CS294-5: Great Algorithms Spring 2006
Lecture 16 — March 15

Lecturer: Richard Karp Scribe: Alexandre Bouchard-Coté

Approximate counting and sampling’'

The #P complexity class

The #P (“sharp P”) class will be important for the analysis of the algorithms considered
in the next few lectures. We will start by reviewing its definition, its hardness and some
canonical problems in this class.

Definition 1. A problem is in #P if there is a non-deterministic, polynomial-time Turing
machine that, for each instance I of the problem, has a number of accepting computations
that is exactly equal to the number of distinct solutions for instance I.

Counting the number of SAT assignments of a CNF formula is an example of #P-
complete problem. Counting the number of perfect matching in a graph is also # P-complete.
This is surprising since the corresponding decidability problem is in P. Another such exam-
ple: counting the number of linear extensions of a partial ordering.

The class #P is believed to contain very hard problems. Obviously, a #P problem
must be at least as hard as the corresponding N P problem. If it is easy to count answers,
then it must be easy to tell whether there are any answers. Therefore, the #P problem
corresponding to any N P-complete problem must be N P-hard.

We actually have, as a consequence of Toda’s theorem, the following;:

Theorem 1. If #P = P, then the polynomial hierarchy collapses, i.e. PH = P.

No deterministic algorithm is known that can even find the approximate answer of # P-
complete problems to within some reasonable error bound. However, there are probabilistic
algorithms that return good approximations to some # P-complete problems with high prob-
ability. We are therefore interested in approximate counting.

'Reference: The Markov Chain Monte Carlo Method: An Approach To Approzimate Counting And
Integration (1996), Mark Jerrum, Alistair Sinclair
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We will first approach the problem of approzimate sampling, and then show a general
method to do approximate counting using an approximate sampling algorithm as a black
box.

Approximate sampling

From now on, S will be a finite set and 7, 7, probability distributions on S. 7 will be called
the target distribution, and 7’ will be the result of our sampling algorithm.
We now define a notion of distance between distributions:

Definition 2. For distributions my, 7 over a common finite set S, the total variation dis-
tance is given by:
Dimm) = 257 mi(2) — mola)
2

ses
= max {|m(4) - m(4)|}
We are aiming for:

Definition 3. A fully polynomial approximate sampling scheme. The input takes the fol-
lowing form.:

e X, which will implicitly specify S, =,
e a tolerance § > 0.

The requirement is to sample according to 7 in time polynomial in both |X| and log(3),
where D(r',m) < 6.

Markov chain Monte Carlo (MCMC) methods are a class of algorithms that will achieve
the above goal. The basic idea is to construct a Markov chain that has the desired distribution
as its stationary distribution. The state of the chain after a large number of steps is then
used as a sample from the desired distribution.

e -
XeES yeES
random bits
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We will discuss MCMC algorithms based on a random walk through the set S. The gen-
eral idea is illustrated in the above diagram. Let us look at some examples before developing
the general framework.

Example 1. Let S be the set of 0 — 1 vectors & = (x1,...,x,) satisfying
a-r<b,

where @ = (a1, - ,ay,) is a constant vector, and b, a fized scalar.
A potential solution is to use the following random walk:

repeat Given a satisfying solution, ¥
i is drawn uniformly at random from {1,... ,n}

y-<—{ 1—axifj=i
J

1

2

’ x; otherwise
4 ifd-y<b

5 then return i

o else return r

Example 2. Let S be the set of points in a d-dimensional convex body K. Consider now
the following algorithm:

1 repeat Given ¥ € K

2 i is drawn uniformly at random from a ball of radius o about &
3 ifye K

4 then return i

5 else return ¥

In other words, we pick a point at random in a ball of radius o about the current position,
and we mowve there iff the new point falls in S:

(&
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Example 3. In this third example we consider the problem of sampling matchings in a fived
graph G = (V, E). We propose the following random walk:

1 repeat Given a matching M,

2 e is an edge drawn uniformly at random (u,v)
3 ifee M

4 then M — M \ {e}

5 if e ¢ M and u,v are both free

6 then M «— M U {e}

7 if e ¢ M and neither u nor v is free

8 then return M

9 ifed¢ M, u is free and v is matched with w
10 then M «— M\ {{v,w}} U {e}
11 ifed¢ M , v is free and u is matched with w
12 then M «— M\ {{u,w}} U {e}

We are interested in assessing how rapidly, if at all, do these randomized algorithms
achieve a distribution whose total variation distance from the uniform distribution is bounded
by 4. In order to answer these questions, we will need some theory of Markov chains.

Markov chains

The general framework to study these algorithms is taken from the (finite state) Markov chain
theory. In this subsection, P, , will denote the transition probability Pr[X,y; = y|X; = z],
and P? . the s-step transition probability Pr[X. s = y|X; = x]. We start with some

x7y )
terminology.

Definition 4. A Markov chain is irreducible if any state is reachable from any other, i.e.:
Vo, Yy, Jt s.t. th’y >0
It is aperiodic if it satisfies the following®
Vg >2, Jx,rwithgtrst Py, >0

It is ergodic if it is both irreducible and aperiodic.

2alternatively, the negation of this property, periodicity, can be defined as follow: a process is periodic if
there exists at least one state to which the process will continually return with a fixed time period (greater
than one). Aperiodic means that there is no such state.
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Ergodic chains will be of special interest to us because they are guaranteed to have a
unique stationary distribution®.

Theorem 2. An ergodic distribution has a unique stationary distribution w, i.e. a distribu-
tion satisfying:

Va, Wy, lim P!z, y) = m(y)
We will also need the notion of reversibility:
Definition 5. A Markov chain is reversible if
Vo, Yy, m(x)Pyy =7(y) Py

Pictorially, reversibility tells us that the following two paths:

O—O+—0O+—0O+—®
O—O0—0—0—0

have the same probability under the stationary distribution w. This effectively enables
us to see transitions as undirected edges between states.

Example 4. Random walk on a graph
Let G=(V,E), V={1,2,...,n}, |E| =m and d(i) := degree of vertex i. We define the
transition matrix as:

0 otherwise

1 . . .
Pi,j — { d(i) Zf{l,j} S

It is easy to see that the stationary distribution in this case is:

(i) = %

Moreover, the chain is reversible. Indeed, whenever {i,j} € E we have:

(i) P Z%'%Z%ZWU)PM

3Note that since we are going to build Markov chains, it is going to be easy to make sure that these
properties hold by applying simple transformations on the chains, for instance by introducing self-loops.
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We will need more than just convergence in the subsequent analyses. A concept of rate
of convergence, namely mizing times, will be useful.

Definition 6. The mixing time is defined as:
7o(€) :=min {t : V¢’ > ¢ . D(P! ) < e},
where 7 is the stationary distribution and D denotes the total variation distance.

Hereafter, we assume that the chain is ergodic and reversible, and that, for all z, P, , > %
The problem is, for a particular Markov chain (proposed as a solution to a sampling
problem):

e to show that the stationary distribution is the desired target distribution (often the
uniform distribution),

e to derive an upper bound on the mixing time.
We will assume the following facts:

e the ecigenvalues of P are nonnegative,

e the largest eigenvalue is 1.

Let us call Ay the second-largest eigenvalue. It turns out that A\, plays an important role for
bounding the mixing time:

Theorem 3.

T.(€) <

1)\ <1og (ﬁ) —i—log(l))

— A\ B
It is, in many cases, not convenient to estimate Ay and hence the leading factor of the
above expression. For this reason, other ways to bound the mixing time have been explored.

The concept of conductance, a combinatorial property often easier to check, provides an
interesting alternative:

Definition 7. The conductance ® s defined as

A A
O = min —Q( . 4)
{acso<r(a)<ty m(A)

Conductance has the following property:
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Theorem 4.
202 <1 — ),
and this gives us a bound on the mixing time:

Corollary 1.
L 1 1
7.(€) < 20 <log( @ ))+10g( ))

Example 5. An h-expander is a reqular graph G = (V, E) of degree D such that, for every
set S CV such that 0 < |S| < | , the number of edges between S and S is at least h|S|.
Assume V = {1,2,...,n}, and define a Markov chain as follows:

Lifj=i
Pi,j: LZf{Z,j}EE

2D /
0 otherwise

This is a reversible ergodic chain with (i) = % for all i. Observe that:

~ 1

1
7(S) = ~IS],
P > h,

T.(€) < 73 1og( )

Thus, a random walk on an expander mizes in logarithmic time.

We now introduce the last tool that we will need for the analysis of mixing times.

Method of canonical paths

We can cast the analysis of mixing times in a flow problem: let V' be the set of states, and
define a graph G = (V, E), where E = {{z,y} : P,, > 0}. For each ordered pair z,y of
states, define a canonical path ., from x to y. Let

e SR
{uv}GE Q(U,U) ’

where the sum is over all pairs z,y such that e lies in 7, ,.
With this definition, the following holds:

16-7



CS294-5 Lecture 16 — March 15 Spring 2006

Theorem 5.

1

d > —
=9

Again, we obtain as a corollary a bound on the mixing time:

Corollary 2.

T.(€) < 8(2<10g (ﬁ) + log (%))

To summarize, we have the following three bounds on 7,:

1)\ <log (%) +log(

~—
N—

< 2<I>_2<10g (—) + log (

AR = o+~
SN—
~

~—
SN—

)+log(

In practice the 3 bounds above, second eigenvalue, conductance, and canonical paths bounds,
are typically in increasing order of usability.
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