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Abstract

Trace ratio is a natural criterion in discriminant analysis as it directly connects to
the Euclidean distances between training data points. This criterion is re-analyzed
in this paper and a fast algorithm is developed to find the global optimum for the
orthogonal constrained trace ratio problem. Based on this problem, we propose a
novel semi-supervised orthogonal discriminant analysis via label propagation. Dif-
fering from the existing semi-supervised dimensionality reduction algorithms, our
algorithm propagates the label information from the labeled data to the unlabeled
data through a specially designed label propagation, and thus the distribution of the
unlabeled data can be explored more effectively to learn a better subspace. Exten-
sive experiments on toy examples and real world applications verify the effectiveness
of our algorithm, and demonstrate much improvement over the state-of-the-art al-
gorithms.
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trace ratio; semi-supervised learning

1 Introduction

In many real-world applications in data mining, information retrieval and
pattern recognition, labeled data are usually very insufficient and labeling a
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huge number of data points needs expensive human labor and takes much time.
On the other hand, unlabeled data may be abundant and can be easily and
cheaply obtained. Thus how to use the labeled and unlabeled data to improve
the performance becomes an important problem. This motivation opens a hot
research direction of semi-supervised learning [1-8].

Recently, semi-supervised dimensionality reduction has attracted great inter-
est [9-14]. One of the advantages of semi-supervised dimensionality reduction
is that it can be directly applied in the whole input space. Therefore, semi-
supervised dimensionality reduction is an inductive method and the out-of-
sample problem [15] is naturally solved, which makes it more applicable in
practice.

Most dimensionality reduction methods fall into the graph embedding frame-
work [16]. Under this framework, current semi-supervised dimensionality re-
duction algorithms [9-12] construct the weight matrix on graph with the la-
beled and unlabeled data. However, these algorithms only use the labeled and
unlabeled data in a simple manner to construct the weight matrix on graph,
which may not sufficiently explore the distribution of the unlabeled data.

In this paper, we propose a novel semi-supervised dimensionality reduction
algorithm via a specially designed label propagation procedure. Through the
label propagation, the label information in the labeled data is propagated to
the unlabeled data according to the distribution of the labeled and unlabeled
data, thus the distribution of the unlabeled data can be effectively explored
to learn a better subspace. The scatter matrices based on soft label learned
by label propagation are defined to perform the discriminant analysis, which
gives us a general framework to extend many variants of supervised discrimi-
nant analysis to the semi-supervised ones. As the orthogonal projection is of
desirable property and often demonstrates good performance empirically, in
this paper, we focus on a trace ratio based orthogonal discriminant analysis,
and propose the semi-supervised orthogonal discriminant analysis algorithm
for dimensionality reduction.

The trace ratio based orthogonal discriminant analysis is an orthogonal vari-
ant of Linear Discriminant Analysis (LDA). The projection matrix in LDA is
not orthogonal, as pointed out in [17], nonorthogonal projection matrix essen-
tially puts different weights on different projection directions, while orthogonal
matrix will not change the similarity if it is based on the Euclidean distance.
Recently, orthogonality has attracted great attention in many learning prob-
lems [18-24], and there are also several algorithms to extract the orthogonal
projection matrix for LDA.

A step-by-step procedure was proposed in [25] to obtain a set of orthogo-
nal projections {wy, ws, ..., w,, }. After calculating the first £ — 1 projections



{w, ws, ..., w,_1}, the k-th projection wy, is calculated by solving the follow-
ing optimization problem

w%Sbwk
wy = arg  max —po——, (1)
WI_ wW;,=0 Wi, S, Wy,

where Wy_; = (w1, ws, ..., wi_1], S,y and Sy, are the scatter matrices defined in
LDA. The step-by-step procedure makes the algorithm computationally more
expensive. Moreover, The optimization objective w.r.t the whole projections
{w, ws, ..., w,,} is unclear in this procedure.

Recently, [26] proposed another orthogonal LDA algorithm, which is to solve
the ratio trace optimization problem as follows:

Worpa = arg_max 7 (W'S,W)"W'S,W), (2)

where S; = S, + S, is the total scatter matrix, I denotes the identity matrix,
(1)t denotes the Moore-Penrose generalized inverse of a matrix [27] and ¢r(-)
denotes the trace of a matrix. The computation burden of the orthogonal LDA
algorithm is a little alleviated compared to the above one, but the ratio trace
criterion used in it is only an approximation to the trace ratio criterion [17,28].

Directly optimizing the trace ratio problem under the orthogonal constraint is
a little difficult and time consuming. Recently, [17] proposed a fast algorithm
to solve this problem using an iterative procedure. In this paper, we further
analyze the trace ratio problem, and reveal that the solution to the trace
ratio problem under the uncorrelated constraint is exactly the same as the
solution to LDA when S,, is nonsingular. For the trace ratio problem under the
orthogonal constraint, we propose a faster algorithm than the previous ones
[17,28] to find the global optimum. Combining the scatter matrices based on
soft label learned by label propagation and the trace ratio problem under the
orthogonal constraint, we propose the semi-supervised orthogonal discriminant
analysis algorithm for dimensionality reduction.

The proposed algorithm is linear, which can be easily extended to the nonlinear
one by the kernel trick [29] to better fit the linear inseparable but nonlinear
separable data. Experimental results on toy and real world datasets verify the
effectiveness of the proposed algorithms, and demonstrate much improvement
over the state-of-the-art algorithms.

The rest of this paper is organized as follows: We analyze the trace ratio prob-
lem and introduce the orthogonal discriminant analysis with a faster algorithm
in Section 2. In Section 3, we introduce the new label propagation and the soft
label based scatter matrices, and propose the semi-supervised orthogonal dis-
criminant analysis algorithm. In Section 4, we extend the proposed algorithm
to the nonlinear one by the kernel trick. Extensive experiments are presented



in Section 5 and conclusions are drawn in Section 6.

2 Trace Ratio Based Orthogonal Discriminant Analysis
2.1 Linear Discriminant Analysis

The goal of LDA is to learn a linear transformation matrix W € R¥>™(m < d),
and the original high-dimensional data & € R? is transformed into a low-
dimensional vector y € R™ by:

y=WTg. (3)

Given the training dataset X = {x; € RYi = 1,...,n}, each data x; is as-
sociated with a class label ¢; from {1,2,...,c}. Denote by &X; the data set of
class ¢ and denote by n; the number of data points in class 7. LDA defines the
within-class scatter matrix S,,, the between-class scatter matrix S, and the
total-class scatter matrix S; as follows:

Sw = i Yo (x—z)(xz—x)", (4)

=1 XeX;
Sy =Y _ni(z —z)(x; —x)", (5)
i=1
Si=> (x—a)(x—x), (6)
Tex
where &; = n%zil:je x, ; is the mean of the samples in class i and £ =

1 n

~ > iz @; is the mean of all the samples. It can be verified that S; = S,, +S.
The purpose of Linear Discriminant Analysis (LDA) is to simultaneously max-

imize the between-class scatter and minimize the within-class scatter. To this
end, LDA solves the following ratio trace optimization problem:

Wipa = arg max tr ((WTSwW)_IWTSbW) . (7)

In LDA, it is assumed that the matrix S, is nonsingular. It is well known
that the solution to LDA is reduced to solving the following generalized eigen-
decomposition problem:

SyW =S, WA. (8)

Finally, the columns in Wypa are formed by the generalized eigenvectors of
S, and S,, corresponding to the first m largest eigenvalues.



2.2  Trace Ratio Criterion

Another reasonable strategy to obtain great discriminative power is maxi-
mizing the term tr(W7S,W) and at the same time minimizing the term
tr(W7'S,,W) since these two terms directly reflect the Euclidean distances
between training data points. As has been pointed out in [17], a natural solu-
tion to these dual objectives is to pose a trace ratio optimization problem as
follows: WIS W

,

Wrtrpa = arg max M 9)
To avoid trivial solution, the projection matrix W in (9) should be constrained.
There are two usually used constraints, including the uncorrelated constraint
[30] and the orthogonal constraint [25]. In the following, we will derive the
solution under the uncorrelated constraint or the orthogonal constraint, re-
spectively.

2.2.1 Uncorrelated Constraint

Under the uncorrelated constraint, the trace ratio problem (9) becomes:

. tT’(WTSbW)
Wurrpa = arg WTI&%{’{:Q ma (10)

where €2 is a given constant and diagonal matrix.
Note that S; = S,, + Sy, therefore, the problem (10) can be rewritten as:

AW% = tr(WITS,W). 11
UTRDA = arg WT@%@(ZQ r ( b ) ( )

The Lagrangian function of the problem (11) is:
tr(WTSyW) — tr( A(W'S,W — Q)). (12)

In order to obtain the optimal solution to problem (11), we should find out an
appropriate A and W such that the constraint W''S,;W = € holds and the
derivative of Equation (12) w.r.t W is equal to zero. Note that A is a symmetric
matrix, suppose the eigen-decomposition of A is A = UAUT, where A is the
eigenvalue matrix of A, and U is the corresponding eigenvector matrix. By
setting the derivative of Equation (12) w.r.t W to zero, we have

S,W — S, WA =0
= S,W = S,WUAU”
= S, 'S;WU = WUA. (13)



Let U be an identity matrix, then the Lagrangian coefficient A = A, and
Equation (13) becomes

S,W = S,WA. (14)

Note that S; and S, are symmetric, the W in Equation (14) satisfies that
WTS,W is a diagonal matrix. Therefore, when the Lagrangian coefficient
A = A and W is formed by the generalized eigenvectors of S, and S; as
in Equation (14), the constraint W7S,;W = Q will hold and the derivative
of Equation (12) w.r.t W is equal to zero. So the solution to the problem
(10) can be reduced to solving the generalized eigen-decomposition problem
in Equation (14), and the columns in Wyrrpa are formed by the generalized
eigenvectors of S, and S; corresponding to the first m largest eigenvalues.

It is interesting to see that the solution to the uncorrelated constrained trace
ratio problem (10) is exactly the solution to LDA, which give us a new insight
into the LDA method.

2.2.2  Orthogonal Constraint

Under the orthogonal constraint, the trace ratio problem (9) becomes:

W tr(WTS,W)
= ar ma. e ————
OTRDA = &18 WP WT £ (WIS, W)’

where I is an identity matrix.

In practice, to avoid overfitting, we can add a regularization term to S,,, and
the optimization problem (15) becomes

tr(WTS,W)
_ 1
Wsopa = arg Wit tr(WT(S,, + ply) W)’ "

where I; is a d x d identity matrix, and g > 0 is the regularization parame-
ter. We call the algorithm that solves the orthogonal constrained trace ratio
problem (16) as Orthogonal Discriminant Analysis (ODA).

In comparison with the problem (10), the problem (15) or (16) is more difficult
to solve, and the closed solution is hard to derived. Fortunately, there exists
efficient algorithm to solve the problem by iterative procedure.



2.3 FEfficient Algorithm for the Orthogonal Constrained Trace Ratio Problem

2.3.1 A Recently Proposed Fast Algorithm Revisited

Recently, an efficient algorithm [17] was proposed to solve the orthogonal
constrained trace ratio problem (15). The algorithm is briefly stated as below:

Step 1. Initialize W as an arbitrary column-orthogonal matrix;

tr(WTS, W) .

Step 2. Compute the trace ratio value \ = WIS W)

Step 3. Construct the trace difference problem as

W* =arg max tr(W7'(S, — AS,,)W). (17)

WTwW=I

Step 4. It is well known that W* is formed by the m eigenvectors of S, — AS,,
corresponding to the m largest eigenvalues. Update W by W*;

Step 5. Iteratively perform steps 2-4 until convergence.

It was rigorously proved that the algorithm converges to the global optimum
[17]. To better understand it, we give a theorem to reveal the connection
between the trace difference problem and the trace ratio problem. Denote
W, = arg wax tr(WT (S, — AS,, )W), we define a function as below,

tT(WC)Z:SbW))
A) = . 18
f) tr(WIS,W,) (18)
Suppose that
T
Voo max W SiW) (19)

wiw=t tr(WTS,W)’
then we have the following theorem:

Theorem 1 The function f(\) is monotonically increasing when X < \*, and
18 monotonically decreasing when X > \*.

The proof is given in appendix A. Theorem 1 indicates that function f(\) has
only a single peak, which gives a theoretical confirmation to the experimental
observation in [31]. Theorem 1 gives us an insight into the orthogonal con-
strained trace ratio problem. Although the trace ratio problem is not convex,
the function f(A) which is associated with the trace difference problem is ex-
actly convex. Therefore, it is not hard to understand why the algorithm that
converts the trace ratio problem to the trace difference problem can find the
global optimum.



2.3.2 A Faster Algorithm

The algorithm stated in Subsection 2.3.1 is efficient to solve the problem (15).
Here, we propose a more efficient algorithm to solve it.

The Lagrangian function of the problem (15) is:

t’f’(WTSbW)

WS, W)~ TAWIW —I)). (20)

Note that A is a symmetric matrix, suppose the eigen-decomposition of X is
A = UAUT, where A is the eigenvalue matrix of X, and U is the corresponding
eigenvector matrix. By setting the derivative of Equation (20) w.r.t W to zero,
we have

tr(WTS, W)S;W — tr(WTS,W)S, W
(WS, W)?
S
= <Sb — —tT(YV SbVY)
(WS, W)

SsSW — WA =0
sw> W = WA, 21)
where W = WU and A = tr(WTS,W)A.

Equation (21) indicates two facts. First, if W is the optimal solution to prob-
lem (15), then W = WU is also an optimal solution, where U could be an
arbitrary orthogonal matrix. Second, the optimal solution W should satisfy
Equation (21). Based on these two facts, we know that finding the optimal
solution to problem (15) is equivalent to finding a W such that the Equation
(21) is satisfied. We propose an iterative procedure to find such a W that
satisfies Equation (21). The iterative procedure is stated as follows:

Step 1. Initialize W as an arbitrary column-orthogonal matrix;

tr(WTS, W) .
tr(WTS, W)’

Step 2. Compute the trace ratio value A =
Step 3. Compute the eigen-decomposition of S, — AS,, as
(Sp — ASy)w; = 1w, (22)
where w;(i = 1,2, ...d) is the eigenvector of S, — AS,;

Step 4. Solve the following problem:

T
W* = arg max tr(W_S, W)

—_— 23
wee tr(WTS, W)’ (23)

where ® is the set of matrix whose columns are formed by m different
eigenvectors selected from w;(i = 1,2, ...d). Update W by W*;



Step 5. [teratively perform steps 2-4 until convergence.

Comparing this algorithm with the algorithm in [17] (described in Subsection
2.3.1), we can see that the main difference is in the step 4. That is, the main
difference is how to update W in the next iteration. The algorithm in [17] uses
the m eigenvectors of S, — AS,, corresponding to the m largest eigenvalues
to update W. However, the solution W* to problem (23) is not necessarily
formed by these top m eigenvectors. Therefore, the trace ratio value A in
each iteration in the proposed algorithm is usually greater than that of in
the algorithm in [17]. In addition, the problem (23) can be efficiently solved
without performing eigenvalue decomposition and the computation cost can
be ignored compared with the eigenvalue decomposition [32]. Therefore, the
proposed iterative algorithm is faster than the algorithm in [17]. As it has been
proved that the algorithm in [17] can find the global optimum, the proposed
algorithm can also find the global optimum.

Now we have introduced the trace ratio based orthogonal discriminant analy-
sis method with a fast algorithm to find the global optimum of the orthogonal
constrained trace ratio problem. In the next section, we will propose a general
framework to extend the variants of supervised discriminant analysis to the
semi-supervised ones. Based on the framework and the introduced orthogonal
discriminant analysis, we will propose the semi-supervised orthogonal discrim-
inant analysis algorithm and its kernel version.

3 Semi-Supervised Orthogonal Discriminant Analysis via Label
Propagation

3.1 Calculate the Soft Label through Label Propagation

Label propagation is a key idea in many graph based semi-supervised learning
algorithms [4,5]. It propagates label information from labeled data to unla-
beled data according to the distribution of labeled and unlabeled data.

In the label propagation, a neighborhood weighted graph on data should be
constructed first. A popular construction method is as follows: If x; is among
the k nearest neighbors of x; or x; is among the & nearest neighbors of x;,
then x; and x; are linked by a weight computed by

A = e I1%i=T511%/0* (24)

otherwise, A;; = 0. Here o is the variance, [|-|| is the 2-norm of vector, i.e.

||:/1:||2 =alx.



Fig. 1. A new label propagation on graphs. The blue circle data denotes the neighbors
of the yellow circle data x;, and the red square denotes the initial label y; of x;. In
each iteration of the label propagation process, the label information of x; is partly
received from its neighbors’ labels, and the rest is received from its initial label y;.

In this paper, we introduce an additional class ¢+ 1 in order to detect outlier
data. Let F = [FT, ... FI]T € R™(¢+1) he the predicted label matrix, where
F; € R°"(1 < i < n) are row vectors and 0 < F;; < 1. Define the initial
label matrix Y = [Y7,..., YI]T € R+ where Y; € Rt} (1 < i < n) are
row vectors. For the labeled data, Y;; = 1 if x; is labeled as j and Y;; = 0
otherwise. For the unlabeled data x;, Y;; = 1if j = c+1and Y;; =0
otherwise.

Denote a stochastic matrix P = D™'A, where D is the diagonal matrix with
the i-th diagonal element being Dy = 37, Ay;. Let us consider a new iterative
process for label propagation. In each iteration, the label information of each
data point is partly received from its neighbors, and the rest is received from
its initial label (see Figure 2). The label information of the data at time ¢+ 1
is propagated based on the following equation:

F(t+1)=1,PF(t) +15Y, (25)
where I, is an n xn diagonal matrix with the i-th entry being o, Is = I-1,, a;
(0 < a; < 1) is a parameter for data x; to balance the initial label information
of x; and the label information received from its neighbors during the iteration.

In practice, for labeled data x;, ; could be set to 0, while for unlabeled data
x;, a; could be set to a value near to 1.

By the iteration equation (25), we have
F(t) = (LP)F(0) + Y. (L.P)I,;Y. (26)
and the iteration process converges to
F = lim F(t) = (- 1L,P) 'I,Y. (27)

It can be easily verified that the sum of each row of F is equal to 1, which
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indicates the elements in F are probability values, and F;; can be seen as
an estimation of the posterior probability of ; belonging to class j. When
j = c+ 1, F, .11 denotes the probability of x; belonging to outlier. As the
value of F;; is probability value, in this paper, we call F;;(1 < j < ¢) as the
soft label of x;.

By this specially designed label propagation, the outlier in data can be de-
tected and the soft label of each data is obtained. As can be seen in the next
subsection, it is convenient to construct the scatter matrices for discriminant
analysis using the soft label.

3.2 Soft Label Based Scatter Matrices

After the label propagation, we obtain the soft label for each data :131( =
1,2,...,n), ie., the probability F;; of x; belonging to class j(j = ,C).
While in LDA, the scatter matrices S,,, Sy and S; are defined based on the hard
label of each data x;(i = 1,2,...,n), i.e., the probability F;; of x; belonging
to class j(j = 1,2,...,¢) is elther 0 or 1. Here we extend the scatter matrices
defined in LDA to the soft label based scatter matrices, and defined as follows:

- 1 C n

Sw==233 Fii(@; - &)(z; - &)"
i=1j=1
1
= —X(B - F.DF))X”, (28)
n
S = Y& —a) (@ —a)"
i=1 1
1 r 1 T\~ T
= -X(F.DF, — -B11"'B)X", (29)
n n
- 1 n
St - = ZBzz(mz — .’E)(CU — i)T
ni4
1 1 o
= -X(B - -B11"B)X”, (30)
n n
Where nZ Z] lF]’M = Zz lnzy fcz - #, 53 = i= 12; 1Fijw‘7

B € R™" is a diagonal matrix, the ¢ diagonal element of which is B;; =

1 Fij. D E R*¢ is a diagonal matrix, the ¢ diagonal element of which

is DZZ = 27 F. € R"™¢ is formed by the first ¢ columns of F, 1 =
j=1

[1,1,...,1] RnXI, X = [ml,mg,..., n] Rdxn‘

It can be easily checked that St = Sw + gb. When the soft label bec~0me~s hard
label, i.e. F;; is either 0 or 1, the soft label based scatter matrices S,,, S, and
S; defined here become the scatter matrices defined in LDA, respectively.

11



Note that éw and Sb are constructed based on the soft labels which are learned
from the label propagation between labeled and unlabeled data, thus by using
these scatter matrices in a discriminant analysis algorithm, the distribution of
the unlabeled data can be effectively explored to learn a better subspace.

3.8 Semi-Supervised Orthogonal Discriminant Analysis

Now, we have the scatter matrices based on soft labels learned by label propa-
gation within labeled data and unlabeled data. Applying them to a supervised
discriminant analysis will derive a semi-supervised counterpart, which give us
a general framework to extend many variants of LDA to the semi-supervised
ones. In this paper, we focus on the trace ratio based orthogonal discriminant
analysis, and propose the semi-supervised orthogonal discriminant analysis
algorithm, which is to solve the following optimization problem:

tr(WTS, W)
A\ = —_—— 31
SODA = arg wf;lggizl tr(WTSwW)’ (31)
where S,, and S, are the soft label based scatter matrices defined in (28) and
(29), respectively.

Similarly to the orthogonal discriminant analysis, to avoid overfitting in prac-
tice, we add a regularization term to S,,, and the optimization problem (31)
becomes

tr(WTS, W)
Wgsopa = arg max — ,
wWIW=I tr(WT(S,, + pl;)W)

where 1 is a d x d identity matrix, and g > 0 is the regularization parameter.

(32)

We summarize the proposed semi-supervised orthogonal discriminant analysis
algorithm in Table 1. It is worth to note that the step of label propagation
in the algorithm only needs to solve sparse linear equations, which has been
intensively studied and there exist efficient algorithms whose computational
time is nearly linear [33]. Therefore, the computational burden of this step
can be ignored in the algorithm.

4 Kernel Semi-Supervised Orthogonal Discriminant Analysis

The proposed semi-supervised orthogonal discriminant analysis is a linear al-
gorithm. By the kernel trick, it is easy to extend the linear algorithm to a
nonlinear one.

12



Table 1
Semi-Supervised Orthogonal Discriminant Analysis Algorithm.

Input:

Data matrix X € R¥" (each column is a data point). Projected dimension
m and other related paramters.
Output:

The projection matrix W € R¥*™,
Algorithm:

1. Construct the neighborhood graph and calculate the weight matrix A.

2. Perform label propagation by Equation (27) and obtain the soft label
matrix F.

3. Calculate the soft label based scatter matrices S, and S, by Equations
(28) and (29), respectively.

3. Solve the orthogonal constrained trace ratio problem (32) by the algorithm
proposed in Subsection 2.3.2.

Suppose the data are mapped from the original input space to a higher di-
mensional Hilbert space F with a nonlinear mapping ¢ : + — F, and the map
is implicitly implemented via kernel function K(x;, ;) = ¢(x;) - ¢(x;). The
kernel function K : R x R — R may be any positive kernel satisfying the
Mercer’s condition [34,35]. For instance, a frequently used one is the radial
basis function (RBF) kernel defined by

K(i, ;) = e 1T (33)

Performing the semi-supervised orthogonal discriminant analysis algorithm
in the nonlinearly mapped high-dimensional space F will derive the kernel
semi-supervised orthogonal discriminant analysis.

Denote ¢ = 37 ¢(x;), ¢(X) = [¢(x1), ¢(@2), ..., ¢(x,)]. Denote a central-
ization matrix by L, = I — %11T7 where I is an n x n identity matrix, and
1 € R" is a column vector in which all the elements are equal to one. Note that
the solution W lies in the subspace spanned by the centralized training data

[6(21) — 6,0(3) — 6, .., () — G}, we can express W as W = ¢(X)Leax,
where a € R™™. Denote the centralized kernel matrix by

K = Lp(X) ¢(X)Le, (34)

13



then we have the following optimization problem from (32):

tr(a"KL,Ka)
QKSODA — arg Imax

- : (35)
a™ka=1 tr(a’(KL,K + tKa)

where Ew =B - FCDFCT and I:b = FCDFCT — %BIITB, both of which are
Laplacian matrices.
Suppose the eigen-decomposition of K is

K = UAU”, (36)
where A is the positive eigenvalue matrix and U is the corresponding eigen-

vector matrix. Let @ = UA™Y?3, then the problem (35) can be rewritten as
an orthogonal constrained trace ratio problem:

tr(B"H,0)
= are max ? 37
BKSODA gﬁTB:I tr(,@T(Hw ‘l‘NIr)lB) ( )
where
H, = A™/?U"KL,KUA™", )
and
H, = A~/?U"KL,KUA ™2 )

The problem (37) is exactly an orthogonal constrained trace ratio problem,
and can be efficiently solved by the algorithm proposed in Subsection 2.3.2.
After computing Brsopa, we have Wisopa = (X)L UAY2Brgopa. For
any data point £ € R%, the projected data point is

Y = Whsopa®(®) = Bksopa A *UTLe(X) (). (40)

5 Experiments

In this section, we evaluate the proposed algorithms with toy examples and
several real world applications, and compared them with several representative
algorithms. The algorithms performed in the experiments are listed as follows:
Linear Discriminant Analysis (LDA), Orthogonal Linear Discriminant Analy-
sis (OLDA) [26], Orthogonal Discriminant Analysis (ODA) (to solve problem
(16)), Semi-Supervised Discriminant Analysis (SDA) [10], Semi-Supervised
Orthogonal Discriminant Analysis (SODA) (to solve problem (32)) and Ker-
nel Semi-Supervised Orthogonal Discriminant Analysis (KSODA) (to solve
problem (35)).

14
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Fig. 2. (a) The projection direction learned by LDA, SDA and SODA. The blue
star points are the outlier data detected by SODA; (b) The contour lines learned by
KSODA.

5.1 Toy Examples

We present two toy examples to demonstrate the effectiveness of our algo-
rithms.

In the first toy example, we generate a dataset with two classes, each of which
is distributed with a Gaussian. We also add some outlier data in the dataset.
Two data points of each class are labeled (shown as the purple points). Fig-
ure 2(a) shows the learned projection directions by LDA, SDA and SODA,
respectively. The experimental result indicates that SDA can improve LDA
by use of unlabeled data. However, SDA only use the labeled and unlabeled
data in a simple manner to construct the weight matrix on graph, and the
distribution in data might not be explored thoroughly. In contrast, SODA use
label propagation to learn the soft labels for the unlabeled data, thus the la-
beled information and the distribution of the unlabeled data can be effectively
explored to learn a better subspace. Moreover, by virtue of the new defined
label propagation procedure, the outlier in the data (shown as the green star
points) can be effectively detected. In fact, for the green star samples, the val-
ues of F;;(j = 1,2) calculated by Equation (27) are very small and approach
zero, while the values of F;;(j = 3) approach 1.

In the second toy example, we generate another dataset with two classes, each
of which is distributed with a half moon. In this dataset, only one data point of
each class is labeled (shown as the purple points). Since the distribution of the
data is non-Gaussian, here only the kernelized SODA is evaluated. Figure 2(b)
shows the contour lines learned by KSODA. The projected dimension is one
in this experiment. The value in each line is the distance difference of the data

15



point in the line to the two labeled data points after projection by KSODA.
Therefore, the line with value 0 can act as the classification boundary. From
Figure 2(b) we observe that KSODA fits the nonlinear data well and obtains a
desired nonlinear classification, which indicates that KSODA is a more suitable
algorithm when the distribution of data is nonlinear. Although other semi-
supervised dimensionality reduction methods (such as kernel SDA) can also
cope with the two-moon problem, our method can learn a smoother and more
accurate decision boundary. In fact, the decision boundary and the contour
lines learned by our method with only two labeled data is almost the same
as those learned by using all the samples as the labeled data, which indicates
that our method could effectively explore the labeled and unlabeled data in
the learning procedure.

5.2 Real World Applications

In this subsection, we evaluate our algorithms in four real world problems,
including face recognition, object recognition, digit recognition and text cat-
egorization.

We use PCA as the preprocessing step to eliminate the null space of data
covariance matrix. For LDA, we further reduce the dimension of data such
that the within-class scatter matrix S,, is nonsingular.

In the experiments, we select a part of data as the transductive set and the
remaining data as the unseen set. We randomly split the transductive set into
labeled set and unlabeled set, and the experimental results over 20 random
splits are recorded. For LDA, OLDA and ODA, only the labeled set is used to
learn the subspace, while for SDA, SODA and KSODA, the whole transductive
set is used to learn the subspace. The 1-nearest neighbor classifier is then
performed in the subspace. When there is only one labeled sample in each
class, the supervised methods LDA, OLDA and ODA cannot be performed.

For ODA, SDA, SODA and KSODA, the regularization parameter y is sim-
ply set to be 0.1py, where pg is the largest value of the diagonal elements
of the matrix calculated by Equation (4), (28) and (38) for ODA, SODA
and KSODA, respectively. For semi-supervised algorithms SDA, SODA and
KSODA, the number k of neighbors to construct the graph is simply set to
8. For simplicity, we use a polynomial kernel function instead of a Gaussian
kernel in KSODA to avoid tuning the kernel parameter, which is defined by

Kz, z') = (72’ +1)°. (41)
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Fig. 3. Accuracy vs. Dimension on the UMIST dataset. The transductive set (in-
cluding the labeled set and the unlabeled set) consists 80 percent of the total data in
the dataset. The number of labeled data per class is 1, 4, 7, respectively.

5.2.1 Face Recognition

The UMIST repository is a multiview face database, consisting of 575 images
of 20 people, each covering a wide range of poses from profile to frontal views.
The size of each cropped image is 112 x 92 with 256 gray-levels per pixel [36].
We down-sample the size of each image to 28 x 23 and no other preprocessing
is preformed.

In this dataset, 80 percent of the data are selected as the transductive set and
the remaining data are as the unseen set. In the transductive set, 1,4 or 7
samples per class are randomly selected as the labeled set and the others are
as the unlabeled set.

For semi-supervised algorithms SDA, SODA and KSODA, the weights in the
neighborhood graph are computed by Equation (24), and the variance o is
determined by
d
=.\|-—— 42

where d is the average of squared Euclidean distances for all the edged pairs on
the graph, and s is searched from: s € {107 /k, 107" /k,107° /k,1073 /k, 107 /k}
(k = 8 is the neighbor number to construct the neighborhood graph).

The average results over 20 random splits with the best parameters (dimension
m and variance o) of each algorithm are reported in Table 2. Figure 3 shows
the average accuracy of the unlabeled and unseen set over 20 random splits
with the best parameter o for each algorithm under different dimensions.

From the results we observe that, the two orthogonal supervised methods
outperform the LDA, the semi-supervised methods outperform the supervised
counterparts, and the proposed semi-supervised method (SODA) further out-
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Fig. 4. Accuracy vs. Dimension on the COIL20 dataset. The transductive set (in-
cluding the labeled set and the unlabeled set) consists 60 percent of the total data in
the dataset. The number of labeled data per class is 1, 4, 7, respectively.

performs the semi-supervised discriminant analysis (SDA). In this experiment,
the result of the trace ratio based orthogonal method (ODA) is not as good
as that of the ratio trace based orthogonal method (OLDA). However, if the
regularization parameter u is well tuned, as can be seen in Subsection 5.3, the
performance of ODA in this dataset can be improved and outperforms that of

OLDA.

In this dataset, the linear algorithm (SODA) outperforms the nonlinear one
(KSODA). The phenomenon can also be observed in the datasets COIL20
and 20NEWS, which indicates that linear algorithm may perform very well
in some applications with high-dimensional and under-sampled data, where
the data are more likely to be linearly separable. The possible reason for the
poor performance of KSODA is that we use a polynomial kernel function in
the experiment. If the Gaussian kernel function with a well tuned parameter
is used in KSODA, the performance could be expected to be comparable to
that of SODA. Nevertheless, the linear SODA is preferable in this case as it
performs well without having to heavily tune the parameter.

5.2.2  Object Recognition

The COIL-20 dataset [37] consists of images of 20 objects viewed from varying
angles at the interval of five degrees, resulting in 72 images per object. Each
image is down-sampled to the size of 32 x 32.

In this dataset, 60 percent of the data are selected as the transductive set and
the remaining data are as the unseen set. In the transductive set, 1,4 or 7
samples per class are randomly selected as the labeled set and the others are
as the unlabeled set.

For semi-supervised algorithms SDA, SODA and KSODA, the weights in the
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neighborhood graph are computed as the same as that in the experiment of
face recognition.

The average results over 20 random splits with the best parameters (dimension
m and variance o) of each algorithm are reported in Table 2. Figure 4 shows
the average accuracy of the unlabeled and unseen set over 20 random splits
with the best parameter o for each algorithm under different dimensions.

In this dataset, we observe the similar results. The semi-supervised meth-
ods demonstrate significant improvement over the supervised counterparts,
and the proposed semi-supervised method (SODA) has further improvement
over the semi-supervised discriminant analysis (SDA). Meanwhile, the two or-
thogonal supervised methods also outperform the LDA, and the trace ratio
based orthogonal method (ODA) outperforms the ratio trace based orthogonal
method (OLDA) in this experiment.

5.2.8  Digit Recognition

In this experiment, we focus on the digit recognition task using the USPS
handwritten 16 x 16 digits data set!. The dataset consists of 9298 images of
10 classes.

In this dataset, 20 percent of the data are selected as the transductive set and
the remaining data are as the unseen set. In the transductive set, 5,20 or 50
samples per class are randomly selected as the labeled set and the others are
as the unlabeled set.

For semi-supervised algorithms SDA, SODA and KSODA, the weights in the
neighborhood graph are computed as the same as that in the experiment of
face recognition.

The average results over 20 random splits with the best parameters (dimension
m and variance o) of each algorithm are reported in Table 2. Figure 5 show
the average accuracy of the unlabeled and unseen set over 20 random splits
with the best parameter o for each algorithm under different dimensions.

In this dataset, the LDA outperforms the ratio trace based orthogonal method
(OLDA), and the trace ratio based orthogonal method (ODA) significantly
outperforms both of the two methods. We observe that the proposed semi-
supervised method SODA does not perform very well. The reason may be
that the unlabeled data do not play important role on the linear algorithm.
Although the semi-supervised method SDA show improvement over its super-
vised counterpart (LDA), it is the regularization p but not the unlabeled data

1 Available at http://www.kernel-machines.org/data
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Fig. 6. Accuracy vs. Dimension on the 20NEWS dataset. The transductive set
(including the labeled set and the unlabeled set) consists 20 percent of the total data
in the dataset. The number of labeled data per class is 5, 20, 50, respectively.

takes effect, which can be seen in Subsection 5.3. We can also see in Subsec-
tion 5.4 that the increasing number of unlabeled data does not improve the
performance of the semi-supervised methods SDA and SODA, which further
confirms the analysis.

We also observe that the nonlinear algorithm (KSODA) outperforms its linear
one (SODA) in this dataset, which indicates that the kernel algorithm may
make improvement over its linear one and perform very well in some applica-
tions with low-dimensional and over-sampled data, where the data are more
likely to be linearly non-separable but nonlinearly separable.

5.2.4 Text Categorization

In this experiment, we investigated the task of text categorization using the
20-newsgroups data set?. The topic rec which contains autos, motorcycles,
baseball, and hockey was chosen from the version 20-news-18828. The articles

2 Available at http://people.csail.mit.edu/jrennie/20Newsgroups/
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were preprocessed with the same procedure as in [5]. This results in 3970
document vectors in a 8014-dimensional space. Finally the documents were
normalized into TFIDF representation.

In this dataset, 20 percent of the data are selected as the transductive set and
the remaining data are as the unseen set. In the transductive set, 5,20 or 50
samples per class are randomly selected as the labeled set and the others are
as the unlabeled set.

In the application of text categorization, the cosine similarity is usually applied
to measure the similarity between two documents [38]. Thus for the semi-

supervised algorithms SDA, SODA and KSODA, the weight of edge between
x; and x; in the neighborhood graph are computed by

T,
Ay= i (43)
EAlEAl

The average results over 20 random splits with the best parameters (dimension
m) of each algorithm are reported in Table 2. Figure 6 show the average
accuracy of the unlabeled and unseen set over 20 random splits under different
dimensions.

In this dataset, the semi-supervised methods also demonstrate significant im-
provement over the supervised counterparts, and the proposed semi-supervised
method (SODA) further outperforms the semi-supervised discriminant analy-
sis (SDA) significantly. Similarly, the two orthogonal supervised methods also
outperform LDA, and the trace ratio based orthogonal method (ODA) further
outperforms the ratio trace based orthogonal method (OLDA).

5.8 Performance Analysis on the Parameters

For ODA and SODA, we introduced a regularization parameter x4 in problems
(16) and problem (32). For semi-supervised algorithms SDA and SODA, the
neighborhood number &k and the variance o are introduced to construct graph.
In this subsection, we present experiments to look into the influence of these
parameters. The experimental setting is the same as the previous experiments.

5.83.1 Performance Analysis on Parameter p

In this experiment, we analyze the performance of ODA, SDA and SODA on
the regularization parameter p. The projected dimension is set to ¢ — 1, where
¢ is the number of classes. The parameter s in Equation (42) is set to 1072/8

21



Table 2

Experimental results on the unlabeled data set and the unseen data set over 20
random splits in each dataset (mean £ std-dev%). The ‘dim’ is the corresponding
dimensionality of the best result.

dataset method 1 labeled 4 labeled 7 labeled
Unlabel(%) Unseen (%) dim Unlabel(%) Unseen (%) dim Unlabel(%) Unseen (%) dim
UMIST LDA - - - 85.4+3.1 81.94+5.1 19 93.3+2.5 93.1+1.9 19
OLDA - - - 91.1+2.4 88.8+4.9 10 96.6+1.5 96.1+1.7 10
ODA - - - 89.0+3.3 86.11+4.9 10 96.3+1.6 95.24+1.9 10
SDA 46.6+4.9 44.94+4.5 19 89.14+3.7 86.94+4.9 19 95.54+2.1 94.54+2.2 16
SODA 73.1+£5.0 69.6+6.9 7 94.9+2.7 92.6+4.3 16 97.8+0.8 96.5+1.3 10
KSODA 69.7+5.1 68.51+8.0 7 93.7£2.9 90.5+4.1 16 96.7+1.1 95.1+1.7 16
dataset method 1 labeled 4 labeled 7 labeled
Unlabel(%) Unseen (%) dim Unlabel(%) Unseen(%) dim Unlabel(%) Unseen (%) dim
COIL20 LDA - - - 78.4+1.8 77.8%11.4 19 84.1+2.1 83.7+1.9 19
OLDA - - - 84.0+2.2 84.14+2.2 7 88.8+2.0 89.24+2.0 10
ODA - - - 85.4+2.3 85.1+2.7 7 91.7+1.5 91.84+1.9 10
SDA 62.0+2.8 61.943.0 19 85.51+1.8 85.0+2.1 10 92.84+2.0 91.94+1.8 10
SODA 77.3+2.4 75.54+3.0 40 89.1+1.1 89.5+1.2 13 93.9+1.0 93.3+1.3 16
KSODA 76.943.2 75.9+3.3 16 89.8+1.6 88.51+2.3 16 93.44+1.3 93.0+1.3 16
dataset method 5 labeled 20 labeled 50 labeled
Unlabel(%) Unseen (%) dim Unlabel(%) Unseen (%) dim Unlabel(%) Unseen (%) dim
USPS LDA 70.0+3.0 70.24+2.9 9 51.842.9 51.243.1 9 78.6+1.3 78.3+1.1 9
OLDA 68.31+2.8 68.8+3.1 9 50.0£3.2 50.2+2.8 9 74.74+2.3 74.242.0 9
ODA 79.0+2.2 79.54+2.0 21 85.94+1.1 86.6+1.1 69 89.0+0.7 89.14+0.5 99
SDA 79.3+1.7 80.0+1.6 9 86.7+1.1 87.3+1.0 9 90.11+0.6 89.94+0.4 9
SODA 76.7+4.5 77.5+3.9 105 85.8+1.3 86.2+1.0 105 89.410.7 89.11+0.5 105
KSODA 80.7+2.6 81.0+2.3 105 89.6+0.9 89.74+0.8 21 93.0+0.6 92.7+0.5 9
dataset method 5 labeled 20 labeled 50 labeled
Unlabel(%) Unseen (%) dim Unlabel(%) Unseen(%) dim Unlabel(%) Unseen (%) dim
20NEWS LDA 32.3+7.8 33.3+7.8 3 44.2+8.6 45.9+8.4 3 56.61+9.3 57.7+9.1 3
OLDA 33.1+4.1 33.61+3.8 3 49.6+7.8 51.946.7 3 70.8+6.3 72.24+4.8 3
ODA 37.0+6.8 37.6+6.0 3 69.81+4.3 71.0+£3.4 7 86.5+2.1 87.1+1.8 3
SDA 40.8+8.2 41.947.4 3 71.0+£4.9 72.9+4.3 3 86.8+2.0 87.1+1.6 3
SODA 68.5+8.5 67.2+8.8 23 86.3+2.1 86.5+1.9 11 90.2+1.3 90.9+1.1 3
KSODA 48.6+8.7 42.14+8.0 2 67.7+4.2 64.31+5.8 3 79.8+1.9 79.1+1.9 3

(applied on UMIST, COIL20 and USPS), and the other parameters are set to
the same as the experiments in Subsection 5.2. The parameter p is changed
from 0 to infinite. When p is infinite, SDA becomes a supervised method. In
this case, both ODA and SDA are in fact to solve the following problem:

Wopa = arg whax tr(WTS,W), (44)

which is equivalent to the orthogonal centroid method proposed in [39]. When
1 is infinite, SODA is in fact to solve the following problem:

Wsopa = arg wax tT(WTSbW), (45)

which can be seen as a semi-supervised extension to the orthogonal centroid
method [39)].
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Fig. 7. Accuracy vs. the regularization parameter u, where pg is the largest value
of the diagonal elements of the matriz calculated by Equation (4), (28) and (38) for
ODA, SODA and KSODA, respectively.

In the datasets UMIST, COIL20, USPS and 20NEWS, the labeled data num-
ber per class is 4,4,20,20, respectively. In the 20 runs, the average accuracies
of the unlabeled and unseen set under different p are shown in Figure 7.

From the results we can see that the value of u have significant influence on
classification performance. Therefore, how to effectively and efficiently select
the value of y is a very important issue. An interesting observation is that in
the text dataset 20NEWS, all of the three methods ODA, SDA and SODA
perform near to the optimum when p — oco. The observation indicates that
the orthogonal centroid method and the semi-supervised orthogonal centroid
method are suitable to the application on text data, which is consistent with
the experiments in [39,18].

Another observation is that the performance is almost monotonic with respect

to the parameter i, which provides us with a clue to select a suitable parameter
1. As the performance of SODA is significantly deteriorated on the USPS
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where n is the number of the training data.

dataset when g is set to 0.1pg (po is calculated as in Subsection 5.2), we set
i to be g for SODA on the USPS in the subsequent experiments.

5.8.2  Performance Analysis on the Neighbor Number k

In this experiment, we analyze the performance of SDA and SODA on the
neighbor number k. The projected dimension is set to ¢ — 1, the parameter
s in Equation (42) is set to 1072/8 (applied on UMIST, COIL20 and USPS),
and the other parameters are set to the same as the experiments in Subsection
5.2.

In the datasets UMIST, COIL20, USPS and 20NEWS, the labeled data num-
ber per class is 4,4,20,20, respectively. In the 20 runs, the average accuracies
of the unlabeled and unseen set under different parameter k are shown in
Figure 8. The experimental results show that the neighbor number £ is not
very sensitive to performance. We can set k to be a relatively small value in
application.
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Fig. 9. Accuracy vs. variance o. oy is the value when s = 1/8 in Equation (42).

5.8.8  Performance Analysis on Variance o

In this experiment, we analyze the performance of SDA and SODA on the
variance o in Equation (24). The projected dimension is set to ¢ — 1, and the
other parameters are set to the same as the experiments in Subsection 5.2.
The variance o is changed from 0 to infinite.

The datasets UMIST, COIL20, and USPS are used in this experiment, and the
labeled data number per class is 4,4 and 20, respectively. In the 20 runs, the
average accuracies of the unlabeled and unseen set under different variance o
are shown in Figure 9.

The experimental results show that the value of o has significant influence on
classification performance. Therefore, how to effectively and efficiently select
the value of ¢ is also an important issue.

An interesting observation is that the performance of SODA tends to mono-
tonically decreasing with respect to the parameter o when the value of o is not
too small, which gives us a guideline to search a suitable value of o. Empiri-
cally, we can search the o in the range between 0.20y and 0.60 in application,
where og is the value when s = 1/k in Equation (42), k is the number of
neighbors to construct the neighborhood graph.

5.4 Performance Analysis on the Number of Unlabeled Data

Based on the motivation that unlabeled data may useful to improve the per-
formance, an effective semi-supervised may improve the performance when
the number of the available unlabeled data increases. In this subsection, we
present experiments to verify the performances of SDA and SODA on increas-
ing number of unlabeled data.

In this experiments, the projected dimension is set to ¢ — 1, the parameter s
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the unlabeled data). The dashed line indicates the fitting line for the points.

in Equation (42) is set to 1073/8 (applied on UMIST, COIL20 and USPS),
and the other parameters are set to the same as the experiments in Subsection
5.2. For UMIST, COIL20, USPS and 20NEWS, the labeled data number per
class is 4,4,20,20, respectively. The number of training data (including the
labeled data and the unlabeled data) is changed from 0.4n to n for UMIST
and COIL20, and from 0.1n to 0.4n for USPS and 20NEWS, where n is the
total number of data in the dataset.

In the 20 runs, the average accuracies of the unlabeled and unseen set under
different number of unlabeled data are shown in Figure 10. We also show the
fitting line for the points in the figure. In the four datasets UMIST, COIL20,
USPS and 20NEWS, the slope of the fitting line for SODA is 0.1011, 0.0690,
-0.0125, 0.1823, respectively, while the slope of the fitting line for SDA is
0.0141, 0.0187, -0.0152, 0.0471, respectively.

On the datasets UMIST, COIL20 and 20NEWS, the performance of SODA

is significantly improved when the number of the available unlabeled data in-
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creases, and the improvement speed is much faster than that of SDA. The
experimental result indicates that the proposed SODA can explore the unla-
beled data more effective than SDA to learn a better subspace, which confirms
the analysis in the previous sections.

On the dataset USPS, both SODA and SDA do not improve the performance
when the number of the available unlabeled data increases. The experimental
result indicates that the unlabeled data in USPS may not be very helpful to
improve the performance when a linear algorithm is applied.

6 Conclusion

In this paper, we re-analyzed the trace ratio problem, and developed a faster al-
gorithm than a recently proposed one to solve the orthogonal constrained trace
ratio problem. Based on this problem, we proposed a novel semi-supervised
orthogonal discriminant analysis via label propagation. The algorithm propa-
gate the label information from the labeled data to the unlabeled data through
a specially designed label propagation, and thus the distribution of the unla-
beled data are effectively explored to learn a better subspace. Extensive ex-
periments are presented to verify the effectiveness of our algorithms, and the
experimental results demonstrate much improvement over the state-of-the-art
algorithms.

A  Proof of Theorem 1

Before proving the theorem, we first prove the following lemma:
Lemma 1 If Ay < Ay, then tr(W3 S, Wy,) > tr(W} S, W,,).

Proof. Note that W, = arg max tr(WT (S, — AS,,)W), so we have the
following two inequalities: -

tT’(erl SbWA1> — /\ltT(WZ:l SwWA1> 2 tT(W}\;SbW)\z) - )\1tT<W§ZSwWA2);

tr(W3,SsWy,) — Matr(W3, S, Wy, ) > tr(W3 Sy W, ) — Aatr(W, SwV\(fi )1.)
Summing the above two inequalities on the two sides, we have -

A2 — A)tr(WL S, W) > (Ao — \)ir(Wi S W) (A.3)
Then if A\; < Ay, we have tr(W3 S, W,,) > tr(W5 S, W,,). O
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Now we begin to prove the Theorem 1.

Proof. Suppose A\; < Ay < A*, according to inequality (A.2), we have

tr(W3 SyWy, ) < tr(W3,SyW,) — Aatr(W S, W) + Aotr(W3 S, Wy,)

tr(W/\ SyW.,,) - tr(W1,SeW,,) — Xotr(W1 S, W,,) o
tr(WLS,Wy,) ~ tr(WL S, Wy,) ?

tr(WAISbWAl) _ tr(WESiWa,) — datr (WS, W) )

tr( TS,Wy,) ~ tr(WL S, Wy,) 2

tr(WAISbW,\l) _ tr(WE,SiW,)

tr(wgs W,,) = tr(WLS,W,,)’

where the last but one inequality follows according to Lemma 1 and a fact
that tr(W3,SyW),) — Xotr(W3,S,W,) > 0 when Ay < A* [40]. Therefore,
if Ay < Ay < A% then f(A\) < f(A2). Thus function f(\) is monotonically
increasing when A < \*,

On the other hand, suppose A* < A\; < Ay, according to inequality (A.1) and
Lemma 1, we have

tr(W3 SyWy, ) — tr(W5 SeWo,) > Ay (tr(W3 S, Wy, ) — tr(W3 S, W),))

= tr(Wfl Sbw/\l) - tT(WZ\;SbW)\z) Z )\“W’(Wi SwW)\l) — tT(W?\;SwW)Q))
tT‘(W; SbW)\l)

= t’l“(WC)Z:l SbW/\l) — tT(WZ\;SbWAZ) > tT(W{ijWAl)

tT(Wg:leW)\l) > tr(WfQSbWh)

t?”(Wz:l SwW)\1> - tT’(W}\;SwW)Q).

(tr(W3,Su W, ) — tr(W},S,W),))

Therefore, if A* < A\; < Ag, then f(A1) > f(A2). Thus function f(A) is mono-
tonically decreasing when A > \*. a
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