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Abstract. We study the information content of equilibrium prices using
the market communication model of Deng, Papadimitriou, and Safra [4].
We show that, in the worst case, communicating an exact equilibrium
in a production economy requires a number of bits that is a quadratic
polynomial in the number of goods, the number of agents, the number
of firms, and the number of bits used to represent an endowment.

1 Introduction

In the European Union, prices are typically expressed in whole-Euro amounts
(or as “nice” decimals when they are small). In contrast, buyers and sellers in the
United states cling to every penny and advertise prices to the ﬁ-th of a dollar.
Does such accuracy serve a computational purpose? We study this question in
the case of market equilibrium: how many bits of information must prices express
in order to ensure that the economy achieves equilibrium?

The market communication model of Deng et al. [4] highlights the unusual
properties of communication in markets. In standard market models, communi-
cation often comes from central authority, such as a market maker or Walras’s
fictitious auctioneer [14]. This omniscient authority must broadcast enough in-
formation (e.g. prices) for each agent to decide his own behavior without further
communication — because each agent has private information (e.g. an endow-
ment), it may be that agents are ignorant of others’ equilibrium allocations. By
comparison, in Yao’s basic two-party model [15], two players follow a protocol
(where both may send information) to communicate enough information that
both players know the answer to the problem. Here, we study the communica-
tion requirements of reaching equilibrium in the market communication model.

Classical economic treatment of communication costs studies the dimension-
ality of the message space required to communicate a Pareto-efficient outcome.
In standard convex economies, the seminal work of Arrow and Debreu [1] may
be interpreted as a proof that (m — 1) real numbers — i.e. normalized prices —
are sufficient. Subsequent work [6, 10] shows that normalized prices are optimal.
A priori, the results for convex economies are powerful because the amount of
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communication is independent of the number of agents and firms. Many subse-
quent works have sharpened and extended these results [7,2,13]. Of particular
relevance, Calsamiglia’s introduction of parametric communication [2] precisely
captures the notion that communication may leverage private information to
reduce communication.

Our work focuses on the bit-wise communication requirements for reaching
equilibrium — while (m — 1) real numbers may be dimensionally optimal, they
may hide many bits. Since most real-world applications communicate a price
with fixed precision, we follow Deng et al. [4] in believing that bit-wise commu-
nication bounds are important. Related communication complexity results [12,
11] consider the problem of communicating preferences or complete allocations,
while most research on market equilibria has focused on developing efficient al-
gorithms (e.g. [5,8,3]). To the best of our knowledge, Deng et al. give the only
result specifically applicable to this model.

Our main result gives a lower bound on the number of bits of information
that must be communicated in an Arrow-Debreu market with production. We
show that the number of bits depends polynomially on the number of agents,
the number of firms, and the amount of private information they hold.

Our bound is significantly stronger than the bound of Deng at al. [4]. First,
Deng et al. need ©(=)-bit numbers to show a poly(n) lower bound, i.e. they give
each agent polynomially many bits of private information. We achieve the same
lower bound with a logarithmic number of such bits. Second, Deng et al. must
relax the standard non-satiation requirement on utility functions;! we do not.
Thirdly, our bound is more general because it considers a production economy.

The main shortcoming of our bound is that it critically exploits the fact that
real numbers rarely sum to the same value, even if they are very close. Thus, it
is unlikely to extend to approximate equilibria.

2 Markets and Market Communication

Market communication complexity aims to study the amount of information that
prices must encode to induce equilibrium in an Arrow-Debreu economy [1].

2.1 Arrow-Debreu Markets

An Arrow-Debreu market with production consists of n agents, m goods, and [
production firms (indexed by ¢, j, and k respectively). A bundle of goods is a
vector € € R™ where x; represents a quantity of good j.

Each agent has a utility function and an endowment. The utility function
ui(x;) : RM — R maps bundles of goods to utilities, and the endowment e; € R™
is a bundle of goods. In order to guarantee the existence of an equilibrium, it is
sufficient to assume that u; is strictly concave in x.

! They call it “strict concavity.” Nonsatiation is required for Arrow and Debreu’s proof
of the existence of equilibrium [1].



A production firm is specified by a set of net production possibilities Y} C
RM . A vector y;, € Y}, represents the net quantities of goods produced: a positive
value y; 1, represents an output of good j, and a negative value y; ;. represents an
input. Notice that at prices 7, the profit of firm &£ may be written as 7-y;. Again,
the sets Y, must satisfy convexity requirements. In particular, it is sufficient to
assume the following: Y} is closed, convex, and contains the 0 vector, and if
y € U, Yi, then —y € (J, Y% if and only if y = 0.

To link production to consumption, a firm is owned by agents. Agent i may
own a share o € [0,1] of the profits of firm k, i.e. at prices 7, agent i’s budget
will be the value of his endowment plus the profit derived from firms he owns,
ie.

Mizﬂ'ei+20i,k7f'yk~ (1)
kell]
Since o; j, denotes a share of firm k, it must be that Zie[n] oikr = 1. We omit
the precise restrictions on production sets and utility functions for brevity.
The following economic definitions are standard [9]:

Definition 1. An economic allocation is a tuple ({x;}, {yr}) specifying the bun-
dle x; consumed by each agent and the production vector y; chosen by each firm.

Definition 2. An economic allocation is feasible if x; > 0, yr € Yi, and the
total demand is less than or equal to the total supply, i.e.

Z%‘SZBH-Z’M 2)
i€[n]

i€[n] j€[m]

Definition 3. A competitive equilibrium (hereafter equilibrium) in an Arrow-
Debreu market is a set of prices @ € RM and a feasible allocation ({x;}, {yx})
such that agents mazimize their utilities and firms mazximize their profits at
current prices, i.e.

x; € argmax  u;(x) (3)
ze{z|z-w<e; m}
Yp € argmaxm -y . (4)
yeYy

2.2 Market Communication
Deng et al. [4] define the market communication model as follows:

Definition 4. Market Communication: n agents [n] have private information
x; € X; (the sets X; are common knowledge). Agent i wishes to compute the
function fi(x1,...x,). Another agent, agent 0 (the “invisible hand”), knows
(1,...2y).

A protocol is a set of functions (go(+),g1(+), ... gn(+)) where go : X1 x... X, —
Xo, iem) + Xox Xi = R, and gi(go(z1, ... 2n), 2:) = fi(x1,...2,). The amount
of market communication is the number of bits in xo = go(x1,...2Tn).

In essence, the omniscient agent 0 computes z¢ = go(z1,...2,) and broad-
casts o to agents ¢ € [n]. Next, each agent privately uses x; to compute

gi(xo,xi) = fi(xl, e ],‘n)



The Power of Market Communication The addition of an omniscient agent
substantially increases the model’s power: it is as powerful as standard nonde-
terministic communication.

Theorem 1. Assume communication costs are measured in bits. Then any prob-
lem f(x1,...25) in NPYC has an efficient market communication protocol.

Proof. By assumption, there is a communication sequence o of poly-logarithmic
length that solves the problem. Let T' = {(i, 0¢)} be a transcript of the commu-
nication, i.e. agent ¢; sent o; at time t.

Note that agent 0 may compute T because she is omniscient. Thus, in the
market communication protocol, agent 0 computes T' and broadcasts it to the
agents. Each agent then simulates his behavior based on T to solve the problem.
The size of i; is logn, so |T| = ©(|o|logn), thus giving an efficient market
communication protocol. a

Market Communication in Arrow-Debreu Markets We wish to discuss
the number of bits of private information an agent or firm receives; however,
such private information is often given in terms of real numbers or functions. To
generate a meaningful measure of each agent’s private information, we assume
that utility functions and production sets are drawn from finite sets.

Specifically, an agent’s utility function u; is drawn from a finite set U. Also,
an agent’s endowment is a vector of dimension m in which each coordinate is
represented in [ bits. Similarly, a firm’s production set Yy is drawn from a finite
set Y. Our bound will be a function of the number of possible utility functions
|U] and the number of possible production sets |Y]|.

The goal of an agent or firm is to compute its consumption vector x; or pro-
duction vector yi. Thus, if E represents all private information in the economy,
we have g; = x;(F) for the agents and g, = yi(F) for the firms. (While the
definition of an equilibrium includes prices, we take the position that prices are
merely a communication tool and that, at the end of the day, we only care if each
agent chooses the correct allocation. Thus, we do not explicitly require agents
to compute prices as part of g;.)

For example, a trivial protocol might broadcast each agent’s utility function
and each firm’s production set, using O(nlog|U| + llog|Y|) bits of communi-
cation. Agents would then know everything and, therefore, could compute an
equilibrium.

3 A Lower Bound for the Arrow-Debreu Model

Our main result shows that the number of bits is polynomial in the number of
goods, agents, firms, and bits of private information.

Theorem 2. In the worst case, communicating a market equilibrium in the mar-
ket communication model requires at least

%(ﬁ—}—lg(n—l))—l—n—i—l—O(l) (5)



bits of communication to reach equilibrium, where n is the number of agents, m
is the number of goods, 1 is the number of firms, and 3 is the number of bits used
to represent a value in an agent’s endowment.

The (n+1) term is the most significant — it implies that the number of bits
is linear in the number of agents and production firms. From a practical perspec-
tive, it is unrealistic to believe that prices contain (n + [) bits of information.

The 3 (8 +lg(n — 1)) term corresponds to communicating the total global
endowment of resources. The total endowment of each resource is, in general, a
(8 4 1gn)-bit number. Thus, this term roughly corresponds to communicating
the total endowment of 7 goods.

Instead of proving the theorem directly, we prove a more general lemma that
allows us to compare our bound to Deng et al. [4]. They achieve an 2(n log(m +
n)) lower bound using an exponentially large set of utility functions that require
poly(m,n)-bit numbers, i.e. [Ul = 2 (2”"“’(’”’")) and 8 = poly(m,n). By com-
parison, taking the number of utility functions and production functions to be
polynomial in our construction (i.e. |U| = |Y| = poly(m + n)) gives the same
2(nlog(m + n)) bound.

Moreover, if we allow players and firms to value arbitrary bundles of goods,
then we get [U| = [Y| = £2(2™) and thus a lower bound of

Q(%(ﬁ+lg(n—1))+m-(n+l)—m) : (6)

In this case, each item requires (n + [) bits of information in its price. (While
attributing an arbitrary bundle value to an item is slightly unrealistic, it is a
common worst case setting in areas such as combinatorial auctions.)

Lemma 1. Communicating a market equilibrium in the market communication
model requires at least

m a4 4
5 (B+1gn—1)) +(n =1 —[Ul)1g|U + (1 = 1 = [Y[=)1g[Y]  (7)
bits of communication in the worst case, where |U| is the number of possible
utility functions u;, and |Y| is the number of possible production sets Y.
Moreover, there are specific sets U and Y such that the economy requires

2 (B+lgn— 1) +n+1-0(1) (8)
bits of communication to reach equilibrium.

Proof. We construct an economy with m goods, n agents, and [ firms. The main
trick is to make each combination of utility functions (or production functions)
correspond to a unique prime factorization. Thus, no two combinations of utility
functions (or production functions) will have the same optimal allocation.

The second trick is to leave one agent (and firm) without any private infor-
mation, so the number of communication sequences is trivially lower-bounded
by the number of possible equilibrium choices she may make.



The Economy. Assume m is divisible by 4, n > 2, and | > 2.
Partition the goods into four groups modulo 4, i.e.

M, ={jlj€|m]and j =a mod 4} (9)
The sets will serve the following purposes:

— Goods in My are production inputs and goods in M; are outputs. Nobody
wants goods in M. Consequently, the entire supply of goods M is converted
to goods in M7. Goods in M; are indistinguishable to the agents, so Pareto-
optimality will imply that producers maximize the total output of goods in
M;.

— Goods in My and M3 are traded among agents. Goods are paired such that
an agent balances the quantity of a good mo € My with some good ms € M3
to match marginal utilities.

Agents ¢ > 1 have utility functions of the form

ul(acz) = Z (2 Tij lgci7j—|—xi,j_1) + Z T1,j (10)

JEM3 JjeEM;

where ¢; ; € C, and the set C' will be determined later. Agents ¢ > 1 are endowed
with goods from My, My and M3 only, i.e.

€ijs J € Mo U M;
eij=1\6 JEM (11)

0 otherwise.

For endowed goods, e; ; € [2°] is a B-bit integer and & = n -2 is a large number
(large enough that, in equilibrium, an agent will always keep a positive quantity
of each good in My).

Agent 1 has the utility function

Ul(iﬂl) = Z (2@4—961,]-,1) (12)

JEM3

(the first term is equivalent to setting ¢;,; = 2). She is endowed with 1 unit each
of goods in Ms, and Ms, i.e.

. (13)
0 otherwise.

{].7 J € My U Mj;
617]‘ =
Note that agent 1 has no private information.

The firms have technology to convert goods in My to goods in M;. Like
agents’ utilities, the production functions are parameterized by coefficients c; €
C. (We will take C to be the same for both parts of the economy, but this
is certainly not necessary.) We define the production of firm & in terms of a



production function, i.e. firm k may transform y;_; , units of good (j — 1) into
;.5 units of good j according to the following function f; z:

Yik = FieWi—16) =2/ Yj—16 - 18¢jk (14)

This function is translated to a set of vectors to match the model.? In order to
create a firm with no private information, we require that c; ; = 2. For simplicity,
we also specify that all firms are owned by agents ¢ > 1.

Analysis. First, we show that agent 1 must be able to select

((n = 1)2%) % U=t (15)

distinct consumption vectors. A similar proof gives a lower bound for the pro-
duction side of the economy.

Consider a good j € Mj. (Note that good (j — 1) is in M>.) Let p; = W;ril
be the relative price of good j compared to good (j — 1). Note that each agent
has a term of the form 2\/x; ;lgc¢; j +x; j—1 in u;. In equilibrium, we know that
agent ¢ does not wish to sell good j—1 to get good j (or vice-versa). Thus, agent
¢ must balance her marginal utilities from the 2\/z; ;1gc; ; and z; ;1 terms.

This gives the relation

8(2 Tij lgci,j) 9 (pjzii-1)

= 16
8(Ei’j 8$i,j71 ( )
lgci;
/ Jo_ 17
Py pj ( )
lg Cij
T = - 18
»J (pj)2 ( )

(Note that by construction, i.e. by choice of &, this is always possible.) Since
goods in My and M3 do not involve production, we know that

Z T 5 = Z €i,j - (19)
]

i€[n] i€[n
Let aj = 37,c(y €,y Using this constraint and the equations z;; = ‘gﬁ)g, it
J
follows that
1 1
p; = o Z lgei; = ;lg H ¢igl o (20)
T jeMs J JEMs;
and thus |
xi,j — ij gCZJ (21)

Ig (HjeMg Cm‘)

2 The only trick to converting f; 1 to a set is to allow firm k to produce any amount
of good j between 0 and f; . In equilibrium, production will always occur on the
boundary defined by f; &, so this change is inconsequential.



For agent 1, we get

1
lg ((HjEJVI3\1 Ci’j) al])

To show a lower bound, we want to show that we can choose the set C' such that
the number of possible values for z; ; is large. We take C to be the |C| smallest
primes. (Note that this implies the total number of possible utility functions is
|U| = |C|%.) To count the number of possible values for 7 ;, consider the value

(22)

T1,5 =

[T ™ - (23)

j€M3\1

This represents a fractional prime factorization of a number where the prime
factors are in C. Thus, the number of distinct values is the number of distinct

sets of the form
{kw} (24)
Q;

where k. ; is the number of times a prime c¢ occurs in the factorization and
. ; K. . >
>, kc,; = n. Note that if two sets { 4 } and { =2 } are the same, then Y k(;—]f =

ke
Qi j

KL o . .
> 5% Since ), ke j = n is fixed, the only way for two sets to be the same is if

7
(%8
J

a; = a}. Thus, since there are (n — 1)28 possible values for o, there are

5 ‘C|n—1

(n—1)2 Tl

> (n—1)2%|C|" 19 (25)

possible values for this quantity, and, therefore, the same number of possible
values for 1 ;. Counting over all ¢ goods in M3 and assuming that C is the
same for all j (thus |U| = |C|%), it follows that agent 1 has at least

o m
4 T

(0 =127 jCP =97 T = ((n = 1)2%) yjr-1-tu (26)

possible choices. Moreover, note that we may derive this bound for other sizes

|U| by fixing all ¢;; for some j. Assume that we fix the values of ¢;; for (% — k)
goods (i.e. k goods still have ¢;; drawn from C), then we get

((n—1)28) ¥ U110t (27)

where |U| = |C|*. (This will be useful when we wish to set |U| = 2.)
The analysis for the firms is similar: firm 1 must be able to select

((n—1)2%) ¥ |yp-1-mi» (25)



distinct production vectors. First, we characterize optimal production. Consider
a single good j € M; and observe that

Doyik= D e =a5 . (29)
ke(l] i€[n]

Tj—1

Let Pj—1=

be the equilibrium price of good (j — 1) relative to good j. Then

T
we know that firm & maximizes

Yik — Pi—1Yj—1,k = 29/Yi—1.k - 18Cjk — Dj—1¥j—1.k (30)

Bk g0
(pj—1)*’
we repeat the analysis used for agent 1. This shows that firm 1 must be able to

make at least

Taking the first derivative with respect to y;_1 1 implies that y;, =

m
4

((n—1)28) % [ypi-1-1¥17 (31)

different choices.

Because the choices of agent 1 and firm 1 are independent, all combinations
of choices are possible. Thus, the total number of communication sequences must
be at least . X

((TL . 1>2ﬁ) 2 ‘U|n717HU\E |Y|l717|Y|H (32)

and the total number of bits of communication is at least

5 (B+1g(n— 1)+ (n—1—[U[*)IgU] + (1 -1 - [Y|%)Ig|¥|  (33)

If we take |U| = |Y| = 2 (i.e. the set C' = {2,3} for one good, fixed at ¢;; = 2
otherwise), then we get a lower bound of

%(ﬁ-}-lg(n—l))—!—n—i—l—O(l) (34)

bits of communication. O

4 Conclusion

Our main theorem diminishes the power of prices, with the caveat that we de-
mand an exact equilibrium. While (m — 1) prices are sufficient, the amount of
information they contain may be highly dependent on the parameters of the
market.

Most significantly, the number of bits of information they must communicate
is linear in the number of agents and firms in the worst case (the (n + 1) term).
This implies that even though a price is supposed to be “universal,” prices must
contain a unique bit of information for every agent in the economy. In the context
of decimal prices, this roughly translates to one digit for every four buyers of a
good. This is quite impractical.

It remains an open problem to give tight bounds. For example, we currently
do not have any nontrivial upper bounds. Also, there are a few reasons why our



lower bound may not be tight. First, instead of a multiplicative factor of %, one
might expect a multiplicative factor of (m — 1) since that is the number of prices
that must be communicated. Second, the multiplicative log(m +n) factor shown
by Deng et al. [4] arises from an effect not present in our construction.

A more significant open problem is to give lower bounds for communicating
approximate equilibria. Since our construction is highly dependent on the fact
that two sets of irrational numbers rarely sum to the same value, it is unlikely
to survive when an approximate equilibrium is sufficient. In particular, it is
plausible that the polynomial dependence on n and [ fundamentally requires
poly(n,1)-bit numbers.

Furthermore, lower bounds for approximate equilibria would be more realis-
tic. Because market clearing is also measured to finite precision, a lower bound
approximate equilibria would give a stronger result on the amount of precision
required in prices.
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