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Abstract. We revisit Roughgarden and Tardos’s price of anarchy in network routing, in a new model in which
routing decisions are made by theedgesas opposed to the flows. We propose two models: thelatency modelin
which edges seek to minimize the average latency of the flow through them on the basis of knowledge of latency
conditions in the whole network, and thepricing modelin which edges advertise pricing schemes to their neighbors
and seek to maximize their profit. We show the counterintuitive result that the price of stability in the latency model
is Ω(n
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flows themselves). However, in thepricing modelin which edges advertise pricing schemes — functions dictating
how the price varies as a function of the total amount of flow — we show the surprising result that, under a condition
ruling out monopolistic situations, all Nash equilibria have societally optimal flows; that is, the price of anarchy in
this model isone.
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1 Introduction

Computer Science is not like farming. It is about building things right, not watching them grow in hope. It is therefore
natural that many computer scientists had been uncomfortable about the Internet and the mysterious ability of its many
thousands of autonomous systems to connect quite efficiently and reliably millions of nodes through uncoordinated,
decentralized, and ultimately selfish decisions. The area ofthe price of anarchy[5], gauging the cost of this lack of
strategic homogeneity, is the technical expression of the field’s discomfort.

Roughgarden’s thesis [9–11] is by far the most influential work in this subject to date. The main result of Rough-
garden and Tardos’s famous paper“How bad is selfish routing?”[11] is the wonderfully reassuring statement that,
under a linear latency assumption, the price of anarchy in routing is upper bounded by about 33% — not insignificant,
but certainly neither the disaster one could have feared.

In this paper we revisit and revise the Roughgarden-Tardos model to we obtain two strong and rather surprising
results:

– If routing decisions are made not by users as in the Roughgarden-Tardos model but by the edges of the network,
aiming to improve average latency of their flows to the destination, and based on information about congestion
conditions downstream, then the price of anarchy isunbounded.

– But if the routing decisions of an edge are based onpricesannounced and charged by the downstream edges, then
the price of anarchy becomesone.

The authors of [11] never mention the Internet as the context and motivation of their work, but their results have
been interpreted this way in the literature. For example, [8] has these comments after reciting the Roughgarden-Tardos
result on the price of anarchy in routing:

“But, of course, in today’s Internet flows do not choose paths. In the Internet, routers direct traffic based on
local information [...]What is the price of the Internet architecture?”

(original emphasis.)In the present paper we take on this question.
Notice that, in the above quotation from [8], two distinct aspects of Roughgarden and Tardos’s model are identified

to be in disagreement with Internet reality:

(1) The decision makers are not the flows, but the routers (by this, of course, it is meant not the individual routing
machines, but the autonomous systems doing the routing, modeled by edges in this papers).

(2) The decisions are based on local information, for example without full knowledge of downstream congestion.

This paper is an account of what happens if one tries to address these two issues, one by one and in this order.
Recall the classical example known asBraess’s paradox(Figure 1), in which the optimum flow has cost3

2 , and
selfish decisions by individual flows lead to a cost of2, thus achieving the43 worst case. To address (1) above is to ask,
what happens if the routing decisions are made byedgesinstead of flows?That is, let us assume that each edges splits
the flow through it among the edges adjacent to its downstream endpoint in such a way as tominimize the average
latency to the destination.We call this thestrategic edges model, as opposed to Roughgarden and Tardos’sstrategic
flows model.

It is not an unreasonable assumption that edges strive to minimize latency to the destination. Edges model au-
tonomous systems, and, intuitively, delivering packets efficiently is these entities’raison d’ être.Presumably, there
are also flows originating at each edge (the flows of its customers, not appearing in this simple example and model),
and the edge wants to please them, keep them, and expand them. Besides, if the latency is unsatisfactory, flows will
be routed elsewhere, this may be reflected in the network topology as it evolves at a different time scale, and the
autonomous system will be out of business.1

Coming back to Braess’s paradox in the strategic edges model, let us cally the fraction of the unit flow that the
source edge directs to the edge(s, a) andz the amount edge(s, a) directs to edge(a, b). It is then trivial to optimize
edge(s, a)’s choice ofz as a function ofy (the cost to be minimized isy − z + z · (1 − y + z)), and, given that, the
source edge’s choice ofy. The result of this calculation is the Nash equilibrium of the new game: The price of anarchy
descends from4

3 to 31
30 !

This seems very exciting. Could it be that this more realistic model yields a much better price of anarchy than the
original one? Our result here is devastating:

1 At this point, of course, our model contains no reason why an edge may want to stay in business; all in good time.



Fig. 1. Braess’s network, for which POA= 4/3 in the strategic flows model but POA= 31/30 in the strategic edges model.

Theorem: The price of anarchy of the strategic edges model isΩ(n
1
60 ), wheren is the number of nodes in the network.

The proof is by a recursive construction; we do not know any satisfactory upper bound. In fact, we prove something
much stronger: Not just the price of anarchy (the cost of the worst Nash equilibrium) is bad; but so is theprice of
stability (the cost of thebestNash equilibrium). We also show (Theorem 1) that pure Nash equilibria in this game
always exist. One important technical reason why the situation is so far worse than the Roughgarden/Tardos model is
this: In Roughgarden-Tardos, the33% price of anarchy kicks in only when the traffic from source to destination is at
its peak of 1. In contrast, the much more modest3% deviation in our new model persists at low traffic rates; it is this
feature that enables our recursive construction.

There is an interesting issue in defining Nash equilibria in this and similar games, that is worth discussing here.
A pure Nash equilibrium is, of course, a set of choices (routing decisions by edges) such that no edge can gain by
changing its decision,if one assumes that all other edges do not change theirs.Note that, in this particular game,
the highlighted sentence is a little ambiguous. If I change my outgoing flows, downstream edges will have different
incoming flows, and so they willhaveto change something in their outgoing flows! There are two ways to define
what it means that an edge “does not change its decision.” In thefixed ratioversion of the model Nash equilibrium is
defined assuming that all other edges keep allocating their incoming flows to their outgoing edges in the same ratios as
before. In thefully rational variant, it is assumed that downstream edges readjust optimally to the new situation. This
latter model is less realistic (as it suggests that autonomous systems in the Internet anticipate sophisticated behavior by
far-away autonomous systems, something that is quite implausible); however, it does correspond more closely to the
demanding notions of rationality of mainstream Game Theory. As it turns out, these variants behave quite similarly in
terms of our present interests and results (even though we can show, see Proposition 1, that they can lead to different
equilibria).

There is one ray of hope in the strategic edges model: In a network of parallel links (in which we already have
nontrivial price of anarchy in the Roughgarden-Tardos model), the price of anarchy is one. This is easy to see, but it
does raise our hopes, because it can be interpreted to mean that the reason for the abysmal performance of the strategic
edges model is its dependence on non-local information; perhaps by addressing this problem (by pursuing departure
(2) above from the Roughgarden-Tardos model) good performance can be restored. (As a matter of fact, our result is
more general: The price of anarchy is one even in series parallel networks (Theorem 2).)

Which brings us to the non-local information problem. The procrustean way of fixing it, by restricting information
about marginal latencies to the immediate neighborhood of each edge, results in essentially random decisions and
terrible worst-case performance. On the other extreme, it could be argued that no fixing is needed: the strategic edges
model does not really require non-local information, in that what is needed by each edge to reach a decision is only
the average marginal delay of the immediately downstream edges — the kind of information that could be propagated
in the network through local exchanges, and be reported by the downstream neighbors. But this argument misses the
important point ofincentive compatibility:The next edge could lie about its flow’s delays — for example, exaggerating
them so that its upstream neighbors avoid the paths it uses, and so its own average latency improves.



By what means can information about latency conditions propagate upstream in a manner that is both efficient and
incentive compatible? The answer isprices— the economist’s instrument of choice for informational efficiency.2 In
Section 3 we describe a model in which edges make both routing and pricing decisions, all based on local information.

This is not the first time that prices have been suggested in this context, see for example [3, 4, 12] and Chapter 22
in [7]. However, in these previous works prices are set by the edges, butrouting decisions are still made by flows,as
in the Roughgarden-Tardos model. It is the combination of pricing and routing decisions by the edges that makes the
difference.

Suppose that we assume that edges charge per-unit-of-flow prices to upstream neighbors routing flow through
them, and compete with other edges for upstream flow by announcing these prices. The utility of each edge now boils
down to the payments received from upstream neighbors, minus the amounts paid to downstream neighbors,minus the
costs incurred due to the flow through the edge.It is natural to assume that this latter cost is proportional to the total
latency suffered by the flow at the edge — since this latency reflects the total amount of computational work needed
in order to process the flow. And this defines our new game: Strategies are pricing schemes (per unit price as a linear
function of the flow routed), announced to upstream neighbors, and decisions about splitting the received flow among
the downstream neighbors. The utility of an edge is the sum total of the payments it receives, minus the sum of its
payments downstream, minus the total activity taking place at the edge.

As it often happens in the analysis of competition in networks [1], to arrive at a meaningful answer we need to
exclude “monopolistic” networks, in which one edge has too much control over the outcome. The condition needed is
rather technical: there must be an optimum flow in which, for every node other then the destination, either there are two
edge-disjoint flow-carrying paths from the node to the destination, or a direct flow-carrying edge to the destination. In
the absence of this, things fall apart. Importantly, however, the bad examples in the strategic edges game satisfy this
condition. We assume latency functions of the form`(x) = a · x. We can prove:

Theorem: The price of anarchy in monopoly-free networks in which edges announce linear pricing schemes is one.

The price charged by each edge at equilibrium is constant, and, perhaps not surprisingly, coincides with the mar-
ginal latency to the destination (which, at optimality, is independent of the path) — in other words, precisely the
non-local information the edges are missing in this model. Our proof starts by establishing that at equilibrium all pric-
ing schemes are flat. We then show that charging above the marginal latency by any subset of the edges leads to loss
of flow to the competition. This is a subtle argument based on a sophisticated analysis of electrical networks.

In Section 2 we define our models, in Section 3 we study the strategic edges model and prove, among other results,
our lower bound for general networks. We then prove our POA = 1 result for the pricing model in Section 4, while in
Section 5 we briefly discuss the questions left open by our work.

2 The Models

We introduce two distinct models, one for latency minimization and one for pricing.

The Latency Minimization Model

A networkN = (V,E, s, t, `) is a directed acyclic graph with nodesV , edgesE, sources ∈ V and a sinkt ∈ V , and
for each edgee ∈ E a latency functioǹ e : <+ 7→ <+, assumed to be linear of the form̀e(x) = ae ·x, whereae > 0.
We call all edges of the form(u, t) terminal edges.The set of non-terminal edges is denotedEnt. (Actually, all the
results in Section 3 hold in the more general setting with edge latencies of the form`e(x) = aex + be, for ae, be ≥ 0.)

We assume that flow of total valuer is injected ins and siphoned offt. Each edgee = (u, v), is a strategic player
with strategy space∆k, thek − 1-dimensional simplex{(α1, . . . , αk) : αi ≥ 0,

∑
i αi = 1}, where there arek > 0

edges leavingv, e1, . . . , ek. If edgee = (u, v) plays strategyA = (αe1 , . . . , αek
), this means that if the total flow of

e is fe, edgeei will receiveαei · fe of this flow (in addition to any other flows received from other edges leading into
v). To treat the sources uniformly, we assume that there is a single edge(s, s′) leavings, and this edge decides how
the flow injected tos splits.

2 Economic history studies some astonishingly long chains of exchanges between neighbors, such as the trade routes for tin from
Cornwall and Afghanistan to Bronze Age Greece ca. 1500 BC [2, 6], which were apparently created in the absence of any
non-local information and solely by the propagation of price-like information.



Thus, a strategy profileA = (Ae : e ∈ Ent) of all nonterminal edges defines a flowfA in the network. The utility
of edgee = (u, v) is then defined to be the average latency of the flow throughe to t; that is,

Ue(A) = −
∑

(e0=e,e1,...,ep)∈Pv,t

p∑

i=1

i∏

j=1

αej−1
ej

· `ei
(fAei

),

where byPv,t we denote the set of all paths frome to t.
A (pure) Nash equilibriumis a strategy profileA such that, for each edgee, Ae is the distribution that maximizes

Ue if all other distributions are kept the same. We shall see (Theorem 1) that such equilibria always exist. This is the
equilibrium in thefixed ratio model.

An equilibrium in thefully strategic modelis a strategy profileA such that, for alle, if e changes its distribution
Ae in any way, and all downstream edges respond by optimally changing their distributions, the utilityUe does not
improve. As we shall see, this model results in potentially different equilibria, but in a way that does not affect our
upper and lower bounds.

The Pricing Model

In the pricing model our networkN = (V,E, s, t, `) is anundirectedgraph, again with a source, sink, and latency
functions (and a single edge[s, s′] out of s). Our reason for adopting undirected networks is technical convenience,
as certain insights from resistive networks that we need are more accessible in this case; we strongly believe that our
results hold for dags (as well as for many other extensions), but we have not shown this yet.

A strategyfor a nonterminal edgee = (u, v) is now an object of the formS = (Au, Av, Pu, Pv), whereAu is a
distribution of the flow in the(v, u) direction into the other edges incident uponu, Av a distribution of the(u, v) flow
into the other edges incident uponv, Pu is a set of pricing functions (assumed to be of the formp(x) = a · x + b
with a, b ≥ 0), one advertised to each edge incident uponu, andPv is a similar set of advertised pricing schemes to
the edges incident uponv. (At equilibrium, of course, only one direction of the flow will be in effect.) Edge(s, s′)’s
strategy only has theAu component.

The utility of edgee = (u, v) under the strategy profileS = {Se′} is defined as the sum of all payments received,
minus the sum of all payments made for outgoing flows, minus the total latency at the edge:

Ue(S) =
∑

e′=(w,u)

pe
u,e′(f

S
(w,u) ·Ae′

u,e) +
∑

e′=(v,w)

pe
v,e′(f

S
(w,v) ·Ae′

v,e)−
∑

e′=[w,u]

pe′
u,e(f

S
(v,u) ·Ae

u,e′)

−
∑

e′=(v,w)

pe′
v,e(f

S
(u,v) ·Ae

v,e′)− [fS(u,v) + fS(v,u)] · `e([fS(u,v) + fS(v,u)]).

A Nash equilibriumis a strategy profile in which each edge plays the best response to the pricing and routing
choices of the remaining edges together with the assumption that immediate upstream neighbors will always adjust
their routing so as to route optimally given the advertised prices. Additionally, we assume that edges that route zero
flow advertise price schemesp(·) such thatp(0) is equal to their true cost—that is, edges that don’t receive flow
advertise the smallest price for which they would be willing to route flow. We believe that this assumption is reasonable,
and that it can be justified in several natural ways.

The pricing model behaves very badly in the absence of some assumption that eliminates monopolies, that is,
situations in which a player can demand and get unboundedly high prices. Define a flow in the network to beoptimal
if its total latency is as small as possible among all flows. That is, an optimal flow is the solution of the min-cost
problem associated with the network; it turns out to be, in the case of theae ·c latencies we are considering, the current
flowing through this network under voltage difference ofr betweens andt, and the resistance of edgee is ae.

Definition 1. We say that a given instance of the routing problem ismonopoly freeif in every optimal flow, any node
that routes positive flow is either directly connected to the destination via an edge carrying positive flow, or has at
least two edge-disjoint paths to the destination that carry positive flow.

3 Minimizing Latency

In this section we focus on the model in which edges seek to minimize the latency experienced by their flow. We begin
by stating some basic facts about the Nash equilibria for thefixed ratioandfully rational model dynamics, then prove
our main results about the price of anarchy for series parallel networks and the price of stability for arbitrary networks.



Theorem 1. In both the fixed ratio model and the fully rational model with directed acyclic graphs, pure strategy
Nash Equilibria exist.

The proof of Proposition 1 is by induction on the edges in topological order, beginning with the edges connected
to the sink. We defer details to the full version.

Although the fixed ratio and fully rational models differ, one might hope that the equilibria of the fixed ratio model
would be a subset of equilibria of the fully rational model. The following proposition, whose proof is by a simple
example (which we defer to the full version) demonstrates that this need not be the case, and highlights the sensitivity
of the equilibria to the choices in definition of best responses.

Proposition 1. There are instances of strategic routing networks with latencies`e(x) = aex + be for which the fixed
ratio model and the fully rational model have disjoint sets of equilibria.

The above proposition illustrates that the fixed ratio model and the fully rational model yield distinctly different
games. The results in the remainder of this section illustrate that, although there are differences in the two models,
similar price of anarchy and price of stability results hold for both models. We believe that it would be worthwhile to
try to extend these results to the class of all ‘reasonable’ definitions of best responses.

Theorem 2. For both the fixed ratio model and the fully rational model, thePOA = 1 for series parallel networks.

Proof. We proceed by induction on the graph structure. The claim is trivially satisfied for the base case–a single link.
Assuming the claim holds for series parallel networksα, β, we consider the two possible types of compositions. The
claim holds trivially in the case that we composeα andβ in series, via associating the sinktα with the sourcesβ , and
letting the new source and new sink besα, tβ , respectively.

For the case where we composeα andβ in parallel by associatingsα with sβ , andtα with tβ , in both the fractional
and fully rational dynamics, all edges other than the source edge will still route optimally at equilibrium because after
the composition, the utility of these nodes for routing in a given manner is identical to their utilities given such a routing
in the subnetworkα, or β. Thus it suffices to consider the routing decisions of the source under the two dynamics.
Under the fully rational dynamics, the source will route as in an optimal flow because it assumes the downstream nodes
will route optimally for their flow, which, by our inductive hypothesis, means optimally for the network as a while,
and optimal routings of series parallel networks consist of optimal routings in each component. Under the fixed ratio
dynamics at equilibrium, by our inductive hypothesis, the source’s evaluation of the marginal cost of sending flow to
either subnetworkα, or β is the true marginal cost, because at optimum the marginal costs along all paths are equal,
and thus the source will have a deviation unless these marginal costs are equal, completing our proof.

Theorem 3. For arbitrary, even monopoly-free networks, the worst-casePOS ≥ Ω(nlog3(51/50)) for linear latency
functions.

Our proof of Theorem 3 is by construction, and relies on recursively embedding the network given in Figure 3,
which we refer to as thebeetlenetwork. We begin by characterizing the unique equilibrium of the beetle.

Fig. 2. Thebeetlenetwork. For any traffic rate,POA = 51/50.



Lemma 1. The POS of the beetle network is51/50, for any positive traffic rate entering the network.

Proof. Assume a traffic rate ofr entering the network. At equilibrium, edgese ande′ will each equalize the marginal
cost experienced bytheir traffic along the two possible routes available to each node. Thus we have that

2f(a,c) + f(b,c) = 2f(a,t)

2f(b,c) + f(a,c) = 2f(b,t).

For the fully rational model, using the above characterization of the behavior of edgese and e′ together with the
conservation of flow constraints, the cost of the source as a function off(s,a) is proportional to89r2 − 50rf(s,a) +
50f2

(s,a), which is minimized by settingf(s,a) = f(s,b) = r/2. Similarly for the fixed ratio model, given the above
characterization of the equilibrium behaviors of edgese, e′, and the constraints imposed by conservation of flow, one
can express the source’s best-response move as a function off(s,a). Requiring that there is no best-response move
yields thatf(s,a) = f(s,b) = r/2, as in the case of the fully rational model.

To conclude, note thatf(s,a) = f(s,b) = r/2 and the characterization of how edgese,e′ route at equilibrium imply

thatf(a,c) = f(b,c) = r/5, andf(b,t) = f(a,t) = 3r/10, and thus the total cost of the flow is17r2

50 . The optimal flow

routesr/3 flow on each of the edges incident to the sink, and thus has costr2

3 .

Remark 1.The POS of the beetle network is independent of the amount of (nonzero) traffic entering the network; this
is a fundamental difference in behaviors of our models and the Roughgarden and Tardos’s strategic flows model, for
which any given network has a relatively small range of traffic rates which induce significantPOA.

Proof of Theorem 3:To complete our proof, we exploit the independence of the POS and traffic rate in the beetle
network by recursively replacing edges(a, t), (b, t), and(c, t) with copies of the entire beetle network. From Lemma 1,
at equilibrium the beetle with input traffic rater behaves like a single edges connected to the sink, with latency
`(x) = 51

50x, and thus, afterk − 1 recursions, the unique equilibrium of the network will resemble that of a single

link of latency`(x) =
(

51
50·3

)k
x. The optimal flow has cost equivalent to that of a single link of latency`(x) = x

3k .
Finally, note that the network has sizen = 2 + 3k nodes, and thus, in terms of the network size, the price of stability
is Ω(nlog3(51/50)), as desired.¥

Note that although the beetle network does not satisfy the monopoly-free condition, by replacing all latency0
edges with edges of latencyl(x) = εx for any smallε > 0, the network will be monopoly-free, and the price of
anarchy approaches that for the beetle network asε → 0.

4 Maximizing Profit

We now consider the setting in which edges advertise prices to their neighbors. The hope, which proves to be well-
founded, is that the prices allow information to propagate in a local fashion in such a manner as to ensure societally
‘good’ equilibria. As a motivation for considering advertisedpricing schemes—a price-per-unit-flow that is a non-
decreasing function of the amount of traffic—we first consider what happens if edges can only advertise constant
functions.

Proposition 2. If edges can only advertise constant per-unit-flow prices, then POS= 1 in monopoly-free networks
with arbitrary nondecreasing latencies, but worst-case POA≥ n− 2 even for linear latency functions.

Proof. Fix a societally optimal flowf , and assume each edgee = (u, v) advertises a constant pricece equal to the
marginal cost of its internal latency plus the minimum price advertised by its downstream neighbors. Becausef is
optimal, allv − t paths carrying positive flow have the same marginal latencies, and thus ife routes positive flow,
ce = d`e(x)

dx (fe) + ce′ , wherece′ is the common price-per-unit-flow advertised by each of the downstream neighbors
of e that carry flow inf . Thusce is simply the marginal cost of alle − t paths that carry flow inf . To see that this is
an equilibrium, note that since the latencies are nondecreasing, the marginal cost is at least the latency, and thus every
edge has nonnegative utility. By the monopoly-free condition, if any edge raises its advertised price, it will receive
zero flow and thus have zero utility. If an edgee lowers its price fromce to c′e, it will receive some amount of flow



f ′e ≥ fe. Now, note thatdUe(fe,ce)
dfe

= ce − d`v(x)
dx (fe)− ce′ , and thus even at pricece, edgee maximizes its utility by

receivingfe units of flow, andUe(fe, ce) ≥ Ue(f ′e, ce) ≥ Ue(f ′e, c
′
e).

For the price of anarchy, consider a network ofn+2 nodes consisting ofn parallel links between a source and sink
with each link having latencỳ(x) = x, and traffic rater = 1. The instance where one edge receives all the traffic,
and advertises a pricece = 1 is clearly an equilibrium, and has POA= n.

Intuitively, the inefficient equilibria caused by requiring that prices be constants arise because the strategy-space
is too restricted; an edge has no way of indicating that it would like to route a small amount of flow at a modest
price. The problem is that an edge cannot control how much flow it receives–it receives either zero flow, or all the
flow from its upstream neighbors depending on whether its price is greater or less than the price of its competitors. As
we shall see, this problem can be remedied by expanding the strategy space to allow linear nondecreasing functions
as pricing schemes. At a high level, this added power enables edges to control the amount of flow they receive from
each upstream neighbor, allowing them to be more specific in expressing their selfishness; somewhat remarkably, this
increased expressive power results in societally optimal flows at equilibrium.

Theorem 4. In monopoly free instances with edge latency functions of the form`(x) = aex with ae > 0, POA= 1 if
nodes can advertise linear, nondecreasing price schemes.

To prove Theorem 4, we’ll argue that in every equilibrium, any edge that is competing with another edge will end
up advertising a constant pricing schemes. Then, we show that the value of this constant will be equal to the edge’s
true marginal cost for routing the amount of flow it receives. Finally, we’ll require a technical lemma that relies on
properties of electrical resistive networks to show that in any equilibrium it must be the case that all edges that receive
flow split their outgoing flow to at least two edges, from which our claim follows.

First, we observe that the optimal equilibrium described in the proof of Proposition 4 remains an equilibrium in
this more general setting in which edges may advertise nondecreasing linear prices. The arguments used in the first
part of the proof of Proposition 4 hold, and yield the following proposition:

Proposition 3. The following instance is a Nash equilibrium: fix a societally optimal flowf , and let each edgee =
(u, v) advertises a constant pricece equal to the marginal cost of allu− t paths that carry positive flow.

We now show that in all equilibria, edges compete over flow must advertise constant pricing schemes by demon-
strating that a competing edge routing positive flow has an improving move unless it is advertising a constant pricing
scheme. To show this, we’ll begin by considering the simple setting in which an edgee is competing with one other
edge,e′, for the traffic from a single upstream edgeu. We then extend this analysis to the scenario in whiche′ repre-
sents a collection of edges.

We begin with an easy technical lemma.

Lemma 2. Letp(x) = ax + b, with some fixeda > 0 be the pricing scheme of edgee. Given a fixed non-decreasing
price schemep′(x) = a′x + b′ of edgee′ and total flowfu to be routed byu, the amount of flowf(u,e) routed toe is a
continuous nonincreasing function ofb.

Proof. For ease of notation, we’ll letf(u,e)(b) denote the flow routed toe givenp(x) = ax + b. The component of
edgeu’s cost from edgese, e′ is

(fu − f(u,e)(b))p′
(
fu − f(u,e)(b)

)
+ f(u,e)(b)p

(
f(u,e)(b)

)
.

Because bothp(·), andp′(·) are nondecreasing, this function is convex with minimum at

f(u,e)(b) =
−b + b′ + 2a′fu

2(a + a′)
.

Given thata > 0, f(u,e)(b) is well-defined, and is a continuous decreasing function ofb. In the case that the mini-
mal solution is at some value outside of[0, fu], thenf(u,e)(b) = 0, f(u,e)(b) = 1 accordingly, which preserves the
continuity off(u,e)(b), as desired.

Remark 2.It is precisely in the case that both the derivative ofp andp′ are zero that Lemma 2 breaks. At first glance,
this seems troubling given our characterization of equilibria as exclusively having constant prices. Nevertheless, the
threatof eithere or e′ using a nonconstant price is enough to ensure thatu splits flow in the desirable fashion.



Lemma 3. Let p(x) = ax + b, with some fixeda > 0 be the pricing scheme of edgee. Fix a non-decreasing price
schemep′(x) = a′x + b′ of competing edgee′ and total flowfu > 0 to be routed byu. If e receives flowf(u,e) with
0 < f(u,e) < fu, thene can strictly improve its utility by advertising pricep(x) = ax/2 + b′ for someb′ ≥ b.

Proof. Consider the pricing schemep0(x) = ax/2 + b0 whereb0 = b + af(u,e)/2 is chosen so thatp0(f(u,e)) =
p(f(u,e)). We claim that the pricing schemep0(·), induces an increased flow toe. By assumptionu chose the routing
f(u,e), fu − f(u,e) to edgese, e′ respectively so as to equalize the marginal costs toe ande′. With pricing schemep0,
the marginal cost of routing toe has been decreased, and thus with pricep0, e will receive flowf0

(u,e) > f(u,e).
There is some valueb1 > b such thate would receive zero flow were it to advertise pricep(x) = ax/2 + b1. By

Lemma 2, there must be some constantβ, with b0 < β < b1 such that pricing schemep(x) = ax/2 + β inducesu
to split the flow in the same manner as was done with pricing schemep(x) = ax + b. To complete the proof, observe
that given this new pricing scheme,e receives the same amount of flow as for its original pricing scheme, yet receives
a strictly higher per-unit-flow payment.

The following lemma extends the above arguments to the case that edgee is competing with more than one other
edge, and has several upstream edges routing flow.

Lemma 4. In a pure strategy Nash equilibrium, for any edgee and an upstream edgeui sharing an endpoint, either
e receives all ofui’s flow, ore advertises a constant pricing scheme toui.

Proof. We start by considering the case whene is competing with edgese1, . . . , ek, for flow from upstream neighbor-
ing edgeu. Given differentiable nondecreasing pricing schemesp1(· · · ), . . . , pk(·) advertised by the competitors, for
the purpose of evaluating whethere should deviate from a given pricing scheme, it can model the routing decisions of
u, by replacing thee1, . . . , ek with a single competitore′ that has pricing schemep′(·), wherep′(x) is defined to be
the price-per-unit-flow of optimally routing flowx amonge1, . . . , ek. Since eachpi(·) is nondecreasing, it follows that
p′(·) is nondecreasing and continuous. Even if eachpi(·) is linear,p′(·) will not necessarily be linear. Nevertheless
the proof of Lemma 2 does not rely in a fundamental way on the linearity ofp′(·), and can be easily modified so
as to apply to arbitrary nondecreasing competitor’s strategies. Given that Lemma 2 holds, the proof given above for
Lemma 3 applies without modification to general continuous nondecreasing price functionsp′(·). Thus our lemma
holds for the case of competition with multiple nodes. In the case of multiple upstream neighbors, ife advertises a
nonconstant pricing scheme toui, then by the above extension to Lemma 3 it can alter the price it advertises toui

so as to receive the same amount of flow fromui at a strictly higher price, thereby increasing its utility and thus the
instance could not have been at equilibrium.

Given that edges actively competing for flow will advertise constant pricing schemes at equilibrium, the following
lemma states that either the flow at equilibrium is the optimal flow, or there are edges who have ‘local monopolies’,
meaning that they receive all of an upstream neighbor’s flow.

Lemma 5. In any equilibrium in which all edges that receive nonzero flow split this flow between at least two down-
stream edges (aside from edges connected directly to the sink), the routing must be an optimal flow.

Proof. From Lemma 4, we know that at such an equilibrium all edges will advertise constant pricing schemes. Con-
sider an edgee that is competing with edgese1, . . . , ek for flow from some edgeu. Let edgeei advertise (necessarily
constant) pricing schemepi. For anyf0 ∈ [0, fu], and anyε > 0, there is a pricing schemepf0(·) which will induceu
to route exactlyf0 units of flow tov0 at price-per-unitc− ε, wherec := mini(pi). Indeed, it is easily verified that the
pricing scheme

pf0(x) :=
ε

f0
x + c− 2ε

induces such a routing.
Now, we show that under the conditions of our lemma, edgee must advertise the same constant to each of its

upstream neighboring edges. Letc1, . . . , ck be the constant prices it advertises to itsk upstream neighboring edges
that route positive flowsf1,e, . . . , fk,e, respectively toe. Let f1, . . . , fk be the total amount of flow arriving at each
upstream neighbor, and by assumption we have0 < fi,e < fi. First, observe thatc1 = c2 = . . . = ck; if this were
not the case, assume without loss of generality thatc1 > c2, and from above, for anyε > 0, e could augmenting its
advertised prices so as to receive flowf ′1,e = min(f1, f1,e +f2,e) > f1,e at pricec1− ε and flowf ′2,e = f2,e− (f ′1,e−
f1,e) < f2,e at pricec2 − ε. Such a change would strictly increase the utility ofe.



To see that the flow is optimal, observe thate will have an improving deviation unless it receives the amount of
flow f∗e that maximizes its utility given its advertised constant price-per-unit flowc. By definition,

f∗e := (cx− xC(x)) ,

whereC(x) is the private cost per unit flow of edgee as a function the total flow it receives, encapsulating both the
internal latency ofe, and the prices of the downstream edges. Setting the derivative of the above expression equal
to zero, we see thatc = d[xC(x)]

dx , which is precisely the marginal cost of nodee evaluated at the amount of flow it
receives.

A symmetric argument applies to the competitors ofe, and thus in order for the instance to be at equilibrium, one
of the following conditions must hold:

– A single edgeei receives the entire flowfu at costc and all other edgesej have cost-per-unit flow strictly larger
thanc.

– m ≥ 2 edgesei1 , . . . , eim receive positive flow fromu, and each advertises the same constant pricec, and receives
flowsf1, . . . , fm, respectively, such that for allj ∈ {1, . . . , m},

c =
d[xCj(x)]

dx
(fj),

whereCj(x) is the private cost per unit flow for edgevij to routex units of flow. Furthermore, every edgevi that
receives zero flow fromu has cost-per-unit flow at leastc for routing the flow they receive.

Given an instance at equilibrium in which every edge that receives nonzero flow routes nonzero flow to at least two
distinct edges, the above requirements of equilibria guarantee that the routing induces a socially optimal flow. To see
why, observe that every edge that routes nonzero flow must satisfy the second condition above, and thus all source-sink
paths that carry nonzero flow will have identical costsc∗, equal to their marginal costs, and all source-sink paths that
carry zero flow have marginal cost at leastc∗; this is precisely the characterization of societally optimal flows.

To complete the proof of Theorem 4, we must show that given the monopoly-free condition, there are no equilibria
in which some edges receive all of an upstream neighbor’s flow. Intuitively, such a local monopoly seems at odds
with our monopoly-free condition—if no monopolies exist when all edges advertise their true marginal costs, then if
some edge were to exaggerate his costs, it seems like the flow should penalize him rather than rewarding him with
the entire flow from an upstream neighbor. This intuition turns out to be correct. We will show that if some set of
edgesS advertises prices more than their true marginal costs, at equilibrium it must be the case that at least one of
them receives flow from a neighbor who also sends positive flow to a different edge, and thus by Lemma 4 we have a
contradiction. Our proof relies on viewing the equilibrium flow as an optimal flow in a related network, and then using
ideas from electrical circuit analysis to characterize this optimal flow.

Lemma 6. Given a networkN at equilibrium, the flow is an optimal flow for the networkN ′, which is a network with
identical structure toN but with latency functions modified as follows. For every edge that does not receive the entire
flow of an upstream neighbors, the edge latency inN ′ is the same as inN . For edges that receive the entire flow from
an upstream edge, the latency inN ′ is lN ′(x) = (aN + α)x + bN for someα ≥ 0 where the latency of the edge inN
wasl(x) = ax + b.

Proof. Fixing the flow and advertised prices of our equilibrium ofN , we start from the sink and work our way
towards the source in topological order, computing the edge latencies ofN ′ that would induce the optimal flow to be
the observed flow. To illustrate, consider an edge connected to the sink with latency to the sink inN lN (x) = ax + b

receiving flowf , and advertising a pricing schemep(·), we setlN ′ = p(f)
2f +b. Since we are at equilibriump(f)−b

2f = a

if the node in question is competing with other edges by Lemma 4. Additionally,p(f)−b
2f ≥ a otherwise the edge would

have an improving deviation by raising its price given flowf .

Now, observe that it suffices to consider possible equilibria in which only edges that receive nonzero flow at the
optimal flow advertise exaggerated marginal costs. This is true because at least one of these edges must receive nonzero
flow in the optimal flow, otherwise the routing would still be the optimal routing. Furthermore, for each edgee that
doesn’t receive flow at the optimal flow who exaggerates its marginal cost at an equilibrium, we can construct a related
instance of the game in which everything is identical, except where edgee’s true marginal cost is equal to its advertised
cost at equilibrium (by increasing its latency function, which obviously does not change the optimal flow, and doesn’t
change the fact that it is at equilibrium).



Lemma 7. Consider a networkN where the monopoly-free property holds, and some set of edgese1, . . . , ek with
the property that no two edges share a source in the optimal flow. LetF denote the optimal flow inN and consider
increasing the coefficients of the latency functions of edgese1, . . . , ek to yield networkN ′. LetF ′ denote an optimal
flow for N ′. If all edgese1, . . . , ek carry nonzero flow inF ′, then there is at least oneei = (u, v) such that some
nonzero flow is routed fromu along another edgee′.

We begin with a fact adapted from circuit analysis. Consider aN with edge latenciesle(x) = aex and an optimal
flow F . Choose an edgee = (u, v) carrying flowfe at the optimal flow, and consider increasing its latency function
from l(x) = aex to l(x) = (ae + δ)x to get networkN ′. Define the associated networkNm to be identical toN , but
with an extra nodev′ inserted into edgee. Let the latency of(u, v′) be l(x) = (ae + δ)x, and we remove the edge
connectingv′ andv. Let Fm denote the optimal flow inNm with sourcev′ and sinkv given a traffic rate that induces
latencyδfe betweenv′ andv. Note that such a traffic rate exists because the optimal flow scales directly with the input
traffic rate. We now have the following fact:

Fact 5 In the above setup,
Fm + F = F ′,

where we viewFm as a circulation in networkN ′ by merging vertexv′ andv.

Proof. First observe thatFm + F is a valid flow for networkN ′, sinceF a valid flow forN ′, andFm is a circulation.
Next, to see thatFm + F is optimal forN ′, it suffices to check that the sum of the marginal costs around any cycle
is zero (where ’backwards’ oriented flows contribute negatively). First consider a cycle that contains edge(u, v); let
f1, . . . , fk denote the flows ofF around the cycle withf1 being the flow on edge(uv) and letfm

1 . . . , fm
k denote the

flows on these edges inFm. We have
∑

i
fi

|fi| (ai|fi|) = 0, and(ai + δ)fm
1 +

∑k
i=2 aif

m
i = δf1, and thus

(a1 + δ)(fm
1 + f1) + b1 +

k∑

i=2

fi

|fi| (ai|fi + fm
i |) = 0,

as desired. For a cycle that does not include edge(u, v), the argument is similar.

We are now ready to prove Lemma 7, completing our proof of Theorem 4.
Proof of Lemma 7:Note that Fact 5 generalizes to a set of edgesS = (u1, v1), . . . , (uk, vk) who increase their
latencies, by viewing the networkNm as a resistive network identical toN ′, but with voltage sources inserted in each
edge of increased latency. Consider the set of nodesU ⊂ {u1, . . . , uk} of highest voltage potential. It must be the
case that the voltage potential of all nodes inU is higher than any other node in networkNm, aside from the added
nodesv′. For eachui ∈ U , let (ui, wi) be an edge that receives positive flow inF , and note that since(ui, wi) 6∈ S by
assumption, it must be the case thatwi has strictly lower voltage thanui. Thus inFm, no current travels fromwi to
ui, and thus the total flow on edge(ui, wi) in F ′ must be at least that inF , which is positive as claimed.¥

5 Discussion and Open Problems

We have revisited the classical Roughgarden-Tardos framework of the price of anarchy in routing, and showed that the
price of anarchy becomes unbearable when decisions are made by autonomous systems and are based on knowledge of
global traffic conditions, but becomes exquisite in the presence of prices (and absence of monopolistic situations). One
immediate question is, how robust are these results? Do they extend to models in which latencies are more general
(linear with a constant term, or concave)? When more elaborate pricing schemes are allowed? When the networks
are directed, or when the latencies, as well as the pricing and routing decisions are at the nodes? When autonomous
systems are modeled, more accurately, as hyperedges? Or when there are multiple sources and multiple sinks? We
believe that our results extend to many of these models, but we can see technical obstacles for each extension.
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