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Introduction

A wireless network is more than a collection of nodes and edges

since the medium is shared, and we have interference, broadcast,

path-loss, and fading.
e Given all the vagaries of wireless networks, obtaining “exact”
capacity results appears beyond reach
e One must therefore resort to either

1. simplified models that are mathematically tractable, yet

somewhat faithful to the true physical model

2. asymptotic results (large networks, high SNR, low SNR, large
bandwidth, etc.)




Wireless Erasure Networks

Network is an acyclic directed graph G = (V ={1,2,...,|V|}, &)

Each edge (i,j) € £ is an memoryless packet erasure channel from

to j with probability of erasure ¢;;

Broadcast: Each node ¢ sends the same signal through all its

outgoing edges, X;

Each node receives all the signals from its incoming edges without

interference, Y; = (Yi;, (i,7) € ).




Wireless Erasure Networks—Continued

e This is an appropriate model for systems where transmissions are
packet-based and where some form of error-correction is used to

detect erasures

e Interference is not directly modeled in the network (primarily

because it is not clear what interference means for erasure channels)

e However, it can be indirectly modeled by allowing for dependencies

on the erasures coming into any node

We wil the consider single source, multiple destination multicast

problem. s =1 € V is the source and D = {d1,...,d|p|} is the set of

destinations all requiring the same information.




Cuts and Cut-Sets

For graph G = (V, &)

e An s-d cut is characterized by a set of nodes that contains s but not
d

e For an s-d cut V. we define the cut-set as

E(Vs) ={(,1)I(6,j) € £,i € Vs,j € Vs}

s — do cutVs = {1, 2}
E(VS) - {(274)7 (1? 3)7 (27 3)}




Cut-Capacity

Definition 1 Consider an erasure wireless network represented by

G=(,E). Suppose Vs is a subset of nodes containing source s but not d

destination. Then the cut-capacity corresponding to this source set s

DO ] )

1:(1,7)EE(Vs) 7:(3,7)€E(Vs)

s —dg cutVs = {1,2}
E(Vs) ={(2,4),(1,3),(2,3)}
C(Vs) =1—¢€13+ 1 — eaq€a3




Main Result

Key side information: the destination knows all the erasure

occurrences on the links of the network

Theorem 1 Capacity of a single source/destination erasure broadcast

network, C, is given by the value of the min-cut, i.e.,

C= min C(Vs)

Vs an s-d cut

Theorem 2 Capacity of a single source/multiple destination erasure

broadcast network, C, 1s

C=min min C(Vs)

d; €D Vg an s-d; cut




Some Examples

di =3

C' = min{l — €13€12,1 —€13+ 1 —€23,1 —€12+1 —€34,1 — €24 + 1 — €34}




Wireless Erasure Networks: Formal Definitions

A (2", n) code consists of the following components:
o Message set: W = {1,2,...,2""}. Messages are equally likely

e Encoding function for source node: f; : W — {0,1}". In order
to transmit k£ € W, source node transmits f1(k)

Encoding function for other nodes: for node : € V:
fi:{0,1,e}" " — {0,13"
Upon receiving Y; = y;, node i sends out x; = fi(y:)

Decoding function at a destination: For destination d; € D,

ga, : {0,1, e} o 13E Sy = {1, 2"

Destination d; outputs wq, = ga, (Ya, = ya,, S = s) as the
transmitted message. S is the vector of erasure occurrences across
the network.

dr(v) is the in degree of node v.




Upper Bound

e The upper bound is readily found from a min-cut argument,
assuming cooperation among the nodes in the source set and the

nodes in the destination set

e The cut-capacity defined earlier is essentially the resulting
point-to-point capacity assuming full cooperation among these two

sets

Vs Source Set Destination Set

C(VS)21—61—|—1—€2—|—1—€3€4—|—1—65€6




Achievability

e Achievability is established by a random coding argument

e Encoding: For each y in the domain of f; we generate each element
of fi(y) i.i.d. from {0,1} and according to a Bernoulli distribution

1

with parameter 3

Decoding: Suppose the transmitted message is w and the

destination d has received yq(w) at all its incoming edges.

The destination “simulates” the network for all the messages in VW

and outputs the message(s) that result in yq4(w). Knowing the error
locations S, the destination node can unambiguously determine the
message set of its incoming edges for any transmitted input.

Therefore, it can compute Yy(k) for all the messages.

Error Event: If there is a unique message w’ € W s.t.

Yi(w') = ya(w) then w’ is the declared as the transmitted message.

Otherwise an error is declared.




Achievability: Prob. of Error Analysis

e Joint strong typicality and Union bound:

— We look at “strongly typical” instances of the network.
According to the strong law of large numbers for large block

lengths, the network is “strongly typical” with probability

approaching one, i.e. Pr(A((S")) — 1.

(Sijq5Sijo,Sijs) is 6-strongly typical.

— Define: Ey = {Ya(w') =Ya(w)}, w #w € W. Averaging
over all the functions f;:
EP™ = EXw)=Pr( ] Eu)
w! Fw

Pr(ASY) S Pr(Bu|ASY) + Pr(A™")

w! F#w




Achievability: Prob. of Error Analysis

e Distinguishable sets: Define for any s-d cut Vs:

BIVi] = [Nicve {Yiw) = i)} N |Niey, {Yilw) # Yi(w')}]
then
E.s= |J BV

Vs:s-d cut

Pr(E,|A§") = Pr(Uv,isa c BIVIIASY) < > Pr(B[VI]|ASY)

Vs:s-d cut

Distinguishable Set / Indistinguishable Set
Yi(w) # Y;(w') Y;(w) = Y;(w')




Achievability: Prob. of Error Analysis

Pr(B[V4]]A{™) < 2nlVIsg—n(i=c)g-n(1-ez)g—n(l-czea) g—n(l=c5co)
< 9—nC(Vs)9on|V|é

= EP™ < (1—p(8)) v red eus 27 FCVD) 4 pu(6)

= R < miny, .s.q cut C(Vs) is achievable




Linear Block Codes

e It can be shown that we can achieve capacity with random linear
coding

e With linear encoding, the decoding complexity becomes polynomial

time (we need only to solve a system of linear equations)

e In this case each f; is a linear mapping from the outputs of the
incoming edges to ¢ to {0,1}" and it can be presented by a matrix

multiplication.

d

e




Discussion

e Note that we do not have to perform separate channel and network
coding to achieve capacity, In fact, making each link error-free is

demonstrably sub-optimal.
e The assumption on the side information of the erasure locations is
key

— the cut-set bounds are independent of the side information

assumed

— what we have shown is that this particular side information

(erasure locations) makes the cut-set bound achievable

— can a similar approach be applied to other classes of networks?




e In practice, the side information can be provided by adding headers

to the packets

e For large packet lengths (or small size networks), the size of the

side-information is negligible to the data length. In fact the effective

capacity is
nCL C
o €]
nL+nlE] 14 &

Cefr =

where L is the packet length, and so as L — oo, we have Ceryr — C




Further and Future Work

Practical encoding/decoding schemes (ala network coding)

How best to model a physical wireless network as a wireless erasure

network?
What if the side-information is not available at the destination?

Non-multicast network problems, especially ones with more than

one source. (We have recently solved the broadcast problem for such

networks).




Scaling Laws in Ad Hoc Networks

There has been a great deal of interest in the capacity of ad hoc wireless

networks
e Seminal work of Kumar-Gupta: scaling law of O(y/n)

e Many variations (Xie and Kumar, Baccelli et al, Dousse and Thiran,
Leveque and Telatar, Franceschetti et al, Tonguz and Ferrari,
Toumpis and Goldsmith, Weber et al)

e Improvement obtained from mobility, O(n), (Grossglauser and Tse,

Diggavi et al)

All the above results are based on geometric considerations

e Recent studies suggest that in some situations (e.g., shadow fading)

the network may behave more like a random graph (Hekmat and

van Mieghem, Ballister et al, Franceschetti et al)

We will explore the implications in this talk




Model and Problem Statement

e 1 nodes, k source-destination pairs

e channel h;; between nodes i and j, (vi; = |hij|?)

e we have broadcast, interference and additive noise (AWGN)

We are interested in determining the total throughput of the network




Existing Results — Distance Based Models

Kumar and Gupta basically used a decay law:

1
distance; ;)™

, m > 2

’Yij(X(

Rough idea: O(n) nodes can simultaneously communicate to their close
neighbors. However, getting to the desired destination requires O(1/n)
hops.

e Pretty much all variants to this model give O(4/n) throughput




New Model — Random Links

e Strength of connection does not depend on distance

e All connection strengths are identically and independently

distributed according to f, ()

ds
O o

e Model is justified over small area with many obstructions

e Line-of-sight is absent, multipath dominates




How to Determine the Throughput?

e We would still like to use the idea of multi-hop routing (messages

get decoded at relay nodes and passed along routes)

e However, we can no longer use geometric intuition (transmission to

nearest neighbors to reduce interference)
Main idea: Introduce the conecpt of “good” edges
e Introduce a parameter 3,. Let P(v > 6n) = Qn(Bn) = pn.

e Edges with v > 3,, are called “good.”




Keeping only good edges and eliminating the rest gives us an

instance of the random graph model G(n, p)

G(n,p) is a well-studied random graph model

for example, if p behaves like 2™  the diameter of the graph

n Y

logn
loglogn

thus, there may be some hope in obtaining throughput O(—2-)

logn

behaves like

this depends on finding enough source-destimation paths that do

not collide and whose interference is kept under control




Successful Communication

A node can decode only if the signal-to-interference-plus-noise-ratio
(SINR) exceeds some threshold pg. Node 5 can decode only if

P|h 5|? Py 5

— > )
o2 4+ P(lh25|?| + |h35|? + |has|?) 02+ P(y25 +735 +745) po




Scheduling Multiple Hops

r1,1 r1,2 T1,h—1 di1

ro h—1 d2

Tk,1 Tk,2 Tkh—1 dg

e Relay nodes decode and retransmit message

e Nodes cannot transmit and receive simultaneously

— therefore non-colliding schedule required

e / hops are used for each communication




Error Free Decoding

e SINR condition must be fulfilled at every relay node.

e Want to maximize throughput

Number of source-destination pairs

T (1 —¢€) log(1 + po)

Avg number of hops

(1— e)% log(1 + po).




Vertex Disjoint Paths

Theorem 1 (Broder et al. 1996) Suppose that G = G(n,p) and
logn+wn
pz —p

, where w, — oco. Then there exists a positive constant «
such that, with probability going to 1, there are vertex-disjoint paths
connecting s; to d; for any set of disjoint, randomly chosen

source-destination pairs

F:{(Si,di)‘si,di c {1,...,n},7j: 1,...,]€}

log np

provided k is not greater than anS>-—- T

e We can thus establish upto | k = an 222 | non-colliding (in fact,

logn

vertex-disjoint) paths. Theorem is tight upto constant.

logn

e Can show that every message makes around | h = —="—
a log np

hops

e We still need to ensure that the probability of error can be made to

go to zero (i.e., that the interference is under control)




Probability of Error

h
P(Message 1 fails) P(U SINR at hop 7 < po)

j=1

# hops x P(SINR at hop 1 < po)

2
k—1
en, = P(Message i fails) < logn 75/ )

PB,—pooc? ’
alognp( (5—1)?9,00 — 12

Pg,

Can use Chebyshev bound if pg < o2+ Plk— Dy

Put Scheduling and Probability of Error results together to get Main
Result.




Main Result

Theorem 2 Let Qn(x) = P(v > x). Choose any (3, such that
Qn(Bn) = 282t yphere wy, — 0o, Let py = Evy, 02 = E(y — py)°.
Then there exists a positive constant o such that a throughput of

T = (1= en) bn(Bn)a 28000 Bn)) 10 (1 + O )

logn U—PQ + (kn(ﬁn) T 1):“’7

is achievable for any positive a, such that an, <1 and any k,(3,) that
satisfy the conditions:

1.

b (Bn) < an 280 @n(5n))

logn

< a’ (kn(Bn) — 1)0,2y logn
T a(l = an)? (% 4 (ka(Bn) — 1)y)? 108(nQn(Br))

— 0




Heavy Dependence on f,, ()

Distribution fn(y) Throughput

Shadow | (1= pn)8(y) + pnd(y —1) | -Llos losm)

W, log3 n

Exponential e’ logn

47 A 1 m > 2 1 log?(logn)

Decay

nm ’yl—f—% ) Wn, (logn)2+m/2 n

c log logn n1/3
14+~4 log4/3 n

Heavy Tail




Shadow Fading Distribution — Scaling Law

_ logntwn p _ log n _ _1 log”(logn)
o FOI‘ pn — n 9 h _ log(log n—l—wn)’ T o Wn 1Og3 n

Network with shadow fading with probability 2log(n)/n
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Density obtained from Decay Law

2w A
(log n4wy, )™/ 2

nm 14

o fn(y) =22 L. Optimum choice of 3, is
’7 m

2
logn+wn logn 1 log“(log n4+wn)
o = = = Z o

Pn n ? h log(log n+wy)’ wn log2 n(log n4wy,)3/2 n
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m=3,d=1, A = 1. Throughput increases almost linearly.




Criticisms of the Model

e While all this is fine and encouraging, the model only applies to

networks of small physical size?

e It is not a good model for very large (again, physically large)

networks

But does this have any implications for networks that span a large

physical area?




Two-Scale Networks

To capture both the “random” effects that dominates for small networks
and the “geometric” decay that dominates for large networks, we

propose the following two-scale model

e The network consists of NV nodes randomly placed on a sphere of

radius R

e [ocal scale: connections that are of a distance less than r, are chosen
iid from a distribution f(7)

e global scale: connections that are of a distance greater than r are

chosen from Rayleigh distribution whose power satisfies a decay law

e more precisely the connections are drawn from

() if 2 <7

K~y r’m

s exp(—fyuf:nnm) itx >r

where x represents the distance, m > 2, the decay law and p~ = E¢vy




Analysis of Two-Scale Networks

We can, in fact, analyze such networks using a combination of the tools

developed for random networks and the tools used by Kumar-Gupta

We start with a tesselation of the sphere so that each cell is at the

local scale

We obtain a super-schedule for communication between the

tesselations

Communication at the level of tesselations is that of a random

network and so is determined by a sub-schedule

the local and global interference are each dealt with



Main Result

Theorem 3 Consider the two-scale network just decribed.Let F(vy)
denote the cumulative distribution function of f(v) and Q(y) =1 — F (7).

Let n = co N sin” sin where co 1s a known constant. Choose any 3 such
that p = Q(8) = logn’%, where w, — o0 as n — oo. Then a throughput

of

aKrlognp-log [ 1+ ekt —
02+a’(PK sin? iy tPK T2y )

2R2

T=(1-—c¢€)

logn-ci1R-log N

s achievable where o and c1 are constants and K and a’ > 1 are chosen

such that the following conditions are satisfied.

1. K < NJ/( 24R)

2. K <aNlNlognp/( 24R)

log n R 1
J. ES alognp r a’ — 0




An Example

Again, the result is very dependent on f(), the local scale distribution

e Here is an example:

— Suppose

K

f(7)=m> t>2

then a throughput of

1
NT—1
log? N
For t almost 2, this is almost linear in N. For ¢ > 3 it is worse

than \/N




Some Further Models

e Three-Scale Models

f()

e f() +
exp(—

p

xm

Mo~y T

r—ry pyr
xm

)

exp(—7

r2o—T1
N’y"”m
\ ™

:Cm

Nwrm

)

ifo’Ij
ifri <ax<rg

if £ > ro

The analysis and results are almost identical to two-scale networks.

o Mizture Models

m
L pyT

R

R—=zx

7 f () +

Pz (7) exp(—7

This one seems much more difficult to analyze.

xm

pory T
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Concluding Remarks

e Random models give significantly different scaling laws than

distance-based models
— They are heavily dependent on the pdf f,, (7).
e We can also give upperbounds on the achievable throughput using
multihop protocols
— Bound of O(n) is expected in general
— Bound of O(logn) can be shown for exponential distribution.
Same as achieved.
e Future work
— Analysis of mixture models
— Information-theoretic upperbounds

— Decentralized implementation schemes




