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Abstract. In this paper, we discuss linear programs in which the data that
specify the constraints are subject to random uncertainty. A usual approach
in this setting is to enforce the constraints up to a given level of probability.
We show that, for a wide class of probability distributions (namely, radial dis-
tributions) on the data, the probability constraints can be converted explicitly
into convex second-order cone constraints; hence, the probability-constrained
linear program can be solved exactly with great efficiency. Next, we analyze
the situation where the probability distribution of the data is not completely
specified, but is only known to belong to a given class of distributions. In this
case, we provide explicit convex conditions that guarantee the satisfaction of
the probability constraints for any possible distribution belonging to the given
class.

Key Words. Chance-constrained optimization, probability-constrained op-
timization, uncertain linear programs, robustness, convex second-order cone
constraints.

1. Introduction

In this paper, we study a class of uncertain linear programs of the from

min
x"Rn

cT x, (1)

s.t. aT
i x + bi # 0, i = 1, . . . , m, (2)

where x " Rn is the decision variable and the problem data ai " Rn, bi " R,

i = 1, . . . , m are uncertain. Specifically, we consider here the situation where
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the uncertainty in the data is of stochastic nature; i.e., the data vectors di
.=

[aT
i , bi]T , i = 1, . . . , m, are independent (n + 1)-dimensional random vectors.

A classical approach (see for instance Refs. 1–2) to the solution of (1)–(2)
under random uncertainty is to introduce risk levels !i " (0, 1), i = 1, . . . , m, and
to enforce the constraints (2) in probability, thus obtaining a so-called chance-
constrained linear program (CCLP, a term apparently coined by Charnes and
Cooper in Ref. 3) of the form

min
x"Rn

cT x, (3)

s.t. Prob
!
aT

i x + bi # 0
"

$ 1 % !i , i = 1, . . . , m. (4)

There exist a significant literature on such kind of problems, most of which is
resumed in the thorough account given in Ref. 1; see also Ref. 4 for an up-to-date
discussion and several applications. We do not intend here to survey all the relevant
stochastic programming literature, but mention briefly some of the fundamental
issues. A first problem is to determine under which hypotheses on the distribution
of the di , the optimization problem (3)–(4) is a convex program. A classical result
in this sense was first given in Ref. 5, stating that, if di is Gaussian, then the
corresponding chance constraint imposes a convex (and indeed conic quadratic)
constraint on x. Similarly, it can be shown (see Theorem 10.2.1 in Ref. 1) that,
if ai is fixed (nonrandom) and bi has a log-concave probability density, then the
corresponding chance constraint is also convex. An extension of this result to
the case when both ai, bi have joint log-concave and symmetric density has been
given recently in Ref. 6. Another problem relates to how to convert explicitly the
probability constraint into a deterministic one, once the probability density of di

is assigned. Again, this can be done easily in the case of Gaussian distribution,
while seemingly little is available directly in the literature for the case of other
distributions.

In this paper, we discuss several new aspects of the chance-constrained linear
program (3)–(4). First, we analyze the probability constraints for a class of radi-
ally symmetric probability distributions and construct explicitly the deterministic
convex counterparts of the chance constraints for any distribution in this family
(which includes for instance Gaussian, truncated Gaussian, as well as uniform
distributions on ellipsoidal support, and also nonunimodal densities).

Next, we move to the main focus of the paper, which deals with chance
constraints under distribution uncertainty. The objective of this study is to obtain
deterministic restrictions on the variable x, such that the probability constraint

Prob{aT x + b # 0} $ 1 % ! (5)

is guaranteed irrespective of the probability distribution of the data d = [aT b]T ,
where we denote now with d the generic data vector di, i = 1, . . . , m. In this
context, we consider three different situations: In a first scenario, we assume
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that the distribution of d is unknown, but the first two moments (or the mean
and the covariance) of d are known. Therefore, the probability constraint (5)
needs to be enforced over all possible distributions compatible with the given
moments,

inf
d&(d̂,")

Prob{aT x + b # 0} $ 1 % !, (6)

where the inf is taken over all distributions with mean d̂ and covariance matrix ".
In a second scenario, we consider the common situation where the coefficients

of the linear program are known only to lie in independent intervals. The widths
of the intervals are known and no other information on the distribution of the
parameter inside the intervals is available. As in the previous case, we provide
explicit conditions for the enforcement of the probability constraint, robustly
with respect to the parameter distribution. In the third situation, we consider
distributional robustness within the family of radially-symmetric nonincreasing
densities introduced in Refs. 7–8.

Lastly, we explore further problem (6), removing the assumption that the
exact mean and covariance of d are known. We assume instead that only a certain
number N of independent realization d (1), d (2), . . . , d (N) of the random vector d
are available and that the empirical estimates of the mean and covariance ma-
trix have been obtained based on this observed sample. This setup raises several
fundamental questions, since the empirical estimates are themselves random quan-
tities and cannot be used directly in place of the exact and unknown mean and
covariance. Also in this situation, we provide an explicit counterpart of the distri-
butionally robust chance constraint, using recently developed finite-sample results
from statistical learning theory.

1.1. Setup and Notation. Under the standing assumption that the random
constraints (4) are independent, without loss of generality, we concentrate on a
single generic constraint of the form

Prob{aT x + b # 0} $ 1 % !, ! " (0, 1), (7)

and define the random vector

d
.= [aT b]T " Rn+1, with a " Rn, b " R,

and

d̂T .= E{dT } = E{[aT b]} .= [âT b̂],

"
.= var{d} = var{[aT b]T } .=

#
"11 #12

# T
12 #22

$

' 0.
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We denote with v # n + 1 the rank of " and with "f " Rn+1,v a full-rank factor
such that " = "f"

T
f . Setting

x̃
.= [xT 1]T " Rn+1,

we define further the scalar quantity

$(x) .= dT x̃,

and

$̂(x) .= E{$(x)} = d̂T x̃, (8)

% 2(x) .= var{$(x)} = x̃T "x̃. (9)

We define also the normalized random variable

$̃(x) = [$(x) % $̂(x)]/% (x),

which has zero mean and unit variance. With this notation, the constraint (7) is
equivalently rewritten as

Prob{$(x) # 0} = Prob {$̃(x) # %$̂(x)/% (x)} $ 1 % !.

In the sequel, (x( denotes the Euclidean norm of the vector x, while (x() and
(x(1 denote the &) and &1 norms respectively; i.e.,

(x() = max
i

|xi |, (x(1 =
%

i

|xi |.

For matrices, (X(F denotes the Frobenius norm,

(X(F =
*

traceX XT .

The notation X + 0 [resp. X ' 0] is used to denote a symmetric positive-definite
[resp. positive - semidefinite] matrix. In denotes the identity matrix of dimension
n; the subscript n is omitted when it may be inferred easily from context.

2. Chance Constraints under Radial Distributions

In this section, we show that, for a significant class of probability distributions
on d, the chance constraint (7) can be expressed explicitly as a deterministic convex
constraint on x. We introduce next the class of multivariate distributions of interest.

Definition 2.1. A random vector d " Rn+1 has a Q-radial distribution with
defining function g(·) if d % E{d} = Q'where Q " Rn+1,(,( # n + 1, is a fixed,
full-rank matrix and ' " R( is a random vector having probability density fw that
depends only on the norm of '; i.e.,

f'(') = g(('(). (10)
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The function g(·) that defines the radial shape of the distribution is named the
defining function of d.

Remark 2.1. Note that, in the above definition, the covariance of ' may be
computed as

)' =
&

V(

' )

0
r(+1g(r)dr

(
Iv,

where Vv denotes the volume of the Euclidean ball of unit radius in R( (see e.g.
Ref. 9); hence, the covariance of d is

var{d} =
&

V(

' )

0
r(+1g(r)dr

(
QQT .

To be consistent with our notation, according to which var{d} .=", we shall choose
Q as

Q = *"f , *
.=

&
V(

' )

0
r(+1g(r)dr

(%1/2

, (11)

where "f is a full-rank factor of " (i.e., " = "f"
T
f ).

Remark 2.2. According to the above definition, the possibly singular mul-
tivariate Gaussian distribution in Rn+1, with mean d̂ and covariance ", is Q-radial
with Q = "f and defining function

g(r) =
)
1/(2+ )(/2* exp (%r2/2).

The family of Q-radial distributions includes all probability densities whose
level sets are ellipsoids with shape matrix Q + 0 and may have any radial behavior.
Another notable example is the uniform density over an ellipsoidal set, which is
discussed further in Section 2.2.

Now, if d is Q-radial with defining function g(·) and covariance " (i.e., Q is
given by (11)), we have

$̄(x) = x̃T Q'/% (x) = *x̃T "f'/
*

x̃T "x̃ ,

with' distributed according to (10). This means that $̄(x) is obtained compressing
the random vector ' " Rv into one-dimension by means of the above scalar
product. It results that the distribution of $̄(x) is symmetric around the origin; see
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for instance Theorem 1 of Ref. 10 for a proof. A similar result is discussed also in
Ref. 11 for the special case of uniform distributions (i.e. g(·) constant),

f$̄(x)/*(, ) = Sv%1

' )

0
g
)+

-2 + , 2
*
-v%2d-, (12)

where Sn denotes the surface measure of the Euclidean ball of unit radius in Rn.
Notice that the above probability density is independent of x. Next, we write

Prob{$(x) # 0} = Prob{$̄(x) # $̂(x)/% (x)}
= Prob{$̄(x)/* # %$̂(x)/*% (x)}
=.(%$̂(x)/*% (x))

where we defined the cumulative probability function

.(/ ) = Prob{$̄(x)/* # / } =
' /

%)
f$̄(x)/*(, )d, .

Therefore,

Prob{$(x) # 0} $ 1 % !

holds if and only if

$̄(x)/*% (x) $ .%1(1 % !).

Notice that, since f$̄(x)/* is symmetric around the origin, then .%1(1 % !) is
nonnegative if and only if ! # 0.5. Thus, defining

0!,r = *.%1(1 % !), for ! " (0, 0.5],

we have that the probability constraint in the generic radial case is equivalent to
the explicit deterministic constraint

0!,r% (x) + $̂(x) # 0.

Recalling definitions (8), (9), we conclude that (2) is a convex constraint on x; in
particular, it is a second-order cone (SOC) convex constraint (see e.g. Ref. 12).
Therefore, we have proved the following theorem.

Theorem 2.1. For any ! " (0, 0.5], the chance constraint

Prob{dT x̃ # 0} $ 1 % !,

where d has a Q-radial distribution with defining function g(·) and covariance ",
is equivalent to the convex second-order cone constraint
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0!,r% (x) + $̂(x) < 0,

where

0!,r = *.%1(1 % !),

with . the cumulative probability function of the density (12) and * given by (11).
In some cases of interest, the cumulative distribution, and hence the corre-

sponding safety parameter 0!,r , can be computed in closed form. For instance, this
is the case for the Gaussian and the uniform distribution over ellipsoidal support,
which are considered next.

2.1. Gaussian Distribution. We have remarked already that a Gaussian
distribution with mean d̂ and covariance " is Q-radial with Q = "f , * = 1, and
defining function

g(r) =
,
1/(2+ )v/2- exp(%r2/2).

Consequently, f$̄(x)/* from (12) is the Gaussian density function

f$̄(x)/*(, ) = (1/
*

2+ ) exp (%, 2/2)

and . is the standard Gaussian cumulative probability function

.(, ) = .G(, ) = (1/
*

2+ )
' ,

%)
exp(%t2/2)dt.

Therefore, for ! " (0, 0.5], the safety parameter 0! is given by

0! = 0!,G = .%1
G (1 % !).

Notice that here we recover a classical result (see Ref. 1, Theorem 10.4.1), that
could be derived also more directly, without passing through the radial densities
framework.

2.2. Uniform Distribution on Ellipsoidal Support.

Lemma 2.1. Let d % d̂ " Rn+1 be uniformly distributed in the ellipsoid

E = {, = Qz : (z( # 1},

where

Q
.= *"f , " + 0, *

.=
*

n + 3.

Then, for any ! " (0, 0.5], the chance constraint

Prob{dT x̃ # 0} $ 1 % !
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is equivalent to the convex second-order cone constraint

0!,u% (x) + $̂(x) # 0,

where

0!,u = *

.
.%1

beta(1 % 2!),

with .beta(·) the cumulative distribution of a beta(1/2; n/2 + 1) probability den-
sity.

Proof. We observe first that the uniform distribution in the ellipsoid

E = {, = *"f z : (z( # 1}

is obtained multiplying by *"f a vector ' which is uniformly distributed in
the unit Euclidean ball (nonsingular linear transformations preserve uniformity);
therefore, if d % d̂ is uniform in E , it can be expressed as

d % d̂ = *"f',

where ' " Rn+1 is uniform in {z : (z( # 1}; i.e.,

f'(') = g(('() =
/

1/Vn+1, if ('( # 1,

0, otherwise, (13)

and Vn+1 denotes the volume4 of the Euclidean ball of unit radius in Rn+1. It
follows that d is Q-radial with Q = *"f and defining function g(·) given in (13).
Notice that this specific choice of the parameter * is made according to (11), in
order to fix the covariance of d to be equal to ". With this defining function, we
can solve explicitly the integral in (12), obtaining the density

f$̄(x)/*(, ) = Sn

nVn+1
(1 % , 2)n/2, , " [%1, 1].

Since this density is centrally symmetric, we have that the cumulative probability
function .(, ), , " [%1, 1], is given by

.(, ) = 1/2 + (1/2)sign(, )
' |, |

0
(2Sn/nVn+1)(1 % t2)n/2dt.

With the change of variable z = t2, we finally obtain

.(, ) = (1/2) + (1/2)sign(, ).beta(, 2),

where.beta denotes the cumulative distribution of a beta (1/2; n/2 + 1) probability
density (see for instance Ref. 13 for the definition of beta densities). The statement

4 We recall that Vn = +n/2/"(n/2 + 1), where "(·) denotes the standard gamma function, and that
Sn = nVn.
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of the lemma then follows applying Theorem 2.1, where the safety parameter ke

for ! " (0, 05] is given by

0! = 0!,u = *

.
.%1

beta(1 % 2!). !

Remark 2.3. Contrary to the Gaussian case, the safety parameter for the
uniform distribution on ellipsoidal support depends on the problem dimension n.
It may be verified numerically that, the covariance matrices being equal, the safety
parameter 0!,u relative to the uniform distribution is smaller (for ! < 0.5) than the
one relative to the Gaussian distribution, and tends to this latter one as n increases.

Remark 2.4. It is worth to highlight the close relation that exists between
chance constraints and deterministically robust constraints. In particular, in robust
optimization (see e.g. Ref. 14), one seeks to satisfy the constraints for all possible
values of some uncertain but bounded parameters; in the chance constrained
setup, one seeks to satisfy the constraints only with high probability. There exist
however a complete equivalence between these two paradigms, at least for the
simple ellipsoidal model discussed below.

Consider a linear constraint dT x̃ # 0, where the data d lie in the ellipsoid

E = {d̂ + 0"f z : (z( # 1}, " + 0,

and suppose that we want to enforce the constraint robustly, i.e., for all d " E . It
is readily seen that the set of x that satisfies

dT x̃ # 0, ,d " E,

is the convex quadratic set

{x : 0
*

x̃T "x̃ + d̂T x̃ # 0},

which in our notation reads

{x : 0% (x) + $̂(x) # 0}.

From this, it follows that a chance constraint of the kind discussed previously can
be interpreted as a deterministic robust constraint, for some suitable value of 0
and viceversa.

We shall return to the uniform distribution on ellipsoidal support in
Section 3.3, where we discuss its role in the context of distributional robustness
with respect to a class of symmetric nonincreasing probability densities.
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3. Distributionally Robust Chance Constraints

In this section, we present explicit deterministic counterparts of distribu-
tionally robust chance constraints. By distributional robustness,we mean that the
probability constraint

Prob{dT x̃ # 0} $ 1 % !

should be enforced robustly with respect to an entire family D of probability
distributions on the data d; i.e.,we consider the problem of enforcing

inf
d&D

Prob{dT x̃ # 0} $ 1 % !,

where the notation d & D means that the distribution of d belongs to the family D.
We discuss in particular three classes of distributions: In Section 3.1, we consider
the family of all distributions having given mean and covariance; in Section 3.2,
we study the family of generic distributions over independent bounded intervals;
finally, in Section 3.3, we consider the family of radially symmetric nonincreasing
distributions discussed in Refs. 7–8.

3.1. Distributions with Known Mean and Covariance. The first problem
that we consider is one where the family D is composed of all distributions having
given mean d̂ and covariance ". We denote this family with D = (d̂,"). The
following theorem holds.

Theorem 3.1. For any ! " (0, 1), the distributionally robust chance con-
straint

inf
d&(d̂,")

Prob{dT x̃ # 0} $ 1 % ! (14)

is equivalent to the convex second-order cone constraint

0!% (x) + $̂(x) # 0, 0! =
+

(1 % !)/!. (15)

Proof. We express first d as

d = d̂ + "f z,

where

E{z} = 0, var{z} = I,

and consider initially the case (a) when "T
f x̃ -= 0. Then, from a classical result of

Marshall and Olkin (Ref. 15; see also Ref. 16, Theorem 9), we have that

sup
d&(d̂,")

Prob{dT x̃ > 0} = sup
z&(0,I )

Prob
!
zT"T

f x̃ > %d̂T x̃
"

= 1/(1 + q2),
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where

q2 = inf
zT "T

f x̃>%d̂T x̃
(z(2.

We determine a closed-form expression for q2 as follows. First, we notice that,
if d̂T x̃ > 0, then we can just take z = 0 and obtain the infimum q2 = 0. Assume
then d̂T x̃ # 0. Then, the problem amounts to determining the squared distance
from the origin of the hyperplane

!
z : zT"T

f x̃ = %d̂T x̃
"
,

which results to be

q2 = (d̂T x̃)2/x̃T "x̃.

Summarizing, we have

q2 =
/

0, if x̃T d̂ = $̂(x) > 0,

$̂2(x)/% 2(x) if $̂(x) # 0;

hence, the constraint (14) is satisfied if and only if

1/(1 + q2) # !,

i.e., if and only if

$̂(x) # 0, $̂2(x) $ % 2(x)(1 % !)/!,

or equivalently if and only if

0!% (x) # %$̂(x), 0! =
+

(1 % !)/!,

which proves that, in case (a), (14) is equivalent to (15). On the other hand, in case
(b), when "T

f x̃ = 0, we simply have that

inf
d&(d̃),"

Prob{dT x̃ # 0} = 1, if $̂(x) # 0,

and it is zero otherwise. Therefore, since % (x) = 0, it follows that (14) is still
equivalent to (15), which concludes the proof. !

A result analogous to Theorem 3.1 has been employed recently in Ref. 17
in the specific context of kernel methods for classification. An alternative proof
based on Lagrangian duality may also be found in Ref. 18. We discuss next the
case when additional symmetry information on the distribution is available.

3.1.1. Special Case of Symmetric Distributions. Consider the situation
where, in addition to the first moment and covariance of d, we know that the
distribution of d is symmetric around the mean. We say that d is symmetric around
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its mean d̂, when d % d̂ is symmetric around zero (centrally symmetric), where
we define central symmetry as follows.

Definition 3.1. A random vector , " Rn is centrally symmetric if its distri-
bution µ is such that µ(A) = µ(%A), for all Borel sets A . Rn.

Let D = (d̂,")S denote the family of symmetric distributions having mean d̂ and
covariance ". The following lemma gives an explicit condition for the satisfaction
of the chance constraint robustly over the family D = (d̂,")S .

Lemma 3.1. For any ! " (0, 0.5], the symmetric distributionally robust
chance constraint

inf
d&(d̂,")S

Prob{dT x̃ # 0} $ 1 % ! (16)

holds if

0!% (x) + $̂(x) # 0, 0! = 1/(2!).

Proof. If d is symmetric around d̂ , then $(x) is symmetric around $̂(x) for
all x. Therefore, (16) is satisfied if

sup
$(x)&($̂(x),% 2(x))S

Prob{$(x) > 0} # !.

We apply now an extension of the Chebychev mean-variance inequality for sym-
metric distributions (see for instance Ref. 19, Proposition 8): For a random variable
z with mean E{z}, variance var{z}, and symmetric distribution, it holds that

sup
z&(E{z},var{z})S

Prob{z > a} =
/

(1/2) min{1, var{z}/(E{z} % a)2}, if a < E{z},
1, otherwise.

Hence, in our case, we have that, for ! " (0, 0.5],

sup
$(x)&($̂(x),% 2(x))S

Prob{$(x) > 0} # !

is satisfied whenever

% 2(x) # 2!$̂(x) and $̂(x) < 0,

i.e., when
+

1/(2!)% (x) + $̂(x) # 0,

from which the statement follows immediately. !
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3.2. Random Data in Independent Intervals. In this section, we analyze
a data uncertainty model where the random data d have known mean d̂ and the
individual elements are only known to belong with probability one to independent
bounded intervals; i.e., we assume that

di = d̂i + 'i , i = 1, . . . , n + 1,

where' " Rn+1 is a zero-mean random vector composed of independent elements
which are bounded in intervals: 'i " [&%

i , &+
i ], &+

i $ 0 $ &%
i , i = 1, . . . , n + 1.

Let us denote with (d̂, L)I the family of distributions on the (n + 1)-dimensional
random variable d satisfying the above condition, where L is a diagonal matrix
containing the interval widths,

L
.= diag(&+

1 % &%
1 , . . . , &+

n+1 % &%
n+1).

A first result in this context is stated in the following lemma.

Lemma 3.2. For any ! " (0, 1), the distributionally robust chance constraint

inf
d&(d̂,L)I

Prob
!
dT x̃ # 0

"
$ 1 % !

holds if
+

(1/2) ln(1/!)(Lx̃( + $̂(x) # 0.

Proof. By definition, any random vector d whose density belongs to the
class (d̂, L)I is expressed as

di = d̂i + 'i ;

therefore,

dT x̃ = d̂T x̃ +
n+1%

i=1

,i ,

where we define

,i
.= xi'i , i = 1, . . . , n, ,n+1

.= 'n+1.

With our usual notation,

$(x) = dT x̃, $̂(x) = d̂T x̃;

hence, we have that

Prob{$(x) # 0} = Prob

0
n+1%

i=1

,i # %$̂(x)

1

. (17)
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Now, the ,i are zero-mean, independent, and bounded in intervals of width
|xi |(&+

i % &%
i ), for i = 1, . . . , n, and &+

n+1 % &%
n+1 respectively. Therefore, applying

the Hoeffding tail probability inequality to (17), see Ref. 20, we obtain that, if
$̂(x) # 0, then

Prob{$(x) # 0} $ 1 % exp

#
%2$̂2(x)

)
&+

n+1 % &%
n+1

*2 +
2n

i=1 x2
i

)
&+

i % &%
i

*2

$

,

from which the statement follows easily. !

3.3. Radially Symmetric Nonincreasing Distributions. In this section, we
consider two classes of radially symmetric nonincreasing distributions (RSNID)
whose supports are defined by means of the Euclidean and infinity norms. These
are special cases of the RSNIDs introduced in Refs. 7–8, whose support were
generic star-shaped sets. Specifically, we define our two distribution classes in a
way similar to Definition 2.1. Let us introduce the sets

H(d̂, P ) .= {d = d̂ + P' : ('() # 1},
E(d̂,Q) .= {d = d̂ + Q' : ('( # 1},

where

P = diag(p1, . . . , pn+1) + 0, Q + 0.

Clearly, H(d̂, P ) is an orthotope centered in d̂ , with half-side lengths specified by
P, while E(d̂,Q) is an ellipsoid centered in d̂ , with shape matrix Q. The classes
of interest are defined as follows.

Definition 3.2. A random vector d " Rn+1 has a probability distribution
within the class FH [resp. FE ] if d % E{d} = P' [resp. d % E{d} = Q'], where
' is a random vector having probability density f' such that

f' =
/
g(('()), for ('() # 1,

0, otherwise,
3

resp.f'(') =
/
g(('(), for ('( # 1,

0, otherwise,

4

and where g(·) is a nonincreasing function.

Notice that the uniform distribution on ellipsoidal support discussed in
Section 2.2 belongs to the class FE , while the uniform distribution on the or-
thotope H(d̂, P ) belongs to the class FH. The following proposition, based on
the uniformity principle (see Ref. 7), states that these uniform distributions are
actually the worst-case distributions in the given classes.



JOTA: VOL. 130, NO. 1, JULY 2006 15

Proposition 3.1. For any ! " (0, 0.5], the distributionally robust chance
constraint

inf
d&FH

Prob{dT x̃ # 0} $ 1 % ! (18)

is equivalent to the chance constraint

Prob{dT x̃ # 0} $ 1 % !, d&U (H(d̂, P )), (19)

where U (H(d̂, P )) is the uniform distribution over H(d̂, P ).

Similarly, for any ! " (0, 0.5], the distributionally robust chance constraint

inf
d&FE

Prob{dT x̃ # 0} $ 1 % !

is equivalent to the chance constraint

Prob{dT x̃ # 0} $ 1 % !, d&U (E(d̂,Q)), (20)

where U (E(d̂,Q)) is the uniform distribution over E(d̂,Q).
The proof of this proposition is established readily from Theorem 6.3 of

Ref. 8. Indeed, it suffices to show (we consider here only the family FE , the case
of the family FH being identical) that, under the stated hypotheses, the set

1
.= {' : d̂T x̃ + x̃T Q' # 0}

is star-shaped, which simply means that 0 " 1 and that ' " 1, - " [0, 1] implies
-' " 1. To show this, first notice that, by central symmetry, for any distribution
in FE ,

Prob{dT x̃ # 0} $ 0.5, if and only if d̂T x̃ # 0.

Hence, ! " (0, 0.5] requires d̂T x̃ # 0 and in this situation, 0 " 1. Consider now
any ' " 1 and take - " [0, 1]. We have that

x̃T Q' # %d̂T x̃ / -x̃T Q' # -(%d̂T x̃);

since (%d̂T x̃) $ 0 and - # 1, it follows that

-x̃T Q' # %d̂T x̃,

i.e., -' " 1, proving that 1 is star-shaped.

Remark 3.1. As a result of Proposition 3.1, we have that a distributionally
robust constraint over the family FE is equivalent to a probability constraint (20)
involving the uniform density over ellipsoidal support, which in turn is converted
into an explicit second-order cone constraint, using Lemma 2.1.

A distributionally robust constraint over the family FH is instead equivalent
to a probability constraint (19) involving the uniform density over the orthotope
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H(d̂, P ). In Lemma 3.3 below, we provide a new explicit sufficient condition for
(19) to hold. In this respect, we notice that it was shown already in Ref. 21 that,
for ! " (0, 0.5],

Probd&U (H(d̂P )){dT x̃ # 0}

is a convex constraint on x. However, no explicit condition was given in this Ref.
21 to enforce such convex constraint. In this regard, we remark that the many
available convexity results for chance constraints, while interesting in theory, are
not very useful in practice unless the chance constraint is converted explicitly
into a standard deterministic convex constraint that can be fed to a numerical
optimization code. For this reason, in all cases when an explicit description of the
chance constraint is too difficult, it appears to be very useful to obtain sufficient
conditions that enforce the probability constraint.

Lemma 3.3. For any ! " (0, 0.5], the distributionally robust chance con-
straint (18) holds if

+
(1/6) log (1/!)(2P x̃( + $̂(x) # 0.

Proof. We start by establishing a simple auxiliary result. Let , be a
zero-mean random variable uniformly distributed in the interval [%c, c], c $ 0.
Then, for any 2 $ 0, it holds that

log E{e2, } # 22c2/6. (21)

The above fact is proved as follows. Compute in closed form

E{e2, } = sinh (2c)/2c

and consider the function

3(z) .= log [ sinh(z)/z] , z
.= 2c,

extended by continuity to 3(0) = 0. Then, we can check by direct calculation
that 3 0(0) = 0 and 3 00(0) = 1/3, where 3 0,3 00 denote respectively the first and
second derivatives of 3 and moreover 3 00(z) # 1/3,,z. Therefore, by the Taylor
expansion with Lagrange remainder, we have that, for some 4 " [0, z],

3(z) = 3(0) + z3 0(0) + (1/2)z23 00(4 ) # (1/6)z2,

from which (21) follows immediately.
Now, we write d = d̂ + P' [we recall that P = diag(p1, . . . , pn+1) + 0]

and follow the same steps of the proof of Lemma 3.2 up to (17). Then, we
observe that, by Proposition 3.1, the infimum of the probability is attained when
the 'i’s are uniformly distributed in [%1, 1]. Therefore, in the worst-case, the
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,i appearing in (17) are zero-mean, independent, and uniformly distributed in
intervals |xi |[%pi, pi], for i = 1, . . . , n, and [%pn+1, pn+1] respectively.

By the Chernoff bounding method applied to the Markov probability inequal-
ity, we next have that, for $̂(x) # 0 and any 2 $ 0,

Prob

0
n+1%

i=1

,i > %$̂(x)

1

# E

0

e2
n+1%

i=1

,i

15
e%2$̂(x),

=
n+16

i=1

E
!
c2,i

" 7
e%2$̂(x).

By (21), we further have

E{e2,i } # e(2pixi )2/6, i = 1, . . . , n,

E{e2,n+1} # e(2pn+1)2/6

and hence

Prob

0
n+1%

i=1

,i > %$̂(x)

1

# e2
2(2P x̃(2/24+2$̂(x) # e%6$̂2(x)/(2P x̃(2

. (22)

where the last inequality obtains selecting 2 $ 0 so to minimize the bound, which
results in

2 = %12$̂(x)/(2P x̃(2.

Finally, the probability on the LHS of (22) is smaller than ! " (0, 0.5] if

$̂(x) # 0 and (2P x̃(2 log 1/! # 6$̂2(x),

which can be rewritten compactly as the convex second-order cone constraint
+

(1/6) log (1/!)(2P x̃( + $̂(x) # 0,

thus proving the claim. !

Remark 3.2. Notice that the result in Lemma 3.3 improves (decreases) by
a factor

*
3 the safety constant with respect to the result given in Lemma 3.2. In

fact, the widths of the intervals being equal (i.e. L = 2P ), the distribution class
(d̂, L)I of Lemma 3.2 includes nonsymmetric and possibly increasing densities;
hence, it is richer than the class FH of Lemma 3.3.

4. Robustness to Estimation Uncertainty

In Section 3.1, we concentrated our attention on the solution of the
chance-constrained problem, assuming that the mean and covariance of the data d
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were exactly known. However, In many situations, these quantities need actually to
be estimated from empirical data. If a batch of independent extractions d1, . . . , dN

from an unknown distribution is available, then the following standard empirical
estimates of the true mean d̂ and covariance " can be formed:

d̂N = (1/N)
N%

i=1

di,

"N = (1/N)
N%

i=1

(di % d̂N )(di % d̂N )T .

Clearly, care should be exerted now, since mere substitution of these estimated
values in place of the unknown true ones in the problems discussed previously
would not necessarily enforce the correct chance constraints. In the sequel, we
present a rigorous approach for taking moment estimation errors into account in
the chance constraints. Instrumental to our developments are the following key
and surprisingly recent results from Ref. 22 on finite-sample estimation of the
mean and covariance matrix. For the mean case, the first lemma below provides
for vectors a result similar in spirit to the Hoeffding inequality for scalar random
variables.

Lemma 4.1. (See Theorem 3 of Ref. 22.) Let d1, . . . , dN " Rn+1 be ex-
tracted independently according to the unknown distribution II and let

R = supd"support(II ) (d(, 5 " (0, 1).

Then, with probability at least 1 % 5, it holds that

(d̂N % d̂( # (R/
*

N )
8
2 +

+
2 log (1/5)

9
.

The next lemma provides a similar concentration inequality for the sample
covariance matrix.

Lemma 4.2. (See Corollary 2 of Ref. 22.) Let d1, . . . , dN " Rn+1 be ex-
tracted independently according to the unknown distribution II and let

R = supd"support(II) (d(, 5 " (0, 1).

Then, provided that

N $
8
2 +

+
2 log(2/5)

92
,

it holds with probability at least 1 % 5 that

("N % "(F #
8
2R2/

*
N

: ;
2 +

+
2 log (2/5)

9
.



JOTA: VOL. 130, NO. 1, JULY 2006 19

We present next the key result of this section, which specifies how to enforce
the chance constraint in the case when only empirical estimates of the mean and
covariance are available. It should be clear that, since the estimates d̂N ,"N are
themselves random variables, the resulting chance constraint cannot be specified
deterministically, but will be enforced only up to a given (high) level of probability.

Theorem 4.1. Let d1, . . . , dN be N independent samples of the random vec-
tor d " Rn+1 having an unknown distribution II and let R = sup(d"support(6) (d(.
Let further, d̂N ,"N be the sample estimates of the mean and variance of d, com-
puted on the basis of the N available samples; denote with d̂," the respective true
(unknown) values. Define also

r1 =̇
;
R/

*
N

: ,
2 +

*
2 log (2/7)

-
,

r2 =̇
;

2R2/
*

N
: ,

2 +
*

2 log (4/7)
-
.

Then, for assigned probability levels !, 7 " (0, 1), the distributionally robust
chance constraint

inf
d&(d̂,")

Prob{dT x̃ # 0} $ 1 % ! (23)

holds with probability at least 1 % 7, provided that

N $
8
2 +

+
2 log (4/5)

92
,

+
(1 % !)/!

+
x̃T ("N + r2I )x̃ + d̃T

N x̃ + (x̃(r1 # 0.

Proof. Applying Lemma 4.1 with 5 = 7/2, we have that, with probability
at least 1 % 7/2, it holds that

d̂ = d̂N + ,, for some , " Rn+1 : (,( # r1. (24)

Similarly, applying Lemma 4.2 with 5 = 7/2, we have that, with probability at
least 1 % 7/2, it holds that

" = "N + 8, for some 8 " Rn+1,n+1 : (8(F # r2, (25)

provided that

N $
8
2 +

+
2 log (4/7)

92
.

Combining the two events above, we have that equations (24), (25) jointly hold
with probability at least

(1 % 7/2)2 $ 1 % 7.
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Now, from Theorem 3.1, we know that

0!
*

x̃T "x̃ + d̃T x̃ # 0, 0! =
+

(1 % !)/! (26)

imply the satisfaction of the chance constraint (23). Hence, substituting (24), (25)
in (26), we have that (23) holds with probability at least 1 % 7, provided that the
following inequality holds:

0!
+

x̃T ("N + 8)x̃ + (d̂N + , )T x̃ # 0,

for all , : (,( # r1 and all 8 : (8(F # r2. The statement of the theorem then
follows from the majorization below

0!
+

x̃T ("N + 8)x̃ + (d̂N + , )T x̃

= 0!
+

x̃T "N x̃ + trace(8x̃x̃T ) + (d̂N + , )T x̃

# 0!
+

x̃T "N x̃ + (8(F (x̃x̃T (F + d̂T
N x̃ + (x̃((,(

# 0!
+

x̃T ("N + r2I )x̃ + d̂T
N x̃ + (x̃(r1. !

5. Conclusions

In this paper, we discussed several issues related to probability-constrained
linear programs. In particular, we provided closed-form expressions for the prob-
ability constraints when the data distribution is of radial type (Theorem 2.1).
We analzed further in Section 3 the case when the information on the dis-
tribution is incomplete and provided explicit results for enforcement of the
chance constraints, robustly with respect to the distribution. As discussed in
Section 3.3, the uniform density distribution over orthotopes or ellipsoids plays
an important role in distributional robustness, since it results to be the worst-
case distribution in certain symmetric and non increasing density distribution
classes. The results of Section 4 treat instead the case when the mean and
covariance of the data distribution are unknown, but can be estimated from
available observations. In this respect, Theorem 4.1 provides a convex condi-
tion that guarantees (up to a given level of confidence) the satisfaction of the
chance constraint for any distribution that could have generated the observed
data.

For space reasons, we did not present applications or numerical examples
in this paper. However, the interested reader may find two examples of ap-
plication to optimal portfolio selection and model predictive control problems
in the full version of this paper, available in Ref. 23. Other examples of the
use of chance constraints in control design have appeared recently in Ref. 6,
while Ref. 17 applies a related technique in the context of kernel methods for
classification.
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