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Abstract—We present an achievable rate for general channels [2], and its connection to Gaussian relay
deterministic relay networks, with broadcasting at the networks [3]. Historically, deterministic relay networks
transmitters and interference at the receivers. In partic- \ere perhaps first studied in [4], where a deterministic
ular we show that if the optimizing distribution for the  y54e| with broadcast buto multiple acceswas studied
information-theoretic cut-set bound is a product distri- e 56 called Aref's networks). For such a network, the
bution, then we have a complete characterization of the . . . . . .
achievable rates for such networks. For linear determinis- unlcast. capacity W_as determined ”_] [4] and its extension
tic finite-field models discussed in a companion paper [3], to multicast capacity when all receivers needed the same
this is indeed the case, and we have a generalization of themessage was done in [9]. A three-node determinis-
celebrated max-flow min-cut theorem for such a network. tic relay network capacity was characterized in [10],
whereboth broadcast and multiple access were allowed.
Network coding is information flow on a very special

Consider a network represented by a directed relalass of deterministic networks, where all the links
networkG = (V, &) where ) are the vertices representare non-interfering and orthogonal. For such networks,
ing the communication nodes in the relay network. Thtee unicast capacity is given by the classical max-flow
communication problem considered is unicast (or multmin-cut theorem of Ford-Fulkerson, and the multicast
cast with all destinations requesting tt@memessage). capacity has been determined in the seminal work [1].
Therefore a special node € V is considered the sourceMore recently, the capacity of a class of erasure relay
of the message and a special ndde V is the intended networks has been established where random erasures
destination. All other nodes in the network facilitatattempt to model the noise and collisions [12]. In
communication betweefi andD. In a wireline network, all these cases, where the characterization exists, the
such as studied in [1], the edgé€of the network do not information-theoretic cut-set was achievable. Recently,
interact and are orthogonal communication channels.drrelay network where the cut-set bound is not tight has
this paper, transmissions anet necessarilyorthogonal been demonstrated in [5].
and signals sent by the nodesyncan in general broad- We first consider general deterministic functions to
cast and also interfere with one another. In particulanodel the broadcast and multiple access channels. For
for each vertex; € V of the network, there is only such networks we show an achievability which is tight
one transmitted signal; which is broadcast to the otheronly for functions and networks where the independent
nodes connected to this vertex. Moreover it has only oimgut distribution optimizes the information-theoretic
received signal; which is a deterministic function of cut-set bound. For Aref's networks where there is no
all the signals transmitted by the nodes connected itderference, this is indeed the case and our result is a
it. By connection we mean the nodes that have edggsneralization of his. For deterministic networks where
belonging to the sef. By deterministic we mean thatthereis interference but the deterministic functions are
yj = 9i({zk }ren;), WhereN; is the input neighbors of linear over a finite field, it turns out that the cut-set
nodej. Therefore, we have deterministic broadcast atund is also optimized by the product distribution.
multiple access channels incorporated into the modelRor this case, our result is a natural generalization of
reflect physical layer effects. the celebrated max-flow min-cut theorem. These ideas

This approach is motivated by the development afre easily extended to the multicast case, where we
the linear deterministic finite-field model for wirelessvant to simultaneously transmit one message fr6m
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to all destinationsD in the setD. For the linear finite- Note that when we comparg] (3) to the cut-set upper
field model, we characterize the multicast capacity, abdund in [2), we see that the difference is in the maxi-
therefore generalize the result in [1]. We will discuss thimizing seti.e., we are only able to achieve independent

in more detail in the next section. (product) distributions whereas the cut-set optimization
is over any arbitrary distribution. In particular, if the

Il. PROBLEM STATEMENT AND MAIN RESULTS network and the deterministic functions are such that

A. General Deterministic network the cut-set is optimized by the product distribution, then

) ] ) ) we would have matching upper and lower bounds. This
As stated in Sectiofj |, we consider a directed netwofkyee happens when we consider the linear finite-field
G = (V,€&), where the received signg} at nodej € V

J - model discussed below.
is given by

y; = g;({zitien;), (1) B. Linear Finite-Field Deterministic network

A special deterministic model which is motivated [3]
by its close connection to the Gaussian model is the
linear finite-field model, where the received sigyale
[F] is a vector defined over a finite field, given by,

where we define the input neighbo¥§ of ;j as the set of
nodes whose transmissions afféctnd can be formally
defined asV; = {i : (i,j) € £}. Note that this implies
a deterministic multiple access channel for ngdand
a deterministic broadcast channel for the transmitting y; = ZGi,in, (5)
nodes.
For any relay network, there is a natural information- " _

q “ -

theoretic cut-set bound [6], which upperbounds the r}é/_here the transmitting signais; € I, and the “chan

" i .. qxXq i
liable transmission rate?. Applied to our model, we nel matrl_ce.sGZ_J € ™. All the operathns are done
over the finite fieldF,, and the networkg, implies that

Y

have:
G, ; = 0,i ¢ Nj reducing the sum irl{5) fromV = |V)|
R < max min I(Yge; Xo|Xq-) termsi.e., all transmitting nodes in the network, to just
p({z;}jev) Q€AD the input neighbors of.
@ hax  min H(Yo:| Xoe) (2)  Ifwelookatthe cut-set upper bound for general deter-
p({z;}iev) Q€AD ministic networks[(R), it is easy to see in a special case

where Ap = {Q : S € Q,D € Q° is all source- of linear finite-field deterministic networks that all cut
' values are simultaneously optimized by independent and
uniform distribution of{z; };cy. Moreover the optimum
The following are our main results for general dete?’-alue of each cufd is Iogarl_thm of the siz€ of th_e range
space of the transfer matr&g - associated with that

ministic networks. Cie. th i lating th tor of all th
Theorem 2.1:Given a general deterministic relay netcUn €., (e malrix rerating the super-vector of afl the
puts at the nodes if2 to the super-vector of all the

work (with broadcast and multiple access), we cai e T .
achieve all ratesk up to, outputs inQ¢ induced by [(b). This yields the following

complete characterization as the corollaries of theorem
max min H(Yq:|Xq-) 3) 2.1 and 2.P:
Thisth HieV_f(mi)QeAg dtoth i H Corollary 2.3: Given a linear finite-field relay net-
Is theorem _eaS|yexten edtot € mu ticast case, Wherg. (with broadcast and multiple access), the capacity
we want to simultaneously transmit one message fro&nOf such a relay network is given by
S to all destinations in the sdb ¢ D: ’
Theorem 2.2:Given a general deterministic relay net- C= én}\n rank(Ggq,o-) log p. (6)
. . S
work  (with broadcast and multiple access), we can corgllary 2.4: Given a linear finite-field relay net-

achieve all rateg: from S multicasting to all destinations ok (with broadcast and multiple access), the multicast

destination cuts (partitions) arfd) follows since we are
dealing with deterministic networks.

D €D up to, capacityC' of such a relay network is given by,
max min min H(Yq|Xqe 4 = mi i c
1% Beb aey (Yo-|Xa-) (4) C glel% 5{161}& rank(Ggq o) log p. (7

This achievability result in Theorei 2.1 extends the For a single source-destination pair the result in
results in [9] where only deterministic broadcast netwoi®orollary [2.3 generalizes the classical max-flow min-
(with no interference) were considered. cut theorem for wireline networks and for multicast, the



result in Corollary{ Z¥4 generalizes the network codingymbols byxg.k). For the model[{5), we will use linear
result in [1] where in both these earlier results, theappingsf;(-), i.e.,

communication links are orthogonal. Moreover, as we ®) ) (o—1)

will see in the proof, the encoding functions at the relay x; =Fy; ", (8)

nodes could be restricted to linear functions to obtain the N
result in Corollan2.B. WhereF§ ) is chosen uniformly randomly over all matri-

ces inlF)*4. Each relay does the encoding prescribed by
C. Proof Strategy @). Given the knowledge of all the encoding functions

TheoreniZIL is the main result of the paper and tfe at the relays and signals received overt [V] — 2

rest of the paper is devoted to proving it. First we focddocks, the decodeD € D, attempts to decode the

on networks that have a layered structure, i.e. all patRessagél’ sent by the source.

from the source to the destination have equal lengths. ) )

With this special structure we get a major simplificatior- Proof illustration

a sequence of messages can each be encoded into a blofik order to illustrate the proof ideas of Theordm [2.1)

of symbols and the blocks do not interact with each othese examine the network shown in Figlire 111-B. We will

as they pass through the relay nodes in the netwodnalyze this network first for linear deterministic model

The proof of the result for layered network is similar irand then we use the same example to illustrate the ideas

style to the random coding argument in [1]. We do thi®r general deterministic functions in Section V-B.

in sectiondIl,[TM andV, first for the linear finite-field

model inIIl and1M and then for the general deterministic Can distinguish  G2n digtingysh

model infM. Second, we extend the result to an arbitrary >

network by considering its time-expanded representation.

The time-expanded network is layered and we can apply ses

our result in the first step to it. To complete the proof

of the result, we need to establish a connection between Cannot distnguis Cannot distinguish

the cut values of the time-expanded network and those Transmits same signal undetw, w’ B, € s°

of the original network. We do this using sub-modularity

properties of entropy in Sectién ¥ The network given in Figurel[-B is an example of

a layerednetwork where the number of “hops” for each

. L INEAR MODEL: AN EXAMPLE path froms to D is equal ta3 in this cas@. The key sim-

In this section we give the encoding scheme for tidification that occurs for layered networks is that we can
linear deterministic model ofJ5) in Sectid IIIFA. Individe the messag#’ into K par;[FsR(sub—messages),each
Section[II=B we illustrate the proof techniques on #aking valuesinu € {1,2,...,2° %} k=1,..., K. By

simple linear unicast relay network example. doing this in FigurE[[EB, we see that for example, nodes
Ay, Ay are sending signals which pertain to the same
A. Encoding for linear deterministic model sub-messagey.. Therefore, the “interfering” signals in
We have a single sourcé with messagelV ¢ nodeB; are both abo_ut the same sub-message. This is a
{1,2,...,2TKR} which is encoded by the sourcinto statement that holds in general for layered networks. For

a signal overk T’ transmission times (symbols), givinggX@mple in block numbek = 3, the source is sending a

an overall transmission rate dt. Each relay operatesSignal aboutws, Ay, A, are sending signals that depend

over blocks of timeT symbols, and uses a mapping@" w2 @ndBi, By in turn are sending a signal 10 which
fjgk) : ij . X]-T its received symbols from the previousgepends onw;. This message synchronization implies

block of T symbols to transmit signals in the next blocihat we can focus our attention on the error probability of

In pa(r]gcular, bl[?ka]g of}T recei[\lie]d symbols is denoted® single sub-message= w; without loss of generality.
—1)T+1 T .
by Yi = {yj Y } and the transmit 2Note that in the equal path network we do not have “self-
interference” since all path-lengths frofto D in terms of “hops”
1The concept of time-expanded representation is also usgH,in are equal, though as we will see in the analysis that canyeasil
but the use there is to handle cycles. Our main use is to handlke taken care of. However we do allow for self-interferentehie
interaction between messages transmitted at differemstiman issue model and we choose to handle such loops, and more geneyaliy ¢

that only arises when there is interference at nodes. networks, through time-expansion as will be seen in Se@n



Now, since we have a deterministic network, thePutting these together, since all three would need to
messagev will be mistaken for another messagé is occur, we see that ir_(10), for the network in Figure
if the received signay},’ (w) underw, is the same as[ll-B] we have,
that would have been received undér This leads to a rrank G

. .. . - . . ’]) < - SvAz)
notion ofdistinguishability which is that messages v’ = b p p
are distinguishable at any nogeif y;(w) # y,(w'). pT1aNKGs5,0,)+1aNKG A, ) +1ANK G5, 0)Y 1 4)

The probability of error at decoded can be upper
bounded using the union bound as,

—1rankG ., 5,), -Trank G, »)

Note that since in this example,

RT N\ _ oRT (3) 3,y Gs a, 0 0
P 28R {w = '} =2 P{yD (W) =¥p (w)}' Gogo- = 0 Guap O ;
(9) 0 0  Gpp

For the deterministic network, this event, is random only
due to the randomness in the encoder map. Therefore, ) ) rrank G
the probability of this event depends on the probabilifite upper bound foP in (I4) is exactly2~ n0c),
that we choose such an encoder map. Now, we can wriléerefore, by substituting this back info {10) aht (9), we

Pw— '} = Z see that
- o . IQGAD . Pe S 2RT|AD |p—TminQEAD ranKGg,m)’ (15)
]P’{Nodes inQ can distinguishw, w" and nodes inf2° canno}(lO)
P which can be made as small as desired Af <

since the events that correspond to occurrence of the diéieea, rankGa <) log p, which is the result claimed

tinguishability sets € A, are disjoint. Let us examineln Corollory[2.3.

one term in the summation iR{L0). The distinguishability T"€se ideas motivate first focussing on layered net-
of w = wy from w' = w| for the nodesA;, A, are works as done in Sectidn]V. The major simplification

from signaISySB,ygz, for the nodesB;, B, are from that we get in this case is that the signals associated

ionaisv® v@ and for th _ L (3) with different messages do not get mixed in the network
signalsyy, ,y;, and for the receive it is y, (w). 44 hence we can only focus on one message. Note that

For nqtatlona! simplicity we _W'” drop the bl_OCk r]l,Jrr'b":’rS:‘;lnother simplification in layered (equal path) networks
associated with the transmitted and received signals [Qry -+ for a given node;, it is enough to choose the

this analysis. same encoding functioyfi; for each blockk.

For the cutQ = {5, A;, B}, a necessary condi- Now the general result for layered networks are proved
tion for the distinguishability set to be this cut is that 9 y P

ya.(w) = y 4. (w'), along withy 5. (w) = y . (w') and N two parts: first for linear deterministic model and then
yp(w) = yp(w'). Since the source does a random lined@r general deterministic model.

mapping of the message ontg(w), the probability that
ya.(w) =y 4, (W) is given by, V. LAYERED NETWORKS LINEAR DETERMINISTIC

MODEL

P{(Ir @ Gy a,) (e (w) = xs(w')) = 0 = p TTAMKG ), In this section we prove main corollariEs 2.3 2.4

since the random mapping given il (8) induces idor layered networks. In a layered network, for each
dependent uniformly distributests(w),xs(w’). Here, nodej we have a length; from the source and all
® is the Kronecker matrix product. Now, in order tqhe incoming signals to nodgare from nodes whose
analyze the probability that s, (w) =y, ('), We S€€ yigiance from the source ake= I, — 1. Therefore, as in

that sincey 4 (w) = w'), xa,(w) = x4,(w), ie., :
the sames}ilgAﬁ:E\I i)s se}rll?zu(ndér boﬂ(mzvll Ther(efo)re, we the example network of Figufe THB, we see that there

get the probability ofy 5 (w) = y 5, (w') given that the iS message synchronizatiore., all signals arriving at

distinguishability set i€2 = {S, A, B;}, as, node; are encoding the same sub-message.
/ _rrankG Suppose message, is sent by the source in blodk
P{(Ir @ Ga,,B,)(xa, (w) — x4, (W) =0} =p *+%2). then since each relajoperates only on block of lengths
Similarly we get, (12) T, the signals received at blodk at any relay pertain
to only messagev;,_;, wherel; is the path length from
P{yp(w) = yp(w')|distinguishability se2} source to relay. To explicitly indicate this we denote by
=P{(Ir ® Gp,,p) (x5, (w) — x5, (v')) = 0} yg-k) (wi—i,) € FIT as the received signal at blodkat

— pTrankGs, p). (13) nodej. We also denote the transmitted signal at bléck



a3x§.k) (Wp—1-y,) € IE‘gT which is obtained by randomly clubbed togethrand denoted byy(w),l = 1,...,d.

e RN .
mappingy' )(wk_1_zj) e FIT. Also, due to the time-invariant channel conditions we

Since we have a layered network, without loss &€ thatG, = Ir @ Gy, where © is the Kronecker
generality consider the message = w; transmitted product. Since we are trying to calculate the probability

by the source at block = 1. At node ; the signals thatz,(w) = z(w'),l = 1,...,d, and hence we need to

pertaining to this message are received by the relays; . L
block I;. We analyze dp-layer network, each layer issf'?'EI the probability thaty,(w) — w(w') lies in the null

a MIMO sub-network. Therefore, as in the analysis @Pace ofG; for eachi =1,...,d.
(10), we see that Now, if the distinct signaISyf.li)(w),ygli)(w’) re-
ceived at the nodes € ; could bejointly uniformly
PP < ofT 2 aeap and independentlynapped to the transmitted signals
P {Nodes in{ can distinguishw, w’ and nodes if2° canno} (16)w;(w), u;(w’), then we could say that the probability of

P this occurrence iSSISZ'ZeO?fV\?hUC!IIeSgggieCIearly this is
given by,
We defineGg, o- as the transfer matrix associated with R .
the nodes i to the nodes M. Note that since we P yw(w) — w(w') € N(Gl)} = prank(G) = - Trank(G),
have a layered network this transfer matrix breaks up into (19)
block diagonal elements corresponding to each of tHdowever, even though the signal$”)(w) are uniformly

; ndomly mappedndividually at each node € g,
Ip layers of the network. More precisely, we can crea e overall map across all nodes _/m'ﬂs also uniform,

d = Ip disjoint sub-networks of nodes corresponding tgnd hence the probability given 1 {19) is the correct
each layer of the network, with;(©2) nodes at distance one. Since the events in each of the stages/clusters are

I —1 from S that are inQ, on one side ang;(2) nodes independent, we get that

at distancel from S that are inQ¢, on the other, for d 3

I=1,...,lp. P {w(w) - w(w) € N(Go), L = 1,...,d} = [Tp
Each node € (5,(Q2) sees a signal related to = w; in =

blockl; = [ —1, and therefore waits to receive this block =7

and then does a random mappingxfb‘)(w) € IF;I,T The

randpm mapping is done as [d (8), py choosing a randomTherefore, we see that

matrix F; of sizeTq x Tq and creating

-T Zle rank(Gl)

—TZlerank(Gl)
W B (1) P<p . (20)
x; " (w) =Fiy;" (w) (17) . L .
Now the probability of mistakingo for w’ at receiver
The received signals in the nodgs ~,(Q2) are linear D € D is therefore
transformations of the transmitted signals from nodes / ST rank(G L (Q))
< =1 l
7 = {u: (u,v) € Ev € 5(Q)}. That is, its output Plo—w} < Q%\: b
depends not only on the transmittersdn but also other W D_Tmin rank(Gra o)
transmitters at distande- 1 from S that are part of2°. < 27p oot o
Since all the receivers in; are at distancé from S,
they form the receivers of the MIMO layédr and we

denote this vector received signala$w), and this can with blocks, G(Q2), we see thagfg) rank(Gy(Q)) =

be done for all layeré =1,...,Ip. Note that as in the (G if we declare am erfor ifany receiver
example network of Sectidn1IEB, for all the transmittind > (Gao:). y

. ) o , D € D makes an error, we see that since we haié
nodes in7 which cannot distinguish between «’ the : :
transmitted signal would be the same under hothnd messages, from th? union bound we can drive the error
w’. Therefore, in order to calculate the probability thaRrObab”'ty to zero if we have,

where we have usethp| < 2/VI. Note that we have
used the fact that sinc&g . was block diagonal,

nodes iny; cannot distinguish betweew,w’ or that R < min min rank(Gq.q-) log p. (21)
z;(w) — z(w') = 0, we see that DeD QeAp
zl(w) o zl(w') _ Gl [ul(w) o ul(w')] =1 8Just as in the received signals, in clubbing together thesinitted

) signals intou,;(w), we put together signals transmitted at g@me
. ) (18) time instant together. This can be done since we have brdken t
where the transmitted signals frond,,...,[3; are network into the clusters/stages with identical path leagt



Therefore for the layered (equal path) network withe., T5(Y;) onto typical set of transmit sequences.,
linear deterministic functions, since as seen in Sectidi(X;), as
[0 the cut-set is also identical to the expressionin (21), f(’f ( (k— 1>), (23)
we have proved the following result.

Theorem 4.1:Given a layered (equal path) Imeatwheref( is chosen to map uniformly randomly each
finite-field relay network (with broadcast and multlplesequence inl5(Y;) onto T5(X;) and is done indepen-
access), the multicast capacityof such a relay network dently for each blocks. Each relay does the encoding

is given by, prescribed by [(23). Given the knowledge of all the
c— (G ) 29 encoding function#}k) at the relays and signals received
g fon ran (Goq-)logp, (22) over K + |V| — 2 blocks, the decodeb € D, attempts

to decode the messadE sent by the source.
V. LAYERED NETWORKS GENERAL DETERMINISTIC ge y

MODEL B. Proof illustration

In this section we prove main theorefns]2.1 2.2Now, we illustrate the ideas behind the proof of The-
for layered networks. We first generalize the encodinrgem[2.1 for layered networks using the same example
scheme to accommodate arbitrary deterministic functioas in Sectiof III-B, which was done for the linear deter-
of (@) in Sectior V-A. We then illustrate the ingredientgninistic model. Since we are dealing with deterministic
of the proof using the same example as in Sedfionllll-Betworks, the logic uptd {10) in Sectién 1B remains
Then we prove the result for layered networks in Sectiahe same. We will again illustrate the ideas using the
V-Cl cut Q = {S,A;,B;}. As in Section[1I-B, necesary
condition for this set to be the distinguishability set is
thaty 4, (1) = y 4, (u'), along withy p, (w) = y 5, ()

We assume a clocked network as in Secfion lll-Aandy ,,(w) = y,,(w'). Notice that as in Section IIIIB,
Therefore, for such a clocked network, the deterministige are suppressing the block numbers associated with
model in [$) implies that the received signals. It is clear that far = w,, the

block numbers associated wi arel,2

yy} - g]({‘rz['t}}ié/\/’j)v = 17 27 e 7T' respectively §hA27YB2>YD ’ ’3
We have a single sources with messagelw <  Note that sincey; € T;5(Y;) with high probability,
{1,2,...,2TKR} which is encoded by the souréeinto Wwe can focus only on the typical received signals.
a signal overK'T' transmission times (symbols), givingLet us first examine the probability that,,(w) =
an overall transmission rate d?. We will use strong ya,(w’). Since S can distinguish betweem,w’, it
(robust) typicality as defined in [11]. The notion of jointnaps these sub-messages independently to two transmit
typicality is naturally extended from Definitidn 5.1.  Signalsxs(w),xs(w’) € T5(Xs), hence we can see that

A. Encoding for general deterministic model

Definition 5.1: We definex ¢ Tj if this probability is,
ve(z) — p(z)| < 0p(2), P {(xs(w'),ya,(w)) € T5(Xs,Ya,)} =271 (Xsi¥2),
. - (24)
where v,(z) = z|{t : z; = x}|, is the empirical Now, in order to analyze the probability thg;, (w) =
frequency. yg,(w'), as seen in the linear model analysis, we see

Each relay operates over blocks of tlrﬂesymbols that sincey »,(w) = ya, (W), xa,(w) = XAQ( ",
from the previous block of symbols to transmit S|gnalsfore since naturallyx 4, (w), y g, (w)) € Ty(Xa,, V),

in the next block. In partlcular block of T' received TE]V'Ol;Sly (xAzé ) Y, (w )|) edT‘s(ﬁ(Az’YBZ) o W%”
0T kT erefore, unden’, we already havexa,(w’) to be
symbols is denoted by = {yl syt

jointly typical with the signal that is received un-
and the transmit symbolsb;é) Choose some productder w. However, sinceA; can distinguish between
distribution [],.,, p(z;). At the sourceS, map each of w,w', it will map the transmit sequence,(w’)

the indices inW € {1,2,...,2TKR} choosefs (W) o a sequence which is independent afy, (w)

onto a seauence uniformly drawn from(X) which transmitted underw. Since an error occurs when
d y s (xa, (), x4,(), ¥ p,(w)) € T5(Xa,, Xa,,Y5,), and

is the typical se)t of sequences . At any relay gince 4, cannot distinguish between. w/, we also have
nodej choosef to map each typical sequencedif x4, (w) = xa,(w’), we require that(XAlyxAga}’B2)



generated likep(x4, )p(x4,,y,) behaves like a jointly layered network, as in the linear model case, this transfer
typical sequence. Therefore, this probability is given byfunction breaks up into components corresponding to
, - each of thelp layers of the network. More precisely,
P {Geas (@), %4 (), 5, () € Ts(Xas, Xaa Vi )} = we can createl i Ip disjoint sub-networks gf nodei
9= TI(Xa, ¥y Xag) W 9=TI(Xa, Ve[ Xay)  (25) corresponding to each layer of the network, witt<2)
Qodes at distance— 1 from 5, on one side and;(Q2)
nodes at distancé from S, on the other, forl =
1,...,lp. Each of this MIMO clusters have a transfer

where = indicates exponential equality (where w
neglect subexponential constants), dadfollows since
we have generated the mappingjs independently, it _ ) _
induces an independent distribution 6fu,, X 4,. An- function Gy(-),1 =1,..., lp associated with them.

other way to see this is that the probability 6f1(25) is. As in the linear moqel' each nodec 5(Q)) sees a
175X a, [ X0 1) signal related tav = w; in blockl; = I—1, and therefore

given by L which by using properties yits 10 receive this block and then does a mapping using

5( A .
of (robustly) typical sequences [11] yields the samg@e general encoding function given [ 123) as
expression as i (25). Note that the calculatiorid (25) is

o ) . ) (k) _ (k) (k=1)
similar to one of the error event calculations in a multiple x;(w) = ;" (y; (w)). (28)
access channel,
Using a similar logic we can write,

The received signals in the nodg¢ss ~,(Q2) are deter-
ministic transformations of the transmitted signals from
P {(xp, (w),x5,(w),y p(w)) € Ts(Xp,, Xp,Yp)} = NOdeSTi = {u : (u.v) € & v € n(S)}. AS in the
LK Yo X @ 0 TI(Xs. Yo X60) linear model analysis of Sectign]lV, the dependence is
2 Pite e =2 PrtpiRee), (26bn all the transmitting signals at distante- 1 from
Therefore, putting(24)E(26) together as doned (14) Wae source, not just th_e ones i C . Since all the
get receivers invy; are at distanceé from S, they form the
receivers of the MIMO layet, and we denote this vector
P < 27 TS JH(Xayi¥, [ X ) H X Y0 [ X0 )) - paceived signal agy(w), and this can be done for all
é@yersl =1,...,lp. Note that as in the example network
of SectiorV-B, for all the transmitting nodes i which
cannot distinguish between, w’ the transmitted signal
would be the same under bott andw’. Therefore, all
the nodes in7; N Q¢ cannot distinguish betweem, v’
P, < 2BT |\ p|2~ T mineeap I(YaeiXalXac) (27) and therefore

Note that for this example, due to the Markovian stru
ture of the network we can see ﬂdl(YQc; XqlXqe) =
I(X»97 YAz) + ’[(XAI ) YBz ’XAz) + ’[(XBI ) YD‘XBz)'
hence as in((15) we get that,

and hence the error probability can be made as small xj(w) =x;(w"), j€ TN
as desired ifR < mingep, H(Yq:|Xq-), Since we are
dealing with deterministic networks.

Hence it is clear that sinc&{x;(w)}jennae, zi(w)) €
Ts, we have that
C. General deterministic model: Proof for layered net-
As in the example illustrating the proof in Sectionherefore, just as in SectioD M-B, we see that the
[/-B] the logic of the proof in the general deterministi@robability thatz;(w) = z;(w'), is given by,
functions follows that of the linear model quite closely. N - o=TI(X7n0:Z1, X1 nae)
. . . . g ]P) — — 2 Ty NQ 4L ,NAT;NQ X 29
In particular, as in Sectioh IV we can define the bi- {Zl(w) Zl(w)} l l (29)
partite network associated with a ct Instead of a Since the events in each of the MIMO stages (clusters)
transfer matrixGq o-(-) associated with the cut, we haveare independent, we get that
a transfer functiorGg. Since we are still dealing with a ,
P{z/(w) =z(w),l=1,...,d} =

“Note that though in the encoding scheme there is a de-Hld_1 9-TI(X7n0:Z1,X1in0e) — 9T 30, H(Z|Xz000) (30)
pendence betweeX a,, Xa,,X5,,XB, and Xg, in the single- N
letter form of the mutual information, under a product distr Note that due to the Markovian nature of the layered net-

bution, X4,,Xa4,,XB,,XB,, Xs are independent of each other d _
Therefore for exampleYs, is independent ofXpz, leading to work, We see thab i, H(Z)| X7ina:) = H(Yo:| Xa:).
H(Ys,|Xa,, X5,) = H(Yg,|X4,). Using this argument for the From this point onwards the proof closely follows the

cut-set expressio(Yoe; Xo|Xqc), we get the expansion. steps as in the linear model from {20) onwards. Therefore




for the layered (equal path) network with general deter- Proof: By unfoldingG we get an acyclic determin-
ministic functions we have proved the following resultistic network such that all the paths from the source to
Similarly in multicast scenario we declare an erroaiify the destination have equal length. Therefore by theorem
receiverD € D makes an error, we see that since we.2 we can achieve the rate

RT . :
have2 messag(_es, from th(_e union bound we can drive Runf < max min H (Yo Xo-) (34)
the error probability to zero if we have, IT,cy p(z:) Q€A D

Xqe). (31) in the time-expanded graph. Since it takEssteps to
translate and achievable scheme in the time-expanded
Therefore we have proved the following result. graph to an achievable scheme in the original graph, then
Theorem 5.2:Given a layered (equal path) generahe Lemma is proved. [ |
deterministic relay network (with broadcast and multiple If we look at different cuts in the time-expanded graph
access), we can achieve any r&tdrom S multicasting we notice that there are two types of cuts. One type

R < max min min H(Yqe
Hie\} p(z;) DED QEAD

to all destinationsD € D, with R satisfying: separates the nodes at different stages identically. An
. . example of such a steady cut is drawn with solid line
It < nfﬁ’fmgﬁ% Qehp H(Yo:| Xa-) 32) figure[d (b) which separatels, A} from {B, D} at

all stages. Clearly each steady cut in the time-expanded

VI. ARBITRARY NETWORKS : -
_ _ raph corresponds to a cut in the original graph and
Given the proof for layered networks with equal path,reqver its value ik times the value of the corre-

lengths, we are ready to tackle the proof of Theotem Zgl,,nding cut in the original network. However there is
and Theorend 2]2 for general relay networks. 51 oiher type of cut which does not behave identically
The ingredients are developed below. First is thg{ different stages. An example of such a wiggling cut

any network can be unfolded over time to create ;@ yawn with dotted line in figurgl1 (b). There is no
layered deterministic network (this idea was introduc rrespondence between these cuts and the cuts in the

for graphs in [1] to handle cycles in a graph). ThSriginal network.

idea is to unfold the network td{ stages such that i-  \ o comparing Lemm&®.1 to the main theorem 2.1
th stage is representing what happens in the netwoik \yant to prove, we notice that in this Lemma the
during (i — 1) to 77" — 1 symbol times. For example in 5 pievaple rate is found by taking the minimum of cut-
flgurelj(a) a network with unequal paths frofhto D values over all cuts in the time-expanded graph (steady
is shown. Figuré]l(b) shows the unfolded form of th'ﬁnd wiggling ones). However in theoréml2.1 we want to

network. As we notice each node€ V is appearing prove that we can achieve a rate by taking the minimum
at stagel < i < K asw[i]. There are additional nodes ¢ ¢t yalues over only the cuts in the original graph

T'[i]'s andR[i]'s. These nodes are just virtual transmitters, similarly over the steady cuts in the time-expanded

and receivers that are put to buffer and synchronize gy ork. So a natural question is that in a time-expanded

network. Since all communication links connected t9.:1ork does it make any difference if we take the
these nodesI([i]'s and R[i]'s) are modelled as wireline inimum of cut-values over only steady cuts rather than

links without any capacity limit they would not impose, ¢\ts > Quite interestingly we show in the following

any constraint on the network. One should notice that j, ;4 that asymptotically ak — oo this difference
general there must be an infinite capacity link betwe?ﬂormalized byl /K) vanishes

the same node and itself appearing at different times| ojyma 6.2:Consider a general deterministic net-

however, here we are omitting these links which meagg, . ¢ Assume a product distribution ofw;};cy
. . .. 1 . 1y 1
we limit the nodes to have a finite memadfy Now we p({zi}tiev) = Ly p(z:). Now in the time-expanded

show the following lemma, (K) .
. : I graph, G+, assume that for each node € V,
Lemma 6.1:Assumeg is a general deterministic net {2, herexc are distributed i.i.d. according ta(z;) in

(K) . . .
work andg,’ is a network obtained by unfoldlr@over_ the original network. Also for any < ., < K and

K time steps (as shown in figuré 1). Then the foIIowm97éj 2,]t1] is independent of[t,]. Then for any cut
communication rate is achievable ¢h Q f(;n Zthe unfolded graph wejha\}e
un 1

1 :
R< e, oy, 005 Kag) G3) (- L41) min H(Yor|Xa) < H(Ye,

| Xa: ) (35)
(K)

_ 9V|-2
- WhereL = 2VI=2,

where the minimum is taken over all cuts in G



B

(a) An example of general determin-
istic network

Tk-2 o Thk—1] o Tk

O
g

(b) Unfolded deterministic network. An example of steadyscand wiggling cuts are respectively shown by solid andedbtt
lines.

Fig. 1. An example of a general deterministic network withegual paths from S to D is shown f). The corresponding unfolded
network is shown in(b).

Now since for any distribution {x;[t]}1<t<x are i.i.d distributed we can wrile
K-1
in H(Yqe | Xqe ) < K min H(Yq:|Xqe 36
Qurr?éI/{D ( Qunf Qunf) - 52}\2) ( Q Q ) ( ) H(Yﬂﬁnf XQﬁnf) - Z I’I(vaiJrl ‘le) (38)
i=1

we have an immediate corollary of this lemma

: . ... For simplification we define
Corollary 6.3: AssumegG is a general deterministic

network andg’ is a network obtained by unfolding Y(V1, V) £ H(Yy, | Xy,) (39)
over K time steps then then we have the following lemma, whose proof is in
] 1 ) the appendix.
Mg — oo 77 MAXTT | p(a,) MinQuer, H (Yog,[Xog) Lemma 6.4:Let Vy,...,V, bel non identical subsets

Xge)  (37) of V — {S} such thatD € V; for all 1 < i < I. Also

Now by LemmalB1l and corollafy 8.3, the proof ofssume a product distribution an, i € V.lThen
main theoreni 2]1 is complete. So we just need to prov - -
Lemmd6.2. First note that any cut in the unfolded grapﬁ?yl’ Vo)t A (Vier, V) +9 (Vi V1) 2 Z (Vi Vi)
Qunt, partitions the nodes at each stage ¢ < K to U; =l (40)
(on the left of the cut) and; (on the right of the cut). If \where fork =1,...,1,
at one stageS[i| € V; or D[i] € U; then the cut passes -
through one of the infinite capacity edges (capadity) Ve = _ U Vi n--0Vy) (A1)
and hence LemmB 8.2 is obviously proved. Therefore R e
without loss of generality assume thafi] € U; and  sas in Section[V:B, under the product distribution the mutual
Dli] € V; for all 1 <i < K. Now since for eachi € V, information expression of the cut-set breaks into a sunonati

= maXHiev p(z;) IHiIlQEAD H(YQC
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of times thatv appears inV;’s. To prove it assume that
appears inV;'s is n. Then clearly !

!
vef/j7 j=1,...,n 48) Zw(Vi,Vi) = ;H(Y‘;JXE) (57)

~ l
Now for any;j > n any element that appears in edéhmust _ H(Y~ X)) — -\ (58
appear in at least of V;’s and sincev only appears im of ; ( Vi Vi) ; ( VY‘)( )

Vi’s therefore, )
Now define the set

v ¢ f/j, i>n (49)
herefore Wi={Yy,, Xy}, i=1,...,1 (59)
ilv e Vi} = [{jlv € T3} = n (50) whereV, = V,. Since by lemm&1l2 we have
l
u > H(Xy,) ZH (60)
Lemma 1.3:Let Vy,...,V, bel non identical subsets of i=1

V — {S} such thatD € V; for all 1 <14 <. Also assume a

T ) we just need to prove that
product distribution onX;, ¢ € V. Then

l l
H(Xy,) 4+ H(Xy,) = H(Xy) 4+ H(Xy,) (51) > H( Z (Y, Xy, (61)
i=1 i=1
where Vi's are defined in Lemmb 8.4 anH (.) is just the Now by since entropy is a submodular function by Lemma
binary entropy function. 1.4 (k-way submodularity) we have,
Proof: For anyv € V define . .
no = il € Vi) 52 2 HW) 23 HOW) 2
and where
= |{jlv € V;}| (53) i = U Wi, n---0W; ), r=1,...,1 (63)
Now sinceX;, i € V are independent of each other we have R S

Now for anyr (1 < r <) we have
H(Xvy,)+- -+ HXy) = Znu Xu) (54)

veV
V~VT = U (Wi1 ﬂ'--ﬂWiT)
and {ila"'vir}g{lv“'vl}
H(Xg)+-+H(Xy)=> nH(X,)  (55) _ U (Yo, Xy, }0-0{Yy X}
m ey {ila"'vir}g{lv“'vl}
By lemm we know that, = 7, for all v € V hence the _
lemma is proved. m - . L}Jc{l l}({Yvilm...mvi,‘ ) XV(il—l)ﬂ»»»ﬂX\;(”fl) })
The following Lemma is just a straight forward general- e
ization of submodularity to more than two sets (see also [8], = {YUM ’’’’’ ; }(1;1,]r1mrm-T),XU“1 ,,,,, ir}(V(il,l)ﬁ---ﬁv(ir,l))}
Theorem 5 where this result is applied to the entropy fumctio = (Y. X5}
which is submodular). "
Lemma 1.4:LetV, ...,V be a collection of sets. AssumeTherefore by equatiof_(62) we have,
that¢(-) is a submodular function. Then, . .
V) 4ot V) =€) - +E(T) (56) 2HW) 2 ) HOW) (64)
whereV;’s are defined in Lemmia 8.4. _ l o
Now we are ready to prove Lemrha®.4. First note that - ZH (65)

YV, Vo) + - A0 (Vien, V) + (Vi V) = Hence the Lemma is proved.
H(YV2 ‘XV1) + -+ H(YVL |XV171) + H(YVI ‘le) =

H(YV27XV1)+"'+H(YV17XV171)+H(YV17XVZ)_ZH(XV',)

and
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