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Abstract

We consider the problem of finding optimum force
closure grasps of two and three-dimensional objects.
Our focus 1s on grasps which are useful in practice,
namely grasps with a small number of fingers, with
friction at the contacts. Assuming frictional contact
and rounded finger tips—wvery mild assumptions n
practice—we give new upper (and lower) bounds on
the number of fingers necessary to achieve force clo-
sure grasps of 2-D and 3-D objects. We develop an
optimality criterion based on the notion of decoupled
wrenches, and use this criterion to derive optimum
two and three finger grasps of 2-D objects, and opti-
mum three finger grasps for 3-D objects. We present
a simple O(n) algorithm for computing these optimum
grasps for conver polygons, a O(nlogn) algorithm for
non-conver polygons, and an O(n?) algorithm for poly-
hedra. In studying these optimum grasps, we derive
several interesting theoretical results concerning grasp
geomelry.

1 Introduction

The theory of what constitutes a force closure grasp
of an object is well understood, and much research has
been devoted to constructing these grasps for various
types of objects. Defining and constructing optemum
force closure grasps is not as straightforward, however.
Part of the problem stems from the fact that grasp op-
timality is dependent on what the grasp is expected to
do, that is how it is to manipulate the grasped object
or what types of forces and moments it is to resist. For
example, a grasp which is better than another at re-
sisting the gravitational forces on the object may not
be as good at resisting moments in certain directions.
While it is possible to base a grasp quality measure on
how well a grasp can resist some generalized wrench,
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the non-comparability of forces and moments leads to
problems with this scheme.

In this paper, we take a practical tack toward solv-
ing the optimum grasp problem. We are concerned
with friction grasps of objects, using a small number
of fingers, as this situation is the most typical in grasp-
ing applications. The accepted wisdom is that three
(hard) fingers are required for a force closure grasp of
a 2-D object, and four fingers are required to grasp a
3-D object [MNP90]. However, using a realistic model
(rounded fingers and static friction at the contacts) we
show that any 2-D object can be grasped with two
fingers, and any 3-D object with three fingers.

We acknowledge that our optimality criteria are not
the only ones, and other criteria could lead to differ-
ent optimum grasps. Nonetheless, our criteria lead to
very simple, easily characterized grasps, which seem
intuitively to be good grasps.

1.1 Related work

The force closure problem was introduced into
the robotics literature by Lakshminarayana, who es-
tablished bounds on the minimum number of fin-
gers needed to achieve force closure of rigid bodies
[Lak78]. Mishra, Schwartz, and Sharir derived theo-
retical bounds on the minimum number of fingers re-
quired to hold bodies at equilibrium, with no friction;
they also give linear time algorithms to synthesize such
grasps for polygonal and polyhedral objects [MTS87].
Li and Sastry developed various “task-oriented” grasp
optimality criteria which took into account the partic-
ular types of manipulations to be performed [LS87].
Markenscoft and Papadimitriou formulated and found
optimum grasps of polygons, based on minimizing the
applied finger forces necessary to balance some sub-
set of full wrench space (e.g. balancing the object’s
weight) [MP89]. Our method is similar, although we
consider a larger subset of wrench space, and also ob-
tain results for three-dimensional objects. With Ni,
they also proved that under very general conditions,
force closure friction grasps of 2-D and 3-D objects can
be obtained with three and four fingers, respectively.



[MNP90]. We lower each of these bounds by one finger
through a smoothness assumption that is borne out in
practice because of rounded fingertips. Ponce, et. al.
gave an algorithm to compute maximal grasp regions
for three and four-finger polyhedral grasps [PSBM93];
Our algorithm assumes three rounded fingers, but is
of lower complexity. Ferrari and Canny also studied
the problem of optimum force closure grasps, however,
the problem of the non-comparability of forces and
moments is not completely addressed [FC92]. Park
and Starr studied and developed algorithms for opti-
mum three finger grasps of planar objects, based on a
heuristic optimality function [PS92].

2 Formalizing grasp optimality

A grasp is applied to an object to hold 1t in equilib-
rium, or to manipulate or accelerate it in some man-
ner. In either case, a grasp’s quality somehow boils
down to how wide a range of forces and moments can
be imparted to the object, while keeping the finger
forces within some bound. Henceforth, it is assumed
the task is to hold the object in equilibrium, while it
is under the influence of some other forces and mo-
ments which combine to form what will be termed the
external wrench (roughly speaking, a wrench is com-
bination of a force and a moment, & = (j?, m)T). We
assume that the finger forces are applied in a direction
normal to the object surface, so specifying the point
on the object where the finger is applied also speci-
fies the direction of the force. We are only considering
force closure grasps, so any external wrench can be
balanced by choosing finger forces appropriately.

Let W denote the space of all wrenches, let O be
the surface of an object, viewed as a set of points, and
consider the case of n fingers. We specify a grasp g by
specifying the placement of the n fingers on the object,
hence if G is the space of all grasps, G is isomorphic
to O". Associated with each grasp is a grasp map
defined as follows:

Definition 1 For j = (p1,...,pn) € O", we define
the grasp map gy : R+n — W by

gﬁ(fla"'afn):u_;a

where W 1s the resultant wrench acting on the object
when finger @ applies a force of magnitude f; along
the inward normal at point p; (fori =1,...,n). gz
s not injective; gpfl(u_;') is the set of all tuples of fin-
ger forces which impart the wrench W on the object.
Henceforth, it is assumed that every grasp and grasp
map correspond to some particular placement of fin-
gers on the object, and we drop the subscript p, writing

simply g(j?) or ¢~ (D).

Geometric hand constraints may reduce G to a subset
of O™; we ignore these constraints and assume that
each finger may be placed anywhere on the object.

For an externally applied wrench @, ¢g=1(—) is a
set of tuples of finger forces which can resist w. A
reasonable measure of how well a grasp ¢ resists a
particular wrench o is

w

[1@|
. max = .
Feg=r(=a) |If]l;

The ratio of external wrench magnitude to finger force
magnitude i1s maximized, since it 1s desirable to re-
sist a wrench with finger forces as small as possible.
However, a force closure grasp must resist all possible
external wrenches, and since an adversary will choose
the hardest wrench for a particular grasp to resist, the
quality measure on the space of grasps must be:

, 1],
= min max —% |.
Q(9) FEW (f‘eg_l(_w) 1711, )

This expression can be simplified by noting that
both the force and moment components of the wrench
applied by the fingers scale linearly with the magni-
tude of the finger forces, and so ¢~ (A@) = Ag~=1(w)
for any A > 0. Thus it is no loss of generality to re-

strict the minimization to the set of all unit wrenches
in W. If we call this set W,,, we obtain

1
— : — | . 1
Qo) = jain (feﬁli)im ||f||f) "

We have not yet defined the norm || - ||,, on wrench
space nor the norm || - Hf on finger force space. Defin-
ing the norm on tuples of finger forces 1s straightfor-
ward; reasonable choices are an L; norm which min-
imizes the sum of the finger forces, or an L., norm
which minimizes the maximum finger force. However,
defining a norm on wrench space is problematic, since
forces and moments don’t even have the same units.
This problem can be solved by developing an optimal-
ity criterion based on decoupled wrenches. The basic
idea is to consider how well a grasp resists some sub-
set of wrenches from wrench space. In general many
grasps may resist this category of wrenches equally
well, and so these grasps are then evaluated on a dif-
ferent subset of wrenches to determine the best grasp
overall. To avoid the problem of non-comparability of
forces and moments, the subsets chosen from wrench
space will consist of pure forces (through some distin-
guished point), or pure moments. Hence it will never
be necessary to compute the norm of some wrench



with both non-zero force and moment components. A
little notation will be helpful.

Definition 2 For a 2-D grasping problem, the grip
plane s simply the plane of the 2-D object. For a 3-
D grasping problem, the grip plane s defined as the
plane containing the three contact points between the
fingers and the grasped object.

A grasping problem is characterized as 2-D if all ex-
ternal forces lie in the grip plane, and all external mo-
ments are perpendicular to it. If one wishes to con-
sider other wrenches acting on a 2-D object, it should
be treated as a full 3-D grasping problem.

Definition 3 W denotes the entire wrench space, iso-
morphic to R® in 2-D or RS in 3-D. Wy C W consists
of unit forces acting in the grip plane through the cen-
ter of grip, and W1y C W consists of unit forces act-
g perpendicular to the grip plane through the center
of grip. Similarly, Wy, and Wi, are the subsets of
wrench space comprising pure moments in directions
contained within and perpendicular to the grip plane,
respectively.

Note that W, and W, only exist for the 3-D grasp-
ing problem. The center of grip is a distinguished
point in the grip plane through which forces are as-
sumed to act; precise definitions are given later. We
use the term normal finger force to refer to the normal
component of the finger force. For each finger, the to-
tal finger force is the sum of the normal finger force
and the frictional force. We are now ready to define
our criterion for optimum grasps.

Criterion 1 (Grasp optimality) For a grasp g, lel
Q1(g) and Q2(g) measure the grasp’s ability to resist
unit forces in the grip plane acting through the center
of grip, and unit moments normal to the grip plane,
respectively. Formally,

1
Qi(y) = min (_ max T),
TEWs \Jeg=t(-a) || flI;

1
Q2(9) = _min (_ max T) (2)
TEWLm \ feg-1(-0) ||f||f

The optimum grasp is the one which lexicographically
mazimizes (Q1(g), Q2(g)), that is the grasp that mazi-
mizes Qa(g) among all grasps which mazimize Q1(g).

Roughly speaking, we seek grasps which best resist
forces in the grip plane. Among these, we consider
the one which best resists moments perpendicular to
the grip plane to be optimum. All possible external

wrenches in a 2-D grasping problem can be decom-
posed into wrenches from W; and W,,,. This is not
true for a 3-D problem; we consider resisting wrenches
in W1 and W,, in section 5.

2.1 Rounded fingertips and smoothness

The strategies for optimum grasps discussed in
the following sections assume that the object to be
grasped is smooth, or that the fingertips are rounded.
What it important is that the direction or set of direc-
tions of the forces the finger may apply varies continu-
ously as the contact point moves along the boundary of
the object. While many common objects such as poly-
gons or polyhedra are not inherently smooth, since a
rounded fingertip can exert force in a range of direc-
tions at the vertices—independent of the coefficient
of friction—the surface normal (generalized appropri-
ately at vertices and edges) varies continuously over
the boundary (see figure 1). See also [PS92], where
the same assumption is made on applicable force di-
rections at polygon vertices. Given a polyhedron P,

Figure 1: With rounded fingertips, with or without
friction, the normal finger force varies smoothly along
the boundary of an object, even at vertices and edges.

imagine creating a 3-D solid P’ by rounding the edges
and vertices of P (with an infinitesimal radius of cur-
vature) to create an object with a well defined and
continuous surface normal everywhere. Grasping P
with rounded fingers is equivalent to grasping P’ with
“point” fingers. Since practically all real robotic fin-
gers are rounded, our assumption is a very mild one;
of course if the object to be grasped is already smooth,
the rounded finger assumption is not even needed. A
standard example against three finger, 3-D grasping is
the tetrahedron. It may not be obvious how to achieve
a three finger force closure grasp of this object (with
friction), until one realizes that with rounded fingers,
it 1s possible to grasp the object on its edges and ver-
tices, as shown in figure 2.
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Figure 2: Grasping a tetrahedron with three fingers.

3 Optimum two finger, 2-D grasps

The two finger, 2-D grasping problem provides a
nice application of the decoupled wrench optimality
criterion. The object to be grasped is a smooth pla-
nar figure, possibly non-convex. A grasp is defined by
specifying two points on the perimeter where the fin-
gers contact the object; the finger forces are directed
along the inward normals at these points. The grasps
fall into three categories: non-parallel, parallel, and
colinear, based on the lines of action of the two nor-
mal finger forces. In non-parallel grasps, the lines of
action are not parallel, in parallel grasps they are par-
allel but distinct, and in colinear grasps the normal
finger forces share the same line of action. How the
two finger center of grip is defined depends on the cat-
egory of the grasp.

Definition 4 Consider a two finger grasp n the
plane, where the finger forces are applied at points py
and py on the object, along lines of action 1y and s,
respectively. The two finger center of grip is de-
fined as the intersection of I and Iy for non-parallel
grasps, and as the midpoint of line segment pips for
parallel and colinear grasps. Figure 3 illustrates the
Various cases.

Let us first determine what grasps maximize @1,
that is which grasps best resist pure forces acting
through the center of grip. Assume an L; norm on
the normal finger forces for this optimization. Let fl
and fz be unit vectors in the directions of the normal
finger forces. Without friction, the set of all forces
which can be applied to the object while ||ﬂ|f <1is

the convex hull of the origin, fl, and fz, where the

non-parallel
grasp

colinear
grasp

Figure 3: The three categories of two finger, 2-D
grasps, and the corresponding center of grips.

ﬁ are treated as points by rooting the vectors at the
origin (see figure 4). To account for friction, each f;
is replaced with two vectors, f;l and f;r, making an
angle of ¢ with fZ and having unit projection on the
latter. The set of all forces which can be applied to the
object (including the frictional forces) while Hﬂlf <1
is the convex hull of the origin, plus these four vectors,
as shown in figure 4. Call this region F'.

Figure 4: The set of forces which can be applied by a
two finger grasp g such that ||f||f < 1. Left: without

friction. Right: with friction, ¢ = tan™! .

Let AF' be the scaled version of region F' obtained
by scaling each of its defining vectors by A. From the
definition of @1, it follows that Q(g) = )\LD, where
Ap 18 the minimum positive number such that AqF in-
cludes the unit circle centered at the origin. Another
way of phrasing this is that Q1(¢) = r, where r is the
radius of the largest inscribed circle in F' (centered at
the origin). Tt is obvious by inspection that to max-
imize Q1(g), f1 and f» should be directly opposed.
Hence grasps in the non-parallel category can never
be optimum. By criterion 1, the next step is to exam-
ine the grasps in the parallel and colinear categories,
and choose the one which best resists moments per-
pendicular to the object as the optimum grasp. The
next theorem defines exactly which grasp is best.



Theorem 1 (optimum two-finger, 2-D grasp)
Let O be a planar object with smooth boundary B, and
choose points p1 and py on B such that the length of
chord p1pz is maximized. A grasp which places the two
fingers at points py and po is optimum under criterion

1.
To prove theorem 1, we will first need a lemma.

Lemma 1 Let p1pz be a maximum length chord of a
smooth planar object. Then the tnward normals at p;
and ps both lie along the chord pips.

Sketch of proof: If the inward normal at p; does not
lie along the chord pipz, then it is always possible to
obtain a longer chord by sliding p; along the perimeter
of O in the proper direction. O

Proof of theorem 1: Denote the maximum chord grip
by ¢mec, and recall that Q2(-) measures a grasp’s abil-
ity to resist moments normal to the grip plane. We
must show that Q2(g) < Q2(gm.) for all parallel and
collinear grasps g. Let p be the coefficient of friction,
and d be the distance between the contact points of a
grasp.

First consider collinear grasps. The normal finger
forces generate no moment, and so any externally ap-
plied moment must be completely balanced by the
frictional contact forces. These forces generate a max-
imum couple of magnitude g fd, where f is the magni-
tude of the normal finger forces. To resist a unit mo-
ment, [ = ud’ and since ||f||f = 2f (assuming an Iy
norm), we obtain Q2(g) = 2ud for any colinear grasp.
Now for a parallel grasp, the maximum couple gen-
erated by the frictional forces is reduced to pfdsiné,
where # 1s the angle between the lines of action of
the frictional forces and the chord connecting the con-
tact point. Furthermore, the normal finger forces also
generate a couple, and an adversary will apply the ex-
ternal moment to be resisted in the same direction as
this induced couple. The result is Q2(g) < %ud for any
parallel grasp. By lemma 1, g,,. is a colinear grasp,
and 80 Qa(gme) = %udm(w, where dpqp is the length
of the maximum chord on the object. This is at least
as great as the (o measure for any colinear or parallel
grasp, and o SO gm. 18 optimum. O

3.1 Algorithm for two finger polygon grasps

We now examine how one may compute the opti-
mum two finger grasp of an n-sided polygon. Although
the boundary of a polygon is not smooth, theorem 1
is still valid, assuming rounded fingertips (the situa-
tion is equivalent to grasping a “polygon” with “in-
finitesimally rounded” vertices with non-rounded fin-
gers). By the theorem, the optimum grasp is the one

which places the fingers at the endpoints of a max-
imum chord on the polygon. The diameter function
d(6) for a 2-D shape is simply the length of the shadow
cast on (say) the z-axis when the shape is oriented at
angle #. It 1s easy to show that for an n-sided con-
vex polygon, d(f) comprises O(n) piecewise sinusoids,
and is computable in O(n) time. Thus, the orientation
which maximizes d(#) can be found in O(n) time, from
which it 1s a simple matter to compute the maximum
chord in linear time. If the polygon is non-convex the
same algorithm can be used after first computing the
convex hull as a pre-processing step. The maximum
chord for the original polygon is the same as the max-
imum chord on the convex hull, since the maximum
chord lies between two vertices of the hull, and all hull
vertices are also vertices on the original polygon. This
procedure yields an O(nlogn) algorithm for finding
optimum two finger grasps of non-convex polygons.

4 Optimum three finger, 2-D grasps

Next we consider optimum 2-D three finger grasps.
To characterize the grasps which best resist forces act-
ing in the plane of the object, through the center of
grip, let fl, fz, and fg be unit vectors in the direc-
tions of the three normal finger forces. Rooting these
vectors at the origin and taking the convex hull of
the the three endpoints and the origin gives the set of
forces which can be imparted on the object, without
friction. Friction is accounted for by replacing each fZ
with fll and fzr, and taking convex hull of these six
vectors plus the origin. Figure 5 shows both cases. As

Figure 5: The set of forces which can be applied by a
three finger grasp g such that ||f||f < 1. Left: without

friction. Right: with friction, ¢ = tan™! p.

in the two finger analysis, the primary grasp quality
measure is given by Q1(g) = r, where r is the radius of
the largest circle centered at the origin and inscribed
in the convex hull. By inspection, the grasp quality
1s maximized when the fZ are positioned in symmet-
ric fashion, with angle 120° between any two of them.
Since the fZ in this case form the vertices of an equi-
lateral triangle, we call this class of grasps equilateral
grasps.



The optimum three finger grasp of a 2-D object
must be an equilateral grasp, but there might be many
such grasps. To select the optimum, we resort to the
secondary quality measure: the ability to resist mo-
ments perpendicular to the plane of the forces. Con-
sider an arbitrary equilateral grasp of a planar object,
as shown in figure 6.

Figure 6: The outer and inner triangles, and the cen-
ter of grip for an arbitrary equilateral grasp.

Definition 5 For a 2-D object O and an equilateral
grasp g, the outer triangle is the triangle formed
by the three lines perpendicular to the normal fin-
ger forces and passing through the respective contact
points. The inner triangle is the equilateral triangle
formed by the intersection of the lines of action of the
three normal finger forces. The three finger center
of grip is the centroid of the inner triangle. If all
three lines of action are coincident (degenerate inner
triangle), the center of grip is their intersection point.

Call the lengths of the sides of the outer and in-
ner equilateral triangles s, and s;, respectively. If the
lines of action of the normal finger forces are not co-
incident, so that the inner triangle is non-degenerate,
it is easy to show that the forces ﬁ, ﬁ, and f;;,, must
either all exert a positive moment or all exert a neg-
ative moment about the c.o.g. (this follows from the
fact that the directions of the forces are 120° apart).
Without loss of generality, assume the normal finger
forces exert a negative (clockwise) moment about the
c.0.g. as shown in figure 6. Then an adversary free to
choose the external moment would apply a negative
unit moment. The frictional forces must then balance
both the externally applied negative moment and the
negative moment induced by the normal finger forces.
Assume an L, norm on the finger forces. Then to
maximize the largest possible moment of the frictional
forces, all normal finger forces should be set to their

maximum value, say f. The total moment exerted by
the normal finger forces is —3 - f - %(@52) = —%fsi.
The largest possible moment exerted by the frictional

forces 1s

3
> ufid; = pf(dy + do + ds). (3)

i=1
This can be simplified with a geometric result:

Lemma 2 If p ts a point in the intertor of an equi-
lateral triangle, then the sum of the distances from p
V3

to the three sides of the triangle is 5>s, where s is the
length of a side of the triangle.

Sketch of proof: Straightforward geometry. A key ob-
servation is that if p moves one unit directly toward
one side of the triangle, it moves exactly % unit away
from each of the other two sides, so that the sum of
the three distances remains constant. O

By the lemma, the expression for the maximum mo-
ment induced by the frictional forces given by equa-
tion 3 reduces to TSufso. Now letting m be the mag-
nitude of the negative moment applied by an adver-
sary, we have the following moment balance:

—?fsi —|—§ufso —m=0.

The magnitude of the largest moment which can be
resisted is thus

m =3 fls, - 5. (4)
Equation 4 gives a condition that an equilateral grasp
must satisfy in order to resist any moments normal to
the plane of the object. The ratio of side lengths be-
tween the inner and outer triangle must not exceed the
coefficient of friction, otherwise the moment induced
by the normal finger forces cannot be balanced by
frictional forces. Moreover, equation 4 indicates how
to choose an equilateral grasp with the best moment-
resisting capabilities: make s, as large as possible and
s; as small as possible. Fortunately, the next theo-
rem shows that these goals do not conflict. In fact, in

maximizing s,, s; is reduced to 0, its minimum value.

Theorem 2 Let O be a 2-D object and g the equilat-
eral grasp which maximizes the size of the outer tri-
angle over all equilateral grasps of O. Then g is the
optimum grasp of O, under criterion 1.

Proof: Since g maximizes sg, it suffices to show that
g also minimizes s;; equation 4 then implies optimal-
ity. We will show that all three lines of action of the



normal finger forces are coincident (so s; = 0) for the
maximum equilateral grasp g. To consider all of the
equilateral grasps on an object O, imagine O sitting in
a fixed 60° wedge shaped cavity, as shown in figure 7.
The object O contacts the two sides of the cavity at

e
/"

Figure 7: The normal finger force lines of action must
be coincident for the marimum equilateral grasp.

points p; and po, and contacts a third horizontal side
which 1s free to move up and down at the point ps.
The points p; correspond to the points of application
for an equilateral grip; as we rotate O through a com-
plete rotation, the p; travel over the grasp points of all
possible equilateral grips. (It is not hard to show that
the contact points for the maximum equilateral grasp
must lie on portions of the boundary which are also on
the convex hull of O.) The maximum equilateral trian-
gle occurs when y reaches a maximum, which implies
Z—g = 0. Since the instantaneous center of rotation ¢
lies at the intersection of the normals at p; and ps,
Z—g = 0 implies p3 lies directly above ¢, at which point
the three normals at the p; are coincident. These are
precisely the lines of action of the normal forces of the
equilateral grasp, and so s; = 0. O

4.1 Algorithm for three finger polygon grasps

The optimum two finger grasp of a planar object
O was computed by first finding the orientation which
maximized the diameter function for O. For the three
finger case, we must find the orientation 6,4, which
maximizes the O’s triameter function ¢(#), where t(f)
is proportional to the size of the unique equilateral
circumscribing triangle with (say) one side parallel to
the z-axis. If O 1s a convex polygon, then the en-
tire orientation range [0, 27) may be partitioned into
O(n) subintervals, such that over any subinterval ¢(8)
is of the form Z?Il ¢; cos(0+ o) (¢; and oy constant).
Hence 6,45, the orientation which maximizes the tri-
ameter function, can be found in O(n) time. Tt is then
straightforward to find the three grasp points which

define the circumscribing triangle; the result is a lin-
ear time algorithm for computing the optimum three
finger convex polygon grasp. As in the two finger algo-
rithm, non-convex polygons are handled by first com-
puting their convex hull, resulting in an O(nlogn) al-
gorithm for finding the optimum grasp.

4.2 The choice of finger force norm

We have used an L norm on the finger forces to
maximize the force resistance measure ;. Under the
Ly norm, a grasp’s ability to resist forces in the grip
plane is proportional to the radius of the largest in-
scribed circle centered at the origin and lying within
the convex hull of the unit friction cones (see figures 4
and 5). As a result, parallel and colinear grasps max-
imize ()1 among two finger grasps, and equilateral
grasps maximize (J; among three finger grasps. If the
Lo norm is used instead, these conditions are suffi-
cient but no longer necessary for maximizing @1 (the
difference 1s that ()1 is now proportional to the ra-
dius of the largest inscribed circle lying within the
Minkowski sum of the friction cones, rather than their
convex hull). However, for small enough friction an-
gles, the parallel/colinear and equilateral grasp condi-
tions again become necessary. Proof of the following
theorem may be found in [MC93].

Theorem 3 If ¢ < 30°, then under the Lo, norm,
parallel and colinear grasps maxzimize Q1 among all
two finger grasps. If ¢ < 10°, then under the L
norm, equilateral grasps mazimize Q1 among all three
finger grasps.

For example, in a three finger grasp with ¢ = 11°,
there is actually a small neighborhood of the equilat-
eral configuration for which the 1 quality measure is
optimized. All grasps such that three angles between
the normal finger forces never exceed 123° resist forces
in the grip plane equally well.

5 Optimum 3-D grasps

The optimum three finger grasp (under criterion 1)
of a a 3-D object 1s a natural extension of the three
finger, 2-D case. In the 3-D case, the grip plane is
defined by the locations of the three finger contacts
on the object, and (J; measures the grasp’s ability to
resist forces in this plane. Since the components of the
total finger forces in the direction normal to the grip
plane do nothing to resist forces in the grip plane or
moments normal to the grip plane, the 3-D problem
collapses to the 2-D problem in the grip plane.

From the analysis of the 2-D case, the best grasp
i1s the maximum equilateral triangle grasp. In the 3-
D case, to maximize J1, the measure of grip plane



force resistance, we want to find three points on the
object, such that the projections of the inward nor-
mals at these points onto the grip plane are spaced
120° apart. To maximize ()3, the measure of resis-
tance to moments normal to the grip plane, we want
to maximize the size of the outer triangle (see figure 6),
defined by the projections of the normal finger forces
in the grip plane. One fact complicates the 3-D case:
since the normal finger forces are not known a priori
to lie in the grip plane, the magnitudes of the projec-
tions in the grip plane could be quite small, resulting
in a poor grasp even when the above criteria are met.
Fortunately, this is not the case; when the size of the
outer triangle in the grip plane is maximized, the nor-
mal finger forces must lie within the grip plane.

Definition 6 For a 3-D smooth object O, an equi-
lateral triangular circumscribing prism is a
prism with an equilateral triangular cross section and
infinite length in its axial direction, which just encloses
O. In the general case, each of the three sides of the
prism will touch O at one pownt. For brevity, we here-
after abbreviate the term equilateral triangular circum-
sertbing prism to simply circumscribing prism.

We will use circumscribing prisms to locate the
three grasp points for an optimum three finger grasp
of a 3-D object. For a given object O, there is a three
dimensional collection of circumscribing prisms. To
generate this set of prisms, we can consider the axis of
the prism to always be parallel to the z-axis, for exam-
ple, and let the orientation of O vary over SO(3) (see
figure 8). Since a circumscribing prism is considered

Figure 8: A circumscribing prism for object O (point
ps and force f3) are hidden on the back face.

infinite in the axial direction, the maximum circum-
scribing prism is the one with largest cross section.

Lemma 3 Let O be a 3-D object and P be the mazi-
mum circumscribing prism. Let p; be the contact point

on the ith face (i = 1,2,3). Then the plane defined by
the p; is normal to the axis of the prism, and the in-
ward normals on O at the p; all lie in that plane, and
are in fact coincident.

Sketch of proof: (See [MC93] for a more complete
proof.) The proof is the 3-D analog of the proof of the-
orem 2. Instead of a planar object sitting in a wedge-
shaped cavity with a movable third side of a triangle,
we have a solid object O sitting within a circumscrib-
ing prism, having two fixed sides and one movable one.
If the plane 7 determined by the p; is not normal to
the prism axis, it is always possible to find a rotation
of O which will enlarge the size of the prism, hence 7
must be perpendicular to the prism axis. The inward
normals at the p; all lie within #, and must be coin-
cident by theorem 2 (if they were not coincident, we
could rotate O about the prism axis to obtain a larger
circumsceribing prism). O

Since the normal finger forces lie within the grip
plane and are spaced 120° apart, this grasp resists
forces in the grip plane better than any grasp in
which the normal finger forces do not lie within the
grip plane. [Except for very large coefficients of fric-
tion (p > \/g), the convex hull of the projections of
the unit friction cones into the grip plane has max-
imum inscribed circle when the normal finger forces
lie within the grip plane.] Among grasps in which
the normal finger forces lie within the grip plane and
are in equilateral configuration, the maximum circum-
scribing prism grasp has the largest outer triangle, and
therefore maximizes the (0 quality measure. As a re-
sult, we have:

Theorem 4 The mazimum circumscribing prism
grasp is the optimum grasp for a smooth 3-D object,
under criterion 1.

5.1 Resisting moments in the grip plane

Our optimality criterion is based primarily on a
grasp’s ability to resist forces in the grip plane, and
secondly on its ability to resist moments normal to
this plane. All wrenches in 2-D case can be decom-
posed into wrenches from these categories. However,
in 3-D there are two types of wrenches which aren’t
included in criterion 1: forces normal to the grip plane
(wrenches in Wy, ), and moments within the grip
plane (wrenches in Wp,).

The case of resisting a wrench in W; 1 is not that
interesting. Assuming the normal finger forces all lie
within the grip plane, the frictional forces must pro-
vide all resistance to the external wrench. All such
grasps resist forces in the direction normal to the grip
plane equally well.



Resisting moments in the grip plane is more inter-
esting. Let 7' be the triangle formed by the contact
points of a three finger grasp ¢, and assume the nor-
mal finger forces lie in the grip plane. It can be shown
that the hardest unit moment in the grip plane for g
to resist is one which is parallel to the longest side
of T, and that ¢’s ability to resist such a moment is
proportional to the length of the altitude to this side
of T (see [MC93] for details). In short, g’s ability
to resist (worst case) moments in the grip plane is
proportional to the minimum altitude of the triangle
formed by the contact points. By a perturbation ar-
gument, if the contact points are not the vertices of
an equilateral triangle, one of the points can always be
moved slightly such that the minimum altitude of the
triangle increases. It follows that the maximum in-
seribed equilateral triangle defines the optimum grasp
for this case. Figure 9 illustrates two optimum grasps
of an ellipse in the plane. The maximum circumscrib-

max
/circumscribed ",
7 equ. triangle

/ max
/inscribed .,
‘equ. triangle

9, f 9

Figure 9: Two optimum grasps for an ellipse, under
different criteria. The ﬁ grasp is good at resisting mo-
ments normal to the plane of the ellipse; the §; grasp
1s good at reststing moments within the plane.

ing equilateral triangle grasp is based on our familiar
criterion 1; the maximum inscribed equilateral trian-
gle grasp is optimum for resisting moments within the
plane of the ellipse. The latter generalizes naturally
to a 3-D grasp based on the maximum inscribed equi-
lateral prism.

5.2 Algorithm for three finger polyhedron grasps

Consider the special problem of optimally grasping
polyhedra. By a perturbation argument, the optimum
grasp points must be vertices of the polyhedron (if an
edge or face of the polyhedron lie on one side of a cir-
cumscribing prism, it is always possible to rotate the
polyhedron slightly to obtain a larger circumscribing
prism). Furthermore, by lemma 3 the maximum cir-
cumscribing prism must have an axis perpendicular to

the plane of the grasp points, and so given any three
vertices of the polyhedron to be grasped, the size of the
corresponding circumscribing prism can be checked in
constant time. Naively testing all triples of vertices
of the polyhedron gives an O(n?®) algorithm for find-
ing the optimum three finger grasp of a polyhedron; a
tighter bound 1is likely possible.

6 Conclusion

Using a quality measure based on decoupled
wrenches, we have found optimum grasps of 2-D ob-
jects (two or three fingers) and 3-D objects (three fin-
gers). Simple and efficient algorithms have been pre-
sented for grasping convex and non-convex polygons,
as well as polyhedra. The same theory applies to other
objects as well, and optimal grasps can be computed
for many other shapes, such as ellipsoids. In addi-
tion, many complicated objects can be approximated
by polygons or polyhedra. Qualitatively, these grasps
seem to be the “right” ones; they resemble the way a
human might grasp an object. Furthermore, they are
useful in practice, where typical applications involve
a small number of rounded fingertips, with friction
present at the contact points.
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