


where d = maz(dy,...,d,) [Zi90]. This probability
bound has been used to choose r;’s from a suitable
field [MC91b). The running time of the algorithm is
O(ndq? + m3ndg).

A deterministic version of this algorithm of com-
plexity O(ndg?T +m3ndqT) is given in [Zi90] as well.
T is an upper bound on the number of non-zero terms
in the polynomial. In the worst case, T" corresponds
to q1 or qg2. However, the resulting algorithm has
better complexity than sparse or dense interpolation
algorithms. Due to simplicity and time complexity of
the algorithm, we use the probabilistic version for our
implementation. However, we give user the flexibil-
ity of imposing a bound on the probability of failure
and choose the finite fields appropriately. Further-
more, we introduce simple, randomized checks in the
algorithm to detect wrong answers

3.1.3 Modular Arithmetic

An important problem in the context of finite field
computations is getting a tight bound on the coeffi-
cients of the resulting polynomial. Since the resul-
tant can always be expressed as a ratio of determi-
nants ( or a single determinant), it is possible to use
Hadamard’s bound for determinants to compute a
bound on the coefficients of the resultant [Kn81]. In
practice, we found such bounds rather loose and use
a randomized version of chinese remainder algorithm
to compute the actual bignums. The main idea is
to compute the coefficients modulo different primes,
use the chinese remainder theorem for computing the
bignum and make a check whether the bignum is the
actual coefficient of the determinant. This process
stops when the products of all the primes (used for
finite field representation) is greater than twice the
magnitude of the largest coefficient in the input. It is
possible that for a certain choice of primes, the algo-
rithm results in a wrong answer. The probability of
failure is bounded by I/p, where [ corresponds to the
number of primes used in the during the chinese re-
mainder algorithm, p is the magnitude of the smallest
prime number used in this computation [MC91b].

The algorithm proceeds in stages. At the kth
stage a random prime number (py) is chosen and
Gr(z1,...,2n) = F(21,...,2,) mod p; is computed
using the interpolation algorithm. Let

Gr(z1,..s&n) = cremi + ...+ €q ey,
Thus, the coefficients of various G;’s satisfy the rela-

tion
¢i,1 = ¢; mod p;
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Cik = C§ mod p;,

These c; ;’s are used for computing the bignum, r; ;
using chinese remainder theorem, and satisfying the
relations [Kn81]
rixmodp; =cij, j=1k
While using chinese remainder theorem it is as-
sumed that r;; are integers lying in the range
(—BaPi-br P1Pa-Pr) At this stage we compare the
bignums corresponding to the (k — 1) and k stage. If
Tik-1=Tik, 1=1,q
it is reasonable to assume that r; ;m, = ¢;, i = 1,¢ and
the algorithm terminates. The base case is k = 2.
Else we repeat the computation for the (k+1)st stage.
In general, [ + 1 prime numbers are being used,
where [ is the minimum integer satisfying the relation

2le;] < pip2.. .o

and |c;j| corresponds to the coefficient of maximum
magnitude of the resultant and p;’s are randomly
chosen primes. Thus, the algorithm is:

1. Compute the c; ;’s using the probabilistic inter-
polation algorithm.

2. Given ¢;1,¢i2,...,¢,j, use chinese remainder
theorem to compute r; ; for i = 1,¢.

3. fryj_y=mjfor i=1,¢q, then ¢; = ry;, else
repeat the steps given above.

3.2 Implementation

We have implemented the above algorithm in C++
on Sun-4’s. The code was ported over to an IBM
RS/6000 for performance analysis. The algorithm ex-
pects the entries of the matrix as polynomials. Given
the matrix, it computes the degree bound for each
variable by adding the degrees of that variable in var-
ious entries of the matrix. The total amount of space
required is linear in the input size and we are eas-
ily able to run these algorithms on 8 — 16 Megabyte
machines.

We have implemented the dense as well as prob-
abilistic versions of the interpolation algorithm. It
can be easily interfaced with any computer algebra
systems. The finite fields used for computation are of
the order of 23%, on the 32 bit machines. The multi-
plication instruction for operands belonging to such
fields has been implemented in the assembly language
of the given machines.

Furthermore, it is not possible to choose any
arbitrary prime for finite field computation. Let



Va2 = (v2;) represent the elements of the second row
of the Vandermonde matrix used in the interpolation
algorithms. p; can be used as a prime for finite field
computation, if and only if all the elements of the
vector Var = (vij) mod py are distinct [MC91b].

3.3 Applications

We used this algorithm for implicitizing ratio-
nal parametric surfaces. Given a parametrization,
(z,y,2,w) = (X(s,1),Y(s,1),2Z(s,1),W(s,t)), we
formulate the parametric equations

wX(s,t) —2W(s,1) =0
wY (s,t) —yW(s,t) =0
wZ(s,t) — 2W(s,t) =0

and the problem of implicitization corresponds to
computing the resultant of the above equations,
by considering them as polynomials in s and ¢
[MC90]. Some experiments with the implementa-
tions of Gré8bner bases and resultants in Macsyma
414.62 on a Symbolics lisp machine (with 16MB main
memory and 120MB virtual memory) are described
in [Ho90]. For many cases of bicubic surfaces (whose
highest monomial is of the form s%t3), these systems
are unable to implicitize such surfaces and fail due to
insufficient virtual memory. Only a new algorithm for
basis conversion is able to implicitize such surfaces,
however it takes about 10° seconds, which would be
considered impractical for most applications [Ho90].

The performance of our algorithm in the con-
text of implicitization has been presented in Table
I. Since the implicit representations are dense poly-
nomials in general, we used dense interpolation algo-
rithms [MC90]. The timings correspond to a single it-
eration over a finite field and typically 34 iterations
are required. As a result, it is possible to implicitize
bicubic surfaces, on machines like IBM RS/6000, in
less than two minutes.

Paramet. | Degree | Terms | Sun-4 IBM
s2 +t2 4 10 1 sec. 1 sec.
S+ 13 9 220 6 sec. 3 sec.

s%t? 8 165 4 sec. 2 sec.
553 18 1330 | 100 sec. | 23 sec.
s5tt 24 2925 | 430 sec. | 118 sec.

Table 1: The performance of resultant algorithm for
implicitization (a single iteration over a finite field)

The algorithm has also been used for expanding
symbolic determinants. More details on its perfor-
mance have been given in [MC91b].

4 Numeric Solutions

In this section we present an algorithm to compute
the numerical solutions of a given system of polyno-
mial equations. However we are only interested in
solutions lying in a subset of the real domain.

Given n homogeneous equations in n + 1 un-
knowns, Fi(zo,21,...,2Zn), ..., Fn(2o,21,...,2n),
where the domain of variables is limited to 1 x
[a1, b1] x [az, b2] % ... X [an, bs). 2o is the homogeniz-
ing variable and we are only interested in the affine
solutions. Let

Fo(zo,21,...,Tn) = woZo + u1Z1 + .. . + Un Ty,

be a linear polynomial and R(ug,us,...,u,) be the
resultant of Fy, Fy,..., F, obtained by considering
them as polynomialsin zg, z1, ..., z,. It is a homo-
geneous polynomial in u;’s and its degree is equal to
the product of the degrees of Fy’s. R(uo,...,un) is
the u-resultant of the given system of equations and
factors into linear factors of the form

apig + a1u; + ...+ Oy,

where (ap,a1,...,a,) correspond to the solution of
the original system [Wd50]. However, computing
the expression R(uo, ..., un) and factoring into linear
factors can be a time consuming task, even for low
degree polynomials. We therefore, specialize some of
the u;’s and reduce the problem to computing roots
of univariate polynomialsin a real interval. For many
small values of n and certain combinations of the de-
grees of Fy’s, the resultant can be expressed as de-
terminant of a matrix. Otherwise the resultant can
be expressed as a ratio of two determinants and in
either case the entries of the matrices are polyno-
mials in ug, ui1, ..., u,. After specialization, these
entries are univariate polynomials in %y and the prob-
lem of computing roots of the univariate polynomial
corresponding to the determinant (or ratio of deter-
minants) can be reduced to an eigenvalue problem.
Efficient algorithms for computing the eigenvalues of
matrices are given in [GV89] and good implementa-
tions are available as part of standard packages like
EISPACK and LAPACK [De89].

We assume that the original system has no solu-
tions at infinity. To circumvent this problem we can
apply a generic non-singular linear transform to the

coordinates, (zo,z1,...,2,), and appropriately ad-
Just the domain of the modified system of equations.
Let

Ji(uo) = R(up,u1 = 1,us = 0,...,u, = 0)

be a polynomial of degree d. Since it corresponds to
a projection of the u-resultant, it can be factored into



linear factors of the form
kuo™(uo + o11)(uo + a12) ... (uo + a1y),

where each ay; corresponds to the projection on the
zy coordinate. We are only interested in roots lying
in the interval [a;,b;]. Later on we reduce this prob-
lem to computing eigenvalues of matrices. Let there
be p; such roots, L = (ay;,...,a1p,).

Similarly we compute the roots of

fz(uO):R(uo,ul :0,“2: 1,u3:0,...,u,, 0)
in the interval [as, bo], say Lo = (aa1, 29, ..., 02p,).
Since two projections are not enough for establish-
ing the correspondence between the projections on
u; and uy coordinates, we take a generic combina-
tions of these two coordinates and let
J1,2(w0) = R(uo,us = ky,up = k3,u3 =0,...,u, =0),
where k; and ks are two positive random numbers.
Let Ly 2 = (B1,P2,-- -, Pp, ) be its roots in the inter-
val [k1a;1 + kaag, k1by + kobs]. To establish the corre-
spondence between the projections on u; and us of
the actual roots, we compute all the combinations of
the form ko + ksag, where a; € Ly and as € Lo
and compare them with the elements in L; 3. Since
our projection on u; and uy is a generic projection, it
is reasonable to assume that the exact matches cor-
respond to the projections of the roots of F;’s on x;
and z4 coordinates. In a similar manner, we compute
the roots of f3(U()), f2,3(u0)) sy fn(UQ), fn—l,n(UO) in
the corresponding intervals, where

fi(uO) = R(UO,UI = 0’ e Uil = O,Ui = 1)
Ui 41 =0,...,un=0)
fij(wo) = R(uo,wy =0,...,u4_1=0,u;=k;,...,

Uj—1 =0,Uj zkj,Uj+1 =0,...,u,.=0)

k; and k; are random positive integers. These roots
can be used to compute the rest of the z; coordinates
of the solutions of the original system of equations.
It is possible that the resulting solution set contains
some extraneous solutions. As a result, we back sub-
stitute the roots in the original system of equations
to eliminate the extraneous roots from the solution
set. More details on the algorithm are presented in
[MC91b].

4.1 Reduction to Eigenvalue Problem

In the previous section we reduced the problem of
computing solutions of a system of multivariate poly-
nomials (in the domain of interest) to finding roots
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of univariate polynomials in suitable intervals. The
univariate polynomials, like f;(ug), are expressed as
a determinant or as a ratio of two determinants and
we are interested in roots lying in the interval [a, b].
Let us consider the case when it is expressed as a
ratio of two determinants and the corresponding ma-~
trices are denoted as M(ug) and D(up). In case,
the resultant corresponds to a determinant of a ma-
trix, Determinant(D(uo)) = 1. Each entry of M(uo)
and D(ug) is a polynomial in ug. Let its degree be
bounded by d. Depending upon the value of D(uq)
there are two possible cases:

e Determinant(D(ug)) # 0. Thus,

Determinant(M (uo))
Determinant(D(up))

Ji(uo) =

Let Sy and Ss be the solution sets correspond-
ing to the roots of Determinant(M(ug)) = 0
and Determinant(D(ug)) = 0 lying in the in-
terval [a, b], respectively. As a result, the roots
of fi(uo) correspond to S; \ S2. We reduce the
problem of computing S; or Sz to an eigenvalue
problem.

e Determinant(D(ug)) = 0. As a result
Determinant(M(uo)) = 0. We consider a non-
vanishing minor of M (uo), say M;(ug) (of max-
imum ranks among all such minors). All the
roots of fi(ug) are contained in the roots of
Determinant( M (uo)). We compute these roots
by reducing it to an eigenvalue problem.

Let us assume that M(ug) is a matrix of order
n. Each entry of M(uo) is a polynomial of degree d
and it can therefore, be represented as

M(UO) = ugMd + ug—lMd_l +...4uoM; 4+ M,,

where M;’s are matrices of order n with numeric en-
tries. Let us assume that Mj is a non-singular ma-
trix. As a result, the roots of the following equations
are equivalent

Determinant(M (ug)) = 0,

Determinant(M; ') Det(M (uo)) = 0.
Let

—M-(U()) = ugI,, + ug-lﬁd_l +...4+ uo_I\?1 +—M—o,

where

M;=M;'M;, 0<i<d

and I, is an n x n identity matrix. Given M (uo),
we use Theorem 1.1 [GLR82] to construct a matrix



of the form
0 I, o ... 0
0 0 I, ... 0
C= : : : : : ,  (3)
0 0 0o ... I,
-My -M: M, My,

such that the eigenvalues of C correspond exactly to
the roots of Det(M(u)) = 0. C is a numeric matrix
of order dn. If My is a singular matrix, techniques
to compute the roots of Det(M(u)) = 0 are given in
[GLR82].

4.1.1 Implementation

We used EISPACK routines for computing the eigen-
values of matrices. Many special purpose algorithms
are available for computing the eigenvalues of matri-
ces, which make use of the structure of the matrix.
As far as matrix C in (3) is concerned, we treat it
as a general unsymmetric matrix. We used the rou-
tine RG from EISPACK for computing the eigenval-
ues [GBDMT77]. Given a general unsymmetric ma-
trix, it makes use of balancing techniques, reduces
it to upper Hessenberg form and uses the shifted
QR algorithm on the resulting matrix to compute
the eigenvalues [GV89]. The current implementation
of these routines compute all the eigenvalues. The
performance of eigenvalue computation routines for
matrices of different order (generated randomly) are
given in Table II. The timings correspond to the im-
plementation on an IBM RS/6000.

Order of Matrix Time in seconds
15 8631.839844 x 10~°
20 15717.63965 x 10~°
25 25753.00000 x 10~°
30 38763.23828 x 10~°
35 57124.16016 x 10~°
40 77398.03906 x 10~°
45 103343.5234 x 10—%
50 133956.2344 x 10~°
55 165395.0469 x 10~°
60 212041.2812 x 10-°
65 262103.1250 x 10~°

Table 11

The performance of eigenvalue computation routines

The timings given in Table II are satisfactory
for most applications. We are currently working on
modifying the algorithms to compute the eigenvalues
lying in an interval like [a, b] and as a result, expect
a better performance.
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5 Conclusion

In this paper we have presented algorithms to effi-
ciently compute the resultants of polynomial equa-
tions and using properties of matrices and determi-
nants used them to compute the roots of a system
of polynomial equations. As a result, it is possible
to perform symbolic elimination from a given set of
polynomial equations in a reasonable amount of time
and space requirements. We have used these algo-
rithms for implicitizing parametric surfaces, prob-
lems in inverse kinematics and computing the con-
figuration space for curved objects for robot motion
planning.
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