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Abstract— Wyner and Ziv [1] determined the rate-distortion function
of source coding with side information. In this paper, we consider a net- 51 R1 S1
work extension of their scenario: Many sources have to be compressed — ™ Encoderl t---- g —
in a rate-distortion sense for a decoder that has access to uncompressed
side information about the sources. This may model a sensor or multi- N

camera network situation where the data collection point itself also has a 2 e 52
sensor/camera attached to it. Basic results for the case of two sources and > Encoder2  t---- ] >
side information have been presented recently [2], [3]. The present paper Decoder

extends these results to the case of more than two sources. In particular, we
derive an achievable rate-distortion region, and an outer bound to the best
rate-distortion region. These two do not coincide in general, but they do in

the special case where the sources are conditionally independent given the s, Ry St
side information. We illustrate this result with applications. For example, ] EncoderM - - - - -] —
we discuss two different kinds of rate losses of distributed compression as

compared to joint (i.e., centralized) compression. Thereafter, we show that
in some cases, our result permits to derive bounds to the rate-distortion 7,
region for the distributed compression problem without side information,

and we also show how a certain source-channel separation theorem can be . .
established. Fig. 1. The Wyner-Ziv network topology.

I. INTRODUCTION )
the random variableS;, S, . .., Sys represent the sensor read-

In this paper we consider the problem of source encoding Wilys. Encoder 1 represents the first sensor, whose readfg is
fidelity criteria in a situation where the decoder has accessdfd whose task is to encode this reading, using a fixeditate
side information about the sources. To put the problem in pathere arel/ sensors, and their goal is to inform a central data
spective, consider the the source network topology in Figure gellector, who in turn attempts to estimate the sensor readings

The sequenc€(S1 k, So.k, - - -, Sak, Z1) } oo, representsin- S, S, ... S, at the highest possible fidelity. To simplify this
dependent copies of af\/ + 1)-tuple of dependent randomtask, the central data collector has access to “side information”,
variables(S1, Sa, ..., S, Z) which take values in finite sets namely, to an additional sensor readifig
81,82, ..., Su, Z, respectively, distributed according to a fixed In Section 1, we briefly quote the result for the single-source
and known distribution case, i.e., for the situation of Figure 1 wiftf = 1. In Sec-

tion Ill, we extend the arguments leading to the single-source
p(s1,82,- -+, 8M,2)- (1) result to the case of multiple sources. In particular, we present
_ ) inner and outer bounds to the rate-distortion region, and we note
The encoder outputs are binary sequences which appggjt the two do not coincide in general. In Section IV, we study
a}t rates Ry, Rs,..., Ry bits per input symbol, respec-ihe special case where the sources are conditionally independent
tively. The decoder output is a sequence bf-tuples given the side information. For that case, we find that the inner
{(S1ks S2k, - - Sn k) 132, Whose components take values ilyng outer bounds of Section Il coincide, which enables us also
finite reproduction alphabets,;, Ss, ..., Sy. The encoding is to analyze the question of thiate lossof distributed encoding
done in blocks of lengtm, and the fidelity criteria, forn = with respect to joint encoding. In Section V, we discuss a few
1,2,..., M, take the shape applications and consequences of the result of Section IV. Fi-
nally, we conclude and outline extensions in Section VI.

IR A
E Ezdm(xm,kzxm,k) ; ) Il. THE SINGLE-SOURCE CASE
k=1

Wyner and Ziv [1] solved the problem shown in Figure 1 for
whered,, (sm, ém) > 0,sm € Si,3m € S1, is a given dis- the case of a single source (i.84 = 1) and side information

tortion function. We definéR W% (D1, D D) 7. Denote the smallest rafe required to achieve a prescribed
' Sy S S 20 2 M ion of D by RYZ, (D). For th here th h
as the set of rates for which the system of Figure 1 can opéstortion of D by R¢ 1% (D). For the case where the source has

ate when is large and the average distortions given in (2) afdiscrete alphabet, the solution is established in [1]. It can be

arbitrarily close taD,,,, form =1,2,..., M. expressed as
As for applications, the network shown in Figure 1 may be w2z B . ) ]
of interest in certain sensor network applications. In that case, Rg\iz(D) = min I(SyW)—I(Z;W), (3)

p(w|s1)



where the minimum is taken over @l{w|s; ) and functiongy(-)  for which, for eactz” C {1,2,..., M}, the following condition
satisfying is satisfied:
Ed(S1,9(Z,W)) < D. ) S R > I(Sr;Wr|Wre, 2) (8)
meT

The result is extended to a class of sources with continuous ghd for which there exist functions, (1), form =1,2,..., M,
phabets (and under appropriate distortion measures) in [4]. suych that

I1l. THE MULTI-SOURCE CASE Edm(Sm, gm (W1, Wa, ..., W, Z)) < Dy (9)
The extension considered in this paper is illustrated in Figuier m = 1,2,..., M.
1. As pointed out in Section |, we assume that the involvggemark. It can also be shown that it is sufficient to consider
sourcesSy,, m = 1,2,..., M as well as the side informatidh  xiliary random variableiv,, Ws, . .., W) over alphabets

take values in finite alphabets. Extensions to certain classeg/thL of cardinalities
sources with continuous alphabets, under appropriate distortion
measures, may be established along the lines of [4]. The goal of Wil < [Sml+1, (10)

this paper is to find the rate-distortion region form =1,2,..., M. Larger alphabets will not reveal any new

rate-distortion region points.

RS %, suiz(D1, D2, ..., D). (5)

o The proof of this theorem is a simple extension of the proof
In words, this is the set of rate tupleB1, Ry, . .., Ras) thatper-  given in [2]. For an outline of the proof, the coding scheme
mit to reconstruct the sourcg,, at a distortion of at mosb.,,  hat achieves this performance involves a “binning” operation at
form =1,2,..., M. This rate-distortion region is not knowng,ch of thel encoders. Roughly speaking, each encoder first

to date, and its determination must be suspected to be a hgtdljies a suitable vector quantizer to its source, obtaining a re-
problem since the problem illustrated in Fig. 1 can be seen gssctive quantization index. At the time of code design, the set
an extension of the standard distributed compression problggpg quantization indices that can occur at encodeis (e.g.,
simply by omitting the side informatio#. However, the latter y5nqomly) partitioned (sometimes referred to as “binned”), sep-
is an old open problem; the best general achievable rates %?Qtely for eachn, m = 1,2,... M. Instead of providing the
outer bounds appear in [5], and do not coincide. We briefly digacoder with the full quantization index, each encogeonly
cuss this problem, and its relationship to the Wyner-Ziv problefjnishes the index of the partition to which the actually ob-
studied in this paper, in Section V-A. served quantization index belongs. If the partitions (“bins”) are
In this paper, we present general inner and outer boundssifa|| enough, then the decoder can exploit their dependence and
the region (5). These bounds to not generally match. Thereaf{gg sige information to recover, inside each of #Hepartitions,
we consider the special case where the sources are conditigRich quantization index was actually observed by enceder
ally independent given the side information. For that case, the _ 1,2,... M. The rate conditions (8) ensure that the parti-
presented inner and outer bounds coincide, establishing a rasis are small enough. Finally, the side informatiérean be
distortion result. Moreover, it can be shown that in this specigheq 3 second time in order to undo a part of the quantization
case, theate lossof distributed versus joint compression vangqr.
ishes. From Theorem 1, it is easy to determine achievable rate-
distortion points: one simply pickany auxiliary random vari-
ables that satisfies (7). The corresponding rate-distortion point
In [2], [3], we extended the coding idea of [1] (based on [6]k found by evaluating (8) for ali” C {1,2,..., M}, which
to derive a set of achievable rate pairs for the networks of Figufeds the rates, and then finding the functians(-), for m =

1 in the special case wherd = 2. These arguments can be| 2 ... M, which yields the corresponding distortions.
extended easily to provide an achievable rate-distortion region

A. Achievable Rate Tuples

for the case of\/ sources, as follows. B. Unachievable Rate Tuples
Theorem Yachievable rate tupleshn inner bound to the A converse (outer) bound can be given in extension of the
rate-distortion region is, outer bound in [5, Thm.6.2], as follows:

Theorem Zunachievable rate tuplesd converse bound to
the rate-distortion region is

Ro(D1, Ds, ..., Dyp)

where R, (D1, Ds,...,Dys) is the set of all rate tuples D R§%,.  suz(D1, D2y, Dy) (12)
(R1, Ra, ..., Ry) for which there exist discrete random vari-

S o here R,(D1,D2,...,Dy) is the set of all rate tuples
ables(Wy, W, ..., W) whose joint distribution satisfies w oA 2y -0 HM > .
(W1, Wa,..., W) J (R1, Ry, ..., Ry) such that there exist discrete random vari-

ables(WWy, Ws, ..., Wy, ) over alphabet$V,,, of cardinalities

Ra(D17D27 .. '7D1\/I)
g R?i’ZAS2$“"SNI|Z(D11D27'-'7D]\4)1 (6)

p(wlana"'aw]WaSl?S?a"'75M,Z)

=

M M
= p(s1,82,-..,5M,2) H P(Win|5m) (7) Wil < 1+ H |Sml, (12)
m=1 m=1

m=1



with The proof of Theorem 3 is given in [2], but we take this op-
portunity to emphasize that even under the assumption of con-
plwmls1,s2,. .., 80, 2) = p(wm|sm), (13) ditional independence, conditions (7) and (ii8)notcoincide.
Counterexamples can be constructed along the lines of the ex-
ample in [5, p.223] by introducing a mixing random variable.
Rather, the reason why the regions of Theorems 1 and 2 coin-
) cide is because the additional degrees of freedom in the choice
Z B 2 (81,8, Sa; Wr[Wre, Z) - (14) of the auxiliary random variablegdV;, W, ..., Wyy) in Theo-
rem 2 (i.e., in Eqn. (13)) over Theorem 1 (i.e., Eqn. (7)) leave
and for which there exist functions, (-), form = 1,2,..., M, the involved mutual information and distortion functionals un-
such that affected.

for al m = 1,2,...,M, for which, for each7” C
{1,2,..., M}, the following condition is satisfied:

meT

Edp (S, gm(W1,Wa,...,War, Z)) < D,,, (15) B. The Rate Loss for Conditionally Independent Sources (l):

Separate vs. Joint Encoding
form=1,2,... M. . . S L
An interesting question in distributed source coding is that

The proof of Theorem 2 is given in [2] for the case of tw®f the loss due to the fact that compression is distributed rather
sources, but itis read"y extended to the casé/fofources. than joint. The particular interest in this question is due to the

The evaluation of Theorem 2 is an involved task in generd@#mous result of Slepian and Wolf [6], showing that in the case
to get a valid converse bound, the minimization has to be c&f-losslesscompression, separate encoding of two (correlated)
ried out overall possible conditional distributions with alphabegources requires the same (sum) rate as joint encoding.

sizes according to (12). In this section, we study the rate loss due to the fact
_ _ _ that the sources have to be encoded separately (Figure

C. Rate-distortion Region 1), rather than jointly (Figure 2). Since the rate region

As pointed out earlier, the rate-distortion region for the gen-
eral lossy source coding network illustrated in Figure 1 is unw, 4
known. In the results presented here, this is apparent in the— S
difference between (7) and (13): the latter allows many more
degrees of freedom. For the scenario without the side informa, %
tion Z, this point is elegantly explained in [5, p.223]. Rather— R I
than quantifying the difference between Theorems 1 and 2, the Encoder +---- - Decoder
goal of this paper is to discuss a special case for which the two
regions can indeed be shown to coincide.

IV. CONDITIONALLY INDEPENDENTSOURCES S Su

In this section, we study a special case of the scenario intro-
duced in Section | and illustrated in Figure 1: Suppose that the,
M sources are conditionally independent given the side infor
mationZ, i.e., their joint distribution (1) satisfies Fig. 2. Joint compression of all sources, with side information at the decoder.

M
p(s1,82,...,80m,2) = p(2) H p(sm|2)- (16) RZZSZ 5412 (D1, D2, ..., Dar) is not generally known, we
m=1 cannot analyze the rate loss for arbitrary sources, but we can do

it for the special case for which Theorem 3 provides full rate-
distortion region. For that special case, we find that there is no
rate loss, i.e., the minimum sum rate needed to achieve a dis-
A. Rate-distortion Region tortion tuple(Dy, Do, ..., Dyy) in the system of Figure 1 is the

o L . ... .. same as the minimum rate needed in the system of Figure 2. The
Itis intuitive that the situation is considerably simplified 'fth?ollowing theorem can be proved y g

sources are conditionally independent given the side informa-.l_heorem 40 S, S Sy, are conditionally independent
tion. More precisely, it can be shown that the regions described o P o2 s oM

ST . ﬁl en the side informatio, then
by Theorems 1 and 2 coincide in this case. We summarize this

Note that this special case is non-trivial: it doest imply that
the sources, Ss, ..., Sy, are independent.

in the following theorem: ij:
Theorem 3:If (S1,5,...,5)) are conditionally indepen- min R,
dent givenZ, ther(T b2 ) y P (R17R27...,R1\4)6Rg’;?52 ,,,,, SM\Z(DI’DZ’ Dar) —1
Wz
= R(Sl,SQ,...,S}V[)‘Z(Dl’D27"'7DA'1)7

Ro(D1,Ds,...,Dy) = Ro(D1,Dsa,...,Dy) s
= Rg‘iZ& su1z(D1. D2, ... Dy, (17) vv_hereR(S_hSzy_._.;SM ‘Z(l_)l,Dg, ..., Dypr) denotes t_he V\/yner—_
Ziv rate-distortion function for the vector source illustrated in
thus establishing the rate-distortion region entirely. Figure 2.

.



The proof of this theorem appears in [2]. For the cases where the rate loss for one or more of the sources
An application of this theorem is the situation wheré non-zero, it can at least be bounded using the results of Za-

S1,5,,...,Sy represents a Gaussiarector source that has mir [10].

to be compressefbintly. It is easy to see that in this case,

there exists a linear and orthogonal transform of the vector V. APPLICATIONS
(S1,52,...,5m) such that the transformed components alg Bounds on Distributed Compression

conditionally independent given the side informatign This, i . o

and extensions thereof, is studied in further detail in the contex{Consider the source network topology illustrated in Figure 4:
of the distributed Karhunen-l&we transform, introduced in [7], The problem is to find the set of rate tuples

[8], [9]. For this problem, Theorem 4 establishes that an optimal

coding scheme is to first transform the vedt6i, Sa, . .., Sir) (B, R, ..., Ru) (18)
su_ch as to ob_talrM C(_Jndltlonally independent component%hat permit to achieve a prespecified set of fixed target distor-
(given the side information), and then to apply a separate Wyn{al(r)—nS

Ziv code to each of the transformed components.

C. The Rate Loss for Conditionally Independent Sources (ll): Dy = Edu(Sm: 5m), (19)

No Side Information at the Encoder form = 1,2,..., M. By analogy to Equation (5), we denote

In this section, we study the rate loss due to the fact thae corresponding rate-distortion region by
the side information is not available at the encoders, i.e., we
compare the rate-distortion regions for the source-coding prob- Rs1.8,...50 (D1, D2, ..., D). (20)
lems of Figure 1 and 3, respectively. For the case of a single
source, this problem has been studied in [1], [10]. In this p&his problem is unsolved to date. The best known outer and
per, we show that their results can be used directly to ass#ser bounds can be found e.g. in [5], and they do not coincide
the corresponding rate loss in the problem with multiple sourcisgeneral. Nevertheless, the answer to the problem of Figure
when the sources are conditionally independent given the s#lés known for a number of special cases: The case of perfect
information. Theorem 1 can be used to make this precise. pagonstruction has been solved by Slepian and Wolf in [6]. For
M = 2, other special cases include the situation wRen— oo
(or Ry — 00), which is the Wyner-Ziv problem [1], extended

51 N R S1 to M > 2 in this paper; the case whell; = 0 (or D, =
, Lo _ N L, )
neoder 0), see [11]; and the case when one random variable has to be
T R reconstructed perfectly [12]. The Gaussian case where only one
S2 2 Ry Sa source is reconstructed (but both have to be encoded, using rates
, | N S . .
neoder R, andR,, respectively) was treated in [13].
Decoder
Sl Rl gl
Ss Ry S'M — Encoder 1 T-==- > —
— EncoderM  +---- > >
52 R2 SQ
Z — Encoder 2 T---- > —
Decoder
Fig. 3. Side information both at the encoder and at the decoder.
. . S Ry S
asserted by Theorem 3, for the case of conditionally indepen-__,|  gncoderm 4 - - - - N S
dent sources, both Theorem 1 and Theorem 2 describe the rate-

distortion region. But the rate-distortion region described by
Theorem 1 can be achieved by encoding each source with re-
spect to the side information, but completely ignoring the re-
maining sources. Hence, the rate loss between the systems of
Figure 1 and Figure 3 in the case of conditionally independentThe arguments developed here can be used to determine lower
sources is characterized precisely by the rate losses for each@inds to the achievable performance for the scenario of Fig-
the sources separately. ure 4: Clearly, providing the receiver with the exact values of
This argument can be used to prove for example the followiagsubset of the sourcés;, Ss, ..., Sas) can only improve the
statement. situation (i.e., at fixed distortions, it can only reduce the rates
Theorem 5:When Sy, Ss, ..., Sy, are conditionally inde- required for the remaining sources). This insight thus provides
pendent givenZ, the rate loss is zero if and only if the rateghe following theorem:
losses for the corresponding single-source Wyner-Ziv problemsTheorem 6:If the rate tuple R, Rs, . .., Ra) lies inside the
are zero. achievable rate-distortion region for the problem illustrated in

Fig. 4. The distributed compression problem.



Figure 4, i.e., if involves additional techniques developed in [5], [6]. Our con-
siderations lead to an achievable rate-distortion region, and an

(Ry, Ry, ..., Ru) outer bound to the full rate-distortion region, but these two do
€ Rs,.8,....8m(D1,D2,...,Dun) (21) not generally coincide. Hence, our arguments do not establish
. the full rate-distortion region for the Wyner-Ziv problem with
then, for each subsé&t C {1,2,..., M}, the rate tuple with multiple source.

indices in7, denoted by(R;)ic7, must lie in the Wyner-Ziv. thereafter, we identify a special scenario for which our argu-
rate-distortion region of the sources with indicesZindenoted  entgioestablish the full rate-distortion region. This is the case
by S7, given the remaining sources, denotedsy, i.e., when the sourcesS,, Ss, . .., Sy are conditionally independent
wz iven the side informatior. This special case is non-trivial in
(Ri)ier € Rszisye(D1, Dy Dar). (22) tghe sense that the sources may stirl)l be dependent. For that case,
This theorem thus permits to find lower bounds to the d#e€ determine the rate losses with respect to joint compression,
sired rate-distortion region. However, to actually compute ti@d we identify a source-channel separation theorem.
lower bound in the general case is difficult: the multi-source Our results may have applications to sensor networks, where
Wyner-Ziv rate-distortion region is not known in general, i.e., d8€ sourcesS;, S, ..., Sy represent sensor readings, to be
remarked above, Theorems 1 and 2 do not generally coinci§@mmunicated to a central data collector. The data collector also
To still find a valid lower bound to the rate-distortion regiofas a sensor, with sensor readiig Extensions of our results
(20), we can substitute tHewer boundto the Wyner-Ziv rate- therefore address the question of the best and worst cases of side
distortion region in Theorem 6. Unfortunately, as pointed oilfformation, leading to criteria for the optimal placement of the
above, the actual evaluation of our lower bound to the Wynétata collector.
Ziv rate-distortion (Theorem 2) is generally a difficult problem,
since all possible distributions for the auxiliary random variables
have to be taken into account. Clearly, interesting situationsFruitful discussions with Dr. Gerhard Kramer (Bell Labs), Dr.
arise whenever a subset of the involved sources is conditidtier Luigi Dragotti (Imperial College), and Prof. Martin Vetterli
ally independent given the remaining sources: Here, the low&PFL) are gratefully acknowledged.
bound established in Theorem 6 can actually be evaluated.
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