Appendix: Useful Concepts from
Circuit Theory

EpwiIN R. LEwis

1. Introduction

For understanding the physics of sound and the biophysics of acoustic sensors
in animals, the concepts of impedance and admittance, impedance matching,
transducer, transformer, passive and active, bidirectional coupling, and resonance
are widely used. They all arise from the circuit-theory metamodel, which has
been applied extensively in acoustics. As the name suggests, the circuit-theory
metamodel provides recipes for constructing models. The example applications
of the metamodel in this appendix involve a few elementary concepts from
classical physics: the adiabatic gas law, Newton’s laws of motion and of vis-
cosity, and the definitions of work and of Gibbs free energy. They also involve
a few elements of calculus and of the arithmetic of complex numbers. All of
these should be familiar to modern-biologists #nd clinicians. For further ex-
amples of the application of circuit concepts to acoustical theory and acoustical
design, see Baranek (1954), Olsen (1957), or Morse (1981).

1.1 The Recipe

Applied to an elementary physical process, such as sound conduction in a uni-
form medium, the appropriate recipe comprises the following steps:

‘1. Identify an entity (other than Gibbs free energy, see below) that is taken to
be conserved and to move from place to place during the process.

2. Imagine the space in which the process occurs as being divided into such
places (i.e., into places in which the conserved entity can accumulate).

3. Construct a map of the space (a circuit graph) by drawing a node (e.g., a

small dot) for each place.

Designate one place as the reference or ground place for the process.

Assign the label “0” to the node representing the ground place.

6. Assign a unique, nonzero real integer (i) to each of the other nodes in the
graph.

7. Define the potential difference between each place (i) and the ground place
(0) to be F,, the corresponding Gibbs potential for the conserved entity
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(change in Gibbs free energy of the system per unit of conserved entity
moved from place 0 to place i).

8. From basic physical principles (or by measurement), determine the relation-
ship between the amount, Q,, of conserved entity accumulated at place i and
the potential F,.

9. From basic physical principles (or by measurement), determine the relation-
ship between potential difference F,; between each pair of neighboring places
and the flow J; of conserved entity between those places.

The Gibbs free energy of a system is defined as the total work available from
the system less that portion of the work that must be done against the atmo-
sphere. For one-dimensional motion from point a to point b, the work (W,,)
done by the system is defined by the expression W,, = J¢-, fix)dx where fx) is
the force applied by the system to the object on which the work is being done.
The force is taken to be positive if it is applied in the direction in which the
values of x increase; otherwise it is taken to be negative. For tables of Gibbs
potentials for various conserved entities, see Lewis (1996).

1.2 Example: An Acoustic Circuit Model

As an example application of the recipe, consider the conduction of sound,
axially, through an air-filled cylindrical tube with rigid walls. In that case, one
might identify the conserved entity as the air molecules that move from place
to place along the tube. As air molecules accumulate at a given place, the
pressure at that place increases. Assuming that the air pressure outside the tube
is uniform and equal to atmospheric pressure, it is convenient to take that place
(the outside of the tube) to be the reference place. The SI unit for number of
air molecules is 1.0 mol. Therefore, the SI unit for the flow of air molecules
will be 1.0 mol/s; and the SI unit for the Gibbs potential will be 1.0 joule/mol.
If one takes p, to be the absolute pressure at place i along the inside of the tube
(SI unit 1.0 nt/m? = 1.0 Pa) and p, to be the absolute atmospheric pressure,
then the sound pressure (Ap,) at place i will be the difference between those two
pressures:

Ap; = p; — Po 1)
Acousticians usually assume that the processes involved in sound propagation

are adiabatic and that sound pressures are exceedingly small in comparison to
atmospheric pressure:

A_p_,- <<1.0 2)
Po
The Gibbs potential difference, Fy, between place i and the reference place is
given by:

F, = 3)
Co
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where ¢, is the resting concentration of air molecules (SI unit = 1.0 mol/m?).
Co == @

where n, is the resting number of air molecules at place i, and V, is the volume
of place i (assumed to be constant). The resting absolute pressure at place i is
taken to be p,.

Equation 3 for the Gibbs potential can be derived easily from the equation
for work. Invoking the adiabatic gas law, one can derive the relationship be-
tween the Gibbs potential at place i and the excess number of air molecules at
place i, An, where

An; = n, = ny &)

n; being the total number of air molecules at place i. For Ap/p, exceedingly
small, the adiabatic gas law can be stated as follows:
i Ani
R ©)
Po Ry
where 7y is 1.4, the ratio of specific heat of air at constant pressure to that at
constant volume. From this,
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In the circuit-theory metamodel, this is a capacitive relatib.nship. The general
constitutive relationship for a linear, shunt capacity at place 7 in any circuit is

Fo== ¢))

where the parameter C, often is called the capacitance or compliance. In this
case, Q,, the accumulation of conserved entity at place i, is taken to be to be
An,,
c =2 ©)
Po
Dividing the cylindrical tube axially into a large number of segments of equal
volume, V,, brings the first eight steps of the metamodel recipe to completion.
For the ninth step one might assume that the acoustic frequencies are sufficiently
high to preclude significant propagation of drag effects from the wall of the
cylinder into the mainstream of axial air flow. In other words, one might ignore
the effects of viscosity (see subsection 8.2). Absent viscosity, the axial flow of
air molecules would be limited only by inertia. Lumping the total mass of air
molecules at a single place, and invoking Newton’s second law of motion, one
has the following relationship for the flow, J;, of molecules from place i to its
neighboring place, j: '
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dJ, Alcl
2 00
dt Vo "’ (10)

where ¢ is time, p, is the resting density of the air (SI unit equal 1.0 kg/m?),
and A, is the luminal area of the cylindrical tube. In the circuit-theory meta-
model, this is an inertial relationship. The general constitutive relationship for
a linear, series inertia between place i and j in any circuit is

dJ.

Fij=IijF;1 (an

where the parameter I; often is called the inertia or inertance. In this case,

I = Vopo

i A 12

2. Derivation of an Acoustic Wave Equation from the
Circuit Model

Having thus completed the circuit model, one now can extract from it an equa-
tion describing sound conduction through the tube. This normally is accom-
plished by writing explicit expressions for the conservation of (conserved) entity
at node i and the conservation of emergy in the vicinity of node i, and then
incorporating the constitutive relations obtained in steps 8 and 9 of the meta-
model recipe. Let node i have two nelghbors node & on its left and node j on
its right. Conservation of air molecules requires that

do,
Jy—J; = — 1
V=g (13)
From Equation 8 one notes that
a0 dF,
=i o0 1
dr i 14
Therefore,
dF,
Juy— J; = C— 15
hi i i d t ( )
Conservation of energy requires that
F,=Fy,— Fy (16)
Therefore,
dJ.
Fo— Fy =11 17
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2.1 Translation to a Transmission-Line Model

In the manner of Lord Rayleigh, one can simplify further analysis by taking the
limit of each side of Equations 15 and 17 as one allows the number of places
represented in the model to become infinite and the extent of each place infin-
itesimal. Each place represented in the circuit model has length L, given by

Vo
L= (18)

Dividing C; and I, by L, one has the capacitance and inertance per unit length
of the uniform, air-filled tube:

e=b A
L, YPo
"__I.'_ Po
1= L™ ag 19

Now, let x be the distance along the tube and let the length of each place be
Ax. One can rewrite Equations 15 and 17 as follows:

A dF
—AJ=Jhi'—Jij=CAx—&;

. dJ
—AF=Fm—F}0=ﬁAx5 20)

. \
Dividing each side of each equation by Ax and taking the lin#it as Ax approaches
zero, one has .

d AJ Ad
— —J(x,r) = lim,, [——] = Cd—tF(x’t)

dx Ax
d AF +d
——F = li — =
x,0) = lim,, 4 [ Ax] I dtJ(x’t) 2n

These are the classic transmission-line equations, variations of which have
been used widely in neurobiology. Traditionally, they are written in a more
general form:

dF

__=._J

dx z

dJ

— = —yF 22
1 y (22)

where z is the series impedance per unit length of the transmission line, and y
is the shunt admittance per unit length; and F and J are linear transforms of F
and J. Although the notions of impedance and admittance are treated here in a
general sense, when they involve time derivatives (as they do here), circuit the-
orists normally apply them to one of two carefully restricted situations: (1)
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sinusoidal steady state (a pure tone has been applied for an indefinitely long
time); or (2) zero state (a temporal waveform is applied; at the instant before it
begins, all Fs and Js in the circuit model are equal to zero). For sinusoidal
steady state, circuit theorists traditionally use the phasor transform; for zero state
they traditionally use the Laplace transform. Yielding results interpretable di-
rectly in terms of frequency, the former is widely used in classical acoustics
texts.

2.2 Derivation of the Phasor Transform

The definition of the phasor transform is based on the presumption that expo-
nentiation of an imaginary number, such as ix (where i is the square root of
—1), obeys the same rules as exponentiation of a real number (such as x).
Specifically, it is presumed that e¢* can be evaluated by substituting ix for x in
the Maclaurin series for e*. In that case,

e* = cos x + isinx 23)
and
cos x = Re{e*} , (24)

where Re{z} is the real ‘part of the complex number, z:

.“ -~

z=a+ib

i=/-1

Re{z} = a 25
The phasor transform applies to sinusoidal steady state, with the radial frequency
of the sinusoid being w (SI unit = 1.0 rad/s).

o = 2nf (26)

where f is the conventional frequency (unit = 1.0 Hz). One can represent the
phasor transformation as follows:

H(w) = ®{H®)}
H(t) = &~ 'H(w) @7

where the function of frequency, H(w), is the phasor transform of the time
function H(#). The transform is defined by its inverse

H(H = 97'{H(w)} & Re[H(w)e™'] (28)
Combining this with Equations 23-25, one finds the following basic transform
pairs:
P{coswt} = 1
®-H{1} = cos wt

®D{A cos(wr + o)} = Ae™ = A cos o + iA sin o
®-1{Ae*) = &1 {A cos o + iA sin o} = A cos(wt + @) (29)
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Notice that
®~'{Ae“Be®} = AB cos(wt + o + B) 30)

Thus, multiplying the phasor transform of a sinusoidal function of time (of any
amplitude and phase) by the factor Ae* corresponds to two mathematical op-
erations on the function itself: (1) multiplying the amplitude of the function by
the factor A, and (2) adding o radians to the phase of the function. Taking the
first derivative of any sinusoidal function of time can be described in terms of
the same two operations: (1) the amplitude of the function is multiplied by w,
and (2) ©/2 radians (90 degrees) are added to the phase of the function. Thus,

¢{%} = weH(w) (31)
dt
Applying Equation 23, one has

ér =i

¢<9-H§) = iwH(w) (32)

2.3 Phasor Transform of the Transmission-Line Model

Based on Equation 32, one can write the transformed version of Equation 21 as
follows: ’

dx

d \ o
— F(x,0) = —iwlJ(x,w)
k) = —iolFd) (33)
dx .

Thus, for the transmission-line model (Eq. 22), under sinusoidal steady state at
radial frequency w, z and y would be written as follows:

z= imfA
y =iolC (34)

To simplify notation in transformed equations, w often is omitted in the argu-
ments of the dependent variables J and F. For z and y both independent of x,
as they are taken to be in this case, the spatial solutions to these equations
usually are written in one of two forms:

Form 1

Jo) =Fx) + F®x  I® = Jx) - L&
) = YoF(x) J(x) = YoF(x)
Fx) = ZJ{x) Fx) = ZJ.(x)

-1_ 2
2=t f:

F(x) = B{0)e~ F () = FO)e™ 35)
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Form 2

F(x) = F(0) cosh(ﬁ x) — Z,J(0) sinh(‘/z; Xx)
J(x) = J(0) cosh(/zy x) — Y F(O)sinh(/zy x)

= % (36)

2.4 Forward and Reverse Waves

Define the forward direction for the transmission line as the direction of increas-
ing values of x. In the first form, F(x) and J(x) are interpreted as being the
potential and flow components of a wave traveling in the forward direction; F,(x)
and J(x) are interpreted as the components of a wave traveling in the reverse
direction. At any instant, the product F(x)J(x) of the corresponding time func-
tions is the rate at which the forward wave carries Gibbs free energy (in the
forward direction) past location x, and the product F,(x)J(x) is the rate at which
the reverse wave carries Gibbs free energy past x (in the reverse direction).

2.4.1 Speed of Sound and Characteristic Impedance

For the simple transmigsion-line model under consideration here, z is purely
inertial and y is purely:capacitive. - The wave components in form 1 of the
solution become

Fx) = F(0)e iCox
F.(x) = E(0)e*"iCex 37

Both components are sinusoids, radial frequency . For the forward component,
the phase at distance x from the origin lags that at the origin by an amount that
is directly proportional to x. That is the behavior of a wave traveling at constant
speed in the direction of increasing x (the forward direction). For the reverse
component, the phase at distance x leads that at the origin by an amount pro-
portional to x. That is the behavior of a wave traveling at constant speed in the
direction of decreasing x (the reverse direction). For both components, the am-
plitude is independent of x. The speed, ¢, of the wave is the same in both cases.
The solution is valid for all frequencies, so one can generalize it to waves of
arbitrary shape that travel at constant speed without changing shape:

F; (x) = F; <O,t - %) F(xp) = F, (0,1 + %)

Ji () = Y F; (x,0) J. (x,f) = Y F, (x,0 (38
1 ¢ A

V.=—= [== (39)
A 1 Po¥Po
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== | (40)
Jic N oo

The parameter Z,, usually called the characteristic impedance, is a positive real
number in this case. For sinusoidal steady state this implies that at each place
(each value of x) along the acoustic path, F; and J; are perfectly in phase with
one another, as are F, and J. The relationship between Z, and the physical
parameters of the system and its SI unit both depend on the choice one made
at step 1 of the metamodel recipe. If one carries out the model construction
correctly, however, the wave speed will be independent of that choice.

3. Alternative Formulations of the Circuit Model

Instead of taking the number of air molecules as the conserved entity, one might
have taken their mass. Assuming that the density changes induced in the air by
the propagating sound wave are negligible (the analysis in section 2 was based
on the same assumption), acousticians often use fluid volume as the conserved
entity (as a surrogate for mass). Sometimes mass itself is used. All of these
choices lead to equivalent formulations and moving from one to another requires
only the application of appropriate multiplicative factors. The SI unit of im-
pedance for each choice of conserved entity is easily determined. If the selected
entity were apples, with an SI unit of 1.0 apple, then the SI unit of flow would
be 1.0 apple/s, and the SI unit of Gibbs potentlal would be 1.0 joule/apple. The
SI unit of impedance would be that of Gibbs potermal divided by flow—1.0
joule s per apple®. For the acousticians’ choice of volume, the SI unit of con-
served entity is 1.0 m3. The SI unit of impedance becomes 1.0 joule s per mé.
For the choice made at the beginning of section 1.2 (SI unit of conserved entity
= 1.0 mol), the SI unit of impedance is 1.0 joule s/mol2,

3.1 vConventional Acousticians’ Formulation

To obtain the acousticians’ J (SI unit 1.0 m?/s), one divides the J of section 2
(ST unit 1.0 mo¥/s) by ¢, (SI unit 1.0 mol/m?). To obtain the acousticians’ F (SI
unit 1.0 joule/m?), one multiplies the F of section 2 (SI unit 1.0 joule/mol) by
¢,- When these changes are made, the inertance and compliance per unit length
become.

Cy
1

II)
PS>

(41)

and the characteristic impedance, Z,, becomes
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bined a presumption about gravity with a conservation law (momentum is con-
served) and with his second law of motion to construct a theory of planetary
motion. He used mathematics to see where that theory would lead. Where it
led was directly to Kepler’s laws, which are empirical descriptions of the actual
motions of planets. Recently, writing about Newton’s Principia, where this
theory and its analysis first were published, a noted physicist said that the
astounding conclusion one would draw from the work is the fact that nature
obeys the laws of mathematics. I would put it differently. Physical nature ap-
pears to behave in an astoundingly consistent manner. In mathematics, mankind
has invented tools that allow concise and precise statements of apparently con-
sistent local behaviors (e.g., empirically derived laws), tools (such as the circuit-
theory metamodel) that allow those statements to be combined to construct
theories of spatially (in its general sense) more extensive behaviors, and tools
to derive from those theories their predictions. The fact that the predicted be-
haviors so often match, extremely well, observed behaviors, is attributable to
physical nature’s consistency.

Returning to the metamodel and to the first step in the recipe, one can see
that momentum (Newton’s choice) is a particularly interesting alternative to be
taken as the conserved entity. Newton’s second law equates the force two par-
ticles exert on one another to the flow of momentum between them, and (for
nonrelativistic systems) the Gibbs potential difference for that momentum flow
is the difference between the particles’ velocities. When one chooses fluid mass,
fluid volume, or number of fluid molecules as the,conserved entity, J is pro-
portional to velocity and F is proportional to forcé. With momentum as the
choice, F is proportional to velocity, J is proportional to forge. This is an
example of the celebrated duality that arises in the circuit-theory metamodel.

4. Generalization to Plane Waves

As long as the consequences of viscosity were negligible, the presence of the
rigid cylindrical walls posited in the previous subsections had only one effect
on the propagation of sound waves through the fluid inside the cylinder. It
forced that propagation to be axial. The transmission-line equations derived for
the fluid in the cylinder would apply perfectly well to propagation of a plane
wave through any cross-sectional area A;, normal to the direction of propagation,
in an unbounded fluid medium (e.g., air or water). The propagation speed de-
rived for the waves confined to the fluid in the cylinder is the same as it would
have been for unconfined plane waves in the same fluid. The expression for
characteristic impedance (Eq. 44) would apply to an interface, normal to the
direction of propagation, with cross-sectional area A,. Viewed locally, propa-
gating sound waves usually approximate plane waves, making Equation 44 and
its antecedents very general. In an unbounded fluid, however, the propagation
of sound waves is not confined to a single coordinate. A local volume in such
a fluid could have sound waves impinging upon it from all directions at once.



