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Abstract

Axons from the basilar papilla of the American bullfrog (Rana catesbeiana) do not phase lock to stimuli within an octave of their
best frequencies. Nevertheless, they show consistent temporal patterns of instantaneous spike rate (as reflected in peristimulus time
histograms) in response to repeated stimuli in that frequency range. We show that the second-order Wiener kernels for these axons,
derived from the cross-correlation of continuous (non-repeating), broad-band noise stimulus with the spike train produced in
response to that stimulus, can predict with considerable precision the temporal pattern of instantaneous spike rate in response to a
novel, complex acoustic waveform (a repeated, 100-ms segment of noise, band-limited to cover the single octaves above and below
best frequency). Furthermore, we show that most of this predictive power is retained when the second-order Wiener kernel is reduced
to the highest-ranking pair of singular vectors derived from singular-value decomposition, that the retained pair of vectors
corresponds to a single auditory filter followed by an envelope-detection process, and that the auditory filter itself predicts the
characteristic frequency (CF) of the axon and the shape of the frequency-threshold tuning curve in the vicinity of CF. z 1999
Elsevier Science B.V. All rights reserved.
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1. Introduction

Numerous hearing researchers have investigated the
responses of auditory-nerve axons to complex acoustic
stimuli (e.g., Young and Sachs, 1979; Javel, 1980;
Sachs et al., 1983; Sinex and Geisler, 1983; Miller
and Sachs, 1984; Carney and Geisler, 1986; Geisler
and Gamble, 1989). At least three groups (Simmons
and colleagues, Capranica and colleagues, Feng and
colleagues) have focused some of their investigations
on the frog auditory periphery (Schwartz and Simmons,
1990; Lim and Capranica, 1990; Feng et al., 1991;
Simmons et al., 1992; Simmons et al., 1993; Simmons
and Ferragamo, 1993; Bodnar and Capranica, 1994).
Among the goals of these investigations in the frog
has been the derivation of a characterization, or model,

of the individual primary auditory a¡erent axon that
would predict its response to stimulus waveforms of
arbitrary complexity (e.g., see Lim, 1990; Simmons et
al., 1996; Kumerasen et al., 1996; Bodnar and Vried-
lander, 1997). So far, these characterizations have been
successful in predicting various response properties, but
they have been unable to predict the temporal pattern
of the response of the primary auditory axon to a stim-
ulus waveform of arbitrary complexity.

In those axons from the frog amphibian papilla that
have low spontaneous spike rates, the temporal pattern
of spikes in response to a complex stimulus waveform
tends to be repeated precisely from one presentation of
that waveform to the next. In such cases, it is clear that
the non-linear dynamics of spike triggering, including
accommodation and refractoriness, play a crucial role
in establishing the response pattern, making character-
ization very di¤cult. Simmons and her colleagues have
begun to address these di¤cult cases by means of syn-
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thetic models that include explicit representations of
spike triggering (Kumerasen et al., 1996).

Presumably owing to noise sources within the frog's
ear, in amphibian-papillar axons with high spontaneous
background spike activity the temporal pattern of
spikes tends to vary randomly from one presentation
of a stimulus waveform to the next. In such instances,
the best that one can achieve with a model is prediction
of the statistics of spike production in response to a
given stimulus waveform. One such statistic is the aver-
age temporal pattern of spikes, or peristimulus time
histogram (PSTH), taken over many presentations of
the stimulus waveform. Division of the spike count in
the individual PSTH bin by the total time represented
by that bin (sampling time for the bin during each
stimulus repetition, times the number of repetitions
used to construct the PSTH) yields the spike rate for
the bin. Because the sampling time for the bin is the
unit of resolution (i.e., represents an indivisible instant
of time) in the histogram's discrete-time presentation of
the data, the spike rate for the bin is the instantaneous
spike rate. Thus, the PSTH is a discrete-time estimate of
the temporal pattern of the modulation of spike rate,
instant by instant, through the time course of the stim-
ulus waveform (e.g., see Lewis and Henry, 1995).

In axons with high spontaneous spike activity, the
internal noise of the ear evidently provides a dithering
e¡ect that softens or even removes the impact of the
non-linearities of spike triggering on this pattern (Low-
enstein, 1956; Stein, 1970; Yu and Lewis, 1989). For
axons with low spontaneous spike rates, one can pro-
vide dithering by adding a non-repeating noise back-
ground to a repeated stimulus waveform. In either
case, the dithering should allow one to derive a model
that predicts the temporal pattern of instantaneous
spike rate (PSTH) in response to an arbitrary stimulus
waveform without the need to include explicit represen-
tation of spike triggering. Such a model should embody
aspects of peripheral encoding that don't involve trig-
gering, including the all-important process of spectro-
temporal ¢ltering.

For axons that exhibit strong phase locking to
acoustic stimuli, which includes many of the axons of
the frog amphibian papilla, the ¢rst-order Wiener ker-
nel, or REVCOR function, provides such a model.
With a phase-locking axon from the cat, de Boer and
de Jongh (1978) demonstrated convincingly the ability
of the ¢rst-order Wiener kernel to predict the temporal
pattern of instantaneous spike rate in response to a
repeated segment of band-limited noise ^ a waveform
of nearly arbitrary complexity and rich in frequency
content. Wolodkin et al. (1996) demonstrated the
same sort of predictive ability of the ¢rst-order Wiener
kernel for the Mongolian gerbil and the amphibian
papilla of the American bullfrog. Applicability of the
¢rst-order kernel is limited to axons that exhibit phase

locking to stimuli at frequencies at and above their
characteristic frequencies (CFs). For high-frequency ax-
ons, which may exhibit phase locking to stimuli at fre-
quencies well below CF but not at frequencies close to
CF, the second-order Wiener kernel o¡ers a possible
alternative to the ¢rst-order kernel (see Marmarelis
and Marmarelis, 1978; Schetzen, 1980; Rugh, 1981;
Eggermont, 1993). The second-order Wiener kernel
was employed extensively and e¡ectively to the frog
ear by van Dijk and his colleagues (van Dijk et al.,
1994, 1997a,b) but they did not explore its ability to
predict the temporal pattern of instantaneous spike
rate (PSTH) in response to a complex waveform. In
this paper that is one of the issues we have attempted
to address: can the second-order Wiener kernel predict
the PSTH of a high-frequency axon from the frog ear in
response to a complex waveform? Our animal subject is
the American bullfrog; and the high-frequency axons
that we discuss in this paper are those from the basilar
papilla.

Experimentally-derived second-order Wiener kernels
necessarily are discrete and typically take the form of a
large, square array (matrix) of numbers. The size of the
array depends on the temporal resolution employed and
the time-span represented in the kernel. For bullfrog
basilar-papillar axons, we typically generated arrays
with 400 rows and 400 columns. In their raw forms,
such arrays are di¤cult to interpret directly in terms
of underlying processes or mechanisms (e.g., see discus-
sion in the excellent review by Eggermont, 1993).

van Dijk and his colleagues used system-identi¢ca-
tion methods to interpret the second-order Wiener ker-
nel in terms of a sandwich model, comprising a band-
pass ¢lter, an instantaneous (static) non-linear element,
and a low-pass ¢lter in cascade. Such a con¢guration
makes good sense in terms of what we know or suspect
about the biophysical processes associated with audi-
tory units (the axon plus its associated peripheral struc-
tures). In this paper we take a di¡erent approach,
namely singular-value decomposition (sometimes called
principal-component or principal-mode analysis) of the
array. It translates the typical 400U400 array into a set
of 400 singular vectors of 400 elements each, and it
ranks those vectors in order of the magnitude of their
contribution to the array as a whole. Each vector cor-
responds to a discrete function of time, analogous to
the ¢rst-order Wiener kernel (the REVCOR function).
For second-order Wiener kernels derived from bullfrog
basilar-papillar axons, we explored the possibility of
representing the entire kernel with a reduced set of
the highest-ranking singular vectors. In his extensive
review of Wiener and Volterra analysis, Eggermont
(1993) states: `From the reviewed material it must be
clear that there is still a wide gap between the theory of
non-linear systems and the application of that theory to
the auditory system. While in most cases the calculation
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of a ¢rst- or second-order kernel was the endpoint of
the analysis, a proper test of the applicability of the
theory requires the use of the kernel(s) in the prediction
of the response to unknown stimuli. A further necessity
is to interpret the kernels in such a way that they illu-
minate the system and its function under study.' In this
paper, we have attempted to address both of these is-
sues ^ applicability and interpretation.

2. Materials and methods

American bullfrogs (Rana catesbeiana) were anesthe-
tized by intramuscular injection of sodium pentobarbi-
tal (35 to 45 Wg/g) and ketamine HCl (70 to 100 Wg/g).
The auditory nerve was exposed surgically by a ventral
approach, through the roof of the mouth. Physiological
recording typically commenced approximately one hour
after the completion of surgery. Auditory stimuli were
presented to the ear through a closed-¢eld system; and
spikes were captured intracellularly from individual
VIIIth-nerve axons by means of glass microelectrodes
(impedance typically greater than 80 M6 when ¢lled
with 3.0 M NaCl).

1

The closed-¢eld stimulus system (based on a design
by Capranica) was contained within a brass housing
that comprised a cylindrical chamber and a hollow cy-
lindrical T coupler ¢lled with steel wool for attenuation
of re£ections. The wall of one of the two output ends of
the T coupler was sealed with a short rubber extension
and silicone grease to the skin of the animal immedi-
ately adjacent to the tympanum, so that the acoustic
path within the coupler was terminated by the unim-
peded tympanum. Mounted symmetrically with respect
to the tympanum, sealed into the other output end of
the T coupler, was a Bruel and Kjaer Model 4166 0.5-
inch condenser microphone (used to estimate the am-
plitude of the acoustic stimulus at the tympanum).
There was a tightly-threaded connection between the
wall of the input end of the T connector and the other-
wise closed, cylindrical chamber. A Koss Pro 4XTC
headphone driver was mounted in the chamber. The
output of the microphone and the corresponding spike
train from the axon were recorded simultaneously on a
TASCAM 238 eight-channel cassette recorder.

The waveform applied to the driver was generated
digitally, by means of lab-written software applied to
an ATpT DSP32C digital-signal-processing board.
Two types of waveform were used: (1) continuous
band-limited white noise, which had Gaussian ampli-
tude distribution and had been tested carefully and
found not to have second-order correlations, (2) a

100-ms segment of noise, presented repeatedly. In
both cases, the waveform was passed through a para-
metric equalizer (Rane PE-15) followed by a third-oc-
tave graphic equalizer (Rane GQ-30) prior to being sent
to the driver. With a spectrally-£at continuous noise
waveform applied to the input of the parametric equal-
izer and the closed-¢eld system already coupled to the
ear of the animal subject, the equalizers were adjusted
to limit the frequency range of the sound pressure at the
tympanum (typically 50 Hz to 5 kHz) and to make its
spectrum £at over that range. The spectral analysis in
this case was carried out on line, with a Hewlett-Pack-
ard 3561A Dynamic Signal Analyzer.

The 100-ms noise segment was repeated periodically,
with no time gap between presentations (100% duty
cycle). The onset and o¡set of the waveform were
modulated by 3-ms half cosines. In some cases the
waveform was presented by itself ; in other cases it
was summed with the continuous noise signal (to pro-
vide dithering) before presentation. A trigger pulse
marking the beginning of each presentation of the seg-
ment was recorded simultaneously with the spike train.
When it was used alone for a given axon, the continu-
ous noise waveform occasionally was presented in ex-
perimental runs at each of several power levels. All of
the experiments were carried out inside a multi-walled,
lab-built acoustical chamber. Over the range 50 Hz to
5 kHz, the attenuation of sound passing into the cham-
ber from the outside was greater than 50 dB.

The recorded data were digitized with 20 kHz sam-
pling rate. Spikes were identi¢ed automatically by
means of a threshold and peak-detection algorithm.
The time of each spike was taken to correspond to
the sampling clock cycle, after the threshold-crossing,
during which the digitized voltage was maximum. Dur-
ing the detection process, the recorded spikes and de-
tected spike peaks (represented as pulses) were dis-
played together on a multi-trace analog cathode-ray
oscilloscope so that the observer could adjust the
threshold and a dead time until each detected spike
peak corresponded to one spike and every spike was
represented by just one detected peak.

The digitized continuous noise stimuli and corre-
sponding spike times were used to generate discrete
zeroth-, ¢rst- and second-order Wiener kernels for
each auditory unit (axon plus associated peripheral
structure). The generation of Wiener kernels involves
cross-correlation of the spike-train response and the
continuous noise stimulus, and has been described thor-
oughly in the literature (de Boer and Kuyper, 1968;
Marmarelis and Marmarelis, 1978; de Boer and de
Jongh, 1978; van Dijk et al., 1994). The zeroth-order
kernel is the mean spike rate in the presence of the noise
stimulus. The ¢rst-order Wiener kernel (also called the
REVCOR function) is computed by taking the digitized
noise waveform that immediately preceded each spike
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(in a time window of ¢xed duration), reversing it in
time (so that the time of spike occurrence becomes
the origin), then taking the average of all such wave-
forms. The second-order kernel is computed by taking
the digitized waveform that immediately preceded each
spike, reversing it in time, forming the outer product
of that waveform with itself to create a matrix, taking

the average of all such matrices, and subtracting from
that average matrix the covariance matrix of the zero-
mean noise stimulus. Typically, we did this for approx-
imately 2000 spikes. Each second-order Wiener kernel
was reduced by means of the singular-value decompo-
sition (carried out in MATLAB), which yields a set of
single-valued functions of time (singular vectors)

HEARES 3191 29-3-99

Fig. 1. A: Second-order Wiener kernel from unit 3/1/97 #2. The stimulus noise was £at from approximately 100 Hz to 5.0 kHz, with an ampli-
tude of 90 dB SPL measured over 95-Hz bandwidth. The kernel was taken with 20 kHz sampling over the 15 ms immediately preceding each
spike (producing a 300U300 matrix of values). The grey-scale plot here shows a 200U200 region of the original kernel, focusing on the signi¢-
cant area. B: Distribution of weights of the sixteen highest ranking singular vectors in the singular-value decomposition of the original
(300U300) Wiener kernel of panel A. Open circles denote singular vectors that make negative (inhibitory or suppressive) contributions to the
predicted spike rate, crosses denote singular vectors that make positive (excitatory) contributions. C: Second-order Wiener kernel from unit 3/1/
97 #1 (again, a 200U200 region of the original 300U300 matrix). The stimulus noise was £at from approximately 100 Hz to 5.0 kHz, with an
amplitude of 76 dB SPL (95-Hz bandwidth). D: Reduced kernel of panel C, reconstructed from only the two highest-ranking singular vectors
(the highest-ranking quadrature pair). E: Reduced kernel of panel C, reconstructed from the six highest-ranking singular vectors. F: Distribu-
tion of weights of the sixteen highest-ranking singular vectors in the singular-value decomposition of the Wiener kernel of panel C.
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ranked according to the magnitudes of their contribu-
tion to the second-order Wiener kernel as a whole. The
second-order Wiener kernel is reconstructed by taking
the outer product of each singular vector with itself,
and then taking the weighted sum of the resulting ma-
trices. The magnitudes of the weights are computed
during singular-value decomposition; and their signs
are easily inferred from the result of the decomposi-
tion.

The digitized spike times and stimulus triggers for
the repeated, 100-ms noise segment were used to gen-
erate a peristimulus time histogram (PSTH), which is a

discrete version of the instantaneous spike rate as a
function of time during the noise segment. For basi-
lar-papilla units, this same function (instantaneous
spike rate as a function of time during the noise seg-
ment) was predicted by discrete convolution of the
waveform of the noise segment with the complete sec-
ond-order Wiener kernel, and also by discrete convolu-
tion of that waveform with reduced versions of the
second-order kernel that had been reconstructed as
weighted sums of singular-vector outer products.
Graphical comparisons of the predicted temporal re-
sponses and the actual responses are presented.
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Fig. 2. Singular vectors for the two Wiener kernels in Fig. 1. The singular vectors were computed for the entire 300U300 matrix of each ker-
nel. For perspective, each was scaled by its associated weighting factor. The 10-ms segments shown here correspond to the time frames shown
in Fig. 1. Each of these segments is a 200-element vector. Panels A through D are the segments for the Wiener kernel in Fig. 1A; panels E
through H are those for the Wiener kernel in Fig. 1C. A, E: First-ranking singular vector (dark line) and second-ranking singular vector (grey
line). B, F: Third-ranking singular vector (dark line) and fourth-ranking singular vector (grey line). C, G: Fifth-ranking singular vector (dark
line) and sixth-ranking singular vector (grey line). D, H: Seventh-ranking singular vector (dark line) and eighth-ranking singular vector (grey
line).
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3. Results

The animals used in this study ranged in weight from
44 g to 280 g. Most exhibited snout-vent lengths of
approximately 9 cm, but a few larger animals were
used. Discrete Wiener-kernel characterization, with the
continuous noise stimulus, was carried out on 28 basi-
lar-papillar units from 16 frogs. For 9 of these units,
Wiener-kernel characterization was carried out at sev-
eral (from 2 to 4) levels of noise power. Altogether,
47 characterizations were carried out, mostly with stim-
ulus levels in the range 65^95 dB SPL for total noise
stimulus (5 kHz bandwidth). In every case, the noise
level was su¤ciently high to yield a zeroth-order kernel
greater than zero (mean spike rate greater than zero in
the presence of the stimulus). In 33 of the 47 character-
izations, the ¢rst-order Wiener kernel resembled a seg-
ment of the noise stimulus and otherwise lacked any
obvious features; and in all 33 characterizations the

discrete Fourier transform (DFT) of the ¢rst-order
Wiener kernel yielded the same amplitude spectrum as
the noise stimulus. In 14 of the 47 characterizations
(8 units), one could discern a biphasic or triphasic pulse
in the ¢rst-order Wiener kernel. In 7 of these ¢rst-order
kernels (5 units), this feature was conspicuous. The
DFTs of these 7 kernels showed broad low-frequency
tuning, with steep high-frequency rollo¡ beginning at
approximately 500 Hz. In the 7 remaining ¢rst-order
kernels (5 units) the feature was subtle. The DFTs of
those 7 kernels yielded amplitude spectra with no ob-
vious di¡erences from the amplitude spectrum of the
noise stimulus.

The second-order Wiener kernels shown in panels A
and C of Fig. 1 were computed for two basilar-papillar
units from a single subject (280 g male). The diagonal
pattern of dark and light lines was representative of the
second-order Wiener kernels of all 28 units in the study.
The distributions of the magnitudes of the highest-rank-
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Fig. 3. Discrete Fourier transforms of the complete (300-element) versions of the corresponding singular vectors in Fig. 2.

W.M. Yamada, E.R. Lewis / Hearing Research 130 (1999) 155^170160



ing singular vectors of these Wiener kernels are dis-
played in panels B and F of the same ¢gure. In each
case, the highest-ranking pair of vectors is clearly dom-
inant, having weighting factors two to three times as
large as that of the third ranking vector. Fig. 1D shows
the reduced version of the second-order kernel of Fig.
1C reconstructed from only the two highest-ranking
singular vectors (shown in panel E of Fig. 2). Panel E
of Fig. 1 shows the reduced version of the same Wiener
kernel reconstructed from the six highest-ranking singu-
lar vectors (shown in panels E, F and G of Fig. 2).

Fig. 2 shows the eight highest-ranking singular vec-
tors of both second-order Wiener kernels of Fig. 1.
Panels A through D show those for the Wiener kernel
in Fig. 1A; panels E through H show those for the
Wiener kernel in Fig. 1C. Note that the ¢rst and second
ranking singular vectors are almost identical in shape
and magnitude, but shifted by approximately one quar-
ter of a cycle relative to one another. This quadrature
pairing of the two highest-ranking singular vectors is
representative of the second-order Wiener kernels of
all 28 basilar-papillar units in this study (all 47 charac-
terizations). Conspicuous quadrature pairing commonly
was observed in lower-ranking singular vectors as well
(as in panel F of Fig. 2).

The amplitude aspect of the tuning represented by
each of the singular vectors in Fig. 2 is shown in Fig.
3, where the amplitude of the discrete Fourier trans-
form of each singular vector is displayed. Notice that
each of the two highest-ranking singular vectors for
each unit shows band-pass tuning, with a distinct
peak at 1.26 kHz. With respect to those singular vec-
tors, both units appear to have very similar amplitude
tuning with identical CFs. The singular vectors in panel
E of Fig. 2 exhibit envelopes that are slightly broader
than those of panel A. As one would expect, those
broader envelopes (in the time domain) lead to nar-
rower pass bands (in the frequency domain).

The third and fourth ranking singular vectors in Fig.
2F are more broadly tuned (Fig. 3F) than the corre-
sponding ¢rst and second ranking singular vectors
(Figs. 2E and 3E); and they exhibit a notch rather
than a peak at 1260 Hz. Although this feature is not
evident in Fig. 3B, we found that it was common
among the 28 units in this study. All of the remaining
singular vectors are very broadly tuned. The sharp cut-
o¡ at approximately 3 kHz corresponds to the band
limit we imposed on the noise stimulus as we digitized
it for analysis ; it is not related to the frog's ear.

This was the general pattern observed in all 28 units
in this study, namely the highest-ranking singular vec-
tors comprised one to several quadrature pairs, each
with tuning features conspicuous above the noise, and
the remaining singular vectors showing no conspicuous
tuning features above the noise. The CF derived by
DFT from the highest-ranking quadrature pair of sin-

gular vectors varied from unit to unit and even from
stimulus level to stimulus level in individual units. The
level-to-level variation in single units ranged from 50 to
150 Hz. The upper panel in Fig. 4 shows the distribu-
tion of such CFs over the 28 units in the study (for
units studied with multiple stimulus levels, average CF
was used). The dashed vertical line denotes the upper
limit (1700 Hz) of CFs found by Shofner and Feng
(1981) in frequency-threshold tuning curves of basilar-
papilla units in American bullfrogs with snout-vent
lengths greater than 152 mm. They took this tuning
to be representative of adult bullfrogs. In the fre-
quency-threshold tuning curves of basilar-papillar units
from post-metamorphic froglets (snout-vent lengths less
than 46 mm) of the same species, they found that all
CFs were above 1800 Hz. The snout-vent length (ap-
proximately 90 mm) of the typical subject in our study
was intermediate. Among the seven animals from which
we characterized multiple basilar-papillar units, four
exhibited CFs only to the left of the dashed line, two
exhibited CFs only to the right of it, and one exhibited
CFs on each side of it.

The relative dominance of the ¢rst quadrature pair
of singular vectors also varied from unit to unit and
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Fig. 4. Upper panel: Distribution of best excitatory frequencies of
the 28 basilar-papillar units in this study. Lower panel: distribution
of dominance ratios for the 28 units in this study.
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from stimulus level to stimulus level in individual units.
We quanti¢ed this by dividing the average weighting
factor for the ¢rst and second ranking singular vectors
by the average weighting factor for the third and fourth
ranking singular vectors. We de¢ned this to be the dom-
inance ratio and plotted its distribution over the 28
units of the study (lower panel in Fig. 4). Dominance
ratio did not seem to be related to CF. Among the 11
units with dominance ratios greater than 2.5, for exam-
ple, seven had CFs below 1700 Hz and four had CFs
above 2000 Hz. In some units the dominance ratio was
strongly related to stimulus level, varying as much as
2.5-fold and exhibiting a maximum value at an inter-
mediate stimulus level. For each of these units, the
largest value was the one used in Fig. 4.

Prediction of the response to the repeated noise seg-
ment was attempted on nine basilar-papillar units from
four frogs. Wiener-kernel characterization was not car-
ried out on these units in advance of their selection.
Subsequently it was found that the three units from
two of the subjects had adult CFs (1200^1300 Hz); all
three units from the third subject had juvenile CFs
(greater than 2000 Hz); and those from the fourth sub-
ject had CFs spanning the dashed line in Fig. 4 (1600
Hz, 1750 Hz, and 2160 Hz). Continuous background
noise was added to the repeated noise segment for six
of the nine units, but in only two cases did the subse-

quent analysis show that the amplitude of the back-
ground noise stimulus had been adequate to prevent
clipping (at zero spikes per second) of the response to
the repeated segment and to soften the e¡ects of the
non-linearities of spike triggering. One unit (3/7/97
#2) was strongly adapting and yielded only 218 spikes
during the presentation of the repeated noise segment.
This was the only unit among the nine that had a ¢rst-
order kernel with conspicuous structure. It also had the
lowest dominance ratio (slightly greater than one)
among all 28 units. The PSTH in response to the re-
peated noise segment showed no obvious pattern, and
our attempts to predict the PSTH with the second-order
kernel failed. For all eight remaining units, the second-
order Wiener kernel predicted the gross temporal fea-
tures of the PSTH (i.e., the general features of that part
of the response that was not clipped).

For the two units for which the background contin-
uous noise stimulus had been adequate, the predictions
were carried out graphically as follows: (1) The noise
segment was convolved with the second-order Wiener
kernel, yielding a predicted waveform. (2) The mean
value was subtracted from the prediction to yield a
zero-mean function. (3) This function was normalized
so that its root-mean-square (rms) value was 1.0. (4)
The mean value of the PSTH was subtracted from the
PSTH itself to yield a zero-mean function. (5) The re-

HEARES 3191 29-3-99

Fig. 5. The dark line shows the 100-ms segment of random signal that was played repeatedly to the units in this study. The noise from which
the segment was taken was £at over the frequency range from 600 Hz to 3.2 kHz. Below the noise-segment waveform is the peristimulus time
histogram taken over 6392 presentations of the segment to unit 3/1/97 #1. In that case, the RMS amplitude of the segment was 79 dB SPL
(95-Hz bandwidth) and it was presented in a continuous noise background (0.3^5.4 kHz, 81 dB SPL (95-Hz bandwidth)). Notice that the tem-
poral pattern of the instantaneous spike rate does not seem to match that of the repeated stimulus segment. The PSTH contains a total of
9270 spikes, giving a mean instantaneous rate of 14.5 spikes/s.
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sulting zero-mean PSTH was normalized so that its rms
value was 1.0. (6) The normalization factor in step 5
was applied to the mean value in step 4, and the nor-
malized mean was added to the normalized, zero-mean
PSTH of step 5 and to the normalized, zero-mean pre-
diction of step 3. (7) The normalized PSTH and nor-
malized prediction were plotted together. This process
accomplished two things. It incorporated the zeroth-or-
der kernel (recomputed speci¢cally for the noise seg-

ment) into the prediction, and it focused the prediction
on the shape of the PSTH, removing absolute ampli-
tude from consideration.

Fig. 5 (solid line) shows the waveform of the 100-ms
segment of noise that was presented repeatedly to all
nine basilar-papillar units, along with the corresponding
PSTH from the unit of Fig. 1C (3/1/97 #1) (frog 3/1/97
was a 280 g adult male). Fig. 6 shows the same PSTH
(panels C and D) and also the PSTH (panels A and B)
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Fig. 6. Peristimulus time histograms of the responses of units 3/1/97 #1 and #2 to the noise segment of Fig. 5. The PSTH in panels C and D
is the same as that in Fig. 5. The PSTH in panels A and B contains 9941 spikes, taken for 6000 repetitions of the noise segment in Fig. 5, giv-
ing a mean rate of 16.6 spikes/s. The rms amplitude of the noise segment was 79 dB SPL (95-Hz bandwidth). It was presented in continuous
background noise (0.3^5.4 kHz, 81 dB SPL (95-Hz bandwidth)). The dark lines in panels A and C are the spike-rate responses predicted by
the complete (300U300) second-order Wiener kernels for each unit. The dark lines in panels B and D are predictions from the highest-ranking
pair of (300-element) singular vectors.
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for the unit of Fig. 1A (3/1/97 #2) responding to re-
peated presentation of the same 100-ms waveform.
These were the two units for which the amplitude of
the background noise had been su¤cient to avoid clip-
ping and to soften the e¡ects of spike triggering non-
linearities, allowing the full extent of the excursions of
instantaneous spike rate (in response to the repeated
noise segment) to be observed.

The solid (black) lines in Fig. 6A and C are the
normalized predicted PSTHs for each unit, derived

with the second-order Wiener kernels of Fig. 1A and C,
respectively. The solid lines in Fig. 6B and D are the
predicted PSTHs derived from reduced versions of the
second-order Wiener kernel, in each case reconstructed
from the highest-ranking quadrature pair of singular
vectors (those in Fig. 2A and E, respectively). The re-
duced Wiener kernel used for the prediction in Fig. 5D
is the one displayed in Fig. 1D.

Figs. 7 and 8 show results for the three basilar-pap-
illar units from frog 2/26/97, responding to the same
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Fig. 7. PSTHs for units 2/26/97 #1, #4 and #5, along with predictions from the entire second-order Wiener kernels. The predicted and ob-
served PSTHs in panel A were normalized in the same manner as those in Fig. 6 (see Section 3). For panels B and C, each predicted PSTH
was scaled by an arbitrary factor to make its positive peaks (predicted peak positive spike rates) ¢t the peaks of the observed PSTH. The nega-
tive spike rates predicted by the second-order kernels are taken to be below threshold. The PSTHs in panels A, B and C, respectively, were
taken over 6000, 7200, and 6000 repetitions of the noise segment in Fig. 5, and contain 4980, 4713, and 3567 spikes. PSTHs and predictions
for the three units of 2/24/97 were very similar to these.
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repeated noise segment (Fig. 5). These results are qual-
itatively the same as those for the three basilar-papillar
units from frog 2/24/97. For each of these six units, the
PSTH in response to the repeated noise segment was
clipped. The predicted responses (dark lines) in Fig. 7
were derived by using the entire second-order Wiener
kernel for the corresponding unit. The predictions in
Fig. 8 were derived by using only the highest-ranking
quadrature pair of singular vectors. The dominance ra-
tios of units 2/26/97 #1, #4 and #5 were 2.5, 1.7 and
1.4, respectively; the CFs were 2160 Hz, 1600 Hz and
1750 Hz, respectively.

Where the reduced second-order Wiener kernel was

successful at predicting the temporal responses of basi-
lar-papillar units to the waveform of Fig. 5, which is a
stimulus burst with random temporal structure, one
might expect it also to predict conventional tuning
curves derived from tone-burst stimuli. We tested this
possibility on unit 3/1/97 #2 (whose second-order Wie-
ner kernel is shown in Fig. 1A). 50-ms tone bursts, with
2-cycle rise and fall times and 100-ms periods (50% duty
cycles) were applied in a sequence of 798 bursts. Each
tone burst in the sequence was chosen by random se-
lection without replacement from a master set (of 798)
that spanned forty decibels (at 2-decibel intervals) and
three octaves (at approximately 1/13-octave intervals).
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Fig. 8. PSTHs for the three units of Fig. 6, along with predictions from the reduced Wiener kernels, each reconstructed from only the highest-
ranking pair of singular vectors.
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Four independently selected sequences were presented
to the unit.

The data from the tone-burst presentations were
used to create a three-dimensional spike-rate histogram
(Fig. 9), in which the total number of spikes that oc-
curred during the four presentations of each tone (200
ms total time) are presented in grey scale against fre-
quency and amplitude (in bins of 2 dB by approxi-
mately 1/13 octave). A conventional frequency-thresh-
old tuning curve is equivalent to an iso-response
contour on this histogram. The solid line is the discrete
Fourier transform of the highest-ranking singular vec-
tor of the Wiener kernel in Fig. 1A (an inverted version
of the graph given by the dark, thin line in Fig. 2A).

4. Discussion

If the properties of each unit in this study were con-
stant during the entire time that a particular stimulus
was presented, then the laws of large numbers would
imply that the measurement of those properties would
have improved as the duration of the observation was
increased. Under these best of circumstances, as the
number of presentations of the repeated noise segment
was increased, one would expect the PSTH to converge
on an increasingly accurate picture of the time course of
spike-rate modulation in response to that segment. Sim-
ilarly, as the number of spikes observed during presen-
tation of the continuous noise was increased, one would
expect the estimate of the second-order Wiener kernel

to improve. Thus, one might attribute the di¡erences
between the observed PSTHs and the PSTHs predicted
by the entire second-order kernel (Figs. 6 and 7) to the
fact that the duration of each stimulus presentation was
limited (typically to the neighborhood of 10 minutes).
On the other hand, even in the predictions in Fig. 6A
and C, which appear to be remarkably good, there seem
to be trends toward systematic di¡erences between pre-
dicted and observed PSTHs. The prominent peak in the
observed PSTH at 55 ms in Fig. 6A, for example, does
not seem to be emerging in the prediction; and in Fig.
6C the prominence of the peak at 78^80 ms in the
observed PSTH does not seem to be emerging in the
prediction.

These apparently systematic errors in detail are
clearly evident in the ¢gures, but would not be repre-
sented well by single-valued error measures (e.g., rms
error) applied to the PSTH as a whole. In fact, the
noisiness of the PSTH data and of the predictions
make such measures large and not indicative of the
obvious ¢delity with which the general temporal fea-
tures of the PSTHs are predicted. For example, the
rms errors (rms di¡erences between the normalized pre-
dicted PSTHs and the normalized actual PSTHs) in
Fig. 6A and C, respectively, are 1.07 and 0.86. These
values are comparable to the rms deviations (1.0) of the
normalized and predicted PSTHs from their respective
means. The rms errors for the predictions with the re-
duced kernels (Fig. 6B and E) are 0.95 and 0.70, re-
spectively. Some of this improvement must be attrib-
uted to the fact that the PSTHs predicted from the
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Fig. 9. Grey-scale plot of tone-burst response versus frequency and amplitude for unit 3/1/97 #2. The vertical scale gives the stimulus amplitude
in dB re 100 dB SPL. The horizontal scale is tone frequency. The stimuli covered the grey area. The level of grey gives the number of spikes
summed over four, 50-ms tone bursts at each amplitude and frequency. The thin black line is the discrete Fourier transform of the highest-
ranking singular vector for this unit.
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reduced kernels are considerably less noisy than those
predicted from the whole kernels. Thus, the kernel re-
constructed from the highest-ranking quadrature pair
evidently retained essential tuning features of the whole
kernel without retaining all of its noisiness. We found
this to be true for all eight units for which predictions
were accomplished.

The noisiness in the predictions in Fig. 7B and C
very likely would have been reduced if the second-order
Wiener kernels had been derived from a more-pro-
longed presentation of the continuous noise. Nonethe-
less, even with the noisy data, conspicuous systematic
di¡erences, similar to those in Fig. 6A, already have
emerged between the predicted and observed PSTHs.
For all three units in Fig. 7, and in the other three units
(from frog 2/24/97) in which the background noise was
insu¤cient to prevent clipping (see Yamada, 1997), the
second-order Wiener kernel was reasonably good at
predicting the timing of spike-rate peaks in the PSTH,
but rather poor at predicting the amplitudes of some of
those peaks. The rms errors for predictions by the com-
plete second-order kernels (Fig. 7A, B and C, respec-
tively) were 0.92, 1.74 and 1.31. Those for the reduced
kernels (Fig. 8A, B and C) were 0.86, 0.79 and 0.76.
Although the last three values compare favorably with
the rms errors (0.95 and 0.70) for the reduced kernel
predictions in Fig. 6B and D, the qualitative predictions
of temporal details in Fig. 6 seem conspicuously better
than those in Fig. 8.

Our small sample (two units with su¤cient back-
ground noise stimulus, six units without) suggests that
the ability of the second-order Wiener kernel to predict
the response of a unit to a stimulus waveform is im-
proved dramatically when that waveform is embedded
in background noise of su¤cient amplitude to provide a
relatively high background spike rate. This is consistent
with what we already had observed for ¢rst-order
Wiener kernels in low-frequency units (Wolodkin et
al., 1996; Yamada et al., 1996; Yamada, 1997). We
attribute it to a dithering e¡ect, which has been dis-
cussed thoroughly in the literature (Lowenstein, 1956;
Stein, 1970; Yu and Lewis, 1989; Lewis and Henry,
1995).

Singular-value decomposition revealed one set of fea-
tures that were consistent over all 28 basilar-papillar
units at all stimulus levels that we applied (all 47 char-
acterizations). In every case, the two highest-ranking
singular vectors formed a quadrature pair, and all of
the other singular vectors that were conspicuously
above the noise £oor also formed quadrature pairs.
This quadrature pairing of the highest-ranking singular
vectors leads to an interesting conclusion. It shows that
the major contribution of the second-order kernel can
be described in two steps: (1) linear ¢ltering of the
stimulus waveform, and (2) detection of the envelope
of the ¢ltered version of the stimulus. Each quadrature

pair of singular vectors in a singular-value decomposi-
tion represents one linear ¢lter and envelope detector.
The instantaneous spike rate predicted by all of the
quadrature pairs is the weighted sum of the squares
of those detected envelopes.

To understand this conclusion, consider the convo-
lution operation by which the second-order Wiener
kernel translates the instantaneous stimulus sound pres-
sure, p(t), into a predicted time course of instantaneous
spike rate, r(t) :

r�t� �
XN

d1�1

XN

d2�1

h2�d1; d2�p�t3d1�p�t3d2� �1�

where h2(d1,d2) is the discrete second-order Wiener ker-
nel (an NUN array of numbers). Singular-value decom-
position of h2(d1,d2) can be described as follows:

h2�d1; d2� �
XN

i�1

aihi�d1�hi�d2� �2�

where hi�d� is the ith singular vector and ai is its weight
(with sign). Each singular vector makes the following
contribution to the predicted time course of instanta-
neous spike rate:

ri�t� � ai

XN

d1�1

XN

d2�1

hi�d1�hi�d2�p�t3d1�p�t3d2�

� ai

XN

d1�1

hi�d1�p�t3d1�
XN

d2�1

hi�d2�p�t3d2�

� ai

XN

d�1

hi�d�p�t3d�
" #2

:

�3�

The total predicted time course is the sum of the
contributions:

r�t� �
XN

i�1

ri�t�: �4�

The last line in Equation 3 describes a linear ¢lter
process in which the output of the ¢lter (the ¢lter's
response to p(t)) is squared. In the singular-value de-
compositions of second-order Wiener kernels from ba-
silar-papillar units, each member of a quadrature pair
of singular vectors has essentially the same amplitude
and shape as the other (the main di¡erence being
the quarter-cycle phase shift). This leads to ¢lter out-
puts that are in quadrature, but otherwise essentially
identical in shape and amplitude. Just as [A(t) sin
[gt]]2+[A(t)cos[gt]]2 = [A(t)]2, the sum of the squared
¢lter outputs corresponding to a quadrature pair of
singular vectors approximates the square of the enve-
lope of the output of each individual ¢lter. The oper-
ations represented by a single quadrature pair of sin-
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gular vectors are depicted in Fig. 10. The combined
operation of multiple quadrature pairs is depicted in
Fig. 11.

For all 28 units, the scale factors for the highest-
ranking quadrature pairs of singular vectors were pos-
itive. This means that the contributions of those quad-
rature pairs to the instantaneous spike rate were non-
negative at all times. In other words, they were strictly
excitatory. Other singular vectors made negative contri-
butions, so that the overall second-order Wiener kernel
represented both excitatory and inhibitory (or suppres-
sive) e¡ects; and singular-value decomposition allowed
us to separate the excitatory contributions from the
inhibitory contributions. We will address the latter in
a subsequent paper. For excitatory tuning, our results
for all 28 units at all stimulus levels (all 47 Wiener-
kernel characterizations) imply that the general model
of Fig. 11 is a very good representation.

For each of the two units of Fig. 6 (units 3/1/97 #1
and #2), the single highest-ranking quadrature pair of
singular vectors was su¤ciently dominant to yield a
very good prediction. This shows that excitatory tuning
in each of those units can be represented very well (but
not perfectly) by a single linear ¢lter combined with an
envelope-detection process (i.e., the model in Fig. 10).
These are the same two operations provided by the
sandwich model employed by van Dijk and his col-
leagues (van Dijk et al., 1994, 1997a,b). Taken together,
the highest-ranking quadrature pair of singular vectors
thus represents both the band-pass ¢lter and the low-
pass ¢lter of a sandwich model. In 11 of the 28 units,
the dominance ratios were equal to or greater than
those for the two units of Fig. 6. This suggests that,
for the stimulus amplitude levels for which those high
dominance ratios were observed, the simple model of

Fig. 10 (and the corresponding sandwich model) might
apply to all 11 units.

On the other hand, one of the two units of Fig. 6
(unit 3/1/97 #1) exhibited two quadrature pairs of sin-
gular vectors that emerged conspicuously above the
noise £oor (panels E and F of Fig. 2). When the re-
duced second-order kernel was reconstructed from both
of these pairs, it yielded a predicted PSTH whose rms
error was 11 percent less than that obtained with the
highest-ranking pair alone. This suggests that even in
situations with high dominance ratios (the dominance
ratio was 3.0 for this unit), the model of Fig. 11 can
provide small but signi¢cant improvement over that of
Fig. 10. There is no direct sandwich model equivalent
to the model of Fig. 11.

The sandwich model conforms well to the currently
common view of the biophysical structure of an audi-
tory unit with a single hair cell. The ¢rst element of the
model, the band-pass ¢lter, would represent properties
of the mechanical tuning structure peripheral to the
hair cell. The second element, the static non-linearity,
would represent properties of the hair cell transduction
process (Hudspeth and Corey, 1977). The ¢nal element,
the low-pass ¢lter, would represent properties of the
signal pathway from the site of transduction, through
the a¡erent synapse and the initial segment of the pri-
mary a¡erent axon, to the spike trigger (Weiss and
Rose, 1988). The model of Fig. 10 embodies these
same sets of properties, but not in such direct fashion.
Nevertheless, its equivalence to the sandwich model al-
lows it to be interpreted in terms of an auditory unit
with a single hair cell. By extension, the model of Fig.
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Fig. 11. Functional diagram of the combined operations represented
by two or more quadrature pairs of singular vectors.

Fig. 10. Functional diagram of the operations represented by each
quadrature pair of singular vectors in the second-order Wiener ker-
nel. Signal £ow is taken to be from left to right, with the input
being the stimulus waveform and the output being the contribution
of the quadrature pair to the instantaneous spike rate. This would
be summed with contributions from other singular vectors, including
other quadrature pairs. The impulse response, h(t), of the ¢lter is
one member of the quadrature pair of singular vectors; a is the
scale factor associated with each of those vectors. The operation
represented by Q is phase shift by 90 degrees (the sign being deter-
mined by which singular vector is chosen for h). The outputs of the
two squaring operators are summed and scaled by a to yield the in-
stantaneous spike rate contribution.
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11 might be interpreted in terms of an auditory unit
with two or more hair cells, with their signal pathways
converging on a single spike trigger. The distributions
of dominance ratios in Fig. 4 then would imply that the
majority (if not all) of the units in our study had two or
more hair cells. In their studies with intracellular trac-
ers, Lewis et al. (1982) found that primary a¡erents
from the bullfrog basilar papilla rarely innervate more
than one hair cell. Although we cannot be certain that
our sampling was not strongly biased toward such
units, in the face of this evidence we are reluctant to
adopt the multiple hair-cell explanation. In place of
that explanation, we would accept the model of Fig.
11 merely as a good description of the mapping of
sound pressure level at the tympanum to instantaneous
spike rate at the primary a¡erent axon, a description
that embodies well the tuning properties of the unit and
does so in understandable functional terms ^ namely
linear ¢ltering and envelope detection.

Phase locking is commonly observed in frog basilar-
papillar units when they are stimulated at high ampli-
tude levels at frequencies well below their best excita-
tory frequencies (e.g., see Ronken, 1990). In order to
account for such phase locking, the models of Figs. 10
and 11 each would require a separate parallel path with
a ¢lter corresponding to the ¢rst-order Wiener kernel.
According to the results of phase-locking studies by
Hillery and Narins (1987), that ¢lter should be low-
pass, with a high-frequency corner at approximately
500 Hz. That conforms well to the seven ¢rst-order
kernels from our present study that were su¤ciently
conspicuous to yield tuning curves di¡erent from that
of the continuous noise stimulus. This corner frequency
is approximately the same as that estimated by Weiss
and Rose (1988) for the basilar papilla of the alligator
lizard. The CFs of bullfrog basilar-papillar units are
more than an octave above 500 Hz. Signals whose fre-
quencies are close to CF, therefore, will be severely
attenuated by the low-pass ¢lter. This means that the
even-order (square-law) non-linearity depicted in Figs.
10 and 11 represents a biophysical process that is essen-
tial in order for the basilar-papilla to function.

Our observation of units with di¡erent CFs arising
from individual basilar papillae is consistent with other
studies of this organ in the bullfrog (e.g., see Ronken,
1990). Thus, the similarity of tuning in the two units in
Figs. 1^3 might be considered coincidental. Readers
interested in the general properties of adult frog basi-
lar-papillar units should refer to the paper by Ronken
(1990). Those interested in the di¡erences between the
properties of adult units and those of juvenile units
should refer to the discussion in the paper by Shofner
and Feng (1981). Those interested in other sorts of ap-
plications of singular-value decomposition to second-
order Wiener kernels should refer to Marmarelis
(1997).

5. Conclusions

For the processing of signals embedded in back-
ground noise, the second-order Wiener kernel provides
a very good model of a bullfrog basilar-papillar unit.
Singular-value decomposition allows one to extract the
excitatory tuning properties of the unit from its second-
order kernel. Those tuning properties can be repre-
sented as a parallel set of linear ¢lters, each followed
by an envelope detector.
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