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(pmf) of a quantized message by for

. Then, is related to its input pmf’s by

where is the pmf of ; is the pmf of ; and is discrete

convolution. Since the ’s are independent and identically dis-

tributed (i.i.d.) for , the above can be rewritten as

where , and is discrete convolution. This

calculation can be done efficiently using an FFT.

We define the following two-input operator :

where and are quantized messages. Note that this operation

can be done using a pre-computed table, which is the key step for

making discretized density evolution computationally efficient.

Using this operator, we calculate the quantized message of (2)

as follows:

where we assume that discretized sum-product decoding at

check nodes is done pairwise.

Let . The pmf of is given by

Abusing notation, we write this as .

Since the ’s are all equal, we define for any

, and write as

. Note that we can reduce the number of opera-

tions to do this by properly nesting this calculation.1 By defining

and for any

pmf , we can write discretized density evolution as follows:

Theorem 1: Discretized density evolution is described by

where the initial pmf has all mass at 0 and is the iteration

number.

To run this algorithm, without loss of generality, we first as-

sume that the all-0 codeword was sent. Then, we fix the channel

parameter, namely noise power, and we run the above algorithm

iteratively until either the density of tends to the “point mass

at infinity” (equivalently, the probability of error tends to zero),

or it converges to a density having a finite probability of error,

which is defined as the probability of being negative. The

1Although for finite quantization different nesting might produce slightly dif-
ferent results, it still corresponds to some valid decoding algorithm and asymp-
totically, as , it will converge to continuous belief propagation.

TABLE I
QUANTIZATION EFFECT

TABLE II
GOOD RATE-1/2 CODES WITH

threshold is defined as the maximum noise level such that the

probability of error tends to zero as the number of iterations

tends to infinity.

The complexity of this calculation is of order due to

the calculations at check nodes, where is the number of quan-

tization levels. However, this is actually faster than the calcula-

tion based on changing of measures between LLR and

domains as in [1], which requires finer quantization due to nu-

merical problems when changing measures. As a result, our al-

gorithm is more accurate and also realizes the discretized ver-

sion of the sum-product algorithm exactly. This implies that the

threshold predicted by our algorithm is always a lower bound,

since it is exact for a sub-optimal decoding.

Table I shows how the threshold values are affected by quan-

tization for the rate-1/2 code in Table II. Number of

bits used for quantization versus threshold values in (noise

standard deviation) and errors in dB relative to the threshold

value for 14-bit quantization are shown. All threshold values

are rounded down. When 14 bits are used to quantize the LLR

values into 16 384 levels, we observe that the threshold has

6-digit precision.

III. OPTIMIZATION

In this letter, we use a slightly different optimization tech-

nique than the iterative linear programming used in [1] to opti-
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uncoded transmission!
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• Complexity as power [ISIT ’08, ’09]

-  a lower bound on complexity of message passing decoding

-  a power consumption model

• A refined model

-  large-deviations-based bounds on power and complexity 

-  obtained via understanding erroneous decoding

-  a tradeoff between transmit power, decoding power, decoding 
throughput, rate, and error probability
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Relation with gap proved by Sason for LDPC, IRA, ARA
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[ISIT ’08]Theorem

. . . for any code, and any message-passing algorithm
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Power vs throughput
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“A 47-Gbps LDPC decoder with improved low-error rate performance.”
[Zheng, Anantharam, Wainwright, Nikolic]. 
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Where do we go from here?
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• fewer assumptions

• tighter bounds using finite-ness of bit-pipes?

• better codes to bridge the gap

• code design for specific decoding architectures


