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0. SUMMARY
• Most computer vision algorithms use

the Euclidean distance when compar-
ing image descriptors against each
other, derived from a Gaussian noise as-
sumption.

• We examined why this may be so, and
showed the heavy-tailed nature of the
noise in gradient-based image descrip-
tors.

• We proposed a heavy-tailed distance
measure derived from heavy-tailed dis-
tributions that empirically works better
than existing distance measures.

1. IMAGE DESCRIPTORS
• In the recent years the statistics of ori-

ented gradients have been shown to
form particularly effective image repre-
sentations.

• Examples: SIFT (Lowe 2004), HOG
(Dalal 2005), etc.

(Image Courtesy of Fritz et al. NIPS’09)

• Applications: local image descriptor
matching (Snavely 2006), image clas-
sification (Yang 2009), object detection
(Dalal 2005), etc.

• Biological evidences include orienta-
tion selectivity (Hubel 1967) and Gabor-
like filters in V1 (Olshausen 1997).

2. IMAGE STATISTICS
• Matching Image Descriptors shows a

heavy-tailed noise (see right).
• Generative explanation: natural distur-

bance usually results sparse changes in
the oriented histograms, with poten-
tially high magnitudes.

• Heavy-tailed properties have been ob-
served in natural image statistics, opti-
cal flow, stereo vision, shape from shad-
ing, etc.

3. THE DISTRIBUTION
• Given a prototype µ, we want to find
p(x|µ).

• A common approach to cope with
heavy tails is to use L1 distance, corre-
sponding to the Laplace distribution:

p(x|µ;λ) =
λ

2
exp(−λ|x− µ|)

The tail is still exponentially bounded.
• We adopt the hierarchical Bayesian idea

by introducing a Gamma prior over λ:

p(λ) =
1

Γ(α)
λα−1βαe−βλdλ

This yields the Gamma-compound-
Laplace distribution

p(x|µ;α, β) =
1

2
αβα(|x− µ|+ β)−α−1

• The GCL distribution is heavy-tailed.

4. HYPOTHESIS TEST
• The hypothesis test is widely adopted

to test if certain statistical models fit ob-
servations.
• The likelihood ratio test with data

points x and y:

• Null hypothesis: same prototype µxy
• General: different prototypes µx, µy
• Conventionally the test is used to accept

or reject the null hypothesis.
• Score:

s(x, y) =
p(x|µ̂xy)p(y|µ̂xy)

p(x|µ̂x)p(y|µ̂y)

• ML estimations µxy for the GCL distri-
bution is closed-form.
• We define the likelihood ratio distance as

d(x, y) =
√
− log(s(x, y))

(Note: not a metric for arbitrary p(x|µ))

5. HEAVY-TAILED DISTANCE MEASURE
Theorem: If the distribution p(x|µ) can be written as p(x|µ) = exp(−f(x−µ))b(x), where
f(t) is a non-constant quasi-sconvex function w.r.t. t that satisfies f ′′(t) ≤ 0, ∀t ∈ R\{0},
then the distance defined above is a metric.

Relationship to Existing Distances (See [2] for discussion on non-regular exp family)
Distribution Gaussian Laplace Multinomial Regular Exp Family

Distance Euclidean L1 Jensen-Shannon Jensen-Bregman
d2(x, y) ‖x− y‖22 ‖x− y‖1 (DB(x‖µxy) +DB(y‖µxy))/2

Distance for the GCL distribution:
d2(x, y) = (α+ 1)(log(|x− y|+ β)− log β)

6. DOES IT FIT?
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• The GCL distribution fits the highly kurtotic
noise distribution better than baselines.

• Parameter Estimation:

α← n

(
n∑

i=1

log(|xi|+ β)− n log(β)

)−1

, β ← β −
l′(β)

l′′(β)

l
′
(β) =

nα

β
−

n∑
i=1

α+ 1

|xi|+ β
, l
′′
(β) =

n∑
i=1

α+ 1

(|xi|+ β)2
−
nα

β2

7. EXPERIMENTS AND FUTURE WORK

• We used the Photo tourism data [1] con-
taining matching local image patches.

• Feature: SIFT (on patches with jittering
effect.

• Protocol: Predicting matches based on
pairwise distance.

Table: Average precision on Halfdome w/
and w/o SIFT feature thresholding
d L2 L1 χ2 GCL
w/o 94.51 96.75 95.42 98.19
w/ 95.55 96.90 95.64 97.21

Figure: Precision-Recall curves
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Future Direction:

• Learning image descriptors and dis-
tance measures with heavy-tailed prop-
erties.
• Latent variable models (such as PCA

and sparse coding) with heavy-tailed
noise assumption.
• Discriminative models for image classi-

fication.
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