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Linear Multiuser Recelvers in Random Environments
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Abstract—We study the signal-to-interference (SIR) perfor- Users may employ pseudorandom spreading sequences, or the
mance of linear multiuser receivers in random environments  transmitted signals from the users are distorted by independent
where signals from the users arrive in “random directions.” Such multipath fading channels which randomize the received sig-

random environment may arise in a DS-CDMA system with natur n While th n re random. w m
random signature sequences, or in a system with antenna diversity | ature sequences. € the sequences are random, we assume

where the randomness is due to channel fading. Assuming that in this paper that they are known perfectly at the receiver. In

such random directions can be tracked by the receiver, the practice, this knowledge is obtained through adaptation, channel
resulting SIR performance is a function of the directions and measurements, or an initialization protocol. However, since the
therefore also random. We study the asymptotic distribution of SIR performance of the users is a function of the signature se-

this random performance in the regime where both the number of o . . L
users K and the number of degrees of freedomV in the system 9UENCes, it is also random. We are interested in characterizing

are large, but keeping their ratio fixed. Our results show that their distributions.
for both the decorrelator and the minimum mean-square error The random sequence DS-CDMA model is an example of

(MMSE) receiver, the variance of the SIR distribution decreases g system where multiuser receivers operate faralom envi-

like 1/IN, and the SIR distribution is asymptotically Gaussian. ronment Another common example is a system with multiple

We compute closed-form expressions for the asymptotic means ¢ t th . If the fading f ¢ h of
and variances for both receivers. Simulation results are presented an enna; at the rece'Ye_f- € fading from _a us.er _0 eaq 0
to verify the accuracy of the asymptotic results for finite-sized the receive antennas is independent, then diversity is achieved

systems. using multiple antennas to combat against the possibility of deep
Index Terms—Decorrelator, MMSE receiver, multiple anten- fgde at any Smgl? amenna‘_ Moreover, by tracking the fading of
nas, multiuser detection, random matrices, random signature different users, linear multiuser receivers can be employed to
sequences. suppress interference from other users while demodulating one
particular user. The SIR performance is again random, being a
function of the channel fading. This is very similar to the random
signature sequence scenario since in both cases, signals from
N A direct-sequence code-division multiple access (DSlifferent users arrive from “random directions,” where the di-
CDMA) system, each user micapodulates the informatiagctions are given by the signature sequences in the DS-CDMA
symbols onto its unique signature (or spreading) sequenggstem and by the fading patterns at the different antennas in
This spreading of information provides additional degrees tfe multiantenna system. Indeed, one can think of the random
freedom for communication. To fully exploit the availablesequence model considered in this paper as a canonical model
degrees of freedom, lineamultiuser receivershave been for a multiuser system with diversity.
proposed to reduce or suppress the interference from othemn this paper, we analyze the performance of both the decor-
users. Prominent among these receivers are the decorrelgétstor and the MMSE receiver in a random environment. The
[9], [10] and the minimum mean-square error (MMSE) receivéfiIMSE receiver is particularly interesting as it maximizes the
[27], [11], [15], [16]. SIR among all linear receivers. While it is known [11] that both
A common performance measure for these linear receiveggeivers have the same near—far resistance (ability to reject
is the output signal-to-interference ratio (SIR). Clearly, the peworst case interference), the MMSE receiver, by its definition,
formance of these linear receivers depends on the signatureggforms strictly better in terms of SIR when the powers of the
quences of the users. We focus on the common situation wheterferers are controlled or when they are relatively weak (such
the signature sequences of the usersrarglomlyandinde- as from out of cell). The performance of the decorrelator, on the
pendentlychosen. This model is relevant in several scenariasther hand, does not depend on the interferers’ powers. The SIR
performance of the MMSE receiver under power control will be
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a certain threshold. The main goal of this paper is to chardollowing is a sampled discrete-time model for a symbol-syn-
terize such fluctuations in various scenarios. We provide cechiironous DS-CDMA system:
tral limit theorems which show that under appropriate scaling, X
the fluctuations are asymptotically Gaussian. Moreover, we give y= Z bis; 42 1)
closed-form formulas for the variances of the fluctuations in — o
terms of system parameters. Our results are obtained using tech- =
niques from random matrix theory. While the analysis of thehereb; € R ands; € R are the transmitted symbol and sig-
deterministic limit involves only the asymptogigenvaluadis- nature sequence of userespectively, andis N (0, 021) back-
tribution of certain random matrices, the characterization of tiggound Gaussian noise. The length of the signature sequences
SIR fluctuation requires understanding the asymptotic distribis-/V, which is the number of degrees of freedom, dfas the
tion of theeigenvectorsis well as the fluctuation of the eigen-number of users. The received vectogis R. We assume the
value distribution around the asymptotic limit. Both of these afg’s are independent and th&{b;] = 0 and E[b;] = P;, where
current research topics in random matrix theory and indeed ddris the received power of uséenergy per symbol).
proofs exploit several recent results. We view multiuser receivers ademodulators,extracting

In related work, Honig and Veerakachen [7] have studied tigood estimates of the (coded) symbols of each user as soft
problem of performance variability of linear multiuser detecdecisions to be used by the channel decoder [16]. From
tion under random signature sequences. They derived a heuridtis point of view, the relevant performance measure is the
approximation of the SIR performance of the decorrelator, asignal-to-interference ratio (SIR) of the estimates. We shall now
provided simulation results for the MMSE receiver. In contrasigcus without loss of generality on the demodulation of user 1,
our analytical results are justified by limit theorems and thegssuming that the receiver has already acquired the knowledge
apply both to the MMSE receiver and to the decorrelator. In tief the spreading sequences. For user 1, the MMSE receiver
context of systems with antenna diversity, Wintetsal. [26] ~generates a soft decision = ¢}y which maximizes the output
have obtained related results on the performance of the decogignal-to-interference ratio (SIR)
lator under flat Rayleigh fading. In this paper, our results apply

1 2
to general fading distributions, not necessarily Rayleigh, which (61312( Li!
are of particular interest for distri.buted antemja systems, where (cte))o? + 3 (ch)2 P
the antennas can be placed at different locations of a room or a i=2

floor. In this scenario, the fading experienced consists of b, e [11], [15], and [16]).

small-scale (multipath) and large-scale effects, and cannot She fo,rmulés for the MMSE demodulator and its perfor-

accurately modeled as Rayleigh distributed. It turns out that fance are well known [11]

laxing the Rayleigh assumption complicates the analysis con- e

siderably. 2 _ 1 t t, 27\-1
Most of our results make only very weak assumptions on ﬂl;mmse(y) T 14+Pst(S1 TS o) sy SIS +07 )y

distribution of the randomness and are therefore transparent (2)

to the specific random environment. For concreteness, we ) ) )

will focus on the DS-CDMA system with random signaturé@nd the signal-to-interference rafiofor user 1 is

sequences throughout most of the paper. In Section Il, we . + + 2\ —1

introduce the model. We analyze the performance of the B =P8 (S1TS] +01)" s (3)

decorrelator and the MMSE receiver in Sections Ill and NyhereS; := [s,, - - -, 8x] andT := diag (P, - - -, Py).

respectively, with our main results being Theorems 3.3 andwe observe that the MMSE receiver depends on the received
4.5. Section V contains simulations validating the accuracy ghwers of the interferers. The decorrelator is a simpler but
our asymptotic results. In Section VI, we briefly comment ogupoptimal linear receiver that operates without the need of
the application of our results to systems with antenna diversiky,owing the received powers of the interferers. It simply
Section VII contains our conclusions. The proofS of the resulﬁ@ns out the interference from other users by projecting the
are presented in the Appendices. received signal onto the subspace orthogonal to the span of
During the final stage of the preparation of this paper, Weir signature sequences. The vector of symbol estinbates

were informed of independent work by Mulletal.[14] onthe generated by the decorrelator for all users is given by
performance of the decorrelator. The relationship between their

results and ours will be discussed in Section Ill. We were also baec = (S'9)~ 1Sy

informed of independent work by Kim and Honig [8] who have ) ,

presented a heuristic approximation for the variance of the SYieres := [s1, -- N sxc]. Here, the inverse is replaced by the
under the MMSE. pseudo-inverse if*S is not invertible. Observe that if there

were no noise, the estimates would be exactly the original sym-
bols, and hence it would be the multiuser analog of the zero-
II. LINEAR RECEIVERS FORDS-CDMA SYSTEMS forcing equalizer. Assuming that S is invertible, the SIRy of

In a DS-CDMA system, each of the user’s information or > 1 under the decorrelator is given by

coded symbols is spread onto a much larger bandwidth via _ P 4
modulation by its owrsignatureor spreading sequencéd he 7= o2[(StS) 1]y, )
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where the denominator is thél, 1) entry of the matrix also that the above result holds regardless of the powers of the
(StS)~L. Note that the performance of the decorrelator dodsterferers, as the decorrelator nulls out all interferers, its perfor-
not depend on the powers of the interferers. mance does not depend on the interferers’ powers. Intuitively,
The formulas shown above for the SIR performance dis result says that for random signature sequences, the loss in
various receivers can be numerically calculated given speci¢R due to interference from other users is proportional to the
choices of the signature sequences. In this paper, howevemmber of interferers per degree of freedom.
we focus on the scenario when the sequencesardomly Theorem 3.1 can be viewed as a law of large numbers.
and independently chosen. In this case, the SIR performaddeugh it gives the asymptotic limit, this result does not
of a receiver is a random variable, since it is a function qfrovide any information about the fluctuation around the
the spreading sequences, and we are interested in analyZimg for finite-sized system. This is the main consideration in
its statistics. We will assume that though the sequences #iis section. It is of interest to consider only the case when
randomly chosen, they are known to the receiver once they #ne number of users is less than the number of degrees of
picked. In practice, this means that the change in the spreadiregdom, i.e.a« < 1, because otherwise the limiting SIR is
sequences is at a much slower time scale than the symbeto. Moreover, since the performance of the decorrelator does
rate so that the receiver has the time to acquire the sequences.depend on the powers of the interferers, we can just focus
(There are known adaptive algorithms for which this can evem the case when the interferers have equal received pBwer
be done blindly; see [6].) However, tiperformanceof linear i.e., 7 = PI.
receivers depends on the initial choice of the sequences andhe first step is to obtain a formula for the SIR performance

hence is random. under the decorrelator, equivalent to but more useful for analysis
The model for random sequences: let than (4). It is known [11] that for the same signature sequences,
the asymptotic efficiency of the decorrelator and MMSE re-
8; = (1/VN)(vi;, -+, vn,), i=1--- K. ceivers are identical, i.e.,
The random variables;;’s are independent and identically dis- lim v"Mo? = lim AWN)s?
tributed (i.i.d.), having zero mean, varianeand a distribution 7?0 7% =0

symme2tr|c abou. The normalization byl/V'N ensures that where3(V) is the SIR under the MMSE receiver in a system
E[Hsﬂﬁ” ] = 1,1.€,, we maintain a constant average power. Ivr\1/ith processing gai@V . Using (3) and (4), we therefore get
practice, it is quite common for the entries of the spreading se-
quences to bé or —1, but our results hold for general distri- 1 ] 5 . 1
butions, which are useful when we look at other random envi- [(5%5) 11, = 012”30 o"81 (PS5 +0° 1) 1.
ronments such as systems with antenna diversity. We will also
make the technical assumption tHafw};] < oc. This last as- Let PS; St = OFO! be the spectral decomposition BfS; S?,
sumption can be relaxed (it is probably enough to assume tQgere F = diag (A, - - -, M) is a diagonal matrix with de-
fourth moment is finite), but we chose this slightly stronger agreasing eigenvalues antis an orthogonal matrix of the eigen-
sumption in order to simplify the proofs. vectors ofS; St. Putting this in the above expression and eval-
uating the limit, we get
[ll. PERFORMANCE OF THEDECORRELATOR

1
We shall begin by studying the performance of the decorre- (GO 810D0"s, (5)
lator, before proceeding to the MMSE receiver, which requires a 1
more sophisticated analysis. The following result shows that\phereD = diag (0, ---, 0, 1, - - -, 1) and the number af's in

a system with large processing gain and many users, the ranqﬁ@diagona| ofD is the number of zero eigenvalues®fs:.

SIR of a user converges to a deterministic limit. It is proved in- To provide some background for our analysis of the random

dependently in [22] and [25]. SIR performance for finite-sized systems, it is helpful to see first
Theorem 3.1:Let (™) be the (random) SIR of the decorrehow Theorem 3.1 can be derived f_rom the representa_\tion (5).

lating receiver for user 1 when the spreading lengt snd the The essence is based on the following lemma, proved in [13].

number of userd{ = |aN |, wherew > 0 is a fixed constant. | emma 3.2:Let s — (1/V/N)(vy, - -+, vx)t Wherev;’s are
Theny™) converges te* in probability asV — oo, wherey* i j d. zero mean, unit variance random variable with finite fourth
is given by moment. LetA be a deterministicv. x N symmetric positive-
P —a) definite matrix. Then
fy* = T o a<l 1
¢ a> 1. E[s'As] = 4

In the scaling considered, the number of users per degree‘rj‘(gfj 1
freedom (or, equivalently, per unit bandwidi)is fixed while Var [¢' As] < Ncl Pimax(4)]?
the number of degrees of freedom grows. This scaling makes
sense as more users can be supported by a larger bandwidthsome constan®; which depends only on the fourth moment
The parametes can be thought of as tteystem loadObserve of v;.
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This lemma holds for any deterministic matrik Applying where
this Lemma by conditioning od = ODO! and observing that
A ands; are independent, we obtain that a=2(1—-a)+ (B[] -3)(1—-a)

E[sODO's|| = iE[tr D). This theorem says that the fluctuation of the SIR around the
N limit is approximately Gaussian with varianc%e(%)?a, de-
(Note thatE[tr D] is just the average number of nonzero eigerf€asing likel /IV and witha depending only on the system load

values ofS; St.) Also, Amax(ODO?) < 1 and an application of @ and the fourth moment of;, . Observe also the variance in-
Chebychev’s inequality yields B creases withE[v}; ], and hence is minimized when the entries

take on+1 or —1 values only. It should be noted that while the
asymptotic limit depends only on the second moment; g6,
the amount of fluctuation around the limit depends on the fourth
moment, and thus varies from one distribution to another.
(Here and in the sequel, the notatidndenotes convergence in  Since the truth of Theorem 3.3 depends entirely on the ma-
probability, while the notatior> denotes convergence in distri-chinery developed in Appendix A and the proofs there are rather
bution, or more generally weak convergence of probability mechnical, we would like to give some intuition as to why it
sures.) Furthermore, Bai and Yin [1] showed that the smalldslds. Define
eigenvalue of the random matr¢ .S, converges almost surely
to a positive number, whea < 1. This implies that almost 1 . .
surely for largeV, the signature sequences of the other users are u= \/—N(ul, o un) =08
linearly independent and the numberi&in DisN — K + 1.
This together with (5) and (6) immediately yields Theorem 3.Assuming that the signature sequences of the interfering users
Geometrically, ||s;ODO's;||?> can be interpreted as theare linearly independent (which holds with probabilityr close
amount of energy of; in V', and the above result says that in @ 1 in a large system), we have
large system, this amount is approximately proportional to the
dimension of that space. This is what one would expect from N
the i.i.d. nature of the components &f. AN) = Hno1 Z u?
Observe that the above derivation of the asymptotic limit o2 N v
makes use of the convergencen (i.e., the dimension of the
subspacé’) but not any properties af, the eigenvectors of  First consider the special case when the entigsof the
S15%. In fact, it depends only on the randomnessofHow- spreading sequences of user 1 are Gaussian. Then;the
ever, when we are interested in characterizingflisetuations are i.i.d. GaussiaV(0, 1). In this casey(") is Chi-square
of the SIR around the asymptotic limit, asymptotic propertiadistributed. This is basically the main result of Winteitsal.
of the eigenvectors are needed. The mathematical appardB@, except that they considered complex Gaussjafor their
to deal with this is established in Appendix A. The solutioRayleigh fading model. For larg¥, a direct application of the
depends o (-), the asymptotic empirical distribution of thecentral limit theorem yields Theorem 3.3, wilf[v},] = 3.

1
stODO's; — D Zo. (6)

=K

eigenvalues 0O DOY; this is given by We observe that in the special case of Gaussjarthe cen-
tral limit approximation is actually not necessary as the explicit
pp(x) = ad(x) + (1 — a)d(z —1). distribution of+” can be obtained for finité&/. Moreover, the

properties of the eigenvecto€s play no role here, other than
Applying Corollary A.2 to this problem, we can then concludene fact thatO is independent of;. The key reason is that an
that i.i.d. Gaussian random vectorigtropig i.e., its distribution is
1 > invariant to orthogonal transformations, so that whatever a de-
VN [siODOtsl -~ tr D} = N(0, a) terministicO is, O's; has the same distribution as. In par-
ticular, this means that; /||s; || is uniformly distributed on the
where (N — 1)-sphere of radiug.
) Let us now consider the general case whereutli's are not
9 4 necessarily Gaussian so that the random vegtonay be not
‘= 2/ zup(dz) + (B(vyy) = 3) </ ot dx)) isotropic. In this case)’s; has a complicated distribution de-
—2(1—a)+ (E(vfl) —3)(1- a)2. _pender_lt on both the di_stribution of ands,, and neeo_l not be _
isotropic. To analyze this problem, we need to exploit a special

This together with the fact that D converges almost surely toProperty of the eigenvectors 6§ 57. In particular, we show that

N — K + 1 yields the following theorem. even thoughs; may not be isotropic, a§ — oo, the random
vectory := O'(81/||s1]|) will be asymptotically uniformly dis-
Theorem 3.3:When the system load < 1, asN — oo tributed on the unit sphere and, moreover, independejfd;dff

essence, we show there that there is enough randomn@gsin

5 (This fact is made precise in Theorem A.1 of Appendix A.) In
) ) makeO* (s /|s1||) close to being uniformly distributed.

VR (- B o) g2 <0, (4
ag ag
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Any isotropic random vector with fixed normcan be gen- that of ||s;]|?, i.e., the fluctuation of the received energy of the
erated by an i.i.d. Gaussian random vector normalized to besignal from user 1. In the special case when the signature se-
the unit sphere. It then follows that quence entries takes enl/v/N or —1/v/N, ||s;|> = 1, and

1 (8) simplifies to
v g )’ 7 N
L Sz
where ther;’s are i.i.d. GaussiatV (0, 1) and independent of o rl* &

||s1 ], and~ means that the distributions of the random variables o o ) .
in both sides of (7) are “close” in a sense which will be made A Similar approximation was proposed independently in
precise later. Thus [14]. However, the assumption @b's; being asymptotically

isotropic was made without justification. As was pointed out,

||s1]] this matter is rather subtle as the property depends both on the

t ~ . . t
S TFTRGIRNED distributions ofO ands; .
and
NN Py lls1I? zj\: 2 @® IV. PERFORMANCE OFMMSE RECEIVER
a2 |lr)|? = ¢ We now turn to analyzing the performance of the MMSE re-
ceiver. In [22], it is shown that in a large system, the SIR under
Using the central limit theorem, it can be seen that the MMSE receiver converges to a deterministic limit. While the
1 results there apply to the general setting of users with unequal
N|si||* =~ 1+ Wi P1 (9) received powers, we focus here on the case when the users are
N controlled to equal received power. This would be the case when
5 1 users are allin a single cell and have the same SIR requirements.
Il ~ 1+ N 2 (10) 1 this case, the limiting SIR has a simple closed-form expres-
sion, which is also obtained independently in [25].
N
1 Sorta(l-a)+ 1 b (11)  Theorem 4.1 [22]:Let 5 be the (random) SIR of the
=K ' VN MMSE receiver for user 1 when the spreading lengthvis

o ) ) Suppose the received powers of the users are all equél to
where thep;’s are zero-mean jointly Gaussian andindepen- ThensY converges t@* in probability asV — oo, wheres*
dent of¢; and¢s. The second moments of these random varis given by
ables can be calculated as

B¢ =Eiy -1 Elgll=2  E[#]=201-a)? 3 i s T 1

and (12)

Elpaps] = 2(1 — ). . . .
To provide some background in understanding our approach
Using (9)—(11), we can perform a Taylor-series expansion if analyzing the random performance in a finite-sized system,

(8), keeping the first- and second-order terms only, and obtaiit helps to first give the basic intuition behind the proof of The-
orem4.1. Recall from (3) that the SIR of user 1 under the MMSE

N P 1 hS T
Ny o 11 receiver is given b
’V( )Nﬁ 1_a+\/N((l_a)¢l_(1_a)¢2+¢3):|' 9 y

B = Pst(S,TS! 4+ 0%I) ts;

/3*_(1—a)P 1+\/(1—a)2P2+(1+a)P 1

Direct computation reveals that the variance of the Gaussian

fluctuation(1 — or)(¢1 — ¢2) + ¢5 is precisely the value given  whereS; = [s, -+ -, sx] andT = PI. In terms of the spec-

in Theorem 3.3. tral decompositiol?$5" = OFO" introduced in the previous
The essence of the above argument is based on the fg&tion, wherd” = diag (), ---, Ay ), we have

that the eigenvector matri0 of S;.S} itself is in some sense

asymptoticallyisotropic A version of this phenomenon has B = PsO(F +o21)710's;.

been proved by Silverstein [18]: He showed that given any

deterministic vectors; whose entries are either1//N or Comparing this to the performance of the decorrelator

—1/4/N, the random vecto©'s, is asymptotically isotropic, P

to the accuracy of the central-limit approximation. We show V== s80ODO's;

that this is true also when; is a random vector with i.i.d. v

elements of general distribution, but independentofThis whereD = diag (0, ---, 0, 1, ---, 1), we see that the expres-

fact is made precise in Theorem A.1 in Appendix A, using th&on for the MMSE receiver is more complicated as it depends

theory of weak convergence. on the random eigenvalues 515, St as well. This reflects the
An interesting observation from the above heuristic derivéact that the MMSE receiver attains a better performance by

tion is that the asymptotic distribution of the SIR under th&aking into account the strength of the interferers rather than just

decorrelator depends on the distributionwgf's only through nulling them out.
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Nevertheless, Theorem 4.1 can be proved by, first, usingThe above lemma says that the fluctuation of the first term

Lemma 3.2 to show that for larg¥ (13) is of the order ofl/\/N. Regarding the fluctuation of
P (P/N)tr (F + o%I)~1, we have the following result, the proof
/3(1\’) ~ v tr(F + 0-2])—1_ of which can be found in Appendix B.

. . ., Lemma 4.3:
Second, using results from random matrix theory [13], [17], it

can further be deduced that the empirical distribution of the lim sup Var tr (F " 021)71 < %
eigenvalues of; TSt converges to some limiting distribution N_)OOp ‘ )
G*. Combining these facts, we obtain thaf\) converges in
probability to This says that the fluctuation & tr (F + ¢2I)~* around its
mean is of the order at mosy N, negligible compared to the
p/ %dg*()\). first source of fluctuation(13).
Ato Finally, concerning the deviation of the mean SIR from the

In [22] it is further shown how this limit can be explicitly com-limit 5%, we have the following result, proved in Appendix C.

puted to be (12). Lemma 4.4
Following this train of thought, the random fluctuation of
B around the limit3* can be dealt with by decomposing into limsup N (E[ﬁ(N)] _ /3*) < 0.
three terms Nooo
BN r tr (F 4 021)7! (13) This shows that the mean SIR is of order at mb&V from
N the limit 5*. Combining Lemmas 4.2, 4.3, and 4.4, we have the

and following main result characterizing the asymptotic distribution

p of the performance under the MMSE receiver.

il 21 (N)

N (F'+o°0) B[ (14) " Theorem 4.5:As N — oo
and VNN — g9 B N(0, b)

E[p™M] - 5. (15)

where
Note that the first term depends @p and the eigenvector . 2
matrix O, while the second and third terms depend only on the ¢ — 22/3(1—+/3) + (Elvi] - 3) (8%)?
fluctuation of the empirical eigenvalue distribution §f7°S; FA+8)+a
around the limiting distributiodz*. Just as for the decorrelator,and
the first fluctuation can be characterized using the theory devel- (1-a)P 1 1-a)?P? (14+a)P 1
oped in Appendix A. Applying Corollary A.2 there, we obtain: pr= T9,2 9 +

404 202
Lemma 4.2: Moreover
T P D
Ny _ 2 2ny-1 ;
VN <ﬁ N tr(F +o°I) ) = N0, b) limsup NV (E[/3(A)] — /3*> < 0.
N—oo
where This theorem says that while the asymptotic ligtt can be
P 2 . 4 expected to be a very accurate approximation of the mean SIR
=2 / (A +02) dG*(A) + (E(v1y) = 3) for reasonably sized system (difference of ortl&¥), the fluc-
p 2 tuations can be significantly larger (of ordefv/N). This will
{ — dG*()\)} (16) be validated by the simulation results in the next section.
Ato We would like to give some intuition underlying the proof
Note that of this result. This is similar to our heuristic discussion on the
decorrelator. Becaus®' s; is asymptotically isotropic, we can
/ P dar(\) =p* write
A+ o2 o
and 8
P dﬁ* Otsl ~ || 1|| (TIa _ 7’]\7)t
/ L dGT () = — |l
(A402)? d(o?)

_ .. where ther;'s are i.i.d. Gaussiaiv (0, 1) and independent of
Thus to compute the second integral, we need only to dlﬁerqps—lnl Thus

tiate (12) with respect te?. We therefore get
23*(1 + *)?

S S
b= 20T (B - 3)(5Y)2 AN & 7. (17)
Fs e BB =90 25
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asymptotic limit §*.

simulated mean ),

SIR at 1 standard deviation below the mean (theoretical)
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Fig. 1. Asymptotic limit, mean, and SIR at one standard deviation below the mean, theory and actual, for the MMSE receiver.

Using a process-level central limit argument together with thésing (18)—(20), we can expand (17) in the Taylor-series expan-
fact that the random eigenvalue fluctuation is small, it can ls#on, keeping the first- and second-order terms only, and obtain

shown that the Gaussian approximation given in the main theorem.
Itwas mentioned in Section Il that the exact (nonasymptotic)
Nls: 12 ~ 1 1 1g8) distribution of the SIR under the decorrelator can be computed
s ~ 14— 1 (18) . e decorrel: .
VN to be Chi-square when the chip distributionGgaussian Due

to the dependency on the eigenvalue distribution, however, no

1 such simple nonasymptotic expression seems possible for the

Ir? ~ 14+ —= ¢ (19) SIR under the MMSE receiver. Even in the Gaussian case, the
N marginal distribution of the eigenvalues 8fS! is quite com-
plicated, expressed in terms of Laguerre polynomials [21].

ﬂ

N

1 P 2 N 1

N Z A\ + o2 ri & BT+ /N b3 (20) V. SIMULATIONS AND NUMERICAL RESULTS
i=1

To see how accurate the limit theorems are for finite-sized
where thep;’s are zero-mean jointly Gaussian afdis inde- system, we compare the theoretical results with actual values
pendent ofp, and ¢3. The second moments of these randombtained by simulations. All simulation results are obtained by
variables can be calculated as averaging over 10000 independently generated samples, and

will be considered as the actual values of the statistics. Users
are received at equal powét, and the signal-to-noise ratio

El6*1 = Elvi1-1 El62 = 2 (SNR) P/o? is set at 20 dB. The chips of the signature se-
[97] [Uof] [Z)Q] quences have valuesl/v/N or —1/+/N. Figs. 1 and 2 dis-
E[¢3] :2/ {%} dGr(\) play results for the MMSE receiver. In Fig. 1, we plot the lim-

0 (A+a%) iting SIR 3* (given by (12)), the mean SIF_RY\‘), and the ac-

and tual and theoretical SIR level at one standard deviation below

El¢2¢3] = 25" the mean. These curves are plotted as a function of the system
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asymptotic limit 5*.
1% outage SIR from Central Limit theorem.
Actual 1 % outage SIR ‘
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Fig. 2. Comparison of 1% outage SIR, theory and actual, for the MMSE receiver.

loada (the number of users per degree of freedom) for differe®iR is small. The accuracy of the theoretical results becomes
system sizesN = 16, 32, 64, 128. The theoretical SIR leval good for the entire range only wheévi = 128.

standard deviation from the mean is given by For the decorrelator, as we mentioned in Section Ill and as

was also independently pointed out in [14], an alternative ap-
. b proximation is suggested by the heuristic (8). This does not
g - N assume a Gaussian approximation to the various sums, but is

only based on the fact thét' s; is asymptotically isotropic. The

whereb is given by (16). _ random variable

We make several observations. First, the mgdl is very )

close tog*, and their difference is much smaller than one stan- % 2

dard deviation. FolV = 32 and greater, thg* and3") curves St

are almost indistinguishable. This confirms our theoretical re- N

sults, which predict thag* — 3%") is going to zero at least ;1 T

as fast ad /N, while the standard deviation goes to zero like
1/+/N. Second, the theoretical predictiqfib/N of the stan- follows a beta distribution, since the’s are i.i.d. N(0, 1).
dard deviation is quite close to the actual standard deviatiqSee, for example, [3].) Hence an approximatiomtd” is a
Again, the two corresponding curves are almost indistinguishroduct of the independent random variafike ||?> and a beta
able for vV > 32. Third, the standard deviation compared to thdistributed random variable. In the special case+df, —1
mean SIR is small where there are few users per unit processiegjuences|s; ||> = 1, and this approximation simply becomes
gain, but quite significant when there are many users. Thisdsbeta distribution. The approximation is applied to calculate
true even forV = 64. the 1% outage level for the decorrelator in Fig. 3. The result
Next, we investigate how accurate the central-limit results compared to the actual 1% outage level, as well as the cen-
are in predicting the tail of the SIR distribution. In Fig. 2fral-limit approximation provided by Theorem 3.3. We see that
we compare the actual 1% outage SIR with that predicted byen for’N = 16, the beta distribution approximation is very
Theorem 4.5. (The 1% outage level is the valusuch that accurate, and in fact indistinguishable from the actual values
Pr (SIR < z) = 0.01.) We see that while the theoretical resulfor N > 32. On the other hand, the central limit approximation,
is accurate when the system loads small (less thaf.5), it while accurate for smally, tends to be over-pessimistic for
tends to be over-pessimistic far larger, when the achieveda close to1. This suggests that for moderafé, O's; is
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Fig. 3. Comparison of 1% outage SIR for the decorrelator, central limit approximation, beta distribution approximation, and actual.
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already very close to perfectly isotropic. On the other hand, thiector z is i.i.d. complex circular symmetric Gaussian noise

Gaussian approximation @j?‘:l r? and}’

N

., r7introduces with variance per component. The vectorh; represents the

errors which are only negligible whei is quite large. Thus (flat) fading of theith user at each of the antennas. het=
when N = 128, all three curves (actual, beta distributior(vi;/v/N, ---, vn;/VN)*. We will assume a fading model in
approximation, central limit Theorem approximation) merge.which v;; are i.i.d. circular symmetric random variables with
varianceE|[|v;;]?] normalized to be, to keep the total received

VI. ANTENNA DIVERSITY

In the previous sections, we have focused on the DS-CD
system with random signature sequences. Another examp
a random environment in which linear multiuser receivers o
erate is a system with multiple antennas for providing spati
diversity. These antennas can be arranged in an array locft
at a single base station, or they can be distributed in geograph=
ically different locations in which case they provideacrodi-
versity. Antenna elements colocated in an array mainly serve
combatmultipath fadingwhile a distributed antenna system ca
combat larger scale fading effects. In any case, performance g&’rﬁn
be improved by adaptive combination of signals received at
various antenna elements depending on the channel stren
A general baseband model for such a system with flat fading is

given by

K
y=) bihit+z
=1

whereb; is the transmitted symbol of thith user, andy is an

S

tie

energy at the antennas constant, irrespective of the number of

tennas. The circular symmetry arises naturally when shifting

ap

rom a high carrier frequency to the baseband. We will also as-
ume the signal constellation is circular symmetric as well, so

at b; is circular symmetric. The average received power of
Jsers are assumed to be the samifib;|?] = P. We let
| K/N | be the number of users per antenna element.

Assuming that the receiver can track the fading perfectly, the

lg%[\/ISE receiver is the optimal linear receiver in maximizing the

R of each user 1. The decorrelator nulls out the interference

other users. The performance of both of these receivers
a function of the channel fading at the current time, and is

gl@@refore random.

The similarity of the multiantenna model with the DS-CDMA

system is obvious, with the signature sequences replaced by
the channel fading vectors. The only difference is that the en-
tries of H are now complex rather than real as in the signa-
ture sequences. Rigorously speaking, Theorem A.1 which we
used for analyzing the DS-CDMA problem is only proved for
real v;;. (The proofs of Lemmas 4.3 and 4.4 carry over ver-
N-dimensional vector of received symbols at the antennas. Thtim to the complex case, cf. [2] for a similar argument.) The
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Fig. 4. Asymptotic limit, mean, and SIR at one standard deviation below the mean, theory and actual, for the MMSE receiver in a lognormal fadmgrénviron

extension of Theorem A.1 to the complex case is straightfor- For the MMSE receiver, the SIR performance can be approx-
ward, once [18, Theorem 4.1] is extended to the complex caswated, for largeV, by a Gaussian random variable with mean
which is also straightforward, albeit tedious. Carrying out thegg& and variance

extensions explicitly is, however, beyond the scope of this paper.

Thus we believe that Theorem A.1 generalizes to the case when 1 ) 28*(1+ %) + (Eflowa|] - 3) (87)°

v;; iS complex circular symmetric, but we do not provide a N "—If(l +8)2+a

detailed proof. Assuming this generalization, the performance

of the decorrelator in the multiantenna system can be appro¥i€res™ is given by(12). _ _
mated by (in analogy to (8)) Figs. 4 and 5 show simulation results which support the

theory, for the case when the channel gaipss are circular
symmetric and magnitude distributed as lognormal with stan-
dard deviation 8 dB. This is a model for large-scale fading
effects due to shadowing effects, as would be appropriate for a
i=K distributed antenna system where the antennas are physically
spaced far apart. For a randomly located user, it is reasonable
fo model the fading to each of the antennas as independent.

. . : imilar to the results for the binary spreading sequences, the
» < L. Ngte that in the case of the Rayleigh fading modg ean and variance approximations are quite accurate, even
vij's are circular symmgtnc G"?‘“.Ss'a” and the approxmanggr small NV, while the approximation for the tail tends to be
becomes exact, and this specializes to the result of [26]. For .

. - ; conservative except fav large.

large N, applying the central limit theoremy™) can be
further approximated by a Gaussian random variable with mean
(1 — a)P/s? and variance

2 N
o~y P bl Z 7|2

"o Ir|?

where r;’s are i.i.d. zero-mean complex circular symmetri
Gaussian random variables wiffi[|=;|?] = 1. This assumes

VIlI. CONCLUSIONS

In this paper, we studied the SIR performance of the decor-

relator and the MMSE receiver in a random environment. Such

1 <P )2 (201 - ) + (E[jv - )01 a)Q} random environments may arise in a DS-CDMA system with
- 1] - - .

N\ o2 random signature sequences, or in a system with antenna diver-
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asymptotic limit 3*.

1% outage SIR from Central Limit theorem.

Actual 1 % outage SIR
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Fig. 5. Comparison of 1% outage SIR theory and actual, for the MMSE receiver in the lognormal fading environment.

sity where the randomness is due to channel fading. We showmver variations of other users and depends mainly on its own
that for the two receivers considered, the variance of the SIR d@wer. This would then imply that the power distribution can be
tribution decreases like/ V, and the SIR distribution is asymp-computed as that of the reciprocal of the SIR calculated in this
totically Gaussian. We computed closed-form expressions foaper.
the variances for both receivers, and observed that the relativé\nother interesting question is to characterize the empirical
amount of fluctuation is large when there are many users miistribution of SIR levels of the users across the system. Contrast
degree of freedom and the achieved SIR is low. this with the SIR distribution of garticular user, which is what
Simulation results show that the asymptotic mean and vawe computed in this paper. We conjecture that in a large system,
ance computed from the theory are very accurate approxinsame kind of “weak asymptotic independence” between users
tions for even moderate system size and for a wide range ofwvill hold and with high probability the two distributions are very
(the number of users per degree of freedom). On the other hacldse.
when the achieved SIR is small and system size only moderate,
the Gaussian approximation is not very good for approximating
the tail of the SIR distribution (1% outage, for example.) Based
oninsights gained from the theory, an alternative approximation
based on the beta distribution is derived for the performance of . . ) .
the decorrelator. This approximation, observed independently/n this section, we develop the machinery required to prove
in [14], is very accurate for moderate system size and for tié€0rem 3.3 and Lemma 4.2. Theorem A.1 quantifies precisely
whole range ofv. what it means to say thaF the eigenvectors of a rgndom matrix
There are several interesting directions for future work. Or&® asymptotically isotopiclts proof uses heavily ideas from
remedy to offset the random fluctuation of the SIR is through!|Verstein [18] and so we adopt his notations.
power control. The interesting question is then to characterizeNotations: We letz,, = (z1, -
the distribution of power required to keep the SIR at a desirggrs with
level. The problem is complicated by the fact that all users will
vary their powers simultaneously to achieve their individual de-
sired SIR. However, we conjecture that in the scaling consid-
ered in this paper, the performance of a user is insensitive to the

APPENDIX A
ASYMPTOTICALLY ISOTROPICEIGENVECTORS

, ) denote random vec-
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and letz,, = (2, -- -, 2,) denote arbitrary random vectors in A consequence of Theorem A.1, of use to us in this paper,

™. As in [18], we let is the following. Supposd),, is a diagonal matrix (possibly
random) with entries monotone on the diagonal and eigenvalue

v}z, distribution
be i.i.d. random variables withv; = 1, Ev;; = 0, Evj; < oo LP = 1 > 8.y = ko
and symmetric distribution. With =
= {17 such that,, possesses a continuous cumulative distribution
T s function (c.d.f.)'p(x) with support on some compact $@t o],

with possibly a jump af. Denote byM,, = O,, D, 0%, and let

let M,, = (1 Vn V¢, and define
O = Y, Duthy,-
n
— — y€(0, c0). ) ) _
s(n) n—oo Here and in the sequel, we uBeto denote expectation with
Let M, = O, A, O denote the spectral resolution bf,, respect to (w.r.t.) the randomness incurredip, {z;} and,,.
. . "o . ! te that
with A,, a diagonal matrix whose entries, the eigenvalues 0
M, are arranged_ in non_dgcreasmg o_rder, énddenoting an “E6, = “Etr D, —, .. / epp( de).
orthonormal matrix consisting of the eigenvectors\éf.
Let », 2, --- denote a sequence of i.i.d., independent of
{v;} random variables, witl’z; = 0, Ez? = 1, andEz} < oc, Corollary A.2: Asn —
with symmetric distribution. Let 1
" \/ = (6n — tx D) = N(0,02) (22)
1 Z (72 1) D, 2n
T = = %
Vin where

wheren denotes a Gaussian random variable with zeromeanand, [ d ol 1 “ d 2
variances? = Ez}—1, and the convergence, due tothe CLT,is ¢ = J, * pp(dz) + 5 o zup(dz) ) .

in the sense of distributions. Lettifg°(-) denote a Brownian (23)
bridge, that is the zero mean Gaussian process[0om] Proof of Corollary A.2: Let
with covarianceE(W°(s)W°(t)) = min(s, t) — st, define -
Y, = (W1, -, yn)' = OLz, Wherez, = (z1,---, z,). _ [ b
Introduce the process Fo(z) = o Ly (dy)
[nt] denote the number of eigenvaluedaf not larger tharx. Then
1/ <y7 - —) (assumingD,, does not possess multiple eigenvalues except
possibly at0)
The main result of this section is the following theorem. We n , 1
refer to [5] for the basic definitions and properties of the Skofn — tr D;, = Z <y7 - g) (Dn)ii
rohod topology and of weak convergence of probability mea- i=1
sures onD|0, 1]. _
0.1 —van Z Z.((D)}) ~ Z((D7)
Theorem A.1:

—\/_/de W (2))

1Zn() }epo, 1 {W" + ﬁt}te[o , (21)
| = vV /O_a Z (Fu(x)) da.

whereW ¢ andy are independent and the convergence is in the

sense of distributions i®[0, 1], the space of right continuous __

functions with left limits (RCLL), equipped with the Skorohod>INC&# () converges to the continuois,(x), the weak con-
vergence ofZ, (-) is carried over to that of,,(F,,(-)), and the

topology. Lo .
latter converges in distribution to the Gaussian process
To see why this says that the vectgr is asymptotically
isotropic, consider the special case whkens an i.i.d. Gaussian {Wo (Fp(z)) + iFD(x)} .
random vector, i.e., isotropic to start with. Thgp is also an V2 2€[0, 00)

i.i.d. zero-mean Gaussian vector which is clearly isotropic. It ﬁ

e e . ; ence
not difficultin this case to verify by a standard functional central .
limit theorem that Theorem A.1 holds. What Theorem A.1 says! (6r—tr D )_D_> / r [d(WO(FD(x)) + n dFD(a:)}
is thaty,, will be asymptotically isotropic even in the generalk/2n " " 0
case when the;’s are not. Its truth depends on the asymptotic n “ Y
isotropic property of the eigenvector matri,. -2 /0 (wdlp(z) + | d(W(Fp(v)).
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The convergence (22) and the value of the variance in (23)Lete,, = n~(1/?) and set
follow from evaluating the variance of the limiting Gaussian

n

rocess. O

P Ap = {wn: || = 1, fom<sn}.
=1

Proof of Theorem A.1:The proof is a modification of the
argument presented in [18]. L&t = % Yoy 8(a,). and

Note that
A - A 1 - 4
o > e
, , IIanI 7o\
denote the number Qf eigenvalues/of smaller thane. It is i=1 n - <% 7 2 )
well known thatZA» 2 s, in the sense of weak convergence i=1

of distributions, with and further

FMy) = / i dy) <||zn|| ? A) O

Let L$» denote the law of} conditionedon z,, let L' denote
denoting the appropriate distribution function. ThEf(z) — the law of{ [ =" dW°(F*())}22,. Then, using (24)

F2(z), uniformly, cf. the argument in [18, p. 1176]. e w 2, _
By [18, Theorem 4.1], for any fixed sequence of vectors with ~ (L™, L7 ) < P <m € An) +d — 0. (25
n This, together with the convergenoeM? /n — [ 2" dF2(x)
||mn|| = 17 Z -T4 ; — 0 2 D H
: i o and(||z.||* — n)/+v/n — N(0, 1), imply that
D r 0 =
we have that Zn+ 2y — {/ z" dW (FA(JC))} .
o (e, Lwam)) L [rapw) e
2\ n " el V2 r=1
D . v A o wheren is aN(0, o,,) random variable independent Bf°.
- {/ " dWe (1 ))} . The next step consists of inverting the time change in (26). In

view of the argument in [18, p. 1191], (21) follows from (26) as
in the sense of convergence of lawsRff. In particular, it fol- soon as some tightness holds, that is, as soon as one shows that

lows that for any sequeneg, — 0 for someC > 0
5 wp E(Za(Fa(0))* < C E(F,(0))? (27)
{@ns Jlenll=1,) 7 @l <en} and for any0 < z; <
oo E(Zn(Fu(32)) — Zn(Fp(z1)* < C E(Fu(z2) — Fu(xp))?
W {ﬁ(:c;M;xn—ltr(M:;))} | (Zn(Fn(2)) = Zn(Fu(21))) (Fu(w2) = Fa(21)
2 n el (28)
) o /A e (compare with [18, Theorem 4.2]). In fact, the proof of these
{/x aw (F ( ))}_1> n__fooo (24)  facts follows closely the proofin [18], whose notations we adopt

here. Since the proof of (27) is similar, we consider below only
whered,(a, b) denote the distance between the laws of tHBe proof of (28). LetP" = {F;} denote the projection ma-
random variables:, b in, say, the Lévy—Prohorov metric (sedrix on the subspace @™ spanned by the eigenvectorsaf,

[5] for the definition; any metric between probability measurg@aving eigenvalues ifx;, z»]. One checks immediately that

which is compatible with weak convergence can be used here). 1,
Next, note that Zn(Fn(x2)) — Zn(Fo(21)) = %(zhpnzn —tr P").
1 00 With v;; = z;%;, one sees that the left-hand side of (28) satisfies
{\/ 5, (FnMiz, =t (MZ;))} E(Z(Fp(x2)) — Zn(Fn(21)))*
=1

I O N O T 1079 0 A 1 Py =S P
- {@@znnMnnznn " )}_ el " (Z” 2 )

(br M) = . 4 n 4
+ {\/; (2] )} . 5 |E (Z %‘jR‘j) +E <Z (2 — 1)Pii>

/ i) i=1
27 422

IA

é C(Il + IQ)

whereZ! are random variables taking valuesif®. for some constant independent of,
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Following the same argument that led to [18, eq. (4.10)], ofier some constank’; which depends o~} only. Similarly,

finds that

-1
L =" (12(n - 2)E=H(B22)? E(PLPY)
n

+3(n = 2)(n — 3)(E2) E(P}, P3)
+ 12(71 — 2)(71 — 3)(EZ%)4E(P12P23P34P14)
+ 2B(Pp)(Ex)%)

Using the fact thaP is a projection matrix, we have that

PlgzzngPlj+P31P11+P32P12+P33P13'
Jjz4

Using the fact that expectations are invariant with respect to

permutations, we conclude, as in [18], that

(n—2)(n — 3)E(P12Pa3P3q Pry)
< EPE 4 2E(P Py PR) +2EPE PP,
< EP1 Pyy + 2E(PY P3y) + 2E(P11 Py PY)
S EP Poy + 2E(P11 Pry) + 2E(P11 Pr)
= 5E(P11 o)

where we made repeated use®f, < PP and P >

max (P11P22, P121) Slmllarly,

(n—2)E(PLPL) < E(P1Ply) < E(P Pyy) < E(Py1 Py)

and

(n— 3)E(P122P324) < E(P122P33)
leading to
(n = 2)(n = 3)E(PLP5,) < (n — 2)E(P}, Ps3).
However, using the identity
Ps3 Z Py Py + Piy P+ PiaPig | = Pz,

J#1,3

we obtain
(n — 2)E(P33Ph) + EPE Paz + EPELPy3 = EPy Pas,
leading to
(n — 2)EPs3P% < EP,1 P33 = EPy1 Pys.

Hence

(n —2)(n — 3)E(PLP;,) < EPy Pyy.
Combining the above, we conclude that

I, < K\ E(P11 Pyy)

for some constank’; independent of,

1 3(n—1
n<teps 20D
n n

(EP4 P) (E(z? - 1)?)°
1
< - EP} + KyE(Pi1 o).

Hence, for soméx; independent of,

(n—1)

1
el + 1) € K3 <E EPY + [E(P11P22)>

2
IKg[E <% Z -P”> == K3(Fn($2) - Fn(‘Tl))2

as required. O

APPENDIX B
PROOF OFLEMMA 4.3

Throughout this proof, we follow the notations of Section IV,
while for simplicity taking P = 1. That is, we consider the
matrix S, := [s2, - -+, 8K, and denote by A\;} Y, the eigen-
values ofS; St. The case for generdt follows directly from a
rescaling ofs2.

We use various constan€s C;, whose values may change
from line to line and are always independent/éf(but may
depend orr). We also use constanfs,, whose values may
change from line to line, and which are independenVafndo.

Before starting, we recall the Burkholder inequality, cf. [4]:
If {#;} is a martingale difference sequence with respect to an in-
creasing filtratiorg;, i.e.,6; is G; measurable an8(6;|G; 1) =
0, then, for anyp > 1,

k
>0
=1

Using the fact that if {¢;} is square integrable then
6? — E(02|G;_,) is again a martingale difference sequence,
and iterating[log, p] times this inequality, one also gets that
forp > 2

P »/2

E < K,E (29)

k
2%

=1

& »/2

26

=1

p k k
E <K,EY |07+ K,E <Z E(67Gi-1)

=1 =1

(30)
We emphasize that in (29) and (3@, does not depend ol
Let A := (515t + o21)~L. Noting that

K
t __ § t
=2

we letA; := (515} + 0*I — 8;s%)~". Since

N 1
wA=d S
i=1 "

we need only estimatg (tr A — Etr A)?.
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Let F; = o(s;,2 < i < j), and write E;(-) = E(:|F;).
Using the identity
st A%s;
trA; —trA= %ﬂ
1+8,4;8;
we have that

K
trA-—EtrA=Y EjtrA—Ej_1trA

i=2

K
=Y (Bj—Ej_)ted
=2

K t A2
st Azs;
+ (E; — E,._l)Jifj
]z:; J J 1+ S}Aij
K t A2
st As;
— (E. _E,.71)14”_
jzz:Q J J 1+ S;Aij
We now define
1 2 t 42 1
1
bn Cj IS;Aij —N_lEtl‘Aj

T 1+ NIEwA;
CJ :SjAJSJ —N_ltr AJ

Using some algebra, one arrives at

tA2g.
8;A78;

B — SR e At
1+ S;Aij

J Ejfl)

=2

K K
=by ) Bjay =03 Y Eja;g;
j=2 j=2

K
— b3 Z (Ej — Bj—)(0y¢ — 85 ATs5w0;¢)
j=2

= Wl - W2 - Wg. (31)

Hence, sinc® < a < oo andby is uniformly bounded, it will
be enough to estimatB(W; /b )2, E(W;/b%)%, i =2, 3.

Recall the following Lemma, which represents a variant of

Lemma 3.2.

Lemma B.1 [2, Lemma 2.7]There exists for each > 2
a universal constat’, such that, for any deterministic matrix
D, and any vector of i.i.d. random variables= (z1, - -, x,,)
with Ez; = 0 andEz? = 1

El|&' Dz — tr D|P < K,(E(|z1|* tr DD)?/?
+ E|z1|? te(DD")P/?).

Turning to the first term in (31), note th#,;(«;) is a mar-
tingale difference sequence, i.&;_,(F;«;) = 0. Hence, by
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Burkholder’s inequality (30), for eagh> 2, there exists some
universal constank,, such that

E(Wi/bn)* =E | Y (Ejay)

j=2

2

p/2

K
SKp | E (D EimalBjay)?
Jj=2

K
+E [ > (Bjoy)?
=2
Then, since the eigenvalues of the matricesare bounded
above byo—2, we have for any > 2 by Lemma B.1 (take: =
8;V/N, D= A2, and the expectation with respectstg and use
the independence of; ands; together withtr A% < No—2*)

(32)

K K
E Y (Bjaj)P| Y Edk < KC;/NP/?
Jj=2
and, similarly,

(33)

i=2

E; 1(Eja;)? < CeN™L
Combining the above estimates, wjth= 2, one gets that
E(W,/bn)? < O,
The estimate fokV; is similar, modulo the following auxil-
iary results, valid fop = 2, 4:
E(§7) < CeNTP2 B(|G = GIP) S CeN TP (34)
implying that

E(¢;I") < CsN~172, (35)
To see (34), take in Lemma Byl= 2, 4, & = 5,4/ N, D = A;,
and the expectation with respectstg and use the independence
of A; ands; together withir A¥ < No~2* to obtain that

Ej_1(|jP) < CoN /2 (36)
and henceZ(|(;|?) < C,N~P/2. On the other hand, letting
forany; > 2 Ay; = (A7t — sjsj)*l, and noting that still
tr AIQ“]» < No~2

El¢ - ¢
= E|C — Gf?
1 K r
= F N Z (EjtrAs — E;_1 tr As)
j=3
1 K !
=E|% D (Ejtr(Ay — Ayj) — Ej_ytr (A — Ayy))
J=3
1 & says |
N;::g( J J 1)1—1—33142]’8]'
K t A2 2|7/
1 8. A3.8;
<K —E E._E. )27
= P Np 12:23 ( J J 1)14—83142]'8]'
1

< Clo—Np/2



186 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 46, NO. 1, JANUARY 2000

where the Burkholder inequality (29) was used in the nextto lasitlers pathsg — jo — 41 — 71 — -+ — 4 — Ji,
step. wherei,, € {1, ---, N} andj,, € {1, ---, K}. The param-
Returning to the estimate divy /b3, recall that alla;’s are eters in [20] is replaced by a pais;, s with s; + s2 = s,
deterministically bounded, uniformly it&v. Therefore, using keeping the random-walk parameterization as in [20]. We do
Burkholder’s inequality (30) in the first step, and (36) in th@ot see, however, how to extend this argument to the rafge
third, P(1 + /a)?. On the other hand, for? > P(1 + /)2, the
K 2 K argument in [20] actually shows that(3(N) — 5*) is asymp-
E Ela:lH <O E B (E:(a::))2 totically normal.

]ZZ:Q o)) < Cu ( (; i1 (E5245) ) We note that fork = o(log N/loglog N), the cruder esti-
mates contained in [19, Lemma 1] are enough to yield (37): in-
deed, fomp finite and independent a¥ this is the content of the
proofthere, while by bounding there the number of set partitions
of {iv, -, 4, ¢, -, b {ke, - oo, ke, KL, -+, K.} One ex-

K N tends the conclusion tb's as above. Unfortunately, this tech-
<Ci2 (E (Z Ejl(Cj)2>
j=2

K
+> " E|E;(a;(;)

=2

nique seems to break down when= O(log N).
We finally note that besides the conditid#(v;;) < oo, the

K . assumptionE(vf;) < oo was used only in bounding’s; a
+ Z |E(G)? tightening of this argument, valid under the conditiB(v;;) <
j=2 oo, seems possible, following [2, Sec. 4], but we do not pursue
<Cia(KNTY) this direction here.

proving the desired estimate &¥,.

The argument involvingVs is similar, only simpler: First,
note thatu;s; A7s; is bounded uniformly, and so ig;. There-
fore, using again Burkholder’s inequality (29) in the first step,

APPENDIX C
PROOF OFLEMMA 4.4

E(Ws/by)? Define
K 2 Si:=[81, 82, -+, 81, 8ix1, -, SK]
=F (Z (B — Ej)(e¢ - SE'A?SJ%Cf)) and
j=2 S :=[s1, 82, -, 8x].
L As in Appendix B, we will for simplicity takeP = 1. The
S KB (Z (Bj — Ej—1)(e¢; — SE'AJQ""WJC?)y) general result follows from a rescaling of. Now
i=2 BN = st(5,St + 021)Ls; (38)

K

is the SIR attained by usér In [22, Eq. (27)], a key equation
< Cua Y (Bl + B()) y userin [22, Eq. (27)], a key eq

relating the achieved SIR’s of the users and the tra¢e'6f +

o*I)~! was derived
= (K = D(B(3G) + B(G). e :
In view of (35), we need only to recall from (33) th&at o3) < -l /7—(1\) =1-Z ¢ (SS' + o217 (39)
CisN—P, O N i1 L+ /5 N

t follows from Lemma 3.2 that

Remark: Another possible route to the proof of Lemma 4. (N r
e P BN = B3N = B[Nt e (5,5t + 021)7Y).

is as follows. Note that the functiofi + z/0?)~! is analytic
in the (open) diskz| < o2. Fora2/P > (1 + /a)?, this disk L€t
includes the support of the limiting measu#&(-), which is

[P~ V(@) P(1+ Va)?].

Expanding in Taylor series the functidn + z/02)~! up to

BN .= B[N~ tr(SS* + o21)7Y].

derk — Cloe N and trolling th inder b ing th It follows from Lemmas 4.2 and 4.3 that for largé each of the
orderic = ¢ log [V, and controfiing the reminder by UsIng t€,v) i -1nqq tq@EA),Which in turn is close t@™). Moreover,

gna:lyncny, it follﬁ]\;vitrgt Il_ernjirna 4.3 holds as soon as, for 80766_1 (S5t + 02 1)~ is also close t@ ™). Substituting these
1 large enoughk: < Cy(log V) approximations into (39) gives us an approximate fixed-point

N X —
oY equation in3\)
Va —_— Cs. 37 _
N <z_; (1+ \/a)k) G 37 g 1— 023
= « — ~1-— .
(All constantsC; are taken to be independent &8f) Such an 1+ W0 o

estimate is the main result in [20], who under stronger momenhie exactfixed-point equation has a unique positive solution,
assumptions deal with Wigner matrices and not with sample ashich is precisely the limiting valug*. (In fact, the formula
variance matrices, and show that (37) actually holdskfee  (12) for 3* is obtained by solving this quadratic equation.) Thus
o(v/N). But for sample covariance matrices, one may use theestimate how fa8™ is from 5*, we need estimates on how
same construction as [20], except that instead of considerifag each of thqﬁgN) deviates is fronB®). This is the main idea
pathsiy — 4 — 42 — -+ — 43 as in [20], one con- of the following development.
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One can write for someg; := & (V) satisfyingg; € [0, vV Tu Y 0].
B = g(N) + 6 Note that
N _ N e
58N = N E[ir (S;S! + 021)™" — tx (S5 + 02171 L) _ B - B™
By the matrix-inversion lemma ! 14 B0
(Sisz‘i‘O—QI)il—(SSt—i—OjI)il > _1+T[_3(N)7 Sinceﬁi(N) 20
= (5iSf + 0 1) " 8;8/(SS" + 0?I)7" 2 .
i (N 2
SO > —1+m, SInCEﬁ S]./O’ .

Hence(l + &)~! < Cs for some deterministic constant;

o |1 ot 2\—1. ot t 2y —1
o1 = ‘NE[tr((sti +o7 D)7 88 (55" + 07 1) )] independent ofV. Substituting in (43) and taking expectations,

1 . o . e using the fact from (42) that
=% Eltr84(SS" 4+ o21) 7SSt + o21)7tsy)]
<y B |zilsl? M) < L
= ﬁ, (40) and that
Also E[N—l tr (SSt + 0,2_,)—1] _ /_3(1\7)7

Var [V = E [(ﬁgm — N7 (8,8t + 021)~!

we get, for some&’; independent ofV
N4 (S8t + 0217 — BEN))}

K K i C
Y 2 _—_ 1 2 (]\) < —
E [(/351\) —tr(5i5;+021)—1) } N N1+ +o°p <N
+2E [(/351\") — N~ tr (S5 + 02[)’1) and hence, for som@- independent ofV
(Vs v ot - BY))] . o
| e IR A
1+ B N’

oA 2
+E [(Nl i (5,5t + 021t — BN >)

By Lemma 3.2, the first term of the preceding expression BUt 3* := [(A + ¢%)7! dG*()) is the unique solution of the
bounded by’ 0 /N for some constan®; that depends only on €quation
the fourth moment of;,, and the second term @s By Lemma

@
4.3, the third term is bounded Iy / N2 for some constant’ R 1+0°3=0
independent ofV and<. HenceVar [/351\‘)] < C3/N for some
constaniC; independent ofV and:. and, moreover, it can be easily seen that the solution of this
Combining this with (40), we can now write equation is a differentiable function of the right-hand side.at
N = ; Hence
B =B + A (41)
where limsup N (/_J(N) — /3““) < 0
N—oo
AMy <L
ETA ] o*N (42) The lemma now follows from (40). O
and
E[(AMY] < % ACKNOWLEDGMENT
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Let ™ = AP /(1 4+ ™). Then version of this paper.
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