en the join t p osterior of ( � ; z ) 2 � � Z , w e ma y often b e in terested

in the marginal p osterior

p ( d � j y ) =

Z

Z

p ( d � ; d z j y )

Exp ectation: The ob jectiv e of the analysis is often to obtain summary statistics of the

form

E ( f ( � ) j y ) =

Z

�

f ( � ) p ( d � j y )

for some function of in terest f : � ! R

n

f

in tegrable with resp ect to p ( d � j y ) . Exam-

ples of appropriate functions include the conditional mean, in whic h case f ( � ) = � ,

or the conditional co v ariance of � where f ( � ) = � �

0

� E

p ( d � j y )

[ � ] E

0

p ( d � j y )

[ � ].

W e emphasize again that the di�cult problem of computing in tegrals is not only restricted

to Ba y esian learning. F or example, in statistical mec hanics, one needs to compute the

partition function, Z , of a system with states, s , and Hamiltonian (p oten tial and kinetic

energy), E ( s ),

Z =

X

s

exp

�

�

E ( s )

k T

�

where k is the Boltzmann's constan t and T denotes the temp erature of the system. It

turns out that the basic problem of equilibrium statistical mec hanics is to compute this

sum, whic h b ecomes and in tegral con tin uum systems and a trace for quan tum mec hanical

systems (Baxter 1982).

The idea of p erfect Mon te Carlo in tegration metho ds is to dra w an i.i.d. set of samples

f �

( i )

; i = 1 ; 2 ; : : : ; N g from the target distribution p ( d � ) (it could b e the p osterior, p ( d � j y ),

11



in Ba y esian analysis) to obtain the follo wing empirical distribution

P

N

( d � ) =

1

N

N

X

i =1

�

�

( i )

( d � )

where �

�

( i )

( d � ) denotes the delta-Dirac mass lo cated in �

( i )

. Consequen tly , one can ap-

pro ximate the in tegrals, I ( f ), b y discrete sums, I

N

( f ) , as follo ws

I

N

( f ) =

1

N

N

X

i =1

f ( �

( i )

)

a:s:

� � � � !

N !1

I ( f ) =

Z

�

f ( � ) p ( d � ) (9)

The estimate I

N

( f ) is un biased and b y the strong la w of large n um b ers, it will almost surely

con v erge to I ( f ). That is

P

�

lim

N !1

I

N

( f ) = I ( f )

�

= 1

If the v ariance of f ( � ) satis�es �

2

f

, E

p ( d � )

�

f

2

( � )

�

� I

2

( f ( � )) < + 1 , then the v ariance

of I

N

( f ) is equal to v ar ( I

N

( f ) ) =

�

2

f

N

and a cen tral limit theorem yields con v ergence in

distribution of the error

p

N

�

I

N

( f ) � I ( f )

�

= )

N ! + 1

N (0 ; �

2

f

)

where = ) denotes con v ergence in distribution (Rob ert and Casella 1999, Section 3.2). The

adv an tage of Mon te Carlo in tegration o v er deterministic in tegration arises from the fact

that the former p ositions the in tegration grid (samples) in regions of high probabilit y . On

the other hand, the main disadv an tage of simple Mon te Carlo metho ds is that often it is not

p ossible to dra w samples from p ( d � ) directly . This problem can, ho w ev er, b e circum v en ted

b y the in tro duction of MCMC algorithms. Assuming that w e can dra w samples from a

prop osal distribution � ( d � ), the k ey idea of MCMC sim ulation is to design Mark o v c hain

mec hanisms that cause the prop osed samples to migrate so that their empirical distribution

appro ximates p ( d � ).

The most p opular example of this class of algorithms is the Metrop olis-Hastings (MH)

algorithm (Hastings 1970, Metrop olis, Rosen bluth, Rosen bluth, T eller and T eller 1953). A

Metrop olis-Hastings step of in v arian t distribution, sa y p ( d � ), and prop osal distribution,

sa y � ( d �

?

j � ), in v olv es sampling a candidate v alue �

?

giv en the curren t v alue � accord-

ing to � ( d �

?

j � ) . The Mark o v c hain then mo v es to w ards �

?

with acceptance probabil-

it y A ( � ; �

?

) = min f 1 ; [ p ( d � ) � ( d �

?

j � )]

� 1

p ( d �

?

) � ( d � j �

?

) g , otherwise it remains at � . The

pseudo-co de is sho wn in Figure 4.

In the pseudo-co de, w e assume that the prop osal and target distributions admit densities

with resp ect to the Leb esgue or coun ting measures. The transition k ernel asso ciated with

12



1. Initialise �

(0)

and set i = 0 .

2. Iteration i + 1

� Sample u � U

[0 ; 1]

.

� Sample �

( i +1) ?

from � ( d �

( i +1) ?

j �

( i )

) .

� If u < A ( �

( i )

; �

( i +1) ?

) = min

�

1 ;

p ( �

( i +1) ?

) � ( �

( i )

j �

( i +1) ?

)

p ( �

( i )

) � ( �

( i +1) ?

j �

( i )

)

�

�

( i +1)

= �

( i +1) ?

else

�

( i +1)

= �

( i )

3. i + 1  i + 2 and go to 2 .

Figure 4: Metrop olis-Hastings algorithm.

the MH algorithm, assuming Leb esgue measure for more generalit y , is giv en b y

K ( �

( i )

; A ) =

Z

A

K ( �

( i )

; d �

( i +1) ?

) + r ( �

( i )

) I

A

( �

( i )

) (10)

where

K ( �

( i )

; d �

( i +1) ?

) = � ( d �

( i +1) ?

j �

( i )

) A ( �

( i )

; �

( i +1) ?

)

and

A ( �

( i )

; �

( i +1) ?

) = min

�

1 ;

p ( d �

( i +1) ?

) � ( d �

( i )

j �

( i +1) ?

)

p ( d �

( i )

) � ( d �

( i +1) ?

j �

( i )

)

�

is the probabilit y asso ciated with a candidate b eing accepted, while the probabilit y of

sta ying at the same p oin t is 1 � A ( �

( i )

; �

( i +1) ?

). The rejection term is, therefore, giv en b y

r ( �

( i )

) = 1 �

Z

X

� ( d �

( i +1) ?

j �

( i )

) A ( �

( i )

; �

( i +1) ?

)

It is fairly easy to pro v e that the samples generated b y MH algorithm will mimic samples

dra wn from the target distribution (a prop ert y kno wn as ergo dicit y). By construction,

K ( � ; d � ) satis�es the detailed balance condition (rev ersibilit y). That is,

p ( d �

( i )

) K ( �

( i )

; d �

( i +1) ?

) = p ( d �

( i +1) ?

) K ( �

( i +1) ?

; d �

( i )

)

p ( d �

( i )

) r ( �

( i +1) ?

) I

A

( �

( i +1) ?

) = p ( d �

( i +1) ?

) r ( �

( i )

) I

A

( �

( i )

)
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it follo ws that for an y measurable set A

Z

�

K ( �

( i )

; A ) p ( d �

( i )

) =

Z

�

Z

A

K ( �

( i )

; d �

( i +1) ?

) p ( d �

( i )

)

=

Z

�

Z

A

K ( �

( i +1) ?

; d �

( i )

) p ( d �

( i +1) ?

)

=

Z

A

p ( d �

( i +1) ?

) = p ( A ) (11)

since

R

�

K ( �

( i +1) ?

; d �

( i )

) = 1. Th us, b y construction, the MH algorithm admits p as in v ari-

an t distribution. T o sho w that the MH algorithm con v erges, w e need to ensure that there

are no cycles (ap erio dicit y) and that ev ery state that has p ositiv e probabilit y can b e reac hed

in a �nite n um b er of steps (irreducibilit y). Since the algorithm alw a ys allo ws for rejection,

it follo ws that it is ap erio dic. T o ensure irreducibilit y , w e simply need to mak e sure that

� ( � ) > 0 o v er the en tire state space. Under these conditions, w e obtain the con v ergence

result of equation (9) (Tierney 1994, Theorem 3, page 1717). If the space � is small (for

example, b ounded in R

n

), then it is p ossible to use minorisation conditions to pro v e uni-

form (geometric) ergo dicit y (Meyn and Tw eedie 1993). It is also p ossible to pro v e geometric

ergo dicit y using F oster-Ly apuno v drift conditions (Meyn and Tw eedie 1993, Rob erts and

Tw eedie 1996).

Some prop erties of the MH algorithm are w orth men tioning. Firstly , the normalising

constan ts of the target distribution are not required. W e only need to kno w the target

distribution up to a constan t of prop ortionalit y . Secondly , although the pseudo-co de mak es

use of a single c hain, it is easy to sim ulate sev eral c hains in parallel. Finally , the suc c ess

or failur e of the algorithm often hinges on the choic e of pr op osal distribution . This is

demonstrated in Figure 5. Here the prop osal is a simple random w alk, � ( �

( i +1) ?

j �

( i )

) =

N (0 ; �

� 2

). If the prop osal is to o narro w, only one mo de of p ( d � ) migh t b e visited. On

the other hand, if it is to o wide, the rejection rate can b e v ery high. If all the mo des

are visited while the acceptance probabilit y is high, the c hain is said to \mix" w ell. In

the follo wing subsections, w e sho w ho w one can use the v ariational appro ximation as the

prop osal distribution so as to impro v e the mixing of the c hains in some scenarios.

4.1 Naiv e v ariational MCMC approac h

The most ob vious and immediate w a y of impro ving the v ariational appro ximation using

MCMC is to sample new candidates according to the v ariational distribution. That is,

� ( d �

( i +1) ?

j �

( i )

) = bp ( d �

( i +1) ?

j x

v

; x

v

�

; � ; � )
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Target distribution

MCMC approximation

Markov chain

s =1 s =100

s =10

* *

*

(i) q

Figure 5: Appro ximations obtained using the Metrop olis algorithm with three Gaussian

prop osal distributions of di�eren t v ariances.

In this case, the acceptance probabilit y of the MH algorithm simpli�es to

A ( �

( i )

; �

( i +1) ?

) = min

�

1 ;

p ( d �

( i +1) ?

j x

v

; x

v

�

) bp ( d �

( i )

j x

v

; x

v

�

; � ; � )

p ( d �

( i )

j x

v

; x

v

�

) bp ( d �

( i +1) ?

j x

v

; x

v

�

; � ; � )

�

= min

�

1 ;

w ( �

( i +1) ?

)

w ( �

( i )

)

�

where w ( � ) , p ( � ) = bp ( � ) denotes the imp ortance w eigh ts. This t yp e of algorithm is kno wn

as the indep enden t MH algorithm and it is closely related to the standard imp ortance

sampler (Gew ek e 1989). In the previous section, w e p oin ted out that this algorithm will

con v erge to the p osterior distribution under mild conditions. Moreo v er, w e can state some

encouraging results using \metrics" commonly used in the v ariational literature; namely ,

since p ( d � j x ; x

�

) is the unique in v arian t distribution of the Mark o v c hain, it follo ws that the

relativ e en trop y (Kullbac k Leibler \distance" b et w een the true p osterior and the MCMC

appro ximation) con v erges to zero as the n um b er of iterations increases (Co v er and Thomas
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1991). Ho w ev er, b oth the imp ortance sampler and indep enden t MH algorithm are w ell

kno wn to p erform p o orly in high dimensions unless the prop osal distribution is v ery close

to the target distribution (Gew ek e 1989, Mengersen and Tw eedie 1996). (In practice, the

acceptance ratio usually tends to zero after appro ximately 10 dimensions.) In fact, w e ha v e

the follo wing result

Prop osition 1 (Mengersen and Tw eedie 1996, Theorem 2.1) The indep endent MH

algorithm c onver ges at a uniformly (ge ometric) r ate if ther e exists a c onstant � > 0 such

that

p ( � j x

v

; x

v

�

)

bp ( � j x

v

; x

v

�

)

� � ; � 2 supp ( p ( � ))

in which c ase,

k K

( i )

( � ; : ) � p k

TV

� 2

�

1 �

1

�

�

i

wher e k � k

TV

denotes the total variation norm. Conversely, if ther e exists a set of p ositive

me asur e wher e the b ound on the imp ortanc e weights do es not hold, then the algorithm is not

even ge ometric al ly er go dic.

The negativ e result in this prop osition is, p erhaps, the most in teresting one. Unless w e

can b ound the imp ortance w eigh ts in the regions of high probabilit y and in the tails, the

approac h is b ound to fail. One can apply the result of Prop osition (1) to obtain the follo wing

corollary

Corollary 1 (Uniform Ergo dicit y of naiv e v ariational MCMC) The indep endent

MH algorithm for lo gistic BNs, using the variational appr oximation, N (
b

� ;

b

� ) , as pr op osal

distribution, c onver ges at a uniformly (ge ometric) r ate if

( � � �

0

)

0

�

� 1

0

( � � �

0

) � ( � �
b

� )

0

b

�

� 1

( � �
b

� ) � 0 (12)

in which c ase,

k K

( i )

( � ; : ) � p k

TV

� 2

�

1 �

1

�

�

i

The c onverse r esult of Pr op osition (1) also applies.

Pro of. Since b oth the target distribution and the v ariational appro ximation to it are prop er

and since the lik eliho o d is b ounded for all p ossible v alues of � , w e only require that the ratio

of the prior distribution, N ( �

0

; �

0

), to the prop osal distribution, N (
b

� ;

b

� ), b e b ounded. It

is then trivial to see that this is the case when condition (12) is satis�ed �

In the one-dimensional case, the b ound in the previous corollary is satis�ed when the

v ariance of the prior distribution is less than or equal to the v ariance of the prop osal

distribution.
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4.2 Blo c k MCMC approac h

In the previous section, w e argued that the acceptance rate of the indep enden t MH sampler

can b e v ery lo w in high dimensions. T o surmoun t this problem to a certain exten t, w e can

exploit the nature of the v ariational appro ximation and prop ose to up date the parameters

in blo c ks. The mo di�ed algorithm, using b

j

to denote the size of the j -th blo c k and n

b

to denote the n um b er of blo c ks, is sho wn in Figure 6. It uses the notation �

( i +1)

� [ b

j

+1: b

j +1

]

,

1. Initialise �

(0)

and set i = 0 .

2. Iteration i + 1

� Sample the blo ck �

( i +1)

1: b

1

acco rding to an MH step with p rop osal dis-

tribution bp

1

( d �

( i +1)

1: b

1

j �

( i +1)

� [1: b

1

]

; �

( i )

1: b

1

; x

v

; x

v

�

) and inva riant distribution

p ( d �

( i +1)

1: b

1

j �

( i +1)

� [1: b

1

]

; x

v

; x

v

�

) .

� Sample the blo ck �

( i +1)

b

1

+1: b

2

acco rding to an MH step with p rop osal distri-

bution bp

2

( d �

( i +1)

b

1

+1: b

2

j �

( i +1)

� [ b

1

+1: b

2

]

; �

( i )

b

1

+1: b

2

; x

v

; x

v

�

) and inva riant distribution

p ( d �

( i +1)

b

1

+1: b

2

j �

( i +1)

� [ b

1

+1: b

2

]

; x

v

; x

v

�

) .

.

.

.

� Sample the blo ck �

( i +1)

b

n

b � 1

+1: b

n

b

acco rding to an MH step with p rop osal distribu-

tion bp

n

b

( d �

( i +1)

b

n

b

� 1

+1: b

n

b

j �

( i +1)

� [ b

n

b

� 1

+1: b

n

b

]

; �

( i )

b

n

b

� 1

+1: b

n

b

; x

v

; x

v

�

) and inva riant distribu-

tion p ( d �

( i +1)

b

n

b

� 1

+1: b

n

b

j �

( i +1)

� [ b

n

b

� 1

+1: b

n

b

]

; x

v

; x

v

�

) .

3. i + 1  i + 2 and go to 2 .

Figure 6: Blo c k v ariational MH algorithm.

f �

( i +1)

1: b

1

; �

( i +1)

b

1

+1: b

2

; : : : ; �

( i +1)

b

j � 1

+1: b

j

; �

( i )

b

j +1

+1: b

j

; : : : ; �

( i )

b

n

b

� 1

+1: b

n

b

g . (This algorithm includes the

Gibbs sampler as a sp ecial case; when the prop osals corresp ond to the full conditionals

and the acceptance is equal to 1 (Geman and Geman 1984).) Eac h prop osal distribution

corresp onds to a Gaussian distribution whose mean is a subset of the elemen ts of the mean

of the original v ariational distribution and whose co v ariance is the corresp onding blo c k-

diagonal comp onen t of the original co v ariance.

The transition k ernel for this algorithm is giv en b y the follo wing expression

K ( �

( i )

; A ) =

n

b

Y

j =1

K

M H � j

( �

( i )

b

j � 1

+1: b

j

; �

( i +1)

� [ b

j � 1

+1: b

j

]

; A

j

)
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where K

M H � j

( � ; d � ) denotes the j -th MH algorithm in the cycle. Since this k ernel allo ws one

to visit all sets of p ositiv e measure, while b eing ap erio dic, the algorithm's simple con v ergence

holds true as the n um b er of samples b ecomes v ery large.

Ob viously , c ho osing the size of the blo c ks p oses some trade-o�s. If one samples the

comp onen ts of a m ulti-dimensional v ector one-at-a-time, the c hain ma y tak e a v ery long

time to explore the target distribution. This problem gets w orse as the correlation b et w een

the comp onen ts increases. Alternativ ely , if one samples all the comp onen ts together, then

the probabilit y of accepting this large mo v e tends to b e v ery lo w.

4.3 Mixtures of MCMC steps

A v ery p o w erful prop ert y of MCMC is that it is p ossible to com bine sev eral samplers in to

mixtures and cycles of the individual samplers (Tierney 1994). This w a y w e can ha v e global

prop osals to explore v ast regions of the parameter space and lo cal prop osals to disco v er �ner

details of the target distribution (Andrieu, de F reitas and Doucet 2000, Andrieu and Doucet

1999). If the transition k ernels K

1

and K

2

ha v e in v arian t distribution p ( � ) eac h, then the

cycle hybrid kernel K

1

K

2

and the mixtur e hybrid kernel � K

1

+ (1 � � ) K

2

, for 0 � � � 1,

are also transition k ernels with in v arian t distribution p ( � ).

In this pap er, w e com bine the v ariational MCMC algorithm discussed in Section 4.2

with a random w alk metrop olis (also in blo c ks). This will b e useful, for example, when

the target distribution has man y narro w p eaks. Here, the v ariational prop osal lo c ks in to a

particular p eak while the random w alk allo ws one to explore the space around this p eak.

The pseudo-co de for this mixture is sho wn in Figure 7.

1. Initialise �

(0)

and set i = 0 .

2. Iteration i + 1

� Sample u � U

[0 ; 1]

.

� If u < �

P erfo rm the blo ck MH algo rithm with the va riational p rop osal.

� else

P erfo rm a blo ck Metrop olis algo rithm with a random w alk p rop osal.

3. i + 1  i + 2 and go to 2 .

Figure 7: Mixture MCMC algorithm.
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5 Sim ulations

W e p erformed exp erimen ts on fully and partially observ ed logistic BNs. When all the no des

are observ ed, the p osterior is unimo dal and symmetric. This allo ws us to compare the

algorithms b y ev aluating the distance b et w een their estimates of the mean and the optimal

mean. The lik eliho o d will b e higher for estimates close to the optimal mean. Notice that the

optimal mean can b e v ery di�eren t from the generating mean. T o illustrate this, w e used

a mo del with a single parameter set to 1 and generated 1000 observ ations. W e rep eated

this four times and, eac h time, w e ev aluated the lik eliho o d distribution on a discrete grid.

As sho wn in Figure 8, the generating mean is not necessarily equal to the optimal mean.

Our non-informativ e noise mo del is, therefore, not amenable to mo del testing tec hniques

suc h as cross-v alidation. W e also p erformed exp erimen ts on m ultimo dal distributions that

sho w the p erformance of the algorithm not only in terms of appro ximating the mean, but

in terms of appro ximating the en tire p osterior distribution.
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Figure 8: Lik eliho o d of the data (1000 observ ations) when generated b y a Bernoulli logistic

no de with a single parameter set to 1. Clearly , 1000 observ ations are not enough to reco v er

the true v alue of the parameter. W e are dealing with a v ery uninformativ e noise mo del and

consequen tly standard cross-v alidation tests are not exp ected to p erform w ell.
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5.1 Unimo dal mo dels

W e used a logistic mo del consisting of one c hild and a v arying n um b er of paren ts to gen-

erate sets of 1000 data samples. W e then computed p osterior appro ximations using the

v ariational EM algorithm, the blo c k M-H sampler with the v ariational prop osal distribu-

tion (V arMCMC), the random w alk Metrop olis (R W), and the MCMC mixture with a

v ariational k ernel and a Metrop olis k ernel (V arMixMCMC). W e rep eated this exp erimen t

10 times to obtain estimates of the p erformance in terms of means and error bars. W e

used 5000 MCMC samples, set the random w alk v ariance to 0 : 01, the bias parameter to

0 : 5, the Bernoulli mean to 0 : 5 and the generating parameters to uniformly random v alues

b et w een on (0 ; 1]. W e c hose a fairly 
at prior N ( 0 ; 100 I ) The results are sho wn in Figure

9. It is clear that the V arMixMCMC algorithm outp erforms the V arMCMC algorithm,
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RW mean         
VarMCMC mean    
VarMixMCMC mean 

Figure 9: The MCMC mixture with v ariational and Metrop olis k ernels pro vides b etter

estimates of the mean for di�eren t n um b ers of paren ts.

whic h in turn outp erforms the standard v ariational algorithm. The p erformance of the R W

algorithms v aries considerably b ecause it dep ends on the initialisation and data set realisa-

tion. That is, it migh t or migh t not p erform w ell dep ending on whether it is initialised in

regions of high probabilit y or not. Of course, as the n um b er of samples go es to in�nit y , the

R W algorithm will appro ximate the mean according to the cen tral limit theorem. Y et, in
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practical scenarios w e often need reliable and faster options. Notice also that this example

...

Computational time .......

other p erformance measures next section .......

5.2 Multimo dal mo dels

In this exp erimen t, w e considered a net w ork with t w o paren ts (one hidden and one observ ed).

The p osterior for � is, therefore, biv ariate and can ha v e t w o mo des. These mo des need not

b e symmetrical. F or demonstration, w e set the generating parameters for the hidden and

observ ed no des to 2 and � 1 and the resp ectiv e Bernoulli means of the hidden v ariables

to 0 : 6 and 0 : 5. W e set the bias parameter to 2, the n um b er of data 50 and the prior to

N (3 ; 10 I ). The p osterior in this case can b e ev aluated n umerically on a t w o-dimensional

grid. W e sho w its con tour curv es in Figure 10.

The p osterior is bimo dal and asymmetric. The �gure also sho ws the con tour plot of the

R W MCMC histogram after 1000 iterations and the v ariational appro ximation. W e notice
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Figure 10: Con v ergence of the random w alk Metrop olis algorithm after 1000 iterations

for a biv ariate mo del. These con tour plots indicate that the random w alk can sp end a

considerable time in regions of lo w probabilit y .
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that the v ariational appro ximation �ts closely to one of the mo des. W e also notice that if

the random w alk starts in a region of lo w probabilit y , it can tak e long to lo cate one of the

mo des. Its p erformance will, therefore, b e p o or when dealing with p osteriors with elongated

con tours.

..........
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Figure 11: Con v ergence of the v ariational MCMC algorithm after 1000 iterations for a

biv ariate mo del. The v ariational appro ximation allo ws us to lo cate a region of high proba-

bilit y .

6 Conclusions

Men tion generalit y of the metho d

QMR, mixtures.

It is p ossible to construct more complex and p o w erful sampling algorithms than the ones

describ e so far, while still exploiting the v ariational appro ximations. e.g. adaptiv e MCMC,

parallel c hains, appro ximating marginals only ,
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Figure 12: Con v ergence of the mixture of a random w alk and v ariational MCMC algorithm

after 1000 iterations for a biv ariate mo del. The v ariational comp onen t allo ws us to lo cate

a region of high probabilit y and the random w alk allo ws us to explore the neigh b ourho o d

of this region.
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Notation

*** To be finished at the end ***
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Sym b ols

z

1: t

Stac k ed v ector z

1: t

, ( z

1

; :::; z

j � 1

; z

j

; z

j +1

; :::; z

t

)

0

.

z

� j

V ector with j -th comp onen t missing z

� j

, ( z

1

; :::; z

j � 1

; z

j +1

; :::; z

k

)

0

.

A

i;j

En try of the matrix A in the i

th

ro w and j

th

column.

A

1: p; 1: q ; 1: r

Three-dimensional matrix of size p � q � r .

I

n

Iden tit y matrix of dimension n � n .

R

n

Euclidean n -dimensional space.

N The set of natural n um b ers (p ositiv e in tegers).

p ( z ) Distribution of z .

p ( z j y ) Conditional distribution of z giv en y .

p ( z ; y ) Join t distribution of z and y .

z � p ( z ) z is distributed according to p ( z ) .

z j y � p ( z ) The conditional distribution of z giv en y is p ( z ) .

B ( � ) Sigma �eld of subsets of the space � .

O ( N ) The computation complexit y is order N op erations.

Op erators and functions

A

0

T ransp ose of matrix A .

A

� 1

In v erse of matrix A .

tr( A ) T race of matrix A .

j A j Determinan t of matrix A .

I

E

( z ) Indicator function of the set E (1 if z 2 E , 0 otherwise).

�

z

i

( d z ) Dirac delta function (impulse function).

b z c Highest in teger strictly less than z .

E ( z ) Exp ectation of the random v ariable z .

v ar ( z ) V ariance of the random v ariable z .

exp( � ) Exp onen tial function.

�( � ) Gamma function.

log ( � ) Logarithmic function of base e (ln ).

min , max Extrema with resp ect to an in teger v alue.

inf , sup Extrema with resp ect to a real v alue.

arg min

z

The argumen t z that minimises the op erand.

arg max

z

The argumen t z that maximises the op erand.

k � k

TV

T otal v ariation norm k � k

TV

, sup

A 2B ( � )

� ( A ) � inf

A 2B ( � )

� ( A ).
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Standard probabilit y distributions

Bernoulli B r ( � ) �

z

(1 � � )

(1 � z )

Gamma G a ( �; � )

�

�

�( � )

z

� � 1

exp ( � � z ) I

[ 0 ; + 1 )

( z )

Gaussian N ( m ; �) j 2 � � j

� 1/ 2

exp

�

�

1

2

( z � m )

0

�

� 1

( z � m )

�

In v erse Gamma I G ( �; � )

�

�

�( � )

z

� � � 1

exp ( � � =z ) I

[ 0 ; + 1 )

( z )

P oisson P n ( � )

�

z

z !

exp ( � � ) I

N

( z )

Studen t t S t ( m; �; � )

�

�

1

2

( � +1)

�

�

�

1

2

�

�

�

�

��

�

1 = 2

�

1 + �

� 1

� ( z � m )

2

�

� ( � +1) = 2

Uniform U

A

�R

A

d z

�

� 1

I

A

( z )
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