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Abstract—The state of the art in the validation of linear
hybrid automata has been restricted to systems with tens of
variables because of the extremely high computational complexity
of manipulating polyhedra in high dimensions. In this paper, we
present a distributed algorithm that constructs low dimensional
randomized over-approximate relaxation abstractions of linear
hybrid automata and analyzes these low dimensional hybrid
automata to perform bounded model checking of the original high
dimensional linear hybrid automata. Our algorithm relies on the
feasibility preserving nature of random linear relaxations and the
Johnson Lindenstrauss lemma to show that random relaxations
preserve the infeasibility of linear constraints with a nonzero
probability.

I. INTRODUCTION

The development of systems with high degree of correctness
assurance needs the development of formal models for the
analysis of these systems. Hybrid automata are a very well
studied formalism for representing and analyzing dynamical
systems with both discrete and continuous state variables.
Such systems are widely prevalent and include cyber-physical
systems, embedded software [1], mixed signal circuits [2], and
quantitative models of biological systems [3]. Linear Hybrid
Automata (LHA) are an important and algorithmically analyz-
able subclass of hybrid automata that can approximate hybrid
automata with nonlinear continuous dynamics [4] asymptoti-
cally. LHA reachability analysis tools typically compute the
sets of reachable states using polyhedra [5] explicitly, but the
size of the polyhedral representations can be exponential in the
number of continuous variables of the LHA. Thus, the verifi-
cation of high-dimensional LHA is a hard problem. Although
there has been considerable progress in the development of
tools and algorithms for analyzing LHA [6]–[11], there is
still a need for techniques to analyze high dimensional linear
hybrid automata.

Our current technique extends earlier work on using Itera-
tive Relaxation Abstraction (IRA) to prove the correctness of
linear hybrid automata and the use of Counterexample Guided
Abstraction Refinement (CEGAR) for analyzing embedded
software. In our approach, several randomized low dimen-
sional over-approximate relaxation abstractions of the original
linear hybrid automata are constructed in a distributed manner.

Each random low dimensional relaxation abstraction is then
analyzed by a traditional model checking algorithm [12],
[13] to determine if there are any counterexamples in the
low dimension abstraction. If the reduced randomized low
dimensional over-approximate relaxation abstraction has no
counterexamples, then the original concrete system is declared
to satisfy the property. If a counterexample is found in
the randomized low dimensional over-approximate relaxation
abstraction, we use linear programming to check the feasibility
of this counterexample in the original concrete system. If
the counterexample is validated in the high dimension con-
crete system, the algorithm stops. Otherwise, we continue to
generate more randomized low dimensional over-approximate
relaxation abstractions.

The following are our new contributions to the verification
of linear hybrid automata:

• We demonstrate the construction of randomized low
dimensional over-approximate relaxation abstractions of
linear hybrid automata that preserve the feasible paths
of bounded length of the high dimensional linear hybrid
automata.

• We show that the randomized low dimensional over-
approximate relaxation abstractions of linear hybrid au-
tomata preserve the infeasibility of spurious counterex-
amples with nonzero probability. Our proof makes use
of the notion of irreducible infeasible subsets and the
Johnson Lindenstrauss lemma.

• We analyze the running time of our algorithm and show
that the correctness guarantees of our algorithm improve
with the construction of every randomized low dimen-
sional over-approximate relaxation abstractions. Further,
we argue that our algorithm is completely distributed and
trivially parallelizable by design.

Our current approach extends and complements earlier work
on model checking of linear hybrid automata [6]–[8], [11],
[14] and combines it with the use of random linear relaxations
that preserve the satisfiability of feasible linear constraints.
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II. RELATED WORK

The approach we suggest is different from the standard
counterexample guided abstraction refinement (CEGAR) loop.
In the CEGAR approach [15], a sequence of small overapprox-
imate abstractions with small sets of variables is built unless a
feasible counterexample is found or the abstraction is sufficient
to prove the property. The subset of variables used to build the
next abstraction corresponds to an unsatisfiable core returned
by a SAT solver [16] or it may be found by heuristics in
some cases [17]. These variables are then added to the set of
variables used thus far to build the small abstraction and a new
slightly larger abstraction is constructed. On each iteration,
the abstraction therefore becomes more refined and larger in
size. In the case of the verification of linear hybrid automata,
bounded model checking has been experimentally observed to
be doubly exponential in the dimension of the linear hybrid
automata. Thus, even a moderate growth in the dimension
of the abstraction makes it impossible to apply the CEGAR
algorithm for the verification of linear hybrid automata.

The power of the CEGAR approach derives from its con-
struction of a single sequence of more refined abstractions
with a small number of variables for which model checking
is tractable, while leveraging the power of convex decision
procedures to deal with constraints involving many variables
to test the validity of potential counterexamples in the original
high-dimensional system. In a recent paper [11], a modified
approach using linear programming has been suggested that
builds upon the CEGAR algorithm to prove the correctness
of a high dimensional linear hybrid automata with promising
results. The use of a hierarchy of abstractions for analyzing
lazy linear hybrid automata has also been studied recently [18].

While counterexample guided abstraction refinement algo-
rithms were designed for discrete systems and the early adap-
tation of the idea to the continuous case [11], [14] has been
relatively straightforward, these approaces use computationally
expensive procedures like the Fourier-Motzkin procedure to
construct the abstractions. Our current algorithm uses the
power of random projections and does not need to invoke
computationally expensive abstraction algorithms.

Our algorithm provides a framework for applying dis-
tributed and randomized abstraction refinement to the problem
of verification of linear hybrid automata and a practical
implementation of our approach should also use other com-
plementary techniques including symbolic techniques [6], [7]
and clever insights into the nature of the runs of a linear hybrid
automata [8].

III. DEFINITIONS

A. Linear Constraints and Irreducible Infeasible Subsets

Definition 1 (Linear Constraint): A linear constraint of di-
mension m is a triple l = (c, ∼, b) where c = [c1, . . . , cm]T ∈
R

m, ∼ ∈ {≥,≤}, and b ∈ R.
Given a column vector of variables X = [X1, . . . , Xm]T ,

lX : cT X ∼ b defines a linear constraint over X. For a given
x ∈ R

m, lX(x) denotes the boolean value of the expression

lX for the valuation X = x. Also, let 2A denotes the set of
finite subsets of a set A. For P ∈ 2A, the predicate PX is
defined by the conjunction of the constraints in P i.e. PX ≡∧

l∈P lX . The predicate PX corresponds to a (possibly open)
polyhedron in R

m denoted by �P �. Lm denotes the set of all
linear constraints of dimension m.

Definition 2 (Satisfiability of Linear Constraint): A set of
linear constraints P ⊂ Lm is said to be satisfiable if and
only if �P � �= ∅.

If P is not satisfiable, we are often interested in finding a
small subset of constraints in P that is not satisfiable.

Definition 3 (Irreducible Infeasible Subset [19]): An irre-
ducible infeasible subset (IIS) of a set of constraints P is a
subset P ′ ⊆ P such that

• P ′ is not satisfiable, and
• for any l ∈ P ′, (P ′ − {l}) is satisfiable.

Although the problem of finding a minimum IIS is NP
hard [20], several linear programming packages implement
efficient heuristic procedures to compute IISs that are minimal
and often minimum (e.g., LINDO [21], CPLEX [22], IBM
OSL [23], MINOS (IIS) [24]).

B. Linear Hybrid Automata

Definition 4 (Linear Hybrid Automata [5], [11] ): A lin-
ear hybrid automaton (LHA) [13] is a tuple H =
(G,n, ι, φ, γ, ρ), such that

• G = (Q, q0, Qbad,Σ, E) is the location graph of H ,
where

– Q is a finite set of locations;
– q0 ∈ Q is the initial location;
– Qbad ⊂ Q is the set of bad locations;
– Σ is a finite set of labels;
– E ⊆ Q × Σ × Q is the finite set of transitions;

• n is the number of continuous state variables,
• ι : Q −→ 2Ln

identifies the invariant for each location.
Ln is the set of linear constraints in n-dimensions and
2Ln

denotes the set of finite subsets of Ln.
• φ : Q −→ 2Ln

identifies the flow constraints for each
location.

• γ : E −→ 2Ln

identifies the guard for each transition.
• ρ : E −→ 2L2n

identifies the jump relation for each
transition. Again, L2n is the set of linear constraints in
2n-dimensions and 2L2n

denotes the set of finite subsets
of L2n.

We assume that the labels on the transitions out of any
location are all distinct; so, a sequence of labels uniquely
identifies a sequence of locations in the linear hybrid automata.

Definition 5 (Path in Linear Hybrid Automata): A path in
the location graph is a finite sequence of the form

π = q0, σ1, q1, σ2, q2, . . . , σl, ql

such that for all k (0 ≤ k ≤ l − 1), (qk, σk+1, qk+1) ∈ E
(transitions).
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Definition 6 (Trace in Linear Hybrid Automata): Given a
path π of the linear hybrid automata

π = q0, σ1, q1, σ2, q2, . . . , σl, ql

the trace tr(π) corresponding to the path is the sequence of
event labels in the location graph along the path i.e.

tr(π) = σ1, σ2, . . . , σl

Definition 7 (Run of Linear Hybrid Automata [11], [25]):
A run corresponding to a path π = q0, σ1, q1, σ2, q2, . . . , σl, ql

for an LHA H is a finite sequence of the form

q0, x
0, σ1, q1, x

1, σ2, q2, x
2, . . . , σl, ql, x

l

where for all k = 0, 1, . . . , l, tks ≤ t ≤ tkf , and

• xk : [tks , tkf ] → Rn denotes the continuous evolution of
the continuous state variables;

• xk(t) ∈ �ι(qk)� (location invariant polyhedra);
• ẋk ∈ �φ(qk)� (flow invariant polyhedra);

and for all k = 0, 1, . . . , l − 1
• xk(tkf ) ∈ �γ(qk, σk+1, qk+1)� (guard polyhedra);
• (xk(tkf ), xk+1(tk+1

s )) ∈ �ρ(qk, σk, qk+1)� (jump relation
polyhedra).

The above set of linear constraints are referred to as
C(H,π).

Definition 8 (Path Counterexample): Given a linear hybrid
automata H , a path

π = q0, σ1, q1, σ2, q2, . . . , σl, ql

for which ql ∈ Qbad is called a path counterexample.
Definition 9 (Feasible and Spurious Counterexamples): A

path counterexample

π = q0, σ1, q1, σ2, q2, . . . , σl, ql

is said to be a feasible counterexample for H if there exists a
run of the linear hybrid automata H of the form:

q0, x
0, σ1, q1, x

1, σ2, q2, x
2, . . . , σl, ql, x

l

Path counterexamples that are not feasible for H are called
spurious counterexamples.

In an earlier paper, we demonstrated the fact that the
existence of a run for a given path or trace of the linear
hybrid automata can be formulated as the feasibility of a linear
program [25].

Lemma 1 (Counterexamples and Linear Programs [25]):
A counterexample π is feasible in a linear hybrid automata
H if and only if the set of constraints C(H,π) (Definition 7)
is feasible.

As we earlier noted, there is a one-to-one correspondence
between paths and traces of a linear hybrid automata. Conse-
quently, we will use paths and traces interchangeably. We de-
note by LCE(H) the language of all feasible counterexamples
of the linear hybrid automata H . Following the terminology
in the CEGAR literature, we refer to the given LHA H as the
concrete LHA to distinguish it from its randomized relaxation

abstractions. We note that all relaxation abstractions have the
same path counterexamples as the associated concrete LHA
since all of these LHA have the same location graph.

C. Randomized Relaxations

Definition 10 (Randomizing Matrix): An n×d matrix M =
{Mij} is said to be a randomizing matrix if and only if each
entry Mij of the matrix is drawn randomly from a given
probability distribution.

Definition 11 (Low Distortion Randomizing Matrix): Let
X be an arbitrary set of |X| points in Rn, represented as an
|X| × n matrix A. Given η, β > 0 and

d ≥ 4 + 2β
η2/2 − η2/3

log|X|

then the n × d matrix M = {Mij} is said to be a low
distortion randomizing matrix for X iff

• Mij = +
√

3
n with probability 1/6;

• Mij = −
√

3
n with probability 1/6;

• Mij = 0 with probability 2/3.

Definition 12 (Random Relaxation of Linear Constraints):
Given a set of linear constraints of dimension n i.e. P ⊂ Ln

and a randomizing matrix Mn×d , the set P ↓M ≡
{([c′1, c′2, . . . c′d],∼, b) | ([c1, c2 . . . cn], ∼, b) ∈ P and
c′i =

∑
k ckMki} is a set of linear constraints of dimension

d. We call P ↓M the relaxation of P with respect to the
randomizing matrix M .

Definition 13 (Random Relaxation of LHA): Given
a linear hybrid automata H = (G,n, ι, φ, γ, ρ) and
a randomizing matrix Mn×d, the set of constraints
H ′ = {(C(H,π)) ↓M |π is a path in H of length k} is
said to be a relaxation of H with respect to M unto depth k,
denoted as H ′ = H ↓M .

Note that the constraints need not be enumerated one
path at a time and graph based approaches can be used to
summarize the set of constraints as a boolean formula over
linear inequalities. However, this definition suffices for the
purpose of our proofs.

Definition 14 (IIS Preserving Set): Given an infeasible set
of constraints P with an irreducible infeasible subset I =
{i1, i2 . . . i|I|} of P , the set X = {x1, y1, x2, y2 . . . xm, ym}
formed by the vertices {x1, x2 . . . xm} of the poly-
hedra [[I \ {i1}]] and the corresponding nearest points
{y1, y2 . . . ym} in i1 is called the IIS Preserving Set for I .

Definition 15 (IIS Preserving Randomizing Matrix): Given
an infeasible set of constraints P with an irreducible
infeasible subset I of P and the IIS Preserving Set X for
I , a randomizing matrix M is said to be an IIS Preserving
Randomizing Matrix for I if and only if M preserves the
pairwise distances among the points in X .

Intuitively, the points in X are a proof that the feasible
subset of the IIS i.e. I \ {i1} lies completely outside the region
satisfying i1. The Johnson Lindenstrauss lemma can be used
to show that a low distortion randomizing matrix for X is an
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IIS Preserving Randomizing Matrix for I with probability at
least 1 − |X|−β .

IV. RESULTS

We first recall the Johnson-Lindenstrauss lemma which
proves the existence of a projection from an n−dimensional
space to a lower d−dimensional space that does not consider-
ably distort the pairwise distance between any two points of
a given set in the high dimension during the projection to the
lower dimension.

Lemma 2 (Johnson-Lindenstrauss [26]): Given 0 < η < 1,
a set X of |X| points in R

n, and a number d > n0 = 4 ln(|X|)
η2−η4 ,

there is a Lipschitz function f : R
n → R

d such that
(1 − η)||u − v||2 ≤ ||f(u) − f(v)||2 ≤ (1 + η)||u − v||2
for all u, v ∈ X .
Lemma 3 (Johnson-Lindenstrauss-Achlioptas [27]): Let X

be an arbitrary set of |X| points in R
n, represented as an

|X| × n matrix A. Given η, β > 0 , d ≥ 4+2β
η2/2−η2/3 log|X|

and a low distortion randomizing matrix M , the function
f : R

n → R
d mapping the ith row of A to the ith row of

A × M satisfies the following constraint with probability at
least 1 − |X|−β , for all u, v ∈ X

(1 − η)||u − v||2 ≤ ||f(u) − f(v)||2 ≤ (1 + η)||u − v||2
Theorem 1 (Random Relaxations of Feasible Constraints):

If P ≡ ∧
i li is a satisfiable set of linear constraints of

dimension n and Mn×d is a randomizing matrix and
P ′ = P ↓M , then the following holds:

[[P ]] �= ∅ =⇒ [[P ′]] �= ∅
.

Proof: Without loss of generality, consider any point x
in the interior of the polyhedra [[P ]], it is sufficient to show
that xM ∈ [[P ′]].

Now, xM satisfies cx ∼ b iff
∑

i ci(xM)i ∼ b iff∑
i ci(

∑
j xjMij) ∼ b iff

∑
j(

∑
i ciMij)xj ∼ b. Thus, x

satisfies
∑

j(
∑

i ciMij)xj ∼ b if and only if xM satisfies∑
i cixi ∼ b.

x ∈ [[P ]]
=⇒ x ∈ [[

∧
i li]]

=⇒ ∧
i lix

=⇒ ∧
i li ↓M xM

=⇒ xM ∈ [[
∧

i li ↓M ]]
=⇒ xM ∈ [[P ↓M ]]
=⇒ xM ∈ [[P ′]]

Lemma 4: If I = {i1, i2 . . . i|I|} is an irreducible infeasible
subset, z is a point satisfying ¬i1, z′ is a point satisfying
I \ {i1}, and M is an IIS Preserving Randomizing Matrix for
I , then ||zM − z′M || �= 0.

Proof: Consider a vertex x of I \ {i1} that is at least as
close to i1 as z′. Also, let y be the nearest point on i1 from
x. Since, I is an IIS, ||x − y|| �= 0. Let z2 be the projection
of z′ and z1 be that of z on the line through x and y. Let
d2 be the distance between z1 and z2, and d1 be the distance
between z and z′.

Then, ||z2−x|| ≥ 0 (Since z′ lies inside the polyhedra and
x is as close to i1 as z′.)

Also, ||z1 − y|| ≥ 0 (Since, y lies on i1 and z lies on or
inside i1.)

Now, from the plane geometry, d1 ≥ d2. (Consider the
right triangle formed by Oz’z2 and Ozz1, use similarity of
triangles and the fact that the hypotenuse is longer than any
of the sides.)

Thus, ||z′ − z|| = d1 ≥ d2 ≥ ||x − y||

O

Feasible SubsetInfeasible Constraint

d2

z’

z
d1

xy

z1 z2

Consider the points y, x,O and z, z′, O after the projection
M . As the projection M is linear, the points yM, xM and OM
lie on a straight line, and so do zM, z′M and OM . Then, the
following holds due to the same argument as above:

||z′M − zM || ≥ ||xM − yM ||.
Also, because M is an IIS Preserving Randomizing Matrix,

||xM − yM || ≥ ||x − y||/η.
Thus, ||z′M − zM || ≥ ||x − y||/η �= 0.

y M

Feasible SubsetInfeasible Constraint

d4

d3

x O M

z’ M

z4z3

z M

Lemma 5: If I = {i1, i2 . . . i|I|} is an irreducible infeasible
subset of an unsatisfiable set of linear constraints P , M is
an IIS Preserving Randomizing Matrix for I , y is a point
in the interior of the feasible projection (I \ {i1}) ↓M i.e.
y ∈ [[(I \ {i1}) ↓M ]] and z be a point such that y = zM ,
then z satisfies ¬i1.

Proof:
First we show that there exists a z′ ∈ [[I \ {i1}]] such that

y = z′M .
Now, xM satisfies cx ∼ b iff

∑
ci(xM)i ∼ b iff∑

ci(
∑

j xjMij) ∼ b iff
∑

j(
∑

ciMij)xj ∼ b. Thus, x
satisfies

∑
j(

∑
ciMij)xj ∼ b if and only if xM satisfies∑

cixi ∼ b.
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y ∈ [[(I \ {i1}) ↓M ]]
=⇒ y ∈ [[

∧
i>1 li ↓M ]]

=⇒ ∧
i>1 li ↓M (y)

=⇒ ∧
i>1 liz

′ (where y = z′M from linearity
of the transformation)
=⇒ z′ ∈ [[

∧
i>1 li]]

=⇒ z′ ∈ [[(I \ {i1})]]

z′

i1

i1 ↓M

Projection

I \ i1 ↓M

I \ i1

y

Further, suppose (to the contrary of the lemma) that z sat-
isfies i1 and its projection y(= zM) lies in [[(I \ {i1}) ↓M ]].
Since z �= z′, ||z − z′|| �= 0. But, for an IIS Preserving
Randomizing Matrix M , ||zM − z′M || �= 0 (from Lemma
4) i.e. if z satisfies i1, zM �= z′M i.e. zM �= y. Hence, by
contradiction, z does not satisfy i1 i.e. z satisfies ¬i1.

Theorem 2 (Relaxations of Infeasible Constraints): If P ≡∧
i li is an unsatisfiable set of linear constraints of dimension n

with an irreducible infeasible subset (IIS) I = {i1, i2 . . . i|I|},
X is the IIS Preserving Set of the IIS I , and Mn×d is an
IIS Preserving Randomizing Matrix for I , then the following
holds:

[[P ]] = ∅ =⇒ [[P ↓M ]] = ∅
.

Proof: We know that [[P ]] = ∅ with the IIS I and the
IIS Preserving Set X . Intuitively, the points in X are a proof
that the feasible subset of the IIS i.e. I \ {i1} lies completely
outside the region satisfying i1.

Since, I\{i1} is feasible, (I \ {i1}) ↓M is feasible too (from
Theorem 1). Consider a point y in the interior of the feasible

Infeasible Constraint

High−Distortion Direction of Projection

Low−Distortion Direction of Projection

Feasible Subset

Fig. 1: Examples of Low and High Distortion Projections of
an IIS

projection (I \ {i1}) ↓M i.e. y ∈ [[(I \ {i1}) ↓M ]]. If M is an
IIS Preserving Randomizing Matrix and z is a point such that
y = zM , z satisfies ¬i1 (Lemma 5) and hence, y satisfies
¬i1 ↓M (by Theorem 1). Thus, all points in [[(I \ {i1}) ↓M ]]
satisfies ¬i1 ↓M . Hence, I ↓M is infeasible and so is P ↓M .

Corollary 1 (Relaxations of Infeasible Constraints): If
P ≡ ∧

i li is an unsatisfiable set of linear constraints of
dimension n with an irreducible infeasible subset (IIS)
I = {i1, i2 . . . i|I|}, X is the IIS Preserving Set of the IIS
I , and Mn×d is an low distortion randomizing matrix for I ,
then the following holds with probability at least 1 − |X|−β :

[[P ]] = ∅ =⇒ [[P ↓M ]] = ∅
.

Theorem 3 (Counterexamples in Random Relaxations ): If
Mm×n = {Mij} be a randomizing matrix and π is a feasible
counterexample in H i.e. π ∈ LCE(H), then C(H,π) ↓M is
feasible.

Proof:
Consider a path π ∈ LCE(H) such that

π ≡ q0, σ1, q1, σ2, q2, . . . , σl, ql

We know that there is a conjunction of linear constraints
C(H,π) such that π is a feasible counterexample only if
C(H,π) is feasible. Since C(H ′, π) is feasible , C(H,π) ↓M

is feasible too (Theorem 1).

Consequently, all concrete counterexamples are also feasible
counterexamples for any random relaxation abstraction.

Theorem 4 (Infeasible Counterexamples in Relaxations ):
If Mm×n = {Mij} be a low distortion randomizing matrix
preserving the set X , and π is not a feasible counterexample
in H i.e. π �∈ LCE(H), then C(H,π) ↓M is infeasible with
probability at least 1 − |X|−β .

Proof:
Consider a path π �∈ LCE(H) such that

π ≡ q0, σ1, q1, σ2, q2, . . . , σl, ql
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We know that there is a conjunction of linear constraints
C(H,π) such that π is an infeasible counterexample only if
C(H,π) is infeasible. Since C(H,π) is infeasible, C(H,π) ↓M

is infeasible too with probability at least 1−|X|−β (Corollary
1).

V. DISTRIBUTED ALGORITHM

Our distributed algorithm consists of the following steps:

• Set Iteration = 0;
• Let each of the D distributed nodes independently com-

putes a randomized relaxation Hi of the constraints
denoting the bounded reachability of the n-dimensional
linear hybrid automata H into a constraint denoting the
reachability of the linear hybrid automata of reduced
dimension d.

• Each randomized relaxation Hi is a low-distortion relax-
ation refuting all spurious counterexamples with proba-
bility 1 − |X|−β , where X is twice the sum of the sizes
of the vertices of all the IISs and β is a constant in the
Johnson-Lindenstrauss lemma.

• For each random relaxation, compute the counterexample
language L(Hi) of the low dimensional LHA using
standard reachability.

• Compute the global Counterexample Abstraction CE =
CE ∩ L(H0) · · · ∩ L(HD).

• If CE is empty, report that the system is safe and stop.
• If CE is not empty, pick a counterexample ce and test if

it is feasible in the concrete system using simulation.
• If CE is feasible in the concrete system, stop and report

the counterexample.
• Otherwise, all spurious counterexamples have been

shown to be infeasible with probability at least 1−|X|−β

by each node;
• Set Iteration = Iteration + 1; continue building more

abstractions from Step 3.

Theorem 5 (Bound on the Probability of One-Sided Error):
If the algorithm was run on D nodes for L iterations and no
counterexample could be found, the system is indeed correct
with probability at least 1 − (|X|−βDL).

Proof: If a counterexample was present, each node would
have found it with probability at least 1−(|X|−β) (by refuting
all the spurious counterexamples). As all the nodes and the
iterations are independent, the probability that none of them
would have found the counterexample is at most (|X|−βDL).
Thus, the probability that one of them would have found the
counterexample is at least 1 − (|X|−βDL).

VI. EXPERIMENTS

While our algorithm has sound theoretical guarantees, we
present some examples to illustrate the benefit from using low
distortion random relaxations.

We implemented our distributed randomization based re-
laxation abstraction approach using the state of the art linear
programming solver available in MATLAB. The LP solver

YES

Randomized Relaxation H1

Hybrid Automata H

Language CE1

Randomized Relaxation ..  ..Randomized Relaxation ... Randomized Relaxation Hn

Learn Counterexample Learn Counterexample

Language CE...

Learn Counterexample

Language CE...

Learn Counterexample

Language CEn.

Update Counterexample Abstraction

CE := CE /\ CE1 /\ CE2 ... /\ CEn

Is Counterexample Abstraction

empty ?

Report that the

system is safe.

STOP

NO

No.
of
Con-
straints

Dimension Reduced
Di-
men-
sion

Time
(Origi-
nal)

Time
(Ab-
strac-
tion)

No.
of
Ab-
strac-
tions

Confidence

700 150 (Fea-
sible)

60 6.7390 4.9818 17 99.99 %

1500 150 (Fea-
sible)

60 18.6570 7.0089 17 99.99 %

1500 200 (Fea-
sible)

60 23.6840 8.3721 17 99.99 %

1500 500 (Fea-
sible)

60 62.3790 8.2738 17 99.99 %

10000 500 (Fea-
sible)

100 Out of
Mem-
ory

46.8847 3 99.99 %

10000 200 (In-
feasible)

60 181.9420 110.5290 1 100%

5000 300 (In-
feasible)

60 120.2630 48.3300 1 100%

10000 500 (In-
feasible)

60 Out of
Mem-
ory

132.3509 1 100%

TABLE I: Experimental Results: Time reported is in seconds.

could not solve many large problems with 500 variables
and 10000 constraints directly but was able to solve these
problems within a few minutes with the help of our distributed
abstraction framework. Even on problems where the LP solver
succeeded, the distributed randomization based relaxation ab-
straction outperformed the LP solver working on its own.

VII. CONCLUSION

The paper presents a distributed randomized algorithm to
efficiently verify linear hybrid automata by constructing low
dimensional random relaxations of high dimensional linear
hybrid automata. The linearity of the random relaxations
preserves the feasibility of real counterexamples in all ran-
dom abstractions while Johnson Lindenstrauss lemma assures
that infeasible counterexamples remain infeasible in random
abstractions with high probability. Our algorithm learns from
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the random abstractions and performs an efficient bounded
reachability verification of linear hybrid automata. Our results
also provide a characterization of the hardness of linear hybrid
automata reachability problems in terms of the irreducible
infeasible subsets of the spurious counterexamples and hence,
have theoretical value by themselves.
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