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Abstract

We analyze the capacity of a Multiple Input-Multiple Output (MIMO) fading channel in
which the fading process varies slowly over time. We assume that neither the transmitter nor
the receiver have knowledge of the fading process, and analyze the capacity of the channel in
the large signal to noise ratio, and slow channel variation regime. In all regimes of practical
interest the use of multiple antennas provides large capacity improvements. This capacity im-
provement can be seen as the benefit of having multiple spatial degrees of freedom. We present
a communication scheme that achieves the full number of degrees of freedom of the channel with
tractable complexity.

1 Introduction

Recent information theoretic results suggest that in richly scattered wireless environments, systems
with multiple transmit and multiple receive antennas (MIMO systems) can have very large capaci-
ties. In particular, Foschini and Gans [1] and Telatar [2] considered a channel with n; transmit and
n, receive antennas, with Rayleigh flat faded channel gains i.i.d. across antenna pairs, and showed
that at high SNR, the capacity of this channel grows like min(n¢,n,)log SNR for large SNR. This
yields a min{n,n,}-fold increase in capacity over a channel with a single transmit and a single
receive antenna. The parameter min{n;,n,} can be interpreted as the number of degrees of freedom

(d.o.f.) of the channel: the dimension of the space over which communication can take place.

The above result assumes that the receiver can perfectly track the fading gains of the channel
(so-called perfect channel state information CSI at the receiver). In high mobility applications, this
may not be a reasonable assumption. Moreover, in the high SNR regime where the amount of
noise is small, it is conceivable that the impact of channel uncertainty on performance is more
pronounced. This leads to the question: what is the high SNR capacity of time-varying fading
channels without the prior assumption of CSI? Towards this end, Lapidoth and Moser [3], building
on earlier work by Taricco and Elia [4], recently showed a contrasting result: that at high SNR, the
first order term of the capacity is log log SNR, regardless of what the number of transmit and receive
antennas is. Thus, not only does capacity grow much slower than in the case with perfect CSI, but
this result also suggests that without CSI, the performance gain from having multiple antennas, if
any, will only appear as a second-order effect. The increase in the number of the degrees of freedom
has minimal impact.



Does this then suggest that the perfect CSI results are very fragile? Even though [3]
explicitly incorporates the channel variation (and the associated uncertainty) in its model, this
result is still asymptotic in the SNR and thus one has to be careful in interpreting its regime of
validity. In particular, since the channel variation process is fixed while the SNR . is taken to infinity,
it is conceivable that the loglog SNR growth only occurs when the noise level is much smaller than
the amount of channel variation from one sample to the next. However, typical wireless channels
are underspread, which means that this variation is small. Thus, one has to look at the effect of
the SNR and the amount of channel variation simultaneously to get a more complete picture.

In this work, we would like to put forth such a picture. Suppose the fading process for each
channel gain is Gauss-Markov with a one-step MMSE prediction error of ¢ from sample to sample.
For underspread channels, € is small. We propose that the capacity C'(SNR,€) of an underspread
MIMO fading channel (without CSI) for SNR > 1 and € < 1 can be described in three regimes:

Regime 1: SNR < 1/e

C(SNR, €) ~ min{n¢, n,}log SNR.
Regime 2: 1/e < SNR < exp (6* min{”f’m})

C(SNR,€) ~ min{n, n, }log1/e.
Regime 3: SNR > exp (e_ mi“{”t’”r})

C(SNR, €) ~ loglog SNR.

In the first regime, the channel prediction error is smaller than the inverse of the SNR.
The system is noise-limited and its capacity behaves as though there is perfect CSI at the receiver.
In the second regime, the SNR is now larger than the inverse of the channel prediction error and
the system is now limited by channel uncertainty. However, when the SNR gets much larger, the
Lapidoth-Moser regime kicks in and the system is again noise-limited, albeit with a much smaller
growth rate. The important point is that in both regime 1 and 2, the capacity is proportional to
the degrees of freedom in the channel.

To get a feeling of the values of SNR that separate the three regimes consider an n, = n; =4
system. For urban environments with mobile speeds in the order of 5 — 50 km/h, with carrier
frequencies ranging from 800 Mhz to 5 Ghz the threshold between regimes 1 and 2 can range from
17.4 to 40 dB, while the threshold that separates regimes 2 and 3 can range from 4.1-107 to 4.3-10'6
dB. For indoor environments these thresholds are even larger.

In the rest of this paper, we present quantitative results to support this picture as well as
quantify when regime 3 kicks in. We argue that typical wireless scenarios fall in regimes 1 and
2 but rarely in 3. This suggests that in underspread fading channels, multiple antennas provide
significant gains and the concept of degrees of freedom is a useful measure of that performance
gain, even without the assumption of perfect CSI.

We will use lowercase or uppercase letters to represent scalars, boldface lowercase letters
for vectors, uppercase calligraphic letters for sets, and boldface uppercase letters for matrices. For



example we write n for a scalar, v for a vector, A for a set and H for a matrix. We will denote
by vA the vector with components v[n] for n € A, where v[n] is the nth component of v. We
use h(-) to represent differential entropy to the base e, 1(-) for the indicator function, log(-) for
natural logarithm, and d; ; for the Kroneker’s delta function. We write H” for the transpose, H*
for the conjugate, and H' for the hermitian (conjugate transpose) of the complex matrix H and

we represent the kxk identity matrix by Ij. Finally we write ||v|| for the Ly norm of the vector v,

ie. |[v|| = vVvlv, and |[H|p for the Frobenius norm of the matrix H, i.e. |H||p = /tr(HHT).

2 Channel Model

Throughout this work we will use a flat fading Rayleigh, discrete-time, baseband model. We will
consider the general case when 7 transmit and 7, receive antennas are used. The channel equation
is:

yln] = Hn]x[n] + 1/ (n:/SNR)z[n] (1)

where y[n] € C" is the channel output, x[n] € C™ is the channel input with average power con-
straint Y2, E[||x[n]||?] < Bny, z[n] ~ CN(0,I,) is circularly symmetric white complex Gaussian
noise, SNR is the signal to noise ratio, and H[n] € C"*"¢ is the fading matrix with i.i.d. (indepen-
dent and identically distributed) circularly symmetric complex Gaussian components of zero mean
and unit variance. The time variation of the channel is modeled by a Gauss-Markov process:

H[n + 1] = V1 — eH[n] + V/eW[n] (2)

where W([n| € C"*"t has circularly symmetric complex Gaussian components of zero mean and
unit variance, independent across rows, columns and time indices n, 0 < n < B. The coherence
time of the channel is controlled by the parameter e € R, 0 < e < 1. As € — 0 we get the limiting
case of a constant channel. Also H[0] has zero mean, unit variance complex Gaussian independent
components.

We will use the channel by grouping input symbols in blocks of size B, i.e. xV = (x[1],...,x[B]) €

C"*B where N = {1,..., B}, and compute the channel capacity using the following expression:
1
C(SNR,¢) = lim sup EI(xN; V) (3)
e p(N)

S8 Bllxnli2<Bag

The above maximization is performed by selecting a channel input distribution among all
possible input distributions that satisfy the power constraint. Note that the channel matrix Hn]|

is unknown at both the transmitter and the receiver. No closed form expression for (3) is known.

It is useful to compute the typical values of € for different applications. Since we are dealing
with a flat fading channel, the signals must be restricted to a bandwidth of the order of the coherence
bandwidth of the channel W, [5]:

W — (4)



where ¢ is the RMS delay spread of the channel. We note that it is possible to define W, in different
ways, and here we are only interested in doing an order of magnitude calculation. Measured values
of o, range from 1us to 2us in urban environments and from 10ns to 100ns in indoor environments,
[5] and references therein. The bandwidth of the channel determines the sampling interval used in
the discrete time model. If the passband channel has a bandwidth W, the baseband representation
has a bandwidth W,./2 and the sampling theorem allows us to take samples at a rate W, without
loss of information. The coherence time of the channel 7, represents the time over which the
fading coefficients are highly correlated. If we define T, as the time over which the auto correlation
function is above 0.5 of its value at 0 then [6]:

9
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e~ (5)
where f, is the maximum Doppler shift given by f,, = v/A, where v is the mobile speed and X is
the wavelength. We can compute the autocorrelation of the process defined by (2), set it equal to

1/2 and solve for the corresponding value of e:

-1 _2TC_V2VC ~ 2log 2
TCWC

(6)

where the approximation is done for T.W, > 1. When T.,W, > 1 the channel is said to be
underspread [7], in which case we have ¢ < 1. For indoor environments e ranges from 3 - 1077 to
10~* for mobile speeds of 1 — 5km/h and carrier frequencies ranging from 800MHz to 5GHz. For
slow fading outdoor environments with mobile speeds of the order of 5km/h ¢ varies from 10~ to
1.8 - 1073 for the same range of carrier frequencies. Even in a fast fading scenario with a mobile
speed of 50km/h and a high carrier frequency of 5GHz, ¢ is still only 1.8 - 10~ 2. This suggests that
the regime of ¢ — 0 is a natural one to look at.

The other parameter of our model that we want to consider is the SNR. We will analyze
different high SNR regimes depending on how the SNR compares to 1/¢, so it is useful to have an
idea of the practical values that the SNR can take. There are a number of factors that limit how
large the SNR can be. In multi-user systems that are interference limited, the SNR is limited by
the number of users that are sharing the channel® . In multi-user systems where the users are kept
orthogonal in time, frequency or code, the achievable values of SNR are generally much larger. But
even in point to point links there are a number of factors that limit SNR such as antenna effective
noise temperature, receiver noise figure, quantization noise, etc. In practice it is difficult to achieve
values of SNR much larger than 30dB.

3 The Three Regimes

The input symbols of the channel (1) are vectors in C™. The rank of the matrix H[n| determines
how many of these dimensions are resolvable at the receiver. The assumption that H[n| is formed
by i.i.d. Gaussian components implies that H[n] is full rank with probability one. If n, < n; the
received signal is a vector in C"” so at most n, of the n; dimensions of the input vector can effectively

'In fact when there is interference SNR is to be interpreted as signal to interference plus noise ratio.



be resolved. If on the other hand n, > n; the information bearing component of the received signal is
contained in a subspace of dimension n; of C"". Therefore in both cases rank(H[n]) =,.;. min{n, n, }
determines how many d.o.f. the channel offers for conveying information. This intuitive argument
based on the physics of the channel is backed up by the result [1, 2] that for large SNR the capacity of
the channel (1) grows as min{n, n, } log SNR when the channel realization is known at the receiver.

Based on this we define the number of degrees of freedom of the channel to be min{n;,n,}.

Now the following question arises: do the degrees of freedom still determine the capacity of
a fading channel without the assumption of CSI? To answer this question we start by presenting an

asymptotic lower bound on the capacity C(SNR,€), asymptotic for high SNR and small prediction
error .

Theorem 1

lsi'%_i)nf{C(SNR, €) — Numin log [min(SNR, 1/€)] — K1(ny,n)} > 0 (7)

€e—0

where Ny, = min{n,,ni}, and Ky(n,,n;) is some constant independent of € and SNR.

Proof: See Appendix B. |

This bound and the non-asymptotic version that we present later in this section can be
derived by using Gaussian inputs which are i.i.d. across time and space. We leave the proofs of
these theorems for the appendices, and focus on the implications of these results.

If the receiver were to predict the channel from previous values of the channel gains, the
prediction error would be e. On the other hand 1/SNR is proportional to the noise power. By
comparing these 2 quantities we can differentiate 2 regimes of operation. For large SNR and small
€, with SNR < 1/e, the lower bound behaves as 1, log SNR+ K (n,,n¢). In this case the prediction
error is negligible as compared to the noise power and the performance is similar to that of the
channel with perfect CSI at the receiver. As SNR is increased beyond 1/e the lower bound takes a
constant value (as a function of SNR) given by nmin log(1/€)+ Ki(nr,n:). In this case the prediction
error becomes dominant and any additional reduction in noise variance does not have a significant
impact on the lower bound.

We see that #; = 1/e establishes a threshold on SNR that separates 2 regimes of operation:
the regime where the capacity is limited by the noise, and the regime where the capacity is limited
by the channel prediction error. In both cases we see that increasing n,;, results in improved
performance. Irrespective of the source of uncertainty (prediction error or noise) g, plays a
significant role in the lower bound and, as will be shown later in this section, on channel capacity.

In the next section we present a communication scheme that achieves the lower bound
(7), using i.i.d Gaussian inputs, interleaving, decision-oriented channel estimation and weighted
minimum Euclidean distance decoding. The analysis of the performance of this scheme shows that
the achievable throughput can be lower bounded by the capacity of a Gaussian fading channel with
perfect CSI at the receiver and with a noise term with variance that depends linearly on SNR™!
and €. We see that channel estimation error results in an increase in noise variance that depends
linearly on €. Both in regimes 1 and 2 the degrees of freedom of the channel have the same role in
capacity: that of defining the dimensionality of the space over which communication takes place.



The difference between regimes 1 and 2 is the dominant noise term; additive Gaussian noise and
channel estimation error respectively.

However we note that the lower bound (7) is not tight for very large SNR. As is shown
in [3] channel capacity ultimately grows as loglog SNR. We must then define a third regime of
operation. This regime corresponds to the range of SNR’s for which the doubly logarithmic term
has a significant influence on the high SNR capacity expansion. For this to occur the loglog SNR
term must be comparable to the value of the capacity, which must be at least as large as the
lower bound (7). So we define a second threshold, #; = exp[(1/€)"mi»] which corresponds to the
value of SNR that makes loglog SNR of the same order of the lower bound. The range of SNR’s
corresponding to the third regime must therefore lie to the right of 5. In this third regime increasing
the number of transmit or receive antennas beyond 1 does not produce a significant increase in C,
so we cannot fully exploit any of the available degrees of freedom. Basically, communication over
all of the degrees of freedom becomes limited by channel uncertainty and the additional SNR can
only be exploited by conveying information in the norm of the input and output vectors. This
method of conveying information does not take advantage of the increase in dimensionality, and if
this is the main term of the capacity we don’t observe significant gains in the addition of degrees
of freedom.

It is interesting to note that 0 grows doubly exponentially with 7,,;,, or equivalently 6
grows exponentially in dB with n,,;,. Thus, the range of SNR values for which the third regime is
relevant increases very rapidly with the number of antennas. To get an idea of the typical values
that 6; and 05 can take, we can compute them for the extreme values of €, corresponding to the

minimum and maximum mobile speeds and carrier frequencies, considered in Section 2 2:

Environment | ny =n, | € (max) | € (min) | ¢; (min) | 6; (max) 02 (min) 02 (max)
Indoors 1 10% [3-107| 40dB 65dB | 4.3-10°dB | 1.4-107 dB
Indoors 4 10* |[3-1007| 40dB 65dB | 4.3-10%dB | 5.4-10% dB
Urban 1 0.018 107* | 17.4dB | 40 dB 241 dB 4.3-10* dB
Urban 4 0.018 100* | 174dB | 40dB | 4.1-10" dB | 4.3-10'6 dB

From this table we see that in practice, the third regime of operation requires extremely
large values of SNR, values which increase very rapidly with n,,;,. In practical systems these values
of SNR are never attained.

To see the effect of the increase in d.o.f. on the lower bound for specific values of ¢ and SNR
we include a non-asymptotic lower bound on channel capacity derived using information theoretic
principles:

Theorem 2

Nimax

>

k=nmaz _(nmin _1)

min{SNR, SNR*}
T X

C(SNR, €) >

E [log (1 + %kﬂ + n,nelog(2)

2
— nyntlog [min(SNR, SNR*)ni +2—€e+ \/(min(SNR,SNR*)ni +2- e) —4(1 - e)‘
t t

(8)

2Here 6;(min) corresponds to the maximum value of ¢ and #;(max) to the minimum value of € for a particular
scenario.
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Figure 1: Capacity lower bound as a function of the = Figure 2: Capacity lower bound as a function of the
SNR (p) for different values of n; = n,, and € = 107%. SNR (p) for different values of n: = n,, and € = 0.01.
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would cross the curve corresponding to n, = n; = 1 at would cross the curve corresponding to n, = ny =1 at
SNR = 43000dB. The crossing points for the other curves SNR =~ 400dB. The crossing points for the other curves
occur at much larger values of SNR. occur at much larger values of SNR.

where Ny, = min{n,, ni}, Npee = max{n,,ni}, X%k is a x> random variable with 2k degrees of
freedom, and

. ng . n2.in(2=6)+/4n} ;. (1—¢)+e2n? , n2nl if n > 1
SNR* = € n2ni—n2 max (9)
(%) if Mpmez =1

Proof: See Appendix A. |

Figures 1 and 2 show the value of this lower bound for different number of transmit and
receive antennas as a function of the SNR for ¢ = 10~* and € = 1072 respectively. We observe that
for all practical values of SNR increasing the number of degrees of freedom results in a considerable
improvement.

The performance analysis of the communication scheme presented in the next section also
provides a lower bound on channel capacity. Because of the bounding techniques used, the resulting
lower bound is not as tight as (8) for certain values of the parameters, so we include both bounds
for completeness.

Motivated by the lower bound in Theorem 1, we argued that increasing the number of
degrees of freedom of the system can be exploited in the first 2 regimes. However, the lower
bound gives only partial information about the capacity of the channel. For the conclusions to
be fundamental we need to complement the argument with an upper bound that shows the same
behavior as the lower bound for large SNR and small e. Particular focus is on regime 1 and regime
2 which cover most common wireless scenarios.

We present the following asymptotic upper bound on the channel capacity.

Theorem 3 Let ny > n,. Then,

limsup [C(SNR, €) — {nmin log [min(SNR, 1/¢€)] + log(log SNR) + Ka(n,,n:)}] <0 (10)
SNR— o0
e—0



where Ny, = min{n,,n} and Ky(n,,n;) is some constant independent of SNR and e.

Proof: See Section 5.1. [ |

Theorem 3 together with Theorem 1 allow us to tightly characterize the behavior of channel
capacity in the first 2 regimes for the case ny > n,. As before we focus on the scenario when € =~ 0
and SNR > 1.

For the case when SNR < 1/¢, the above asymptotic upper bound gives
Nymin 10g SNR + log log SNR = 7,5, log SNR,

which matches the lower bound in regime 1 (to within a constant not depending on SNR and e.)

For the case when SNR > 1/e but SNR < exp(1/¢), the above asymptotic upper bound becomes
Tumin 10g 1/€ + loglog SNR = 1, log 1 /e,
which matches the lower bound in regime 2.
Finally for the case SNR > exp(1/¢) we can approximate
Tmin 10g 1/€ + log log SNR = log log SNR,
in accordance with the Lapidoth-Moser result whenever n; > n,.

For the case n; < n, we present an alternative upper bound:

Theorem 4 Let ny < n,.. Then,

limsup [C(SNR, €) — {nmin log [min(SNR, 1/¢€)] 4+ n;log(log SNR) + K3(n,,ns)}] <0 (11)
SNR— o0
e—0

where N, = min{n,,n;} and Ks(n,,n;) is some constant independent of SNR and e.

Proof: See Section 5.2. |

This bound differs from (10) in that the coefficient of the loglog SNR term is n; instead of
1. Since the doubly logarithmic term is negligible compared to the other terms in regimes 1 and 2,
this bound also matches the lower bound in the first two regimes. However in the third regime we
conjecture that this bound becomes loose and fails to characterize the Lapidoth-Moser behavior.

In summary, regardless of the values n, and n; the lower and upper bounds match for
regimes 1 and 2, which as we saw in the examples (cf. Table 1) are the regimes of most practical
importance. In these two regimes the increase in the number of degrees of freedom (n,:y,) results

in considerable capacity improvements.

4 Communication Scheme for Regimes 1 and 2

The derivation of the lower bound (7) suggests using i.i.d. circularly symmetric complex Gaussian
inputs and maximum likelihood decoding. If the channel fading process is known at the receiver, the
optimum decoding strategy reduces to minimum weighted Euclidean distance decoding (MWEDD).
In practice the channel is unknown, and to use MWEDD we need to have an estimate of the channel.
Here two problems arise:



o Channel estimation: if we use pilot sequences to estimate the channel, a fraction of the
available degrees of freedom is wasted in training. We need to find a scheme that can estimate
the channel without spending a significant amount of time in the training process.

e Estimation error: due to additive noise and channel variation, any estimation strategy will
have a non-negligible channel estimation error. This error appears as an extra noise term in
the channel equation, and this term is not independent of the input. Then, MWEDD is no
longer the optimal decoding scheme and we have to prove that i.i.d. circularly symmetric
complex Gaussian inputs and a mismatched decoder can still achieve the full number of
degrees of freedom.

To tackle the channel estimation problem, we propose a decision-oriented training scheme.
We use i.i.d. circularly symmetric complex Gaussian codewords of length B and we interleave M of
them with a block interleaver. At the beginning of each interleaved block of length M we append
the training sequence I,,,, i.e. we send at timen = k(M +ny)+m, k=0,1,...,B—1, alin transmit
antenna m leaving the remaining antennas silent. Figure 3 shows a schematic representation of the
transmission scheme.

codeword #
n, 123 M, . S

iy 5 51
g R g R i g Ry
A1 o IR Bl S e s
51

I IS

training

B interleaved blocks

Figure 3: Schematic representation of the transmission scheme. Symbols of the same codeword have the same
shading. B is the codeword length, M the interleaver block length, and n; the number of training symbols used in
each interleaved block.

Broadly speaking, the scheme consists of using the training sequences to obtain estimates
of H[n| at times n = k(n;+ M) +n;+1 for k =0,1,...,B —1, and using these estimates to decode
the first codeword of length B. Assuming that an appropriate coding rate is used, an arbitrarily
small probability of decoding error can be achieved by choosing B large enough. Once the first
block is successfully decoded, the symbols x[n|, n = k(ny + M) + n; + 1 for k = 0,1,...,B — 1,
are known to the receiver and can be used as if they were training symbols to estimate H[n],
n=k(nt+M)+n;+2for k=0,1,...,B — 1. These estimates are then used to decode the second
codeword. Continuing in this way, at each step the scheme uses the previously decoded codeword to
update the estimates of the fading matrix, which are then used in the decoding process of the next
codeword. We can make the fraction of time spent in the transmission of the training sequences
arbitrarily small by taking M large enough. We finish the description of the scheme by specifying
the estimation algorithm, the decoding rule, and the transmission rate used.



4.1 Channel estimation

Consider the received vector when we send the first training symbol:

1

0 n n
YW =HI | | |+ ggel = mll +/ oygell

0

where hj[1] is the first column of H[1]. The optimal MMSE estimate of h;[1] given y[1] is the
conditional expectation E {hi[1]|y[1l]}. To simplify the analysis we use the suboptimal estimate
hi[1] = y[1], which is a good estimate for large SNR. In general we will estimate the channel fading
matrix at time n = k-L+n;+1, (L = ny+ M), i.e. the time when we transmit the first information
symbol of the interleaved block k, using:

Flk-L4m+1)=|ylk-L+1] yk-L+2 - y[k-L+mn] |

with Alk-L+n;+1] = H[k- L+ n; 4+ 1) — H[k - L + ny + 1] as the corresponding estimation error.
In order to characterize A we will focus on the estimation error in hy[1] given by \/n;/SNRz[1]
which has covariance gifzI,,. Our goal is to compute the covariance of the estimation error at
time n = ny 4+ 1, i.e. the time when the first information symbol is transmitted. Due to channel
variation, the estimation error at time mn; + 1 contains an additional independent CN (0, nel,, )
term®. Therefore, the overall estimation error of the first column of H at time n; + 1 is circularly
symmetric complex Gaussian with covariance n;(SNR™! + €)I,,,. Also, the estimates of the other
columns of H, i.e. hy[n;+1] = y[i], contain a smaller prediction error due to channel variation, so we

can upper bound the variance of the estimation error of all the elements of H by n;(SNR™! +¢). We
also note that the estimation error A is circularly symmetric complex Gaussian with independent
components.

Consider the problem of estimating H[n+1] based on a previous estimate H[n], the currently
received vector y[n| and the successfully decoded symbol x[n]. This is a Gaussian estimation
problem, for which the optimal solution is given by the Kalman filter. We can simplify the derivation
of the Kalman filter equations by noting that conditioned on x[n] the estimation of the different rows
of H[n] decouples into n, independent estimation problems. This result requires the independence
of the rows of A[n; + 1] which was shown above. Therefore without loss of generality we will

consider the estimation of the first row of H, which we will denote by h”'.

Assume that at time n we have an estimate h[n] of h[n], and that the estimation error

d[n] = h[n| — h[n] has zero mean and covariance K[n]. We also assume that x[n| has been success-
fully decoded and is known to the receiver, together with the received signal in the first antenna,

y[n]. We want to obtain hjn +1] = E [h[n + 1]| y[n], x[n], fl[n]] and the covariance matrix of the

corresponding estimation error, K[n + 1. We use w[n]T to denote the first row of W{n], and

3We have made the approximation /1 —e &~ 1 when computing the variation of the channel matrix. This
approximation is valid for € — 0 for any finite n;.
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consider

hin + 1] = VI — ch[n] + vew[n] = V1 — ¢ (A[n] + [n]) + vew[n]

to get the updated estimate
bln + 1] = B [b[n + 1)ly[n), x[n], B[n]| = V1= ehln] + VI — €E [o[n]ly[n], x[n], B[n)]  (12)

where we used the fact that w[n] is zero mean and independent of y[n], hin] and x[n]. We also

need the conditional covariance of the estimation error 8[n + 1] = h[n + 1] — h[n + 1]:
K[n + 1] = Cov(é[n + 1|y[n], x[n], h[n]) = (1 — €)Cov(d[n]ly[n], x[n], h[n]) + €L, (13)

where we used the independence of w[n] with everything else.

To compute the expectation in (12) and covariance in (13) we need the joint distribution of
[y[n]6[n)T]T conditioned on h[n] and x[n]. This distribution is complex Gaussian, so we only need

to compute the first and second moments*. Letting z[n] denote the first element of z[n] we can

yln] = B[] x[n] + 5ln]"x[n] + |/ s i=2n]

and noting that z[n] is independent of everything else, we have that conditioned on h[n] and x[n],

write

y[n] has mean h[n)"x[n] and covariance (x[n]” K[n]x[n]* +n;/SNR). By the orthogonality principle
8[n] is independent of h[n], and is also independent of x[n]. Therefore, conditioned on h[n] and
x[n], §[n] ~ CN(0,K][n]). Finally we have,

B [yfalotl ol xlal] = B[S0l il + a1l il + o s1nlotal| ), o]
= x[n]TK][n]

It follows that

and

]y ; [ x"Kinlxinl* + g xln)" K
E{ l g[n] ] [ y[n]* oln]t ]‘h[n],x[n]} = l K{nJx[n] SNR i ]

We can now get the distribution of §[n] conditioned on (y[n], hin], x[n]) which is complex Gaussian,
by obtaining the corresponding moments:

B (st i), Bl xol] = Klnlxtal* (Xl Kpnfxlnl* + onie ) (vfn] — B xin)
Cov [sfallyin) il xil] = Kln] — (<l Kiulelal* + gne ) Kiafxial* K

4The centered version of this random vector is circularly symmetric, so we only need to compute the mean vector
and covariance matrix, knowing that the pseudocovariance matrix is zero.
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We finally replace in (12) and (13) obtaining:

nt -1 ~ T
hin+1] = V1—eh[n]+v1—¢ [K[n]x[n]* (x[n]TK[n]x[n]* + SN—R) (y[n] — h[n] x[n])]
n -1
Kin+1] = (1-9 [K[n] ~ (X K] + gyt ) Klnlx{o] <l Knl| + el (14)

It is interesting to note that K[n + 1] does not depend on y[n] and h[n] so the estimation
errors corresponding to all the rows of H[n] have the same covariance. However, the estimates for
the different rows of H will be different in general.

4.2 Decoding

Define Ny ={n:n=(ni+ M)k+n,+m,k=0,...,B—1}, for m =1,2,..., M, i.e. the set of
times when the symbols corresponding to the mth codeword are transmitted. The decoding of the
mth codeword is based on the received vectors {y[n] : n € N,;,} and the estimates of the channel

fading matrix {H[n] : n € N, }. Define Y, to be the matrix whose columns are the received vectors
corresponding to the mth codeword, and Vj to be the matrix whose columns are the vectors of
the form H[n]x,[r] for n € Ny, and r € {1,2,..., B}, where k denotes the codeword index in the
codebook. Then the decoding rule for the mth codeword is given by:

~

km = argmkin Y — Villr

This is a weighted minimum Euclidean distance decoding rule. The vectors of the candidate
codeword k are weighted by the estimates of the channel fading matrices, and then compared to
the received vectors to find the one which is closest in Euclidean distance.

If the fading matrices where perfectly known at the receiver, then this decoding rule would
correspond to maximum likelihood decoding, which minimizes the probability of decoding error.
However, in practice there will be some estimation error in the fading matrices, and there is an
additional noise term that is not Gaussian and is not independent of the channel input. In this case
WMEDD is no longer optimal, but as we show next, it lets us achieve the full number of degrees
of freedom of the channel in the first two regimes.

4.3 Coding rate

In this subsection we obtain a lower bound on the maximum rate achievable with our communi-
cation scheme. Once this lower bound is found, we can build a family of codebooks, each with an

appropriate number of codewords so that the error probability goes to zero as the block length goes
to infinity.

We start by characterizing the channel that results from our communication scheme. As
M — o0, the estimation errors {A[k(n; + M) +n; +m]}2_} and the channel estimates {FI[k(n; +

M) +n+ m]},}f:_o1 become independent over k, so the mth transmitted codeword sees an equivalent

12



channel given by:

y[n] = Hln)x[n] + Aln)x[n] + ”SITiI—tRz[n] = H[n]x[n] + z[n] (15)

where z[n] = A[n]x[n] + \/sxgz[n] and n € Ny, and {Z[n]}nen;, and {H[n]}new,, are iid. over

n. We note that the noise z[n] depends on the input x[n], but it is uncorrelated with it.

B [anixin)l] = E[A[n]x[n]x[n]f]+E[1/S|Til—tRz[n]x[n]T]

N

= E[AR] E [x[n)x[n]'] + SNR

Elz[n]] E [x[n]'] =0

Using the independence of A[n], x[n] and z[n] we can express the covariance matrix of the
noise as:

E [an]an]'] = B [A]AR]T] + ST,

g
SNR
By computing an upper bound on E [A[n]A[n]T] the following lemma gives an upper bound
on E [z[n)z[n]1].

Lemma 1 FE [i[n]i[n]f] = o2[n]1,, where, for n large enough so that E[tr(K[n])] reaches a steady

state, a%[n] is upper bounded by:

n§+nt

~— SNR

o?[n] + nl2Me

Proof: See Appendix G. [ |

Having characterized the noise term z[n| we now turn our attention to the estimate of the
fading matrix HF[n] which is known at the receiver. As we argued before, conditioned on {x[n]} the

rows of ﬂ[n] are independent, and by symmetry, identically distributed. They are also zero mean,
so it follows that they are uncorrelated. The same holds true after removing the conditioning on

{x[n]}. It follows that in steady state we can write F (flj [n]h; [n]) = a?§; ; for some constant o?,

where h! is the ith row of H[n).

By the orthogonality principle, the estimation error A[n] is independent of the estimate

H|n], and so is the Gaussian noise z[n]. Therefore, H[n] is independent of z[n).

As SNR — oo and € — 0 the estimate F[n] converges to H[n] with probability 1, so it
follows that H[n] also converges in distribution to H[n]. Therefore, in the limit as SNR — oo and
e = 0, I:I[n] converges in distribution to a circularly symmetric complex Gaussian matrix, with

2

independent components of variance 1, in which case «® converges to ng;.
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We now show that for a channel like (15) with MWEDD the worst case noise is circularly
symmetric complex Gaussian, independent of the input and the channel fading matrix. Then, we
can lower bound the maximum achievable rate by that of the additive, independent Gaussian noise
channel, with Rayleigh fading known at the receiver. The following theorem extends a result of
[10] for noise not independent with the channel input.

Theorem 5 Let C denote the capacity of the channel
y[n] = Hin]x[n] + z[n]

where H[n] € C"*™ is known at the receiver, is i.i.d. over time, and E (flj[n]ﬁj [n]) = a?8;j, 4,5 €

{1,...,n,}, for some constant o, where hY is the ith row of H[n]. Also z[n] € C™ is CN'(0,5°1,,,)
is independent over time and independent of ﬁ[n], and the input x[n] € C™ is independent of

everything else and is subject to the power constraint E [||x[n]|?] < ny.

Consider the channel
y[n] = Hin]x[n] + z[n]
where H[n] € C*™ is the same as before, and is also known at the receiver; z[n] is independent
over time, is uncorrelated with the input x[n], is independent of I:I[n] and has the same covariance as
z[n); and x[n] € C™ is independent of H[n] and is subject to the power constraint E [||x[n]||?] < ng.
Let R be the supremum of the achievable rates in this channel when the input x[n] is constrained to

be formed by i.i.d. CN'(0,1) components, independent over time, and weighted minimum Euclidean

distance decoding is used.
Assuming that all random vectors are jointly defined we have,

C<R

Proof: See Appendix H. [ |

HAT
p=)

Then we can choose any rate R < E [log det (Inr + )] where the expectation is taken

over the random matrix H. For large SNR and small € we can do the following approximations:

HA' HHA'
E llog det (In, + —2” > FE llog det ( 5 )]
g g

min{n¢, n, } log (%) + FE [log det (I:II:IT)]

~ min{n,n,}log (%) +FE [log det (HHT)]
~  min{n,n,}log [(SNR1 + e)l] (16)

where n, < m; was assumed; the other case is similar. Therefore we have that the maximum
~1
achievable rate R of our scheme grows at least as fast as min{n,,n;}log [(SNR_1 + 6) ] for

SNR — 0o and € — 0. Thus our scheme achieves the full degrees of freedom of the channel.
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5 Proofs of the Upper Bounds

In this section we will present the proofs of Theorems 3 and 4. We first prove Theorem 3 in
Subsection 5.1 introducing many results that are also useful in the proof of Theorem 4. Later in
Subsection 5.2 we build on the previous Subsection to obtain an upper bound for the n; = 1 case,
and extend the result for the n; < n, case, proving Theorem 4.

We will introduce many changes of variables. The following table summarizes the definitions.

Variable Definition
y(n] Hn]x[n]
m[n] [[x[n]l|
d[n] x[n]/||x[n]]|
c[n] Hn]d[n]
pi[n] log(|Zi[n]])
$iln] L3i[n]
ri[n] gi[n]/i[n]
@;[1] | ([hs[1][/ha[1])wi[1]

5.1 Proof of Theorem 3

Consider first the case when SNR < 1/e¢, or equivalently 1/SNR > e. This corresponds to a
noise variance larger than the one-step MMSE prediction error of the channel. In this regime the
capacity is mainly limited by the noise, so we can obtain a tight upper bound for the capacity by
simply assuming that the channel realization HY is perfectly known at the receiver. The capacity
under this assumption was explicitly computed in [2], from which it follows that Cknown H =~
Nanin 10 SNR + K for some constant K independent of SNR, for large SNR. This corresponds to
the bounds in Theorems 3 and 4 in regime 1 where the loglog SNR term is negligible.

Next, consider the case when SNR > 1/e. Channel uncertainty becomes the main capacity
limiting factor when the additive noise becomes negligible as compared to the one-step MMSE
prediction error of the channel. However, this does not mean that we can remove the noise from
the channel equation and expect to have a tight upper bound for capacity. In fact, removing the
noise corresponds to letting SNR — oo, in which case C(SNR,€) — oco. In [3] it is shown that for
a memoryless channel it is possible upper bound the capacity of a noisy channel by the capacity
of a noiseless channel with the addition of a lower bound constraint on the input. Intuitively,
little information can be transmitted when the input is much smaller than the noise, so adding an
appropriate lower bound on the input does not reduce capacity significantly. On the other hand,
once the lower bound constraint on the input is added, the noise can be removed while obtaining
a finite capacity. The following theorem generalizes the same idea for channels with memory.

Theorem 6 Let D be the family of distributions:

1
D= {p(xM) ‘5 z E[||x[n]||] < n¢ 4+ 1/SNR and ||x[n]|| > SNR™Y2 n € N, with probability 1}
neN

15



Then,
C(SNR,¢) < (2n, + 1) log(2) + hm sup %I(xN;yN)

B—o0 p(xN)eD

Proof: See Appendix C. |

Having a lower bound on the input norm allows us to remove the additive noise from the
channel equation and still get a tight upper bound for the capacity. This is done at the expense of
an additive constant, (2n, + 1) log(2), that does not modify the asymptotic behavior of the bound.
From this point on, we will assume that the input satisfies

lIx[n]]| SNR™'2 neN

LS Bl < net eos (17)
B neN

v

Removing the noise does not reduce mutual information. By using the chain rule we have

that I(xV;yV) < I(x";5") where

yln] = Hin]x[n] = y[n] - \/ Z[n] Vn e N (18)

After removing the noise we get the multiplicative channel (18).

To get some intuition about the techniques used later on we will consider the scalar n; =
n, = 1 SISO case first. In the scalar case, the resulting multiplicative channel is given by:

gln] = hinJz[n]

where the input distribution is chosen from the set D. We observe that if we directly write the

mutual information 7(x;§) in terms of differential entropies,

16N 7Y) = hE@Y) - hEVXY)

both terms depend on the input distribution and cannot be maximized independently without
obtaining an extremely loose upper bound. However we can introduce a change of variables that
converts the multiplicative channel into an additive channel. For a complex number z, let log(z) =

log |z| + j/z, where /x € (—m, 7], and for a complex vector x = (z1,...,7,)7 let log(x) be the

vector whose components are log(z;). After taking log(-) the channel equation becomes:

log(g[n]) = log(x[n]) +log(h[n])

and the log(h[n]) term plays the role of an additive noise term, which is unknown to the receiver

and is correlated over time.

With the above definition log(-) is a one to one transformation that applied to the channel
equation leaves the mutual information unaltered:

1(xV;57V) = I(log(x"); log(3)) = h(log(")) — h(log(")|log(x")) = h(log(3")) — h(log(h"))
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Note that the second term of the RHS is independent of the input distribution, and in
principle can be computed. To bound the term h(log(3")) we can find an upper bound on the
variance of the components of log()"rN ) and use the Gaussian bound assuming that all the com-

ponents are independent. This is achieved in the actual proof by using triangle inequality and
Jensen’s inequality. The loglog SNR term of the upper bound comes from this Gaussian bound.

The computation of h(log(hV)) is simplified by expressing it in terms of A(h"), finding the
Jacobian of the log(-) transformation and using a property that relates the differential entropies
of vectors related by a one to one transformation. The computation of h(hN ) is complicated by
the correlation of the fading channel. Since we are interested in obtaining an upper bound for the
capacity of the channel, we just need to obtain a lower bound on h(hN )- This is done by using
the chain rule for differential entropies, and for each time n conditioning on h[n — 1]. This extra
conditioning does not increase the differential entropy, and each of the corresponding terms can be
computed explicitly as a function of e. The loge term in the upper bound comes from this lower

bound on A(log(h?V)).

We now consider the general vector case. In the scalar case we applied log(-) to convert
the multiplicative channel into an additive channel. However, in this case the channel equation
is in vector form so we need to introduce a change of variables before we can take logarithms.
Information gets transmitted through this channel by means of m[n] = ||x[n]||, the norm of the
input, and d[n] = x[n]/||x[n]||, the direction of the input. The SNR has influence only on the
communication over the norm component of the input, so this transformation allows us to separate
the component that depends on the SNR.

We also define ¢[n] = H[n|d[n] for n € N. Finally, using ¢ to index the receive antenna
number we define p;[n] = log(|gi[n]|) and ¢i[n] = Zgi[n], where §;[n] is the ith component of y[n],
and m < ¢;[n] < 7 for n € N, and group all this variables into the Bn, dimensional vectors pV and

¢N . Note that this transformation includes the logarithm used in the scalar case. The following
fact relates the differential entropies of random vectors defined in terms of a one to one mapping;:

Fact 1 Let the vectors v and w be related by a one to one transformation with Jacobian J where
J(3,j) = Ow;/0vj. Then
h(w) = h(v) + E[log det J]

We show in a lemma how to compute the mutual information in terms of these new variables:

Lemma 2

16¢557) = bV, 6V) — WV 1d¥) + 3 30 B [tog(|ci[n]?)] (19)

neN i=1

where c;[n] is the ith component of c[n].

Proof: See Appendix D. |

Lemma 2 summarizes in one expression the result of taking log(-) in the channel equation,
computing the Jacobian of the one to one transformation, and simplifying the computation of the
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second differential entropy in the mutual information expression by inverting the log(:) transfor-
mation.

We conclude the computation of the upper bound by computing or bounding each of the
terms of (19). This is done in the following three lemmas:

Lemma 3

S 3 B og(laln]?)] = ~neBa

neN i=1
where v = 0.5772 ... is Euler’s constant.
Proof: To compute the double sum we need to determine the distribution of |¢;[n][%, i = 1,...,n,,
n € N. Recall that c;[n] = h;[n]Td[n], where h;[n]? is the ith row of H[n]. Since d[n] is a norm 1
vector and h;[n]T has i.i.d. CAV(0,1) components, conditioned on d[n], ¢;[n] has CA(0, 1) distribu-

tion independent of d[n]. It follows that without conditioning ¢;[n] has CA(0,1) distribution, and
therefore |c;[n]|?> ~ Exp(1). Then we can compute E [log(|c;[n]|?)] explicitly:

2 [og(leifn)®)] = [ logla)e *da = —
independent of n and 1. |
Lemma 4

h(cV|dV) > n,Blog(mee)

Proof: We start by using the chain rule for differential entropies and lower bounding by adding
extra conditioning:

h(eMaN) = h(e[t]jdV) + Z h(clnlle[n — 1],- -+, ¢[1],aV)
> h(e[|H0Ld") + 3 heln)Hn — 1,cfn - 1].--- cft],a")

Conditioned on (H[n — 1],d[n]), ¢[n] ~ CN(v/1 — eH[n — 1]d[n],€l,,), and it follows that
h(c[1]]H[0],d") = h(c[n]|[H[n — 1],c[n — 1],---, ¢[1],dY) = n, log(mee)?. To see this we write c[n]
as a function of (H[n — 1],d[n]) for n € N:

c[n] = Hnld[n] = (VI — eH[n — 1] + veWIn]) d[n] = V1 - eH[n — 1]d[n] + v/ew[n]

where w[n] = W(n]d[n] has CN(0,1,,) distribution because W[n] has i.i.d. CN(0,1) components
and d[n] has norm 1. ]

5Note that conditioned on (H[n — 1],d[n]), c[n] is independent of c[n — 1],- - -, c[1] and dV.
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Lemma 5

h(pV, ¢V) <

B ( log(2mea?) + %log(27re7r2) + (n, — 1)[2 — log(2)] + (n, — 1)% log [27‘(’6(27‘(‘)2]

N =

where o? —{\/nt—l—l/SNR—l—l—l—[log SNR)]?2 + /1/ }

Proof: See Appendix E. [ |

We replace in (19) the results of the last three lemmas to obtain the upper bound:

1 1
lim sup —I(xV;y") < Zlog(c?) — n, log(e) + K(n,)
B_)OOp(xN)E'D B 2

where D is as in Theorem 6, 0% = {\/nt—i— 1/SNR + 1 4+ [log(v/SNR)]2 + /1 2} and K(n,) =
log(2men) + (n, — 1)[log(1/2) + 2] + (n, — 1)1 log(2me(27)?) — nyy — ny log(me).

Finally we use Theorem 6 to obtain an upper bound for C(SNR,¢):

C(SNR, ¢) < % log(0?) — ny log(€) + K (ns) + (2nr + 1) log(2)

As SNR — o0, (1/2) log(c?) — (log log SNR —log 2) — 0, so for n, < n; theorem 3 follows by
taking Ko(n,,n¢) = 2n,log(2) + K(n,). However, for n, > n; this bound becomes loose in regime

2 because the coefficient of the log(e) term is n, instead of min{n,,n;} = n;.

5.2 Proof of Theorem 4

As mentioned in the introduction of this section, many of the results of Subsection 5.1 apply to
this proof as well. The main problem of the previous proof resides in Lemma 5 which is not tight
for n, > ny. In fact we conjecture that the right upper bound for %h(p’v ,¢™) should contain a
term of the form (n, — min{n, n,})loge which is non zero for n, > n;. We could not obtain the
right form for the general case, but we obtained a tight bound for the special case of ny = 1. This
is given in the following lemma.

Lemma 6 Let ny = 1. Then,

B—o0
e—0
SNR— o0

where o —{\/1/SNR+2+[log SNR)]2 + 1/ }

lim {%h(pN, o) — [log(27re7r) +log(c?) + (n, — 1) log(e) + 3.97722] } <0

Proof: See Appendix F. [ |

Lemma 6 together with Theorem 6, and Lemmas 2, 3 and 4 allow us to obtain a tight upper
bound for the capacity of the single transmit antenna channel:

limsup [C(SNR, €) — {loglog SNR + log(1/¢) + K(n,)}] <0 (20)
SNR— o0
e—=0
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where K(n,) = 2n, log(2) — n,y + log(2mer) + 3.97722.

SNR™"%Z"n]
x,[n] y"In]
——— hjin ——

SNR'HZZ(Z)[n]J
y®@In]

@ '\ y [n]

L h2 [n]

SNR’”ZZ(“t)[n]J

x, [l y™n]

—_—— hnt[n] e

Figure 4: Representation of the MIMO channel as the sum of the outputs of n; independent SIMO channels.

An upper bound for the capacity of the MIMO channel can be obtained by rewriting the
channel equation (1) as the sum of the outputs of n; independent SIMO (n; = 1) channels as

represented in Figure 4. Let h;[n] € C™ be the i** column of H[n], z;[n] be the i'® component
of x[n] and z®[n] ~ CN(0,1,,),i = 1,2,...,n¢,n € N, be independent across i and n, and
independent of the channel input and fading gains. Define n; independent SIMO channels by:

y 9 [n] = hy[n)z;[n] + ﬁz(") [n] 1=1,2,...,m (21)
Letting y[n] = Y7, y[n] and z[n] = Lnt . z()[n] we have the original channel equa-

tion expressed as a function of the individual SIMO channels

Lt nr 1 &
;hi[n]mi[n]+ SN—tRﬁZZ()[n]

i=1

yinl = 3" yO[n]
=1

= Hinlx[n] +/<izz[n], neN (22)
where z[n] ~ CN(0,1,,) is independent across n, and is independent of the channel input and
fading matrix.

Let
= [x[A]"x[2]" - -x[B]"]" e P
[z [T z;[2)T - z[B]T]T €CB i=1,2...,m
= TyRT - y[BIIT € cB
y{ = [yONTy@QT...y@[BTT € B i=1,2...,m

=R A
I

Then for any distribution of xV we can use the data processing inequality, the chain rule
for differential entropies, and the fact that conditioning does not increase differential entropy to
get the upper bound:
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=1

N (23)
=1

This upper bound can be better understood by interpreting y® [n] as the received signal
corresponding to the transmission in the transmit antenna ¢ as if it could be received without
interference from the signals transmitted in the other antennas.

The power constraint on the input distribution

=Y B[] <

nEN

implies that the input to each of the n; SIMO channels must satisfy

5 ¥ B[] <n

nEN

Therefore we can bound each of the n; terms of (23) by the bound (20) replacing SNR —
n:SNR. However, for large SNR, loglog(n;SNR) ~ loglog SNR in the sense that in the limit the
difference between the two sides converges to 0. As a result we obtain for the n, > n; case the

bound:
limsup [C(SNR, €) — {n;loglog SNR + n;log(1/€) + K(n,,n¢)}] <0

SNR— o0
€—0

where K(n,,n;) = ny2n, log(2) — n,y + log(2wen) + 3.97722], which corresponds to the bound of
Theorem 4 for SNR > 1/e.

6 Conclusion

Motivated by the capacity results of the MIMO channel with perfect channel state information at
the receiver we identified the parameter min{n,,n:} with the number of degrees of freedom of the
channel. We then studied whether the concept of degrees of freedom could also be used in a MIMO
channel where the fading matrix varies continuously and is unknown to both the receiver and the
transmitter.

Towards this end we obtained lower and upper bounds for channel capacity, the upper
bounds being asymptotic in SNR — oo and € — 0. These bounds show different behaviors depend-

ing on the relationship between SNR™! and e. Depending on the relative values of SNR and e we
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defined three regimes of operation and argued, using numerical examples, that most channels are
underspread and the majority of practical systems operate in the first two regimes.

We found that in the first two regimes the lower and upper bounds match to within an
additive constant, and the capacity grows as min{n,., n;} log min{SNR, ¢!} for large SNR and small
€. This implies that even in the case of a continuously varying channel without the assumption of
perfect CSI the concept of degrees of freedom has a great practical importance. Systems operating
in the first two regimes can obtain large capacity improvements by the use of multiple antennas.
This capacity improvement can be readily achieved by using a concrete communication scheme of
tractable complexity.

Our upper bound is consistent with Lapidoth-Moser’s result for the third regime, where
capacity only grows doubly logarithmically on the SNR for large enough SNR. However, our nu-
merical examples show that this behavior requires extremely large values of SNR to take place, and
these large values are never attained in practical systems for underspread channels.

Appendix A

Proof of Theorem 2

Let xV ~ CN (0,Ip). With this choice of input distribution we can write,

€2 Jim 216¢V3y") = Jim 2 [h) — AN 2 Jim 2 [ EY) - A )]
4

where HY = [H[1]H[2]--- H[B]] and the last inequality follows from the fact that conditioning
does not increase differential entropy.

We present bounds for the two terms of the right hand side of (24) in the following two

lemmas.

Lemma 7 Let xN ~ CN(0,1g). Then
1 N ng "mar SNR 2)
— > -
5 h(y™ |H"Y) > n, log (SNR) +FE L:n E(n o log (1 + - Xok (25)

where Mgy = max{n;,n,} and npi, = min{ng, n,}.

Proof: Conditioned on HY the components of yN are independent across time, so we can write:

B
h(y‘M|HN) = By~ [Z log det(ﬂeKy[n]|H[n])] =B- EH[l] [log det(ﬂeKy[lﬂH[l])] (26)

where Ky upm) = Ely[nly[n]'|H[n]] = H[n]JH[n]" + (n¢/SNR)I,,.

Then we can rewrite (26) as

MyVEHY) = B. Enp {logdet [geNné (I + %HU]H[HQ]}
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_ B {n log (%) . [log det (In, + %H[l]H[l]T)] } (27)

For the case ny > n, Foschini and Gans obtained the following lower bound [1]:

Fup [log det (Inr + %H[I]H[l]*)] >FE

o SNR
> m@_ﬂ@] (25)
n

k=ni—(n,—1)

where X2, is a chi-squared random variable with 2k degrees of freedom.

On the other hand, if ny < n, we can use the above lower bound in the following way:

SNR SNR
By [log det (T, + 2N HUH') | = By flogdet (T, + ) ()|
o NR
> F Z log (1 + S_ng>] (29)
k=nr—(nt—1) ™
The result follows from (27), (28) and (29). [ |

Lemma 8 Let xV ~ CN(0,13). Then

lim -~ Ay V) gnﬂ%(”m>—mmbgm

B—oo

(30)

Proof:  Conditioned on xV the n, components of y[n] are i.i.d. and therefore h(yV|x"V) =
ny - h(y |x"), where y{' is the vector of received signals in the first receive antenna for n € .
Let h = [hy[1]7h;[2]7 -- - hy[B]7]T € C™F where h[n]” is the first row of H[n], n € N, and define

X e ¢BxmB i the following way:

x1r o ... of
. ol x[2iT" ... of
X = : .

ol o ... x[B]Y

where 07 = [0,---,0] € C'*™. In the same way define z¥ = [21[1]2[2]--- z.[B]]" € CP*!, where
z1[n] is the first component of z[n], n € N.
Then we have
N T N
= Xh
yi TVSNR™
and using the Gaussianity of yV|[xV

h(yf/|xN) = h(yﬁf() =FEg [log det (ﬂ'eKyjl\/"X)]
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where

Kyvx

E [yy"1X]

_ B [xamx* ++/(ni/SNR) Xz !

= XK;X'+ (n:/SNR)I

with K; = E[hh'].

We can upper bound h(y" [x") as follows:

h(yNxN)

Ny

Blog(me) + Ex [log det (

Blog (went> + Ex [log det (

SNR

Blog (%) + FEx

NR e
Blog (SeNnR> + log det [S—E (XTX) K + IntB]

[log det (

SNR

SNR

g

+ 4/ (n¢/SNR)z' X! + (n,/SNR)z

XK; X'+ L

st

XK X" +1 B)]

XIXK; +1,, B)]

weny SNR

w3

(31)

where the inequality follows from Jensen’s inequality and the last equality results from Eg (XTX) =

I,,5. To upper bound the last expression we start by computing K} in terms of Rj  [n], the

autocorrelation function of the entry (1,1) of H[n].

Rhn[B -

| hane (B, [0

Rhn [O]In
Rhn [1]Int

1Ty,

ha1[1]hT,,, [1]

g [1]2
h11[2]R7,,, (1]

hane (215, 1]

e [BJHG 1

Rhn [1]*]:%
Rhn [O]Int

Rhu [B -

2L,

h11[1]h, (2]

B, (1131 2]
|h11[2])?

hane (215, 2
s [BIH [2
Rhn [B - 1] *

Rhn [B -

Rhn [O]Int

ng

I
2]*1,,

where we have used the fact that the entries of H[n] are i.i.d.

ha1[1]hT,, [2]

e (1], [2]
h11[2]R7,,, 2]

| (2]

i (B 2]

To compute the right hand side of (31) we use the following known results:
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ha1[1]h,, [B]

hane (1], [B]
h11[2]h7,, [B]

i (21, [B
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Fact 2 Let iL[n],n € Z, be a random process with autocorrelation function:

0 otherwise

R;[n] = { Rpy[n/nd if n=k-mn

Then the power spectral density of fb[n] is given by:
Si(f) = Shyy (nef)

Fact 3 The distribution of the eigenvalues of a Toeplitz matrixz converges to the Fourier transform
of its rows, as the dimension of the matriz goes to infinity.

We can use these facts for the Toeplitz matrix K;. Letting {)\; : 1 < i < n;B} be the set of

eigenvalues of K; we obtain the following asymptotic bound:

. h(yV V) meny SNR
O i -
i S5 < (g ) + iy owdet SR+ L

_ Ten, ) intB (SNR )
- 1°g<SNR)+315réoBi_leog ne i1
[ [SNR
B Ten;
- log(sz>+”t0/1°g[ RS+
/- [SNR
mTen
— 1og (G ) + e [ log |20 Sy () 1) af
0
nt
_ meny SNR , ] ,
- log(SNR)+O/log () +1]
— 1o (G ) + / tog |22 S8 () +1] (32)

where we exploited the periodicity of Sp,,(f) in the last equality.

The power spectral density of hi1[n] is obtained by taking the discrete time Fourier transform of

its autocorrelation function:
Rhn[n] = (1 - 6)‘n|/2

In this way we obtain:

Shis (f) = F{Rhu[n]} =

€
14 (V1 —€)? — 241 —ecos(2nf)
Letting @ = /1 — € and replacing in (32) we obtain:

1
xN
lim yN' < log (Went> +nt/log
0

SNRe/nt
14 a? — 2acos(2mf)

+1|df

B—oo nr SNR
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e
= lo (SNR) —}—nt/log SNRe/n; + 1+ o —2ac0s(27rf)] df

—nt/log [1 +a® -2 cos(27rf)] df

TEN T 2
= — /1 NR 1 -2
log (SNR) + - 0/ og [S e/ni+ 1+« oecos(w)] dw

e /log [1 +a? - 2a cos(w)] dw (33)
T
0

™
The last two integrals can be computed in closed formed using the identity [log(a + bcosz)dz =
0

wlog(“"” =) valid for a > b:

/log [1 +a? - 2a cos(w)] dv = 0

SNRe/n; + 1 4 o2) + 1/(SNRe/n; + 1 + a2)? — 4a?
/log [SNRe/nt+1+a2—2acos(w)] dw = mlog [( [ ) \/(2 [ ) :|

Therefore we obtain:

. h(yMxY) e
Bh_)moo ——5 < mnylog (SNR) + nyn¢log [(SNRe/nt +2—¢)+ \/ (SNRe/ns + 2 — €)% — 4(1 — e)]
—n,nt log(2)
|
As a result, we can use (24), (25) and (30) to get a lower bound for the capacity of the
channel.

Nmaz SNR
Z log (1 + —ng>
Tt

k=Nmaz _(nmin _1)

NR NR 2
_ nrntlogls €+2—e+\/<5 6+2—e) — 4+ de

C(SNR,e) > E + n,ny log(2)

34
m - (34)

This lower bound decreases with SNR for sufficiently large values of SNR. Since the capacity
C(SNR;¢€) is an increasing function of SNR, we can improve the lower bound by keeping it constant
for SNR > SNR*, where SNR* is the value that maximizes the right hand side of (34):

C(SNR,e) > FE

Nmawx : NR NR*
Z log (1 + mln{s ’ S }X%k) + neny log(2)

g

k=nmaz _(nmin _1)
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T ng

. N - * 2 '
 nlog {mm{SNR,SNR Je +2_6+\/<mm{SNR,SNR Je +2_€) 4 _6)‘

To obtain a closed form expression for SNR* we note that as SNR — oc:

Nmazx

SNR
> log (1 + n—x%k)] ~ Tumin 10g SNR
t

k=Nmax _(nmin _1)

E

in the sense that the difference between the two sides converges to a constant. This approximation
allows us to maximize the RHS of (34) and obtain:

2 —
€ NNy —Momin

ng nznin(27€)+\/4n;1nin(176)+62n$m.nn2n% 'lf n >1
00 if Numaz =1

valid for SNR > 1. If this condition is not met, the lower bound obtained using this expression for
SNR* is still valid. However, we could obtain a tighter lower bound by computing SNR* numerically.

Appendix B

Proof of Theorem 1

We want to characterize the behavior of C(SNR,€) in the limit as SNR — oo and € — 0. Since we
are only interested in the asymptotics, we can relax the bound (8) in the following way:

Nmaz
C(SNR,e) > Z E

k=Nmaz _(nmin _1)

log (1 min{SNR, SNR*} N
¢

)] + n,yn, log(2)

2
—n,nilog lmin{SNR,SNR*}n% +2—€e+ \/(mln{SNR SNR* } + 2— e) —4(1 - e)‘

Nmaw

> E

k=nmaz—(min—1)

v

log (1 n min{SNR, SNR*} N )]

N X2k

—nynylog [min{SNR,SNR*}i + 2]
nt

When n, = ny = 1, SNR* = 0o and (35) reduces to:

C(SNR,¢) > E|log 1+SNRX§k) log [SNRe + 2]

SNR

Y
&

[ 1
log(SNR) — log _max {e, SN—R} (1+ 2)]

[1os ( | -

= B [log (1+ SNRx3;)| — 1og(SNR) — log €+L]
[log (1+ SNRx3, )| -
g ( ) -

= E|log (1+ SNRx2,

[ 1
log(SNR) + log min{SNR, —H —log(3)
i €

27
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The result for n, = ny = 1 follows by noting that for some constant K:

im B [tog (1 + SNRx3; )] — log(SNR) = K

For max{n,,n;} > 1, as ¢ — 0 we can approximate SNR* by:

4

2 _
€ n U / nmm 1

SNR* ~ —

where in the limit the difference between the two sides converges to zero. Also, for small € we can
lower bound the second term of (35) by a constant that does not depend on SNR or e:

4
—n,nyg log [min{SNR, SNR*}i + 2] > —n,ny log [SNR*ni + 2] = —n,ny log [— +2
Tt t

2nt /nmzn -1

As SNR — oo and € — 0, min(SNR, SNR*) — oo so it follows that:

3 E[log (1 mm{SN: . SNR'} gk)] ~  Tumin log [min{SNR, SNR*}]
k:nmamf(nminfl) t

1
~  Tupin lOg [min {SNR, ZH

where ~ indicates that in the limit the difference between the two sides converges to a constant.

Therefore the result also follows for min{n,,n:} > 1.

Appendix C

Proof of Theorem 6

We start by defining a set G = {0,1}? and a random vector v € G, where y[n] = 1(||x[n]|| >

SNR™Y/ 2), and use the chain rule of mutual information in two different ways:

IMsyMy) = I y) + 16y )
INMsyNy) = I yY) IV yY)

From these, the non-negativity of mutual information, and the fact that « is a discrete random

vector that takes 28 values, we obtain the following bound:
I6VsyM) = 165y + 165y ) - 165y lyY) < 165 + 163V )
< Blog2+I(xM;yN|'y) (36)

Now the problem is that of finding an upper bound for

Iy Ny = Y 16y ly = v)P(y = v) (37)

veg
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for every possible choice of the distribution of v. We will find an upper bound for T (xN yV |y =v)
for v € G for any input distribution that satisfies the power constraint

| B
=2 E[Ix@)l?| vy =v] =& (38)
n=1
where the constants {& }veg must satisfy the total power constraint

> & P(y=v)<my (39)

veg

Define Ay = {n : v[n] = 0} and By = {n : v[n] = 1}. For n € A, the norm of the input is of
the same order as the norm of the noise, so the information that gets through the channel during
those times must be bounded. This intuitive idea is made precise in the following lemma.

Lemma 9

SI6V My = v) < 2, log(2) + IG5y [y = v) (40)

Proof: We use the chain rule for mutual information to obtain a decomposition of 1 (xN , yN |y =v)
into tree terms:

IV, YV iy =v) = 16Xyt yBly = v)
= I(xM,xPsyPy =v) + Iyt yP,y = v)
HI Py A, y By = v) (41)

The first term can be simplified by rewriting the mutual information in terms of differential en-

By

tropies, and noting that conditioned on xBv, yBv is independent of x“v:

Ix™, x5 y5% ly =v) = h(yP|y=v) - h(y® xP x5,y =v)

= h(yP|ly=v) - hyP X,y =v) =I5y |y =v)

The second term of (41) can be upper bounded by rewriting the mutual information in terms of
differential entropies and bounding each of the individual terms:

IxMsy v y™ v =v) = hy™y™,y=v) —hy* xt,yH oy =v)
S h(yAv|')’:V) —h(y'Av|X'AV,HAv,yBV,'Y:V)

where the inequality follows from conditioning and the last equality is due to the fact that condi-
tioned on (xAv, HAv) the randomness of y** comes only from the noise z“* which is independent

of yBv.
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To bound the first term of (42) we define d[n] = x[n]/||x[n]|| and compute E[y[n]y[n]f|y = v] for

n e Ay:
vzv]

E[yinlylnli|y=v] = B l(H[n]x[n] + \/SEIRZ[TL]) (H[n]x[n] + \/SETRz[n])T

= E{B[(Hn)d[]) HpldR)' - [x[]?| din],y = v] |y = v}

+S|Ti|—tRE [2[n]z[n]]

= B{E[HpndpndR Hxl | dinl,y = v] - B [Ix[n]?|di)y = v]|y = v}

Mt
SNR

= L, B[y = V]

+ I,

Nt
+ SNRInT

where we used the conditional independence of H[n|d[n| and x[n] conditioned on d[n] in the third

equality, and the fact that d[n] is a unit norm vector and the entries of H[n] are i.i.d. CN'(0,1) and
therefore conditioned on d[n], H[n]d[n] ~ CN(0,1,,) to compute E [H[n]d[n]d[n]JfH[n]Jr | d[n],y = v]
in the fourth equality.

For n € Ay, E [||x[n]||?|y = v] < SNR™! and hence det {E’ [y[n]y[n]fh = v]} < [(ng+1)SNR™!7r .

Then using the chain rule, removing conditioning and applying the Gaussian bound we obtain:

My |y =v) < > hylnlly =v) < |Av|n, log[re(n, + 1)SNR™]
neAy

where |Ay| is the cardinality of the set A,.

The second term of (42) can be computed explicitly:

[/ N
h(yAv |XAV,HAV,’Y — v) — h ( SNtRZAv

Therefore we obtain:

v= v) = | Ay|n, log(ren;SNR™)

Iy |yBY v = v) < |Av|n, log(1 + 1Y) < Bn, log(2)
The last term of (41) can be bounded in a similar way:

I(XBv;yAv|xAvavaa’Y:v) = h( Av|xAv7vaa’Y:v)_h(yAv|XAv7XBv’va57:v)

IN

y
h(y.Avl,Y =v)— h(y‘A"|xA",H‘A",XB",yBV,’Y =v)
hy ™ |y =v) — h(y™ |xt By = v)

| Ay |n, log(2) < Bn, log(2)

IN

Replacing these 3 bounds in (41) we get the desired result. [ |
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At this point our goal is to find an upper bound for (40) that depends on v only through

¢,. The power constraint (38) imposes a power constraint on x5v:

B
3 Z [Ix[nll?|y =] < %;E[Hx[n]w"y:v] = ¢

nEBv

Consider a random vector ¥V such that x5v has the same distribution as x5 conditioned
on {y = v}, so that I(xBv;yPv) = I(xBv;yPv|y = v). We also require that ||%[n]|| > SNR™'/? for

B By

n € Ay. Finally, since ¥°¥ must have the same total power as x°v, we require that

1 & 5 _
52" [I%[n]I?] < & + SNR™?

Using the chain rule for mutual information we can write:

I&V;yY) = I&P 5 y5) + IE s y ) + 1Ay 55)
The non-negativity of mutual information implies that I(%8+;y?*) < I(z"V;y"), so defining

. 1 N
F(SNR,€, &) = lim sup =I(x";yV)
B—00 o) B
/B) Y, enr Ellixn]II21<év+1/SNR
lIx[n]|2SNR=1/2 nen

we conclude that

lim EI( Bvava|7_V) < hm EI’CM YA[ <f SNR € gv) (43)

B—oo

In summary, putting equations (36),(37),(40) and (43) together we have:

lim —IxNyN < (2n, +1)log(2) + 3 F(SNR,¢,&)P(y = v) (44)

B—oco B s
v

Finally to upper bound the right hand side of (44) we prove that f(SNR,¢,£) is a concave
function of ¢ and use Jensen’s inequality:

Lemma 10 f(SNR,¢,&) is a concave function of &, that is, for any &1,& > 0 and X € [0,1]:

Af(SNR,€,&1) + (1 — A)F(SNR; €,£2) < F(SNR, €, A&t + (1 — A)2)

Proof:  Assume that we have two independent channels to communicate information, indexed
by i, ¢ = 1,2. Let n; be the block length used in channel 4, and assume that n;/B = A, where
B = nj + ng. Also let N; = {1,2,...,n;}. We require that the input signals satisfy the power
constraints:

i‘, E [[xifn]|[?] < ni& + niSNR™!
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and
|xi[n]]| > SNR™! for n € N;

Then by the independence of the channels we have:

Loy d®) = L[ (5 52) - (v )
< 5[ ) +n (527) = (51 ) - (27 )]
= [P (A) 0 (5A) () (27 )]
= [yt 4 106y
= Ty + (- )T

where we can achieve equality by choosing le\[ ! and XQ/ 2 independent. It follows that

im  sup =1 ()% y) S MF(SNR.e.&) + (1= NF(SNR,,¢)  (45)
B0 o) poch) B

Now assume that instead of having two independent channels we have only one channel, and we

use it with block size B by feeding it with the family of inputs (x]'!,x)) that achieves (45) as
B — o0. This can be seen as having two channels with some correlation, which becomes negligible
as B — oo as long as € > 0. The corresponding mutual information is also given by (45). This
input satisfies the power constraints:

2 n;
YD E [IIXi[n]H?] < i€y 4 no&s + BSNR™H = B[\ 4 (1 — M\)&] + BSNR™!
i=1 n=1

and
Ix;[n]|| > SNR™! for n € N;, i = 1,2

Since this is just a particular choice of input distribution that satisfies the power constraints and
F(SNR, €, A& + (1 — X)&2) corresponds to the supremum over all such distributions we have the
desired result.

Using Jensen’s inequality in (44) we obtain:

lim —1(ViyY) < (2 +1)log(2) + f [SNR, e, 3 6 P(y = v)
B—oo B veg

< (20, +1)log(2) + F(SNR, ¢, ;)

where we used (39) and the fact that f(SNR, ¢, ¢) is a non-decreasing function of £.

32



Appendix D

Proof of Lemma 2

We express the mutual information in terms of differential entropies:

16V 9Y) = Y — h(EV ) (46)

To write each of the differential entropies in terms of the new variables use the chain rule for

differential entropies® and apply fact 1 to the transformation (p;[n], ¢;[n]) — §; which has Jacobian

with determinant |§;|%:

hFY) =

> k(3] | ¥ln —1],--,31])

neN

> ih(gi[n] | gialnls-- -5 o], y[n — 1, -+, ¥[1])

neN i=1

S 3° B flogltnl )]

neN i=1

S S hlpilnl, diln] | Gislnl - Galnl, §ln — 1, -+, 7{1)

neN i=1

> 3 B [tog((gilnl )] + (s, )

neN i=1

3 i:E [log(|ci[n]|2)] +n. Y E [log(m[n]Q)] +h(oV, V) (47)

neN i=1 neN

where the last equality follows from §;[n] = ¢;[n]m[n].

We also rewrite the second term of (46) in terms of the new variables:

rgViEY) =

+

h(FY [m", dV)

Z;\/Z::h(g’[n] | gic1[n], -, 91[n], ¥[n — 1], - ’y[l]’m/\/”dj\/)

> S el 5 510 1o 50 0)

Z ir: h((cl[n]m[n]) | Ci—l[n]a A [n]7 c[n - 1]a Tt 70[1]’ mN7 dN)

neN i=1

ny 3 E [log(min]?)]

neN

Zj\/ih(&[n] | ¢i—1[n], -, ci[n],cln — 1],...’0[1],mN,dN)

5We abused notation slightly in the use of the chain rule to make the expressions more readable. To be precise
the first term in each sum is an unconditional differential entropy.
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= n, %E [log(m[n]*)] + h(c"'|dV) (48)

where we used the conditional independence between m”" and ¢V conditioned on dV in the last
equality.

The result follows by subtracting (48) from (47).

Appendix E

Proof of Lemma 5

pN can be thought of as having B vector components of dimension n,. The n, elements of the
component corresponding to time n depend on the magnitude of the input ||x[n]||, so they are highly
correlated. Eventually we will use the independent Gaussian bound to upper bound h(pN , qSN ) so
we will try to remove as much correlation as possible to obtain a tight bound. For this we introduce
a change of variables that has Jacobian with determinant equal to 1 and hence does not modify
the differential entropy:

h(pNa¢N) = h(p']/_vaquapévaqsé\fa"'apnw ﬁ[)
A AN AR N AR A REN AR N UARE )

This transformation eliminates the dependence on ||x[n]|| in all but the components corresponding
to the first receive antenna. We then use the chain rule for differential entropies and remove
conditioning to get the upper bound:

hpV,¢V) < h(pﬁv,¢¥)+2 — o), (¢ — ¢1))
=2
< hipt) +h(g)) +Zh — )
1=2
I (0 (49)

1=2

Most of these terms can be easily bounded by noting that —7 < ¢1[n] < 7 and —27
$i[n] — ¢1[n] < 27 and hence using the Gaussian bound h(¢) < £ £ log(2men?) and R((¢N — )
B log(2me(2m)?).

IN A

Using the chain rule and removing conditioning again we can write:

Zh — o) < 33 h((pifn] — i) (50)

neN i=2

Reminding the definition of p;[n], we can write (p;[n] — pi[n]) = 3 log(|ci[n]|?/|c1[n][?).

Conditioned on d[n] the independence between the rows of H[n] implies the independence between
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¢i[n] and c¢i[n] for ¢ = 2,...,n,. Also since d[n] has norm 1, and the rows of H[n| have i.i.d.
CN(0,1) components, it follows that ¢;[n] ~ CN(0,1) for every possible value of d[n]. Then,
conditioned on d[n], |c;[n]|?/|c1[n]|? is the ratio of 2 independent Exp(1) random variables, and
the corresponding conditional density does not depend on d[n], so it follows that the unconditional
distribution of |¢;[n]|?/|c1[n]|? is also that of the ratio of 2 independent Exp(1) random variables.
The corresponding density is given by fr(t) = 1/(t + 1)? for ¢ > 0. Introducing the change of
variables L = log(T") where T has the density found before, we obtain that the density of L is

fo(l) = e + ) for [ € R. Then we can compute the right hand side of (50) explicitly:

= 00 el 6
= (n, —1)Bllog(1/2) + 2] (51)

It only remains to find an upper bound for the first term of (49), h(p)Y). For this we use
the chain rule for differential entropies, remove conditioning and use the Gaussian upper bound for
the differential entropy of a random variable with a given second order moment:

B
h(p)) < Z h(pi[n]) < Z log(27reo ) < —log (27re— Z o ) (52)
neN nEN neN

where we used Jensen’s inequality and o2 is some upper bound for E[(p;[n])?].

We use the triangle inequality to calculate some upper bound o2:

pi[n] = loglei[n]| +log(m[n])

= /Bl(pin))?] < /El(loglei[n]])?] +/El(log min)’] (53)

The second term of (53) can be bounded by conditioning on the event ¥ = {m[n] > 1} and noting
that on ¥, (logm[n])? < [m[n] — 1]%:

E[(log m[n])’] E[(log m[n])*| ¥]P(¥) + E[(log m[n])*|T°]P(T°)

< E[(m[n] - 1)?|9]P(¥) + [log(1/VSNR)]? - 1
< E[m[n)*|¥]P(¥) + 1 + [log(VSNR)]?
62 € Bllx[nl|?] = Em[n]?] > Elm[n]?|Z]P(T)
= F(log m[n])Q] < 9% + 1+ [log( SNR)]2

Noting that ¢;[n] ~ CN(0,1) the first term of (53) can be computed by numerical integration:
1
E[(log|ci[n]))?] = E {4 [1og(\c1 } =3 / [log(z)]%e *dz = 0.494528 ... < 1/2

As a result, we obtain

{\/92+1+[10g SNR \/7}

35



It is easy to check that f(62) is an increasing concave function of 62, so we can use Jensen’s

inequality to upper bound % Y oneN o2:

EDWCIE SWICOEN E

ne./\f nEN neN
YOS T Y o i
"t T SNR ™ T SNR [log(v/SNR

Here we used the fact that 5 Y,cx 02 = & Xnen Ellx[n][1?] < ni + <5 by the power

constraint (17).

IN

Therefore, we can upper bound (52) by:

h(p)) < gl og (27‘(’602)

where 02 = (\/nt+SNR+1+[log SNR)]? + /1/ )

Replacing all the bounds that we found in (49) we obtain the statement of the lemma.

Appendix F

Proof of Lemma 6

As in the proof of lemma 5 we introduce a change of variables whose Jacobian has determinant 1
and hence does not modify the differential entropy, and apply the chain rule removing conditioning:

= (m,@,wz — o) @ = ) (0 = ), (¢ - ¢))
< h(pY) + h(E) + b0 — o), (¢ — ), (0 — o), (8 — o)) (54)

The first two terms of (54) can be bounded in the same way as the corresponding terms

that appeared in the proof of lemma 57 by simply taking n; = 1:

h(p)) + n(gl) < glog (2me0®) + glog(%eﬂz) (55)

where 02 = (\/SNR + 2+ [log(v/SNR)]2 + /1/ )

Recalling previous definitions we can express p;[n] — pi[n] and ¢;[n] — ¢1[n] in terms of
giln]/ii[n] forn e N and i =2,...,n,

piln] — pi[n] =mmmwrmmmwnzm(:

"See Appendix E for the details.
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sl - onbn] = L] - Lnln] = ¢ (24)

To compute the third term of (54) we invert the transformation (log(|v|), /v) — v which

has Jacobian with determinant |v|2, define r;[n] = §;[n]/71[n] = hi[n]/h1[n], where h;[n] is the ith
entry of H[n|, and apply fact 1:

B — o), (@Y — o), (0 = o), (8 =) = B, ) — 33 B tog (Inifnl?)]

neN i=2
= h(I"é\[,---, ,) (56)

3

where the last equality results from noting that F [log (|r;[n]|?)] = E [log (|h:[n]|?)]—E [log (|h1[n]|?)] =
0 since h;[n] and hq[n] have the same distribution for n € N and i = 2,...,n,, and each of the
expectations in the subtraction is finite.

We can upper bound (56) by using chain rule, removing conditioning, and noting that
{ri[n]};=, are identically distributed:

by, ) < 3 hEN) = (1 — DA (57)

We provide an asymptotic upper bound for h(ré\f ) in the limit as € — 0:

Lemma 11

1
lim Eh(xé‘f) — log(e) — 3.97722} <0
B—oo

Proof: We will provide a heuristic proof that can be formalized by proving a technical issue of
convergence of differential entropies.

We upper bound h(rév ) using the chain rule for differential entropies and removing conditioning:

B
h(rd) = h(ra[1]) + D hlrafn]lrafn — 1], -, ra[1])
n=2
B
< h(r2[1]) + ) A(ra[n]lra[n — 1])
n=2
= h(ra[1]) + (B — Dh(ra[2|ra[1]) (58)

Recalling equation (2) for the Gauss-Markov process {H[n]}necnr, and letting w;[1] be the ith

component of W[1] we can write:

o~ VIl veul] ol (1 GE ) 59
2 VI= e [1] + Ve [l] ~ ma[1] (14 4= Bl
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ro[1] [1+ \/E (“72[1] 1111[1]”

VI—e\|ha1]]  [m[l]]
= T Ve 1 W —|r w

where ~ means that difference between the two sides, conditioned on r9[1], goes to zero with
probability 1 as e — 0. In (59) we define w;[1] = (|hs[1])|/hi[1])w;[1], ¢ = 1,2, and note that
the circular symmetry of w;[1] and the independence of hi[1] and hs[1] imply w;[1] ~ CN(0,1)
independent across .

We want to use the approximation (60) to approximate h(rz[2]|rz[1]) for small e. Under some
technical conditions that we will not verify here, convergence in distribution of random variables
implies the convergence of the corresponding differential entropies. Assuming that these conditions

7‘2[1])

(w2[1] — |ra[1]]@1[1])

hold for this particular case we can write as € — 0:

14 e ;(wz[l]—lrz[l]lﬁl[l])]

h(ra[2]m2[1]) =~ h<T2[1] VI—e|ha[1]|

Je o1
VT — ¢ |ho[1]]

= log (%_6) +h (m (wa[1] — |ro[1]|w1[1])

E [log(|ra[1])] + b <1 +

T2 [1])

ral1)) (61)

where we used fact 1 in the second and third lines, and as before, E [log(|r2[1]|?)] = 0.

To compute the second term of (61) we note that the real and imaginary parts of Ihz}W (Wa[1] — |ra[1]|w1[1])

are i.i.d. (with and without conditioning on r3[1]), and they depend on r3[1] only through its mag-
nitude. Then we have:

raft]) =2+ (e (R{(1)) — ral2) R 1))

1 ~ ~
h (m (w2[1] — |ro[1]|w1[1]) |ha[1]]

201 )

To compute the last differential entropy let V = m (R{w2[1]} — |r2[1])|R{w1[1]}) and W = |ra[1]|.

Then it can be shown by doing a change of variables that

3w(w? + 1)*
Fyiw(vlw) = 4[(14_“](2)21”2“]2]5/2 (62)
fww) = (63)
for v € (—o0,00) and w € (0,00). Then,
WVIW) = — / * fwr(w) / " Fuw (wlw) loglfy w (v|w))dvdw = 1.98861... (64)
0 —00

38



where the last integral was solved numerically.
As a result we have that for small e:

h(r2[2] | m2[1]) = log(e) + 3.97722

As long as h(rz[1]) is finite, the first term of (58) becomes negligible compared to the second term
as B — oo. In fact one can check that h(re[1]) < 2 —log(2) + (1/2)log[2men?], so that the first
term of (58) vanishes when dividing by B and letting B — oco. Therefore dividing the RHS of (58)
by B and letting B — oo we obtain the statement of the lemma. |

Using this lemma in (57), and (55) in (54) we conclude the proof.

Appendix G

Proof of Lemma 1

To compute E [A[n]A[n]T] we condition on the previously transmitted symbols {x[i]}(;<,) and

recall a remark that we made previously: the estimation of the different rows of H decouples
into n, independent and identical problems, and hence the estimation errors of the different rows,
conditioned on {x[i]}(;<) are independent. We also noted that the estimation error covariances

corresponding to different rows are identical. Then,
E[ARlAR)] = BE{E[ARAR) x[i] :i < n]} = Btr(Kn)] 1,
where K[n] is the conditional covariance of the first row of A[n], conditioned on {x[i]}(i<p)-

Using (14) we could compute F [tr(K|[n])] numerically and recursively, starting with K[n; +

1] = ny(SNR™' +¢)I,,,. However, we can obtain an explicit expression by noting that (14) eventually
reaches a steady state, and the transient behavior becomes irrelevant in the limit as M — oco. Taking
traces and expectations in (14) we have:

Eltr(Kn+1)] = (1-¢) {E[tr(K[nm -E [(x[n]TK[n]x[n]* to) (K[n]x[n]*x[n]TK[n])]}
+nge (65)

We will upper bound the RHS of the above equality with an expression that depends on
E[tr(K[n])], and then find the maximum value of E[tr(K[n])] that satisfies the inequality in steady
state. Let A; by the ith eigenvalue of K[n], and A4, = max;{\;}. Then

(i Klnlxol* + =)™ > (sl + o)
TR oNR ) = Amee P T SNR
and letting K[n] = QAQ' be the eigenvalue decomposition of K[n] we have

tr (K[n]x[n]x[n]"K[n]) = tr (QAQ'[n]"x[n]"QAQ') = tr (AAX[n]"%[n]")
= SR 2 Al
=1
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for some i € {1,...,n;} where %[n] = Qfx[n] and Z;[n] is the ith component of X[n].
Noting that {Z;[n]};t; have the same distribution as z1[n] and are independent of A, we

can upper bound the RHS of (65) as follows:

Amam‘xl[n”Q

||x['n] ||2 + )\maztSNR

E[tr(K[n+1])] < (1—6){E’[tr(K[n])]—E[

} + nge (66)

using the following lemma.

We bound F { )‘m“‘zl[n]ltz

x[n]l*+ 5 tewr

Lemma 12

|2

>

l Amaw|$1[n]
[

1 [E[tr(K[n])] ng
nl|l” + NasSNR

one N " SNR

Proof: The cases ny = 1, ny = 2, and ny > 3 require slightly different proofs, so we have to deal with
each case separately. In the three cases we will use the inequalities: tr(K[n]) = > A < nedmaz
ande *>1—ux.

2

Consider first the case n; = 1. In this case ||x[n]||?> = |z1[n]|?> ~ Exp(1). Since K][n] is independent

of x[n], conditioned on K][n], |z1[n]|? is also Exp(1). Also K[n] = Apnae which is a scalar. Then we

have:
)\maw|x1[n]|2 Amaw|$1[n]|2
E - 1 = E!E - K]
lz1[n]” + x—snr z1[n]]? + 5 swr
i o0
= E )\maw/ %e‘”dx]
I 0 T X L.SNR
i o0
> E | Amas — e_‘”dx]
L SmassiR T T X SNR
e [ ] =B [y (e
> — = —
> FE | Amaz /% 26 dw] E[ 5 exp % SNR
L AmaxzSNR
-Amam 1 1 1
> F 1- =_-F e
= | 2 ( )\mmSNR)] 2 (Amaz) 2SNR
17 1
= ~ Bt (X)) — ——
5 [Brin) - oz |
We next consider the case n; = 2. In this case |[x[n]||? = |z1[n]|? + |z2[n]|?, where |z1[n]|? and
|z2[n]|? are independent of K[n] and are i.i.d. Exp(1). Then we have:

El )\ma$|x1[n]|22 ] _ E{El Amaz‘ﬂ[nng .
|z1[n]

[x[n]||? + Mz SNR 2 + [z2[n]* + AmazSNR

= F [Amaz /oo ( ;L. 5 > e_wd$]
o \z+z2[n]]” + g
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Y
&=

Y
&

2 PP

> E

|
|
_E { Amaz o o [— (|x2[n]|2
|
|

AmazSNR

>

2 " SNR

We finally consider the case n; > 3. In this case ||x[n]

> ™, |zi[n]|? is independent of |z1[n]|> and K[n] and has a Gamma(n; — 1,1) distribution. Then

o0
Amaz/
(Iz2[n)2+5—2em) 2

mazONR

4
1 {E[tr(K[n])] 2 }

Z

+

|

I

o0
A |
B (P [ —— <w+ \za[n][2 +

1e_mdac]

e )|}
) /O ” e_2$dx]

2

AmazSNR

lz1[n]|> + S, |zi[n]|?, where

we have:
)\maw|331[n]|2 ‘| _ E{El )\mazlﬂil[n”Q K[n] |$1[n]|2]}
Ix[]I1% + X2 tenw 2 [zi[n]|? + a1 [n]? + 5 -Meg ,
r 1% 1 2
= E|X 2 /
i mas|1{n] 0 (ﬂﬁ + |z1[n]* + )\ma”;tSNR) (e = 2)!
-)\mam|~771[n]|2 o z
> F o 2 L
(ny — 2)! (lza [P+ ot ) T+ [z1[n]? + s enr
[ Amazl|z1[n]]? ( n nemd oo -
> p |2 (|z1]n 2+7> /
= (ng — 2)! il S SR (Jo P2+ 5 g ) 2
. -)\maz|$1[n]|2 ( 2 Tt )nt3 [ ( 2 ——
= B S PP eng) o (bl g
A g ne—2
e o[ g) ()i
[ Amaz ( Ny )/oo -2 -2 :|
- Ep|_Ame I nt €T
20— 21 PSR Sy T ¢ ®
[ Amaw U 1 /oo —2o— :|
- p|_Ama B Tt Y
_2(’1% - 2)! P ( )\mawSNR) 21 Jo Y ¢y
[ Armaz ( T ):| |:>\maw ( e
= I — > VRS NT=)
Bl o\ "x k)] 2 P o 75 s
S 1 [E[tr(K[n])] m ]

Replacing in (66) we obtain:
Eftr(K[n+1])] < (1 —¢) {E [tr(K[n])] (1 -
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which can be solved in steady state to get an upper bound for Eftr(K|n])]:

nt(1 —€) ] ng2"™ 2 ( 1 n )
Eltr(K[n))] < |2 et momerT—c S (snr T2
[tr(K[n])] < [ 27:SNR + ne n2Me+1—€ — n SNR + ¢

Finally we have E [i [n]i[n]T] = 0?[n]I,, where for large® n

n§+nt

o?[n] < SNR +ni2Me

Appendix H

Proof of Theorem 5

We start by specifying a randomly generated codebook with block length B. The codebook C =
{Xy,-+, Xognr}, X; € C"*B 1 < i <2"% israndomly generated by choosing the n;- B components
of the 2"% codewords independently from a CA/(0,1) distribution. We will transmit X;(k,n) from
transmit antenna k at time n to send message i. Let v;[n] = H[n]x;[n], where x;[n] is the nth
column of X;. Let V; be the matrix whose nth column is v;[n]. In a similar way define Y as the

matrix whose nth column is §[n], and Z as the matrix whose nth column is Z[n]. Then we can
rewrite the channel equation as:

?:Vi—}—z

where Z € C"*B is the channel noise received at the n, receive antennas in times from 1 through
n, and is formed by uncorrelated across antennas and independent across time components of equal

variance o2, also uncorrelated with the components of X; and independent of the fading matrices
{H[n]}.
The decoding procedure is to assume that message ¢ was transmitted whenever codeword %

has the smallest weighted Euclidean distance to the received matrix Y, ie.
m = arg mjm HY - VjHF

where 7 is the decoded message.

The average probability of decoding error, averaged over the randomly generated codewords
is independent of the codeword being sent, and as a result we can assume WLOG that codeword 1
was transmitted. Let p be the average probability of decoding error, averaged over all codebooks
and codewords, and let p(1) be the average probability of error when codeword 1 is sent. Then
letting N' = {1,..., B} we have

p=p(1) =E; g~ [Pr (Error

C,Z, 0N m = 1)] =1-Eg5pv [Pr (m‘c,i,ﬁ”,m = 1)] (67)

8Here ”large” refers to an n large enough so that E[tr(K[n])] reaches a steady state.
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where m is the transmitted codeword and the expectation is taken over the random codebook C,

the noise matrix Z and the fading matrices {H[n]}.

There is no decoding error when codeword 1 is the closest codeword in weighted Euclidean

distance to the received matrix Y and as a result

nR

Pr(Brror|C, 2,8 m=1) = 1| ([¥ - Vi,
=2

i)
o)

onR

(2], < v+ 2,

Noting that the codewords Xy, - -, Xoqur are chosen i.i.d. and independently of Z, {H[n]}
and Xy, we can rewrite (67) as
X,,Z, 8V ] }

i)

onR
25 - 1 - EXI’Z,I:I/\/' {EXZ’"'!X2WRX1’Z,I:IN {H 1 (HZHF <
=2

)

. { [n1 (2,

~ 2nR—1
_ xl,ZHN{ (| < HV1+Z VQH }
= Ex, 7.0~ Pé (Y,Z, 8
where ¥ = V1 + Z and Po(¥, 2,80Y) = {Bx, [1 (|Z] <|[Vi+Z- V| )] }Q"R_l.

We will upper bound the average probability of decoding error p by the one corresponding
to a Gaussian channel, relying on the fact that this probability only depends asymptotically on the
second order statistics of the random variables involved. We will use the following lemma.

Lemma 13 Let Y,Y,Z and Z be any matrices in C" =B that satisfy the inequality HY — ?HF <

I1Z| - HZHF Then P; (Y, 2,8) < P (¥,2,0V).

Proof:

Figure 5: Two dimensional representation of Y, Y and V,
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From figure 5 we see that (Y — V3), (Y — V3) and (Y — Y) form a triangle and as a result

%=V, > 1Y = vl - ¥ - ], (6

From equation (68) we have that if |[Y — V| > ||Z|| 5 it follows that
[¥ - v, > 1z - ¥ - ¥,
and from the hypothesis of the lemma

[¥ -Vl > vzle 121+ |2, = |2,

As a result, under the hypothesis of the lemma
[|2], < [¥ - va|,] > 1002l < 1Y = Vall ]

and we have that P;(Y,Z,HV) > P.(Y,Z,HV). [ |

Consider 2 different channels, one with additive white circularly symmetric complex Gaus-
sian noise of variance o2 + ¢ for each component, € > 0, independent of the input signal denoted
by Z € C™*8B_ and another one with noise of variance o2 per component, denoted by Z € Cv*B in
which Z(i, j) is independent of Z(h, k) for j # k and uncorrelated with Z(h, j) for ¢ # h. Since in
both cases the noise is independent across columns the Strong Law of Large Numbers lets us write
%ZZ1L (02 + o)1, and %ZZT “% 621,,,. Also because the codewords are generated with indepen-
dent Gaussian components of variance 1 and I:I[n] is independent over time and independent of the
input, and & (h][n]h;[n]) = 623;, by the SLLN we have that £X;X!“3T,, and 5V, V] ¥ a’L,,
Finally noting that the noise is uncorrelated with the input signal and is independent of the fading
matrices {F[n]}, the SLLN implies that - Y'Y 8 — (a2 +0%+6)1,, and %??T Y — (24 0)I,,.

Let

0O 00 ---0
0 . : EC”’XB
1

0 --- 0

N
Il
SO =

0
We can express Y and Y by their singular value decompositions as follows: Y = BUAY/2ZVt
and Y = vVBUAY2ZV' where U, fJ, V, and V are unitary matrices, and A and A are diagonal
matrices with real, non negative diagonal entries. Then %YY‘L = UAU' and %\??T — UAUT.
From the previous results we have that as B — oo, A — (a? + 0% + €)I,,, and A— (@® + o)1, .

We want to verify the hypothesis of Lemma 13 in the limit as B — oco. We first compute
LY — Y% as B — oo

Bl&%”?-YHi —  lim %tr [(Y—Y) (Y—Y)T]



1 . - -
= lim —tr [YYT S va VAR Ve va YY*]

B—o00

= mn(o®+0%) — lim tr [AV2ZVIVIIAI2UT

B—o0
— lim tr [UA2ZVIVIIAY2TY] 4 np(0? + 02 + ¢)
—00
= n.(a?+0%) — lim tr [A1/2A1/2]
B—oo

— lim tr [Al/ZAI/Q] + n(a? + 0% +¢)
B—oo

= nq(a?®+0?) - 2nr\/(a2 +02)(a? + 02+ €) + ny(® + 0% +¢€)

= n, (\/042+02+e—\/a2+02)2

Also from the SLLN we have that with probability 1

T(“Z”F_HZH ) - \/tr (02 4 €)1 \/tralnr
_ ﬁ(m_m)

To check that for B — oo, |[Y¥Y = Y||r < |Z]l7 — HZHF we have to verify that f(a?) =

Vol+e—Vo2 —vVa2+o2+e+vVaZ+o02 > 0 for all @2 > 0. This follows from the fact that
f(0) =0 and f(o?) is strictly increasing for o? > 0.
1 1

"(@®) = — + >0
Fe) 2var+o02+e  2Va?+0?

for a2 > 0.

Therefore with probability one

fim 121 ~ 2], ~ ¥~ ]} >0 (69

B—oo

We can now upper bound the average probability of error p with the one corresponding to
the Gaussian channel as follows:

lim p=1-— lim Ex 7N [P (?,Z,I:IN)] =1-— lim E, {Pé [?(w),i(w),HN(w)]}

B—oo n—

Since Po[Y (), Z(w), HV (w)] is an average probability, 0 < P:[¥ (w), Z(w), HY (w)] < 1 and we can
use the Dominated Convergence Theorem to exchange the limit with the expectation:

lim p=1- 5, { Jim PAY (@), 2) BV @)} < 1- B, { Jim PAY(©), 20). 5 @)}

B—x

where the last inequality follows from (69) and Lemma 13.
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Finally 1 — E,, { P; [Y(w), Z(w), fIN(w)] } is the limit for infinite block length of the

lim
B—oo

average probability of decoding error for a Gaussian channel with fading matrix known to the

receiver, in which random Gaussian codebooks and weighted minimum Euclidean distance decoding

are used. We can use the Channel Coding Theorem to conclude that this probability goes to 0 as
B — oo for all rates R' < E [log det (In, + ﬁﬁ’r)] [2]. Since € is arbitrarily small we have that all

o2+e

rates below C = FE [log det (Im + %)] are achievable. Therefore, the supremum of all achievable

rates R', R, must be at least as large as C.
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