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Abstract

In 1951, John F. Nash proved that every game has a Nash equilibrium [42]. His proof is
non-constructive, relying on Brouwer’s fixed point theorem, thus leaving open the questions:
Is there a polynomial-time algorithm for computing Nash equilibria? And is this reliance on
Brouwer inherent? Many algorithms have since been proposed for finding Nash equilibria,
but none known to run in polynomial time. In 1991 the complexity class PPAD, for which
Brouwer’s problem is complete, was introduced [47], motivated largely by the classification
problem for Nash equilibria; but whether the Nash problem is complete for this class remained
open. In this paper we resolve these questions: We show that finding a Nash equilibrium in
three-player games is indeed PPAD-complete; and we do so by a reduction from a Brouwer’s
problem, thus establishing that the two problems are computationally equivalent. Our reduction
simulates a (stylized) Brouwer function by a graphical game [32], relying on “gadgets,” graphical
games performing various arithmetic and logical operations. We then show how to simulate this
graphical game by a three-player game, where each of the three players is essentially a color
class in the coloring of the underlying graph. Subsequent work [8] established, by improving
our construction, that even two-player games are PPAD-complete; here we show that this result
follows easily from our proof.
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1 Introduction

Game Theory is one of the most important and vibrant mathematical fields established during the
20th century. In 1928, John von Neumann, extending work by Borel, showed that any two-person
zero-sum game has an equilibrium — in fact, a min-max pair of randomized strategies [43]. Two
decades later it was understood that this is tantamount to Linear Programming duality [13], and
thus (as it was established another three decades hence [33]) computationally tractable. However,
it became clear with the publication of the seminal book [44] by von Neumann and Morgenstern
that this two-player, zero-sum case is too specialized; for the more general and important non-zero
sum and multi-player games no existence theorem was known.

In 1951, Nash showed that every game has an equilibrium in mixed strategies, hence called
Nash equilibrium [42]. His argument for proving this powerful and momentous result relies on
another famous and consequential result of the early 20th century, Brouwer’s fixed point theorem
[34]. The original proof of that result is notoriously nonconstructive (Brouwer’s preoccupation
with constructive Mathematics and Intuitionism notwithstanding); its modern combinatorial proof
(based on Sperner’s Lemma, see, e.g., [47]) does suggest an algorithm for the problem of finding
an approximate Brouwer fixed point (and therefore for finding a Nash equilibrium) — albeit one
of exponential complexity. In fact, it can be shown that any “natural” algorithm for Brouwer’s
problem (roughly, treating the Brouwer function as a black box, a property shared by all known
algorithms for the problem) must be exponential [30]. Over the past half century there has been
a great variety of other algorithmic approaches to the problem of finding a Nash equilibrium (see
Section 2.2); unfortunately, none of these algorithms is known to run in polynomial time. Whether
a Nash equilibrium in a given game can be found in polynomial time had remained an important
open question.

Such an e [cieht algorithm would have many practical applications; however, the true impor-
tance of this question is conceptual. The Nash equilibrium is a proposed model and prediction of
social behavior, and Nash’s theorem greatly enhances its plausibility. This credibility, however, is
seriously undermined by the absence of an e Lcieht algorithm. It is doubtful that groups of rational
players are more powerful than computers — and it would be remarkable, and potentially very
useful, if they were. To put it bluntly, “if your laptop can’t find it, then, probably, neither can the
market.” Hence, whether an e Lcieht algorithm for finding Nash equilibria exists is an important
question in Game Theory, the field for which the Nash equilibrium is perhaps the most central
concept.

Besides Game Theory, the 20th century saw the development of another great mathematical
field, which also captured the century’s zeitgeist and has had tremendous growth and impact:
Computational Complexity. However, the mainstream concepts and techniques developed by com-
plexity theorists for classifying computational problems according to their di [Cculity — chief among
them NP-completeness — are not directly applicable for fathoming the complexity of the problem
of finding Nash equilibria, exactly because of Nash’s Theorem: Since a Nash equilibrium is always
guaranteed to exist, NP-completeness does not seem useful in exploring the complexity of finding
one. NP-complete problems seem to draw much of their di Lculity from the possibility that a solu-
tion may not exist. How would a reduction from sATISFIABILITY to NAsH (the problem of finding a
Nash equilibrium) look like? Any attempt to define such a reduction quickly leads to NP = coNP.

Motivated mainly by this open question regarding Nash equilibria, Meggido and Papadimitriou
[41] defined in the 1980s the complexity class TFNP (for “NP total functions), consisting exactly
of all search problems in NP for which every instance is guaranteed to have a solution. NasH of
course belongs there, and so do many other important and natural problems, finitary versions of
Brouwer’s problem included. But here there is a di Lculity of a di [Lerknt sort: TFNP is a “semantic



class” [46], meaning that there is no easy way of recognizing nondeterministic Turing machines
which define problems in TEFNP —in fact the problem is undecidable; such classes are known to be
devoid of complete problems.

To capture the complexity of NasH, and other important problems in TENP, another step is
needed: One has to group together into subclasses of TENP total functions whose proofs of totality
are similar. Most of these proofs work by essentially constructing an exponentially large graph on
the solution space (with edges that are computed by some algorithm), and then applying a simple
graph-theoretic lemma establishing the existence of a particular kind of node. The node whose
existence is guaranteed by the lemma is the sought solution of the given instance. Interestingly,
essentially all known problems in TFENP can be shown total by one of the following arguments:

e In any dag there must be a sink. The corresponding class, PLS for “polynomial local search”
had already been defined in [31], and contains many important complete problems.

e In any directed graph with outdegree one, and with one node with indegree zero, there must be
a node with indegree at least two. The corresponding class is PPP (for “polynomial pigeonhole
principle™).

e In any undirected graph with one odd-degree node, there must be another odd-degree node. This
defines a class called PPA for “polynomial parity argument” [47], containing many important
combinatorial problems (unfortunately none of them are known to be complete).

e In any directed graph with one unbalanced node (node with outdegree di erent from its inde-
gree), there must be another unbalanced node. The corresponding class is called PPAD for
“polynomial parity argument for directed graphs,” and it contains NAsH, BROUWER, and
Borsuk-Uram (finding approximate fixed points of the kind guaranteed by Brouwer’s The-
orem and the Borsuk-Ulam Theorem, respectively, see [47]). The latter two were among the
problems proven PPAD-complete in [47]. Unfortunately, Nasa — the one problem which had
motivated this line of research — was not shown PPAD-complete; it was conjectured that it
is.

In this paper we show that NasH is PPAD-complete, thus answering the open questions discussed
above. We show that this holds even for games with three players. In another result (which
is a crucial component of our proof) we show that the same is true for graphical games. Thus,
a polynomial-time algorithm for these problems would imply a polynomial algorithm for, e.g.,
computing Brouwer fixed points, despite the exponential lower bounds for large classes of algorithms
[30], and the relativizations in [2] — oracles for which PPAD has no polynomial-time algorithm.

Our proof gives an a Lrmhtive answer to another important question arising from Nash’s The-
orem, namely, whether the reliance of its proof on Brouwer’s fixed point theorem is inherent. Our
proof is essentially a reduction in the opposite direction to Nash’s: An appropriately discretized
and stylized PPAD-complete version of Brouwer’s fixed point problem in 3 dimensions is reduced
to NasH.

The structure of the reduction is the following: We represent a point in the three-dimensional
unit cube by three players each of which has two strategies. Thus, every combination of mixed
strategies for these players corresponds naturally to a point in the cube. Now, suppose that we are
given a function from the cube to itself represented as a circuit. We construct a graphical game
in which the best responses of the three players representing a point in the cube implement the
given function, so that the Nash equilibria of the game must correspond to Brouwer fixed points.
This is done by decoding the coordinates of the point in order to find their binary representation



(inputs to the circuit), and then simulating the circuit that represents the Brouwer function by a
graphical game — an important alternative form of games defined in [32], see Section 2.1. This
part of the construction relies on certain “gadgets,” small games acting as arithmetical gates and
comparators. The graphical game thus “computes” (in the sense of a mixed strategy over two
strategies representing a real number) the value of the circuit at the point represented by the
mixed strategies of the original three players, and then induces the three players to add appropriate
increments to their mixed strategy. This establishes a one-to-one correspondence between Brouwer
fixed points of the given function and Nash equilibria of the graphical game and shows that NAsH
for graphical games is PPAD-complete.

One di Cculty in this part of the reduction is related to brittle comparators. Our comparator
gadget sets its output to 0 if the input players play mixed strategies x, y that satisfy x < y, to 1 if
x >y, and to anything if x = y; moreover, it is not hard to see that no “robust” comparator gadget
is possible, one that outputs a specific fixed value if the input is x = y. This in turn implies that
no robust decoder from real to binary can be constructed; decoding will always be flaky for a non-
empty subset of the unit interval and, at that set, arbitrary values can be output by the decoder.
On the other hand, real to binary decoding would be very handy since the circuit representing the
given Brouwer function should be simulated in binary arithmetic. We take care of this di [culity
by computing the Brouwer function on a “microlattice” around the point of interest and averaging
the results, thus smoothing out any e [edts from boundaries of measure zero.

To continue to our main result for three-player normal form games, we establish certain reduc-
tions between equilibrium problems. In particular, we show by reductions that the following three
problems are equivalent:

e NasH for r-player (normal form) games, for any » > 3.
e NasH for three-player games.

e NasH for graphical game with two strategies per player and maximum degree three (that is,
of the exact type used in the simulation of Brouwer functions).

Thus, all these problems and their generalizations are PPAD-complete (since the third one was
already shown to be PPAD-complete).

Our results leave open the question of NasH for two-player games. This case had been thought
to be a little easier, since linear programming-like techniques come into play and the solutions are
guaranteed to consist of rational numbers [37]; on the contrary, as exhibited in Nash’s original
paper, there are three-player games with only irrational equilibria. In the precursors of the current
paper [29, 15, 18], it was conjectured that there is a polynomial algorithm for two-player NASH.
Surprisingly, a few months after our proof was circulated, Chen and Deng [8] came up with a proof
establishing that this problem is PPAD-complete as well. In the last section of the present paper
we show how this result can be obtained by a simple modification of our proof.

The structure of the paper is as follows. In Section 2, we provide some background on game
theory and survey previous work regarding the computation of equilibria. In Section 3, we review
the complexity theory of total functions, we define the class PPAD which is central in our paper, and
we describe a canonical version of Brouwer’s Fixed Point theorem which is PPAD-complete and will
be the starting point for our main result. In Section 4, we establish the computational equivalence of
di Lerent Nash equilibrium computation problems; in particular, we describe a polynomial reduction
from the problem of computing a Nash equilibrium in a normal form game of any constant number
of players or a graphical game of any constant degree to that of computing a Nash equilibrium of a
three player normal form game. Finally, in Section 5 we present our main result that computing a



Nash equilibrium of a 3-player normal form game is PPAD-hard. Section 6 contains some discussion
of the result and future research directions.



2 Background

2.1 Basic Definitions from Game Theory

A game in normal form has r» > 2 players, 1,...,r, and for each player p < r a finite set S, of pure
strategies. The set S of pure strategy profiles is the Cartesian product of the Sp’s. We denote the
set of pure strategy profiles of all players other than p by S—,. Also, for a subset 7" of the players
we denote by St the set of pure strategy profiles of the players in T'. Finally, for each p and s € S
we have a payo or utility u§ > 0 — also occasionally denoted uJPS for j € Spand s € S—p. We
refer to the set {uf}srsias the payo table of player p. Also, for notational convenience and unless
otherwise specified, we will denote by [¢] the set {1,...,¢}, for all t € N.

A mixed strategy for plﬁf is a distribution on S, that is, real numbers xf > 0 for each
strategy j € Sp such that jtsgl"F = .Iisslt of » mixed strategies {azj'?}j sy, p € [r], is called a
(mixed) Nash equilibrium if, for each p, sESjugacs is maximized over all mixed strategies of p —
where for a strategy profile s = (s1,...,sr) € S, we denote by zs the product acél -xgz ---xf . That
is, a Nash equilibrium is a set of mixed strategies from which no player has a unilateral incentive
to deviate. It is well-known (see, e.g., [45]) that the following is an equivalent condition for a set
of mixed strategies to be a Nash equilibrium:

1 1
Vp e [r], 4, j e Sp - ufsms > u?@xs = foZ 0. )
s[Slp s[Slp

The summation s[STp ufsms in the above equation is the expected utility of player p if p plays

pure strategy j € Sp and the other players use the mixed strategies {.ZL';-:I}J' rsg, ¢ 7 p- Nash’s theorem
[42] asserts that every normal form game has a Nash equilibrium.

We next turn to approximate notions of equilibrium. We say that a set of mixed strategies x is
an e-approximately well supported Nash equilibrium, or e-Nash equilibrium for short, if the following
holds:

L 1 L 1
Vp € [r],4,5°€ Sp : quws > uj-)@xs +e== zj0=0. )]
s[S1p s[Sdp

Condition (2) relaxes that in (1) by allowing a strategy to have positive probability in the presence
of another strategy whose expected payo [[i3 better by at most e.

This is the notion of approximate Nash equilibrium that we use in this paper. There is an
alternative, and arguably more natural, notion, called e-approximate Nash equilibrium [39], in
which the expected utility of each player is required to be within ¢ of the optimum response. This
notion is less restrictive than that of an approximately well supported one. More precisely, for any
€, an e-Nash equilibrium is also an e-approximate Nash equilibrium, whereas the opposite need not
be true. Nevertheless, the following lemma, proved in Section 4.7, establishes that the two concepts
are computationally related (a weaker version of this fact was pointed out in [9]).

Lemma 1 Given an e-approximate Nash equilibrium {x}’}j,p of a game G we can compute in poly-
nomial time a /e - (v/e + 1+ 4(r — 1)umax)-approximately well supported Nash equilibrium {ﬁf}j,p,
where r is the number of players and umax IS the maximum entry in the payo tables of G.

In the sequel we shall focus on the notion of approximately well-supported Nash equilibrium,
but all our results will also hold for the notion of approximate Nash equilibrium. Notice that
Nash’s theorem ensures the existence of an e-Nash equilibrium —and hence of an e-approximate
Nash equilibrium— for every ¢ > 0; in particular, for every e there exists an e-Nash equilibrium



whose probabilities are multiples of €/2umaxsum, where umaxsum is the maximum, over all players
p, of the sum of all entries in the payo [fhble of p. This can be established by rounding a Nash
equilibrium {ac})}j,p to a nearby (in total variation distance) distribution {?cf}j,p all the entries of
which are multiples of ¢/umaxsum- Note, however, that a e-Nash equilibrium may not be close to
an exact Nash equilibrium; see [24] for much more on this important distinction.

A game in normal form requires r|.S| numbers for its description, an amount of information that
is exponential in the number of players. A graphical game [32] is defined in terms of an undirected
graph G = (V, E) together with a set of strategies S, for each v € V. We denote by A'(v) the
set consisting of v and v’s neighbors in G, and by Sy () the set of all [N (v)|-tuples of strategies,
one from each vertex in A/(v). In a graphical game, the utility of a vertex v € V only depends on
the strategies of the vertices in \(v) so it can be represented by just [Sy | numbers. In other
words, a graphical game is a succinct representation of a multiplayer game, advantageous when it
so happens that the utility of each player only depends on a few other players. A generalization of
graphical games are the directed graphical games, where G is directed and N (v) consists of v and
the predecessors of v. The two notions are almost identical; of course, the directed graphical games
are more general than the undirected ones, but any directed graphical game can be represented,
albeit less concisely, as an undirected game whose graph is the same except with no direction on
the edges. In the remaining of the paper, we will not be very careful in distinguishing the two
notions; our results will apply to both. The following is a useful definition.

Definition 1 Suppose that GG is a graphical game with underlying graph G = (V, E). The aledts-
graph GY= (V, EY of GG is a directed graph with edge (v1,v,) € EVif the payo to v, depends on
the action of ;.

In the above definition, an edge (vi,v2) in GPrepresents the relationship “v; aledts v,”. Notice
that if (v1,v2) € EPthen {v1,v2} € E, but the opposite need not be true —it could very well be
that some vertex vy is aledted by another vertex vy, but vertex v, is not aledted by v;.

Since graphical games are representations of multi-player games it follows by Nash’s theorem
that every graphical game has a mixed Nash equilibrium. It can be checked that a set of mixed
strategies {zj }jrsy, v € V, is a mixed Nash equilibrium if

1 1
Yo eV, j, i Sy u}’sazs > u}'@azs = x}’m= 0.
SIS (vvivy SIS (vvivy

Similarly the condition for an approximately well supported Nash equilibrium can be derived.

2.2 Previous Work on Computing Equilibria

Many papers in the economic, optimization, and computer science literature over the past 50 years
study the computation of Nash equilibria. A celebrated algorithm for computing equilibria in 2-
player games, which appears to be e [cieht in practice, is the Lemke-Howson algorithm [37]. The
algorithm can be generalized to multi-player games, see e.g. the work of Rosenmiiller [50] and
Wilson [56], albeit with some loss of e [ciehcy. It was recently shown to be exponential in the
worst case [54]. Other algorithms are based on computing approximate fixed points, most notably
algorithms that walk on simplicial subdivisions of the space where the equilibria lie [22, 53, 26, 35].
None of these algorithms is known to be polynomial-time.

Lipton and Markakis [38] study the algebraic properties of Nash equilibria, and point out that
standard quantifier elimination algorithms can be used to solve them, but these are not polynomial-
time in general. Papadimitriou and Roughgarden [49] show that, in the case of symmetric games,



quantifier elimination results in polynomial algorithms for a broad range of parameters. Lipton,
Markakis and Mehta [39] show that, if we only require an equilibrium that is best response within
some accuracy ¢, then a subexponential algorithm is possible. If the Nash equilibria sought are
required to have any special properties, for example optimize total utility, the problem typically be-
comes NP-complete [28, 12]. In addition to our work, as communicated in [29, 15], other researchers
(e.g., [5, 1, 10, 54]) have explored reductions between alternative types of games.



3 The Class PPAD

3.1 Total Search Problems

A search problem S is a set of inputs Is C 3 =3uch that for each = € Is there is an associated set of
solutions Sy € =XI for some integer k, such that for each = € Is and y € X" whether y € Sy is
decidable in polynomial time. Notice that this is precisely NP with an added emphasis on finding
a witness.

For example, let us define »-NasH to be the search problem S in which each = € Is is an
r-player game in normal form together with a binary integer A (the accuracy specification), and
Sx is the set of %—Nash equilibria of the game (where the probabilities are rational numbers of
bounded size as discussed). Similarly, d-GRAPHICAL NASH is the search problem with inputs the
set of all graphical games with degree at most d, plus an accuracy specification A, and solutions
the set of all %—Nash equilibria. (For » > 2 it is important to specify the problem in terms of a
search for approximate Nash equilibrium — exact solutions may need to be high-degree algebraic
numbers, raising the question of how to represent them as bit strings.)

A search problem is total if Sx # ) for all = € Is. For example, Nash’s 1951 theorem [42]
implies that r-NasH is total. Obviously, the same is true for d-GrRAPHICAL NASH. The set of all
total search problems is denoted TFNP. A polynomial-time reduction from total search problem S
to total search problem 7 is a pair f, g of polynomially computable functions such that, for every
input = of S, f(x) is an input of 7, and furthermore for every y € ¢y, 9(y) € Sx-

TFNP is what in Complexity is sometimes called a “semantic” class [46], i.e., it has no generic
complete problem. Therefore, the complexity of total functions is typically explored via “syntactic”
subclasses of TENP, such as PLS [31], PPP, PPA and PPAD [47]. In this paper we focus on PPAD.

PPAD can be defined in many ways. As mentioned in the introduction, it is, informally, the
set of all total functions whose totality is established by invoking the following simple lemma on a
graph whose vertex set is the solution space of the instance:

In any directed graph with one unbalanced node (node with outdegree di erent from its
indegree), there is another unbalanced node.

This general principle can be specialized, without loss of generality or computational power, to
the case in which every node has both indegree and outdegree at most one. In this case the lemma
becomes:

In any directed graph in which all vertices have indegree and outdegree at most one, if
there is a source (a node with indegree zero and outdegree one), then there must be a
sink (another node with indegree one and outdegree zero).

Formally, we shall define PPAD as the class of all total search problems polynomially reducible
to the following problem:

END OF THE LINE: Given two circuits S and P, each with n input bits and n output bits, such
that P(0") = 0" # S(0), find an input = € {0,1}" such that P(S(z)) # = or S(P(z)) # = # 0".
Intuitively, END OF THE LINE creates a directed graph Gsp with vertex set {0,1}" and an edge
from = to y whenever both y = S(x) and x = P(y); S and P stand for “successor candidate” and
“predecessor candidate”. All vertices in Gsp have indegree and outdegree at most one, and there
is at least one source, namely 0", so there must be a sink. We seek either a sink, or a source other
than 0". Notice that in this problem a sink or a source other than 0" is sought; if we insist on a

sink, another complexity class called PPADS, apparently larger than PPAD, results.

10



The other important classes PLS, PPP and PPA, and others, are defined in a similar fashion
based on other elementary properties of finite graphs. These classes are of no relevance to our
analysis so their definition will be skipped; the interested reader is referred to [47].

A search problem S in PPAD is called PPAD-complete if all problems in PPAD reduce to it.
Obviously, END OF THE LINE is PPAD-complete; furthermore, it was shown in [47] that several prob-
lems related to topological fixed points and their combinatorial underpinnings are PPAD-complete:
BROUWER, SPERNER, BORSUK-ULAM, TUCKER. Our main result in this paper (Theorem 12)
states that so are the problems 3-NasH and 3-GRAPHICAL NASH.

3.2 Computing a Nash Equilibrium is in PPAD

We establish that computing an approximate Nash equilibrium in an r-player game is in PPAD.
The r = 2 case was shown in [47].

Theorem 1 r-NasH is in PPAD, for r > 2.

Proof. We reduce »-NAsSH to END OF THE LINE. Note that Nash’s original proof [42] utilizes
Brouwer’s fixed point theorem — it is essentially a reduction from the problem of finding a Nash
equilibrium to that of finding a Brouwer fixed point of a continuous function; the latter problem can
be reduced, under certain continuity conditions, to END OF THE LINE, and is therefore in PPAD.
The, rather elaborate, proof below makes this simple intuition precise.

Let G be a normal form game with » players, 1,...,r, and strategy sets S, = [n], for all p € [r],
and let {uf : p € [r],s € S} be the utilities of the players. Also let ¢ < 1. In time polynomial in
|G| + log(1/€), we will specify two circuits S and P each with N = poly(|G|,log(1/¢)) input and
output bits and P(ON) = 0N # S(0N), so that, given any solution to END OF THE LINE on input S,
P, one can construct in polynomial time an e-approximate Nash equilibrium of G. This is enough
for reducing r-NASH t0 END OF THE LINE by virtue of Lemma 1. Our construction of S, P builds
heavily upon the simplicial approximation algorithm of Laan and Talman [36] for computing fixed
points of continuous funﬁigﬁ? from the product space of unit simplices to itself.

Let An = {z € R}| —;2x = 1} be the (n — 1)-dimensional unit simplex. Then the space of
mixed strategy profiles of the game is A, := >< —1An. For notational convenlence we embed A in
R™" and we represent elements of A[, as vectors in R™". That is, if (2%, 2? x") € A, is a mixed
strategy profile of the game, we identify this strategy profile with a vector z = (;nl; ;.. . 2") e RMT
resulting from the concatenation of the mixed strategies. For p € [r] and j € [n] we denote by
x(p, j) the ((p — L)n + j)-th coordinate of z, that is z(p, j) := T@-1)n+j-

We are about to describe the reduction from r-NASH to END OF THE LINE. The nodes of the
PPAD graph will correspond to the simplices of a triangulation of A}, which we describe next.

Triangulation of the Product Space of Unit Simplices. For some d, to be specified later,
we describe the triangulation of AJ, induced by the regular grid of size d. For this purpose, let us
denote by An(d) the set of points of Ap induced by the grid of size d, i.e.

] —1
51 Y2 Y |:I_
Bin(d) = ﬁRn@ g o EeNoand g =d

i

and similarly define Af(d) = x[—;An(d). Moreover, let us define the block diagonal matrix Q@ by

11



Qt 0 0 0
) Q2 0 0
)
Q = :
Ql’—l 0.
o o0 ... 0 QF
where, for all p € [r], QP is the n x n matrix defined by
—1 1
-1 0 ... 0 1
-1 0 O
) 1
Q° =
-1 0
o o0 ... 1 -1

Let us denote by ¢(p, 5) the ((p — 1)n + 5)-th column of Q. It is clear that adding ¢ (p,j)/d to a
mixed strategy profile corresponds to shifting probability mass of 1/d from strategy j of player p
to strategy (; mod n) + 1 of player p.

For all p € [r] and k € [n], let us define a set of indices I, as follows Ik = {(p, j) }j<k. Also,
let us define a collection 7 of sets of indices as follows

L1 L1
L1 [/ L1
p )

Suppose, now, that ¢o is a mixed strategy profile in which every player plays strategy 1 with
probability 1, that is go(p, 1) = 1, for all p € [r], and for T' € 7 define the set

1 1
L1 1 L1
A(T) = Iﬁ Arﬁ@ =qo+ aiq’ (p, 7)/d for non-negative real numbers aj > 0 N

(pj) ™
Defining 7= Uy pfp,n—1, it is not hard to verify that
ATYH'= AT

Moreover, if we define B(T) := A(T) \ UrcrrgrorrA(TY, the collection {B(T)}t i partitions the
set Af,.

To define the triangulation of A[, let us fix some set 7" € 7, some permutation 7 : [|T'|] — T of
the elements of 7', and some zg € A(T) N Af,(d). Let us then denote by o(xg, ) the |T'|-simplex
which is the convex hull of the points xo, ..., x| defined as follows

ry = 4-1 + ¢ (r(t))/d, forallt=1,... |T)|

The following lemmas, whose proof can be found in [36], describe the triangulation of AJ,. We
define A(T,d) := A(T) N A},(d) and we denote by Pr the set of all permutations = : [|T|] — T.

Lemma 2 ([36]) For all T € 7, the collection of |T'|-simplices {o(zo, ) }x, taqr d)n e3> triangu-
lates A(T).
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Corollary 1 ([36]) Ay is triangulated by the collection of simplices {o(xo, 7) }x, taqr Ca),n (B3

The Vertices of the END OF THE LINE Graph. The vertices of the graph in our construction
will correspond to the elements of the set

C 11
2= {O'(l'o,ﬂ')}.
T [TIxo CA(T,d)
n P

Let us encode the elements of = with strings {0,1}"; choosing N polynomial in the description of
G and logd is su Lcieht.

We proceed to define the edges of the END OF THE LINE graph in terms of a labeling of the
points of the set AJ,(d), which we describe next.

Labeling Rule. Recall the function f : A, ﬁefined by Nash to establish the existence of an
equilibrium [42]. To describe f, let Up(x) = ss1, xs be the expected utility of player p, if p
plays purelsiallegy j € [n] and the other players use the mixed strategies {w Y mp, ¢ 7 ps let also
UP(z) = stSjUSfEs be the expected utility of player p if every player ¢ € [r] uses mixed strategy
{x?}j - Then, the function f is described as follows:

f(xl7w27 AR 7xn) = (yl7y27 AR 7yn)7
where, for each p € [r], j € [n],

p p
p_ % + max (0, Uy (z) — UP(z))

BT T g max 0, U0 (@) — UP(@))

It is not hard to see that f is continuous, and that f(z) can be computed in time polynomial in

the binary encoding size of = and G. Moreover, it can be verified that any point = € A, such that

f(x) = x is a Nash equilibrium [42]. The following lemma establishes that f is A-Lipschitz for
= [1 + 2Umaxrn(n + 1)], where Umax is the maximum entry in the payo [ thbles of the game.

Lemma 3 For all z, 7€ AL C R™" such that ||z — 2] < §
Hf(w) - f(xgHoo < [1 + 2Umaxrn(n + 1)]6.
Proof. We use the following bound shown in Section 4.6, Lemma 14.

Lemma 4 Forall p <r, j € 5,

P P P q q
UjsTs — UjsTs[T~ Max {ujs} i — i),
[S1, s[5, P qEp i [Sq
It follows that for all p € [r], j € [n],

UP () — UP (2] < Umaxrnd
and |UP(z) — UP(zY| < Umaxrnd.

13



Denoting ij(x) ‘= max (0, Ujp(x) — UP(x)), for all p € [r], j € [n], the above bounds imply that

| B} () — B (29)]_< 2Umaxrné,

BE(x) — BE(mS 2Umaxrnod - n.
C[nJ k O]

Combining the above bounds we get that, for all p € [r], j € [n],

p p p [ p p p p
P@) — @Y < |af — 2P|+ |BP(2) - BPY + 5 Bix)~ By
] k]
S 5 + ZUmaxrn(S + ZUmaxrn(S n
< [1+ 2Umaxrn(n + 1)]9,

where we made use of the following lemma:

Lemma 5 For any z, 25y, y5 2, 27> 0 such that X2¥ < 1,

1+z
%‘+y ;L'D+y
M+z 1420

jz — 2+ |y —yf + [z — 2.

Proof
R4y oy ¥x+y)(1+z§—(xﬂ+y§(1+z)g
4+, 1+.080 0 Q+2)@+2H
_ A+ - @+ y)(L+2) — (- 2) + (- )+ 2) E
_— Q+2)01+ ﬁ
C Aty - @y + Z)E‘ (z7=2) + ("= y) A + 2)
= 1+2)Q+25H = 1+2)1+25
Hir + )z Z)ﬁ
<Bvoasy 25— x|+ |y =y
< T o o af + ol < [ 2]+ o ]+ [y g,

O

O

We describe a labeling of the points of the set Af,(d) in terms of the function f. The labels

that we are going to use are the elements of the set £ := Uy /p,n. In particular,

We assign to a point x € A[, the label (p,j) i (p,J) is the lexicographic least index such that

wjp > 0 and f(gn)iJ — xf < f(w)ﬂ — xﬂ for all g € [r], k € [n].

This labeling rule satisfies the following properties:

e Completeness: Every point x is assigned a label; hence, we can define a labeling function

(A, — L.

e Properness: z§ =0 implies {(z) # (p, j).

14



e E ciency: 4(x) is computable in time polynomial in the binary encoding size of = and G.

A simplex o € X is called completely labeled if all its vertices have dilerknt labels; a simplex
o € X is called p-stopping if it is completely labeled and, moreover, for all j € [n], there exists a
vertex of o with label (p, 7). Our labeling satisfies the following important property.

Theorem 2 ([36]) Suppose a simplex o € X is p-stopping for some p € [r]. Then all points
r € o CR"" satisfy

1) = e < SO+ Dt~ D).

Proof. It is not hard to verify that, for any simplex o € = and for all pairs of points z, z"¢ &,

Suppose now that a simplex o € X is p-stopping, forl% p € [r], aﬁat {2(9)}j o are the
vertices of o with labels {(p, j)}j rm- Since, for any z, i ] xf’ =1= imm f(x)P, it follows from
the labeling rule that

FCONE - 2()F < 0,¥) € [n].
Hence, for all z € o, j € [n],

P — 8 < FEON 20 + O+ )T < A+ D)

where we used the fact that the diameter of o is % (in the infinity norm) and the function f is
A-Lipschitz. Hence, in the opposite direction, for all = € o, 7 € [n], we have

L 1 1
f@)P —af = - @ = ah) =~ = DO+ 1)~
i N}

Now, by the definition of the labeling rule, we have, for all z € o, q € [r], j € [n],
P~ 2 FEW) - 20 - (+ D
> FC) -2 - (A + 1),
> (- DA+DE A+ DT = A+ DT

whereas
1

f@) —af=- (f(@)f — =)
i OnN{j}
< —(n—-Dn\+ 1)2
Combining the above, it follows that, for all = € o,

1)~ e < SO+ Dt — D).
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The Approximation Guarantee. By virtue of Theorem 2, if we choose
1
‘= —[2 + 2Umaxrn(n + L)]n(n — 1),
€
then a p-stopping simplex o € X, for any p € [r], satisfies that, for all x € o,

1/ (@) = ]loo < €
L1 [ 1
which by Lemma 6 below impliesthat z isan €€l +nUmnax) 1+ €1+ nUmax) mMax{Umax,1}-
approximate Nash equilibrium. Choosing

] ]
O 1 €

T 14 nUpax  2nmax{Umax, 1}

implies that x is an e-approximate Nash equilibrium.
Lemma 6 If a vector = = (z1;22;...;2") € R™" satisfies
1/ (@) = ]l < €
L1 1
then zisann el +nUmnax) 1+ €1+ nUmnax) mMax{Umax, 1}-approximate Nash equilibrium.
Proof. Let us fix some player p € [r], and assume, without loss of generality, that

Ub(x) > US(x) > ... > UR(x) > UP(z) > U,y (z) > ... > UR().

For all j  [n], observe that |f(z)] — 2f| < e"implies

1 1
p p p O N
i ([n] i (o]
Setting e™:= {1 + nUmax), the above inequality implies
1
:EJP Bf(x) < BJP(:L') + T 3)
i [[n]

Let us define t ;= 2, +ap,, + ... +zh, and let us distinguish the following cases
VA
o If ¢t > ij then summing Equation (3) for j = k+1,...,n implies

1
t BF(:U) < (n—k)e¥

i 0l
which gives
1
i (0]
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v__
Ift < ij then multiplying Equation (3) by xjp and summing over j = 1,...,n gives

I 5 I 1 C— 1 -
@By  B)<  aPBMx)+ " )
jn] i [n] jnl

Now observe that for any setting of the probabilities :cf j € [n], it holds that
1

@ > = ®)
B n
j Onl
) L1 .
Moreover, observe that, since UP(z) = 2§ U} (), it follows that
1
(P @) - UP@) =0,
j Onl
SL'JF-JB:](SL') + :UJP(Ujp(ﬂC) —UP(2)) =0.
jom j=k+1
Plugging this into (5) implies
C—— 1 C—1 L 1
@?  Bl@) < fl(UP@) - UP(x)) + "
jml i (0] j=k+1
Further, using (6) gives
15 D(UP(x) — UP m
- Bl < U@ - UP@) + "
i [[n] j=k+1
which implies  —
Br(w) < n(tUmax + GD:B-
in]
The last inequality then implies
BY(x) < n(VeT+ . ™
Combining (4) and (7), we have the following uniform bound
BY(2) < n(Vel+ Y max{Umax, 1} =: ™ (8)

Since Bf(m) = Uf(x) — U(x), it follows that player p cannot improve her payol[ Dy more that
¢Mpy changing her strategy. This is true for every player, hence z is a ¢™approximate Nash
equilibrium. O

The Edges of the END OF THE LINE Graph. Laan and Talman [36] describe a pivoting algorithm
which operates on the set X, by specifying the following:

e a simplex o9 € X, which is the starting simplex; oo contains the point go and is uniquely
determined by the labeling rule;

17



e a partial one-to-one function h : ~ — X, which defines a pivoting rule; h has the following
properties 1:

— op has no pre-image;

— any simplex ¢ € X that has no image is a p-stopping simplex for some p; and, any
simplex o € 2\ {0} that has no pre-image is a p-stopping simplex for some p;

— both k(o) and h~1(0) are computable in time polynomial in the binary encoding size of
o, that is N, and G —given that the labeling function /¢ is e [ciehtly computable;

The algorithm of Laan and Talman starts o [Cwith the simplex o9 and employs the pivoting rule i
until a simplex ¢ with no image is encountered. By the properties of h, o must be p-stopping for
some p € [r] and, by the discussion above, any point = € ¢ is an e-approximate Nash equilibrium.

In our construction, the edges of the END OF THE LINE graph are defined in terms of the function
h: if h(o) = ¢ then there is a directed edge from o to ¢ Moreover, the string ON is identified with
the simplex og. Any solution to the END OF THE LINE problem thus defined corresponds by the
above discussion to a simplex o such that any point = € o is an e-approximate Nash equilibrium
of G. This concludes the construction. O

3.3 The Brouwer Problem

In the proof of our main result we use a problem we call BROUWER, which is a discrete and
simplified version of the search problem associated with Brouwer’s fixed point theorem. We are
given a function ¢ from the 3-dimensional unit cube to itself, defined in terms of its values at the
centers of 23" cubelets with side 27", for some n > 0 2. At the center cjjx of the cubelet Kijjx
defined as

Kijk ={(z,y,2): i-27" <2z <(i+1)-27",

joa<y< @+l -2
ko2 << (k+1)-27",

where i, j, k are integers in {0,1,...,2" — 1}, the value of ¢ is ¢(cijk) = cijk + dijk, Where djji is
one of the following four vectors (also referred to as colors):

e 51 = (,0,0)

e 5, =(0,q,0)

e §3=(0,0,0)

o 60 = (—OZ, -G, —OZ)

Here « > 0 is much smaller than the cubelet side, say 2-2n

Thus, to compute ¢ at the center of the cubelet Kjjx we only need to know which of the four
displacements to add. This is computed by a circuit C' (which is the only input to the problem)
with 3n input bits and 2 output bits; C'(¢, j, k) is the index r such that, if ¢ is the center of cubelet
Kijk, ¢(c) = ¢+ 6. C is such that C'(0,5,k) = 1, C(:,0,k) = 2, C(4,5,0) = 3 (with conflicts

IMore precisely, the pivoting rule h of Laan and Talman is defined on a subset ~"of . For our purposes, let us
extend their pivoting rule h to the set = by setting h(c) = o for all 0 X\ =¥

2The value of the function near the boundaries of the cubelets could be determined by interpolation —there are
many simple ways to do this, and the precise method is of no importance to our discussion.
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resolved arbitrarily) and C(2" — 1,5, k) = C(4,2" — 1,k) = C(i,j,2" — 1) = 0, so that the function
¢ maps the boundary to the interior of the cube. A vertex of a cubelet is called panchromatic if
among the eight cubelets adjacent to it there are four that have all four increments dg, d1, d2, 3.

BROUWER is thus the following problem: Given a circuit C as described above, find a panchro-
matic vertex. The relationship with Brouwer fixed points is that fixed points only ever occur in the
vicinity of a panchromatic vertex. We next show:

Theorem 3 BROUWER is PPAD-complete.

Proof. To show hardness, we shall reduce END OF THE LINE to BROUWER. Given circuits S and
P with n inputs and outputs, as prescribed in that problem, we shall construct an “equivalent”
instance of BROUWER, that is, another circuit C' with 3m = 3(n + 3) inputs and two outputs that
computes the color of each cubelet of side 27™, that is to say, the index i such that ¢; is the correct
increment of the Brouwer function at the center of the cubelet encoded into the 3m bits of the
input. We shall first describe the Brouwer function ¢ explicitly, and then argue that it can be
computed by a circuit.

Our description of ¢ proceeds as follows: We shall first describe a 1-dimensional subset L of the
3-dimensional unit cube, intuitively an embedding of the path-like directed graph Gsp implicitly
given by S and P. Then we shall describe the 4-coloring of the 23™ cubelets based on the description
of L. Finally, we shall argue that colors are easy to compute locally, and that fixed points correspond
to endpoints other than 0" of the line.

We assume that the graph Gsp is such that for each edge (u,v), one of the vertices is even
(ends in 0) and the other is odd; this is easy to guarantee (we could add a dummy input and output
bit to S and P that is always flipped.)

L will be orthonormal, that is, each of its segments will be parallel to one of the axes. Let
u € {0,1}" be a vertex of Gsp. By [u] we denote the integer between 0 and 2" — 1 whose binary
representation is u; all coordinates of endpoints of segments are integer multiples of 2~™, a factor
that we omit. Associated with « there are two line segments of length 4 of L. The first, called
the principal segment of u, has endpoints u; = (8[u] + 2,3,3) and uf'= (8[u] + 6, 3,3). The other
auxiliary segment has endpoints up = (3, 8[u] +2,2™ — 3) and u5'= (3, 8[u] + 6,2™ — 3). Informally,
these segments form two dashed lines (each segment being a dash) that run along two edges of the
cube and slightly in its interior (see Figure 1).

Now, for every vertex u of Gsp, we connect uj to up by a line with three straight segments,
with joints uz = (8[u] + 6, 8[u] + 2, 3) and us4 = (8[u] + 6, 8[u]+2,2™ — 3). Finally, if there is an edge
(u,v) in Gs,p, we connect u5'to vy by a jointed line with breakpoints us = (8[v] + 2, 8[u] +6,2™ — 3)
and ug = (8[v] + 2,8[u] + 6,3). This completes the description of the line L if we do the following
perturbation: exceptionally, the principal segment of v = 0 has endpoints 0; = (2,2,2) and 07 =
(6,2,2) and the corresponding joint is 03 = (6,2,2) = Of.

It is easy to see that L traverses the interior of the cube without ever “nearly crossing itself”;
that is, two points p, p“of L are closer than 4-2~™ in Euclidean distance only if they are connected
by a part of L that has length 8-27™ or less. (This is important in order for the coloring described
below of the cubelets surrounding L to be well-defined.) To check this, just notice that segments
of di[erkent types (e.g., [us, u4] and [v5, vs]) come close only if they share an endpoint; segments on
the z = 3 plane are parallel and at least 4 apart; and segments parallel to the » axis dilerl by at
least 4 in either their x or y coordinates.

We now describe the coloring of the 23™ cubelets by four colors corresponding to the four
increments. As required for a BROUWER circuit, the color of any cubelet Kjjx where any one of
1,7,k is 2™ — 1, is 0. Given that, any other cubelet with : = 0 gets color 1; with this fixed, any
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Figure 1. The orthonormal path connecting vertices (u,v); the arrows indicate the orientation of
colors surrounding the path.

other cubelet with j = 0 gets color 2, while the remaining cubelets with £ = 0 get color 3. Having
colored the boundaries, we now have to color the interior cubelets. An interior cubelet is always
colored 0 unless one of its vertices is a point of the interior of line L, in which case it is colored by
one of the three other colors in a manner to be explained shortly. Intuitively, at each point of the
line L, starting from (2,2,2) (the beginning of the principle segment of the string « = 0") the line
L is “protected” from color 0 from all 4 sides. As a result, the only place where the four colors can
meet is vertex u5'or ug,u 7 0", where v is an end of the line. ..

In particular, near the beginning of L at (2,2, 2) the 27 cubelets Kjjx with 7, 5,k < 2 are colored
as shown in Figure 2. From then on, for any length-1 segment of L of the form [(z, v, 2), (z5y5 29]
consider the four cubelets containing this edge. Two of these cubelets are colored 3, and the other
two are colored 1 and 2, in this order clockwise (from the point of view of an observer at (x, vy, 2))
as L proceeds from (2,2,2) on. The remaining cubelets touching L are the ones at the joints where
L turns. Each of these cubelets, a total of two per turn, takes the color of the two other cubelets
adjacent to L with which it shares a face.

Now it only remains to describe, for each line segment [a, b] of L, the direction d in which the
two cubelets that are colored 3 lie. The rules are these (in Figure 1 the directions d are shown as
arrows):

e If [a,b] = [ug,uf] then d = (0,0, —1) if u is even and d = (0,0,1) if v is odd.
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This completes the description of the construction.
our assumption that edges in Gsp go between odd and even vertices. Regarding the alternating
orientation of colored cubelets around L, note that we could not simply introduce “twists” to
make them always point in (say) direction d = (0,0, 1) for all (ug,uf). That would create a

Figure 2: The 27 cubelets around the beginning of line L.

If [a,b] = [u], us] then d = (0,0, —1) if u is even and d = (0,0, 1) if u is odd.
If [a,b] = [us, u4] then d = (0,1,0) if » is even and d = (0, —1,0) if « is odd.
If [a, b] = [ug4, up] then d = (0,1,0) if w is even and d = (0, —1,0) if » is odd.
If [a,b] = [uz,u5] then d = (1,0,0) if u is even and d = (—1,0,0) if u is odd.
If [a,b] = [u5) us] then d = (0, —1,0) if u is even and d = (0, 1,0) if u is odd.
If [a, b] = [us, ug] then d = (0, —1,0) if w is even and d = (0, 1,0) if « is odd.
If [a, b] = [ug, v1] then d = (0,0,1) if w is even and d = (0,0, —1) if » is odd.

panchromatic vertex at the location of a twist.
The result now follows from the following two claims:

1. A point in the cube is panchromatic in the described coloring if and only if it is

(@) an endpoint u5 of a sink vertex, or
(b) wy of a source vertex u # 0" of Gsp
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2. A circuit C can be constructed in time polynomial in |S| + |P
triple of binary integers i, j, k < 2™, the color of cubelet Kjjy.

, Which computes, for each

Regarding the first claim, the endpoint 5 of a sink vertex, or the endpoint u; of a source vertex
other than 0", will be a point where L meets color 0, hence a panchromatic vertex. There is no
alternative way that L can meet color 0.

Regarding the second claim, circuit C' is doing the following. C(0,j,k) =1, C(4,0,k) = 2 for
1> 0, C(,j5,0) =3 for ¢,j > 0. Then by default, C(i, j, k) = 0. However the following tests yield
alternative values for C'(¢, j, k), for cubelets adjacent to L. LS B(x) denotes the least significant bit
of z, equal to 1 if = is odd, O if x is even and undefined if z is not an integer.

For example, a (uf, u3),u 7# 0 segment is given by:

1. Ifk=2andi=8z+5and LSB(z) =1and j € {3,...,8z + 2} then C(i,j,k) = 2.
2. Ifk=2and i =8z +6and LSB(x) =1and j € {2,...,8z + 2} then C(i, j, k) = 1.

3. Ifk=3and (i =8z +50ri=8z+6)and LSB(z) =1and j € {2,...,8x + 1} then
C@,j k) =3.

4. If k=2and (i =8x+50ri =8z +6)and LSB(z) = 0and j € {2,...,8z + 2} then
C(,j,k) =3.

5. Ifk=3andi=8x+5and LSB(z) =0and j € {3,...,8z + 1} then C(i,j,k) = 1.
6. f k=3 andi=8zx+6and LSB(z) =0and j € {2,...,8z + 1} then C(i,j,k) = 2.

A (u5)us) segment uses the circuits P and S, and in the case LSB(x) = 1 (where z is derived
from j) is given by:

1.If(k=2"-30rk=2"—-4)and j = 8z + 6 and S(z) = 2"and P(z) = z and i €
(2,...,82+ 2} then C(i, j, k) = 3.

2. If k=2M -3 and and j = 8z +5 and S(z) = z”and P(z =z and i € {3,..., 82"+ 2} then
C(@,j, k) =1

3.Ifk=2"_-4and j = 8x+5and S(z) = z”and P(z = z and i € {2,...,82"+ 1} then
CG,j, k) = 2.

The other segments are done in a similar way, and so the second claim follows. This completes the
proof of hardness.

To show that BROUWER is in PPAD, we reduce it to an instance of the END OF THE LINE
problem as follows. Our END OF THE LINE graph, has a vertex for each point (z,y, z) =27"(i, j, k),
with 4,5,k € {1,...,2" — 1}, and the standard source corresponds to the point vy := 27"(1,1,1).
Then, there is an edge between two vertices vy := 27"(i, 5, k) and v, := 27 "(iY kY if one of the
following cases occurs:

1. The ¢1 distance between (i, j, k) and (:5j5kY is 1, and the 4 cubelets sharing the segment
(v1,v2) are colored with colors from the set {1,2, 3}, in such a way that from the perspective
of an observer sitting at v; and looking towards v, the colors 1, 2 and 3 appear in this order
clockwise (with one of the three colors repeated), that is, 1,1,2,3, or 1,2,2,3, or 1,2,3,3 in
clockwise order;
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2. (i,7,k) := (545EY, vy is not panchromatic, and, moreover, for all v3 at ¢1 distance 1 from
v1 Case 1 does not occur; that is, in this case a self-loop is added to vertex v;.

Observe that, no-matter how the tie-breaking in the coloring of the boundary is made, in the graph
thus described vertex vy has in-degree 0, and, if it’s not panchromatic, out-degree 1. Moreover,
observe that every vertex has in-degree and out-degree at most 1 (where self-loops add 1 to both the
in and the out degree of a vertex). Moreover, any vertex with 0 out-degree must be panchromatic,
and any vertex with 0 in-degree except vertex vy must be panchromatic. This completes the
reduction.

(An alternative argument that BROUWER is in PPAD also follows from the main result of this
paper, which is a reduction from BROUWER to r-NasH, which has already been shown to be in
PPAD.)

O
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4 Reductions Among Equilibrium Problems

In the next section we show that »-NasH is PPAD-hard by reducing BROUWER to it. Rather than
r-NAsH, it will be more convenient to first reduce BROUWER to d-GRAPHICAL NASH, the problem
of computing a Nash equilibrium in graphical games of degree d. Therefore, we need to show that
the latter reduces to »-NasH. This will be the purpose of the current section; in fact, we will
establish something stronger, namely that

Theorem 4 For every fixed d,r > 3,

e Every r-player normal form game and every graphical game of degree d can be mapped in
polynomial time to (a) a 3-player normal form game and (b) a graphical game with degree 3
and 2 strategies per player, such that there is a polynomially computable surjective mapping
from the set of Nash equilibria of the latter to the set of Nash equilibria of the former.

e There are polynomial-time reductions from r-NasH and d-GRAPHICAL NASH to both 3-NAsH
and 3-GRAPHICAL NASH.

Note that the first part of the theorem establishes mappings of exact equilibrium points between dif-
ferent games, whereas the second asserts that computing approximate equilibrium points in all these
games is polynomially equivalent. The proof, which is quite involved, is presented in the following
subsections. In Subsection 4.1, we present some useful ideas that enable the reductions described
in Theorem 4, as well as prepare the necessary machinery for the reduction from BROUWER to
d-GRAPHICAL NASH in Section 5. Subsections 4.2 through 4.6 provide the proof of the theorem.
In Subsection 4.7, we establish a polynomial time reduction from the problem of computing an
approximately well supported Nash equilibrium to the problem of computing an approximate Nash
equilibrium.

4.1 Preliminaries - Game Gadgets

We will describe the building blocks of our constructions. As we have observed earlier, if a player
v has two pure strategies, say 0 and 1, then every mixed strategy of that player corresponds to a
real number p[v] € [0, 1] which is precisely the probability that the player plays strategy 1. Iden-
tifying players with these numbers, we are interested in constructing games that perform simple
arithmetical operations on mixed strategies; for example, we are interested in constructing a game
with two “input” players v1 and v, and another “output” player v3 so that the latter plays the sum
of the former, i.e. p[vs] = min{p[v1] + p[vz],1}. Such constructions are considered below.

Notation: We willuse z =y tetodenote y —e <ax <y +e.

Proposition 1 Let o be a non-negative real number. Let v1, v, w be players in a graphical game
g3, and suppose that the payo s to v, and w are as follows.

| wplays 0 w plays 1

Payo s to vy : vp plays 0 0 1
vy plays 1 ‘ 1 0
Payo s to w:
| vz plays 0 vy plays 1
w plays 0 v plays 0 0 0
v plays 1 ‘ Q@ Q@
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Figure 3: Gxq, G= Figure 4. Gy Figure 5: G+,Gn4—

| vz plays 0 vy plays 1
w plays 1 v plays 0 0 1
vy plays 1 0 1

Then, in every e-Nash equilibrium of game GG, p[vz2] = min(ap[v1], 1) £ €. In particular, in every
Nash equilibrium of game GG, p[v2] = min(ap[v1],1).

Proof. If w plays 1, then the expected payo [1b w is p[vy], and, if w plays 0, the expected payo[ 1
to w is ap[vi]. Therefore, in an e-Nash equilibrium of GG, if p[v2] > ap[vi] + € then p[w] = 1.
However, note also that if p[w] = 1 then p[vz] = 0. (Payo [sto v, make it prefer to disagree with w.)
Consequently, p[vz] cannot be larger than ap[vi] + ¢, so it cannot be larger than min(ap[vi], 1) +e.
Similarly, if p[v2] < min(aplvi], 1) — €, then pvy] < aplvi] — €, so p[w] = 0, which implies —again
since v, has the biggest payo [y disagreeing with w— that p[v,] =1 > 1 — ¢, a contradiction to
plv2] < min(aplv1], 1) — €. Hence p[uvz] cannot be less than min(ap[v1], 1) — . O

We will denote by Gxq the (directed) graphical game shown in Figure 3, where the payol[s]
to players v, and w are specified as in Proposition 1 and the payo[—df player v; is completely
unconstrained: v; could have any dependence on other players of a larger graphical game GG that
contains Gxq Or even depend on the strategies of v, and w; as long as the payo [Sdf v, and w are
specified as above the conclusion of the proposition will be true. Note in particular that using the
above construction with a = 1, v, becomes a “copy” of v1; we denote the corresponding graphical
game by G=. These graphical games will be used as building blocks in our constructions; the way
to incorporate them into some larger graphical game is to make player »1 depend (incoming edges)
on other players of the game and make v, aledt (outgoing edges) other players of the game. For
example, we can make a sequence of copies of any vertex, which form a path in the graph. The
copies then will alternate with distinct w vertices.

Proposition 2 Let «, 3, v be non-negative real numbers. Let v1, vy, v3, w be players in a graphical
game GG, and suppose that the payo s to vz and w are as follows.

| wplays 0 w plays 1

Payo s to wvs: vz plays 0 0 1
v plays 1 ‘ 1 0
Payo s to w:
| vz plays 0 vy plays 1
w plays 0 v plays 0 0 I}
v1 plays 1 ‘ Q@ a+[G+y
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w plays 1 vz plays 0 0
vs plays 1 1

Then, in every e-Nash equilibrium of game GG, p[vs] = min(ap[vi] + Bp[v2] + yp[vilp[va], 1) + .
In particular, in every Nash equilibrium of game GG, p[vz] = min(ap[vi] + Bp[v2] + vp[v1]p[v2], 1).

Proof. If w plays 1, then the expected payo[Ib w is p[vs], and if w plays O then the expected
payo [Ib w is ap[vi] + Op[v2] + yp[vi]p[v2]. Therefore, in a Nash equilibrium of GG, if p[vs] >
aplvi]+6plv2] +vyplvilp[v2] + € then p[w] = 1. However, note from the payo [S10 v3 that if p[w] =1
then p[usz] = 0. Consequently, p[vs] cannot be strictly larger than aplvi] + Gplvz] +yplvi]lplv2] + €.
Similarly, if p[vs] < min(ap[vi] + Bp[v2] + vp[v1]p[v2], 1) — €, then plvs] < aplvi] + Bplv2] +
vp[v1]p[vz2] — € and, due to the payol[slto w, p[w] = 0. This in turn implies —since v3 has
the biggest payo[ By disagreeing with w— that p[vz] = 1 > 1 — ¢, a contradiction to p[vs] <
min(aplv1] + Bplv2] + vp[vi]p[v2], 1) — €. Hence p[vs] cannot be less than min(aplvi] + Splve] +
YP[v1]plv2], 1) — €. [

Remark 1 It is not hard to verify that, if v1, v, v3, w are players of a graphical game GG and
the payo s to w3, w are specified as in Proposition 2 with « =1, § = —1 and v = 0, then, in every
e-Nash equilibrium of the game G3G, p[vz] = max(0, p[v1] — p[v2]) £ €; in particular, in every Nash
equilibrium, p[vsz] = max(0, p[v1] — p[v2]).

Let us denote by G+ and G—the (directed) graphical game shown in Figure 5, where the payo [s 10
players vz and w are specified as in Proposition 2 taking («, 3,+) equal to (1,1,0) (addition) and
(0,0,1) (multiplication) respectively. Also, let G— be the game when the payo[sbf v3 and w are
specified as in Remark 1.

Proposition 3 Let vy, vo, vs3, va, vs, vg, w1, w2, w3, wa be vertices in a graphical game GG, and
suppose that the payo s to vertices other than v; and v, are as follows.

Payo s to wi:
vp plays 0 v, plays 1

wi plays 0 v1 plays 0 0 0
vy plays 1 1 1
vy plays 0 vy plays 1
wi plays 1 v1 plays 0 0 1
vy plays 1 0 1
| wi plays 0wy plays 1
Payo s to s : vs plays 0 1 0
vs plays 1 0 1

Payo s to w» and v3 are chosen using Proposition 2 to ensure p[vs] = p[v1](1 — plvs]) £ € 2,
in every e-Nash equilibrium of game GgG.

Payo s to ws and v4 are chosen using Proposition 2 to ensure p[va] = pl[v2]plvs] L€, in every
e-Nash equilibrium of game GG.

SWe can use Proposition 2 to multiply by (1 —p[vs]) in a similar way to multiplication by p[vs]; the payo [s1to w-
have vs’s strategies reversed.
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Figure 6: Gmax

Payo s to wy4 and vg are chosen using Proposition 2 to ensure p[vg] = min(1, p[vs]+p[va]) e,
in every e-Nash equilibrium of game GgG.

Then, in every e-Nash equilibrium of game GG, p[ve] = max(p[vi], p[v2]) & 4e. In particular, in
every Nash equilibrium, p[vs] = max(p[v1], p[v2]).

The graph of the game looks as in Figure 6. It is actually possible to “merge” w1 and vs, but we
prefer to keep the game as is in order to maintain the bipartite structure of the graph in which
one side of the partition contains all the vertices corresponding to arithmetic expressions (the v;
vertices) and the other side all the intermediate w; vertices.

Proof. If, in an e-Nash equilibrium, we have p[v1] < p[vz2] —¢, then it follows from w;’s payo [S that
plwi] = 1. It then follows that p[vs] = 1 since vs’s payo [Sinduce it to imitate w;. Hence, p[vz] = +e
and plvs] = p[v2] £ €, and, consequently, p[vs] + p[va] = p[v2] £ 2e. This implies p[vg] = plv2] £ 3¢,
as required. A similar argument shows that, if p[v1] > p[v2] + €, then pvg] = plv1] + 3e.

If |p[vi] —p[v2]| < €, then p[w1] and, consequently, p[vs] may take any value. Assuming, without
loss of generality that p[v1] > p[v2], we have

plv1](1 — plvs]) + €
plv2]plvs] & € = plvi]p[vs] + 2,

plvs]
p[va]

which implies
p[vs] + p[va] = plv1] + 3¢,

and, therefore,
plve] = p[v1] + 4e¢, as required.

O

We conclude the section with the simple construction of a graphical game Gq, depicted in Figure
4, which performs the assignment of some fixed value o > 0 to a player. The proof is similar in
spirit to our proof of Propositions 1 and 2 and will be skipped.

Proposition 4 Let o be a non-negative real number. Let w, v; be players in a graphical game GG
and let the payo s to w, vy be specified as follows.

| wplays 0 w plays 1
Payo s to v : v, plays 0 0 1
vy plays 1 1 0
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| vy plays 0 vy plays 1
Payo s to w: w plays 0 « «
w plays 1 0 1

Then, in every e-Nash equilibrium of game GG, p[v2] = min(a, 1) €. In particular, in every Nash
equilibrium of GG, plv2] = min(a, 1).

Before concluding the section we give a useful definition.

Definition 2 Let v1,v2, ..., vk, v be players of a graphical game Gg such that, in every Nash equi-
librium, it holds that p[v] = f(p[vi],...,P[vk]), where f is some function on k arguments which
has range [0,1]. We say that the game G¢ has error amplification at most c if, in every e-Nash
equilibrium, it holds that p[v] = f(p[vil, ..., P[vk]) *+ ce.

In particular, the games G=, G+, G—, GmGq described above have error amplifications at most 1,
whereas the game Gmax has error amplification at most 3.

4.2 Reduction from Graphical Games to Normal Form Games

We establish a mapping from graphical games to normal form games as specified by the following
theorem.

Theorem 5 For every d > 1, a graphical game (directed or undirected) GG of maximum degree
d can be mapped in polynomial time to a (d? + 1)-player normal form game G so that there is a
polynomially computable surjective mapping g from the Nash equilibria of the latter to the Nash
equilibria of the former.

Proof. Overview:

Figure 7 shows the construction of G = f(GG). We will explain the construction in detail as
well as show that it can be computed in polynomial time. We will also establish that there is a
surjective mapping from the Nash equilibria of G to the Nash equilibria of GG. In the following
discussion we will refer to the players of the graphical game as “vertices” to distinguish them from
the players of the normal form game.

We first rescale all payo[sko that they are nonnegative and at most 1 (Step 1); it is easy to
see that the set of Nash equilibria is preserved under this transformation. Also, without loss of
generality, we assume that all vertices v € V' have the same number of strategies |Sy| = ¢. We color
the vertices of GG, where G = (V, E) is the aledts graph of GG, so that any two adjacent vertices
have di Lerent colors, but also any two vertices with a common successor have di Lerent colors (Step
3). Since this type of coloring will be important for our discussion we will define it formally.

Definition 3 Let GG be a graphical game with a ects graph G = (V, E). We say that GG can
be legally colored with % colors if there exists a mapping ¢ : V' — {1,2,...,k} such that, for all
e = (v,u) € E, c¢(v) # c¢(u) and, moreover, for all e; = (v,w),e2 = (u,w) € E, c(v) # c(u). We
call such coloring a legal k-coloring of GG.

To get such coloring, it is su [cieht to color the union of the underlying undirected graph G with
its square so that no adjacent vertices have the same color; this can be done with at most d? colors
—see e.g.[6]— since Ghas degree d by assumption; we are going to use r = d? or r = d?+ 1 colors,
whichever is even, for reasons to become clear shortly. We assume for simplicity that each color
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Input: Degree d graphical game GG: vertices V := {v1,...,vn}, |Sy;| = t for all i.
Output: Normal-form game G.

1. If needed, rescale the entries in the payo [thbles of GG so that they lie in the range [0, 1].
One way to do so is to divide all payo [entries by max{u}, where max{u} is the largest
entry in the payo [thbles of GG.

2. Let r = d? or r = d? + 1; r chosen to be even.

3. Letc:V — {1,...,r} be a r-coloring of GG such that no two adjacent vertices have
the same color, and, furthermore, no two vertices having a common successor —in the
aledts graph of the game— have the same color. Assume that each color is assigned to
the same number of vertices, adding extra isolated vertices to make up any shortfall. Let
{’UEI), Y } denote {v : c(v) =i}.

’ U n/r
4. For each p € [r], game G will have a player, labeled p, with strategy set Sp; Sp will be the
union (assumed disjoint) of all S, with c¢(v) = p, i.e.
Sp = {(vi,a) : c(vi) =p,a €Sy}, |Sp|=1t%.

5. Taking S to be the cartesian product of the Sy’s, let s € S be a strategy profile of game
G. For p € [r], uf is defined as follows:

(a) Initially, all utilities are 0.

(b) For vp € V having predecessors vy, ...,vqoin the aledts graph of GG, if c(vg) = p
(that is, vg = vj(p) for some ) and, for i = 0,...,d" s contains (vj, aj), then u§ = u‘s’%
for s"a strategy profile of GG in which v; plays aj for i =0,...,d"

(c) Let M >2 2.

(d) For odd number p < r, if player p plays (v, a) and p + 1 plays (v®*™, a3, for any

i, a, ) then add M to «® and subtract M from u&**.

Figure 7: Reduction from graphical game GG to normal form game G

class has the same number of vertices, adding dummy vertices if needed to satisfy this property.
Henceforth, we assume that n is an integer multiple of » so that every color class has 7 vertices.

We construct a normal form game G with » < d? + 1 players. Each of them corresponds to a
color and has ¢ strategies, the ¢ strategies of each of the T vertices in its color class (Step 4). Since
r is even, we can divide the r players into pairs and make each pair play a generalized Matching
Pennies game (see Definition 4 below) at very high stakes, so as to ensure that all players will
randomize uniformly over the vertices assigned to them #. Within the set of strategies associated
with each vertex, the Matching Pennies game expresses no preference, and payo [S_hre augmented
to correspond to the payo [sthat would arise in the original graphical game GG (see Step 5 for the
exact specification of the payo [S)l

Definition 4 The (2-player) game Generalized Matching Pennies is defined as follows. Call the
2 players the pursuer and the evader, and let [n] denote their strategies. If for any i € [n] both
players play ¢, then the pursuer receives a positive payo wu > 0 and the evader receives a payo

4A similar trick is used in Theorem 7.3 of [54], a hardness result for a class of circuit games.
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of —u. Otherwise both players receive 0. It is not hard to check that the game has a unique Nash
equilibrium in which both players use the uniform distribution.

Polynomial size of G = f(GG):

The input size is |GG| = O(n" t9*1 . ¢), where nis the number of vertices in GG and ¢ the size
of the values in the payo[mhatrices in the logarithmic cost model. The normal form game G has
r € {d?, d?> + 1} players, each having tn/r strategies, where n < rn"is the number of vertices in
Gg after the possible addition of dummy vertices to e sur ! classes have the same

(YA fo mmege surg tha g, eof

number of vertices. Hence, there are r- tn/r < (d?>+1) tn" payo [enhtries in G. This

is polynomial so long as d is constant. Moreover, each payo [_ehtry will be of polynomial size since
M is of polynomial size and each payo [entry of the game G is the sum of 0 or M and a payo[ 1
entry of Gg.

Construction of the mapping g:
Given a Nash equilibrium Ng = {a:?v a)}p,\,,a of f(GG), we claim that we can recover a Nash
equilibrium {z}}y.a of GG, Ngc = g(INg), as follows:
Ty = xE\(/V;) :UEV\’/J-), Ya € Sy,v e V. 9
irsd
Clearly ¢ is computable in polynomial time.

Proof that ¢ maps Nash equilibria of G to Nash equilibria of GG:

Call GG the graphical game resulting from GG by rescaling the utilities so that they lie in the
range [0, 1]. It is easy to see that any Nash equilibrium of game GG is, also, a Nash equilibrium of
game GG and vice versa. Therefore, it is enough to establish that the mapping ¢ maps every Nash
equilibrium of game G to a Nash equilibrium of game GG"

For v € V, c(v) = p, let “p plays v denote the event that p plays (v,a) for some a € S,. We
show that in a Nash equilibrium Ng of gamﬂﬂlor every player p and every v € V with ¢(v) = p,
Pr(p plays v) € [\ — 7, A + 5], where A = 07" Note that the “fair share” for v is \.

r

Lemma 7 For all v € V, Pr(c(v) plays v) € [A — &, A + 1.

1 1
Proof. Suppose, for a contradiction, that in a Nash I%Jilibrium (g, Pr p plays vi(p) <A— ﬁ

; ; : () 1
for some 4, p. Then there exists some j such that Pr p plays v > At g

If p is odd (a pugsyer) theayp + 1 (the evader) will have utility of at least —AM + 1 for
playing any strategy v(p+l),a ,a € SV_(p+1), whereas utility of at most —A\M — X\ + 1 for playing

i
any strategy (vj(p+1),a), a € S p+y. Since =AM +1 > —AM — A+ 1, in a Nash equilibrium,
1 Vs 1

= 0. Therefore, there exists some & such that Pr p+ 1 plays fu,((pﬂ) > A
] 1

Now the payo [af p for playing any strategy P
(I 1

i
for playing any strate v(p),a ,a €S  is at least AM. Thus, in a Nash equilibrium, player
playing any gy vy 5 p D

should not include any strategy v-(p),a ,a €5, m, in her support; hence Pr p plays vj(p) =0,a
i

Pr p+1 plays v{**"

,a ,a € Sv(p), is at most 1, whereas the payo[—]
i

i
contradiction.
le P islivlen, then p — 1 will have utility of at most (A — ﬁ)M + 1 for playing any strategy

vi(p_l), a ,ac€ SV_(p_l), whereas utility of at least (A + ﬁA)M for playing any strategy (vj(p_l),a),
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1
a € S e-1. Hence, in a Nash equilibrium Pr p—1 plays v
Vs 1

exists some k such that Plilp —I1ﬁlays vﬁp_l) > A. But, then, p will have utility of at least 0

for playing any strategy v-(p),a @ €S o), whereas utility of at most —\M -Il-:1I for D|ayin|il_lany

(p—1)
1

= 0, which implies that there

() P _
k - O-

,a €8 . Since 0 > —A\M + 1, in a Nash equilibrium, Pr lays
,a), a V'((p) - a q p plays v,

Therefore, there exists some £ such that Pr p plays v,((pg) > A. Now the payo [af p — 1 for playing

z?% stratelg_xI vf(p_l),a , a € Svlgp_l), is at most 1, whereas the payo [fbr playing any strategy

v,((pg_l),a , a € S e-n Is at least AM. Thus, in a Nash equilibriuml,zrl)layer p — 1 should not

|
include any strategy vﬁp_l),a ,a € Sv<p_1), in her support; hence Pr p — 1 plays vlip_l) =0, a
k
contradiction.
From the above discussion, it follows that every vertex is chosen with probability at least
A — ﬁ by the player that represents its color class. A similar argument shows that no vertex is

chosen with probabiliﬁreater thﬁl)\ + ﬁ Indeed, suppose, for a contradiction, that in a Nash

strategy (v

equ%)rium of QI:IPr p plays vj(p) > A+ % for some j, p; then there exists some ¢ such that
Pr p plays vi(p) <A— ﬁ)\; now, distinguish two cases depending on whether p is even or odd and

proceed in the same fashion as in the argument used above to show that no vertex is chosen with
probability smaller than A — 1/M. O

To see that {x)}y 4, defined by (9), corresponds to a Nash equilibrium of GG note that, for any
player p and vertex v € V such that c¢(v) = p, the division of Pr(p plays v) into Pr(p plays (v, a)),
for various values of a € Sy, is driven entirely by the same payo[Shs in GGY moreover, note that
there is some positive probability p(v) > (A — ﬁ)d > 0 that the predecessors of v are chosen by the
other players of G and the additional expected payo [tb p resulting from choosing (v, a), for some
a € Sy, is p(v) times the expected payo [af v in GGUif all vertices play as specified by (9). More
formally, suppose that p = c¢(v) for some vertex v of the graphical game GG"and, without loss of

generality, assume that p is odd (pursuer) and that v is the vertex vi(p) in the notation of Figure 7.

Then, in a Nash equilibrium of the game G, we have, by the definition of a Nash equilibrium, that
for all strategies a,a™c S, of vertex v:
. L] . |
E [payo b p for playing (v,a)] > E payo b p for playing (v,a = x?v,a@ =0. (10)

But

L1 (©+1) L1 I 1 I
E [payo [Ib p for playing (v,a)] = M - Pr p+ 1 plays vip

1
* Uas “((;L(:us))

SEShv\vy U NIV)\{v}
and similarly for a” Therefore, (10) implies

! Iv ! Ic(U) v c(u) p
Ugs Tse) = Ugrg Tse) = Tvay = 0.
S LS (vyngvy u INKV)\{v} SSH (wvpv u INKV)\{v}
o —1 L1 ¢ _ 1 _ i . .
Dividingby |, iupnvy i sa i) = uDNMVY Pr (c(u) plays u) = p(v) and invoking (9) gives
1 1 1 1
Uds xg, > uNg xg, = xy0=0,
SEShongy UNKV)\{v} s ISR (v u CNKV)\{v}

L1 [ 1
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where we used that p(v) > (A — )¢ > 0, which follows by Lemma 7.

Mapping ¢ is surjective on the Nash equilibria of GG" and, therefore, GG: We will
show that, for every Nash equilibrium Nggo= {z¥}v.a Of GGY there exists a Nash equilibrium
Ng = {x?v,a)}p,v,a of G such that (9) holds. The existence can be easily established via the existence

of a Nash equilibrium in a game G"defined as follows. Suppose that, in Nggr; every vertex v € V
receives an expected payo [of w, from every strategy in the support of {z}}a. Define the following
game G whose structure results from G by merging the strategies {(v,a)}a of player p = c(v)

into one strategy s9, for every v such that c(v) = p. So the strategy set of player p in GPwill

be {s§ | c(v) = p} also denoted as {sgp), . ,sf]p,)r} for ease of notation. Define now the payo[sto

the players as follows. Initialize the payo [Cohatrices with all entries equal to 0. For every strategy
profile s,

e for vg € V having predecessors vy, ...,vqoin the aledts graph of GGY if, for i = 0,...,dY s

contains so\"”, then add uy, to uS"®.

e for odd number p < r if player p plays strategy si(p) and player p + 1 plays strategy si(

then add M to w2 and subtract M from «2** (Generalized Matching Pennies).

p+1)

Note the similarity in the definitions of the payo [Cmatrices of G and GY From Nash’s theorem,
game G”has a Nash equilibrium {yg\‘}}p"’ and it is not hard to verify that {z(, , }p.v.a is @ Nash

equilibrium of game G, where x?v ay = ygp -xy, for all p, v € V such that ¢(v) = p, and a € S,.

O

4.3 Reduction from Normal Form Games to Graphical Games

We establish the following mapping from normal form games to graphical games.

Theorem 6 For every r > 1, a normal form game with r players can be mapped in polynomial
time to an undirected graphical game of maximum degree 3 and two strategies per player so that
there is a polynomially computable surjective mapping ¢ from the Nash equilibria of the latter to
the Nash equilibria of the former.

Given a normal form game G having r players, 1,...,r, and n strategies per player, say Sy =
[n] for all p € [r], we will construct a graphical game GG, with a bipartite underlying graph of
maximum degree 3, and 2 strategies per player, say {0,1}, with description length polynomial in
the description length of G, so that from every Nash equilibrium of GG we can recover a Nash
equilibrium of G. In the following discussion we will refer to the players of the graphical game as
“vertices” to distinguish them from the players of the normal form game. It will be easy to check
that the graph of GG is bipartite and has degree 3; this graph will be denoted G = (V U W, E),
where W and V are disjoint, and each edge in £ goes between V' and W. For every vertex v of the
graphical game, we will denote by p[v] the probability that v plays pure strategy 1.

Recall that G is specified by the quantities {uf : p € [r],s € S}. A mixed strategy profile of G
is given by probabilities {m}? : pelrl,s € Sp}. GG will contain a vertex v(wjp) € V for each player
p and strategy j € Sp, and the construction of GG will ensure that in any Nash equilibrium of Gg,
the quantities {p[v(xf)] i p € [r],j € Sp}, if interpreted as values of xj’ will constitute a Nash
equilibrium of G. Extending this notation, for various arithmetic expressions A involving any :cf
and ug, vertex v(A) € V will be used, and be constructed such that in any Nash equilibrium of GG,
plu(A)] is equal to A evaluated at the given values of u§ and with =} equal to p[v(z})]. Elements of
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W are used to mediate between elements of V/, so that the latter ones obey the intended arithmetic
relationships.

We use Propositions (1-4) as building blocks of GG, starting with » subgraphs that represent
mixed strategies for the players of G. In the following, we construct a graphical game containing
vertices v(xp) whose probabilities sum to 1, and internal vertices vj which control the distribution
of the one unlt of probability mass among the vertices U(xp) See Figure 8 for an illustration.

Proposition 5 Consider a graphical game that contains
o for j € [n] a vertex v(al)
o for j € [n — 1] a vertex v}
o for j € [n] a vertex v( %‘m’f)
o for j € [n — 1] a vertex wj(p) used to ensure p[u( Lj?‘ ") = plu( Lf"—"flxp)](l - plvf)

e for j € [n — 1] a vertex wj{p) used to ensure plv(z}.1)] = plu( 5_1; z)p[vf]
Ly 1 Py

e a vertex wi(p) used to ensure plu(z})] = plv( =, 2})]

Also, let v( ,; 1 I) havq% of 1 when it plays 1 and 0 otherﬁl&Then |%Nash equilibrium
of the graphical game, =, p[v(z})] = 1 and moreover p[u( M = 1 Plv()], and the
graph is bipartite and of degree 3.

Proof. It is not hard to verify that the graph has degree 3. Most of the degree 3 vertices are
the w vertices used in Propositions 1 and 2 to connect the pairs or triples of graph playe Is—\n#_hp
probabilities are supposed to obey an arithmetic Eﬁa—tlﬁonship. In a Nash ilibrium, v( = 13:

plays 1. The vertices v} split the probability p[v( 1} 2})] between p[v( 1, 2})] and plv(a},,)]-
O

Comment. The values p[vp] control the distribution of probability (summing to 1) amongst the
n vertices v(xp) These vertlces can set to zero any proper subset of the probabilities g|v(xp)]

Notation. For s € S—p let ws = af, - 22, a8 - 287 - 2l . Also, let UP = g
the utility to p for playing j in the context of a given mixed profile {zs}srsa,.

szs be

Lemma 8 Suppose all utilities u£ (of G) lie in the range [0, 1] for some p € [r]. We can construct
a degree 3 bipartite graph having a total of O(rn") vertices, including vertices ’u(w})), v(Ujp), v(Uéj),
for all j € [n], such that in any Nash equilibrium,

C 11
PO = Wy plGd)] (11)
s[Slp qEp
1 1
Pl(UZPI=max  ujg  plu@d)] (12)
=ss1,  gmp

The general idea is to note that the expressions for p[v(Ujp)] and p[v(Ugj)] are constructed from
arithmetic subexpressions using the operations of addition, multiplication and maximization. If
each subexpression A has a vertex v(A), then using Propositions 1 through 4 we can assemble
them into a graphical game such that in any Nash equilibrium, p[v(A)] is equal to the value of A
with input p[’u(w}))], p € [r], 7 € [n]. We just need to limit our usage to O(rn") subexpressions and
ensure that their values all lie in [0, 1].
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The vertices whose labels include U do not form part of Proposition 5; they have been included
to show how the gadget fits into the rest of the construction, as described in Figure 9. Unshaded
vertices belong to V, shaded vertices belong to W (V' and W being the two parts of the bipartite
graph). A directed edge from w to v indicates that «’s choice can aledt v’s payo[]

v( =1 77) wpty(p) v(zh)
| v(UR)
@)
wn—l(p) Uﬁ— w(UrE— )
S G
TN W)
O, O
v( =1 7})
Q
|
1
|
|
1
|
|
(Y T ) v(a8)
O o) O
| (D)
O
wa(p) o} w(US/
o) O o)
\(g)@z)
o( 2 h) () o)
O o) o)
| v(g)zp)
wi(p) of w(UP)
S W
\(Uél)
— O
o( i aP) wh(p) o(zP)
o) >0 O

Figure 8: Diagram of Proposition 5
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Proof. Note that

p P 7P p p p .1 1, _p+1
—_ — f— - r
Ug; = max{Uy, U}, Uf = UjsTs = UjsTs, - 2E T w8 T
s[S1p s[S1p
Let S—p = {S—p(1),...,S—p(n 1)}, so that
— nC -
ujsxs = ujS_p([ﬂTS—p(m
s[S1p =1

For each partial sum %I“}Js_p(mrs—p(m 1< z<n1 I%dee vertex u( %Iu?s_p(mrs—p(ﬂﬂ)'
Simila%or each partial product of the summands uJPS bz 2¢,, 1 < z < r, include vertex
v(uJPS pEg=z xgq). So, for each strategy j € Sy, there are n'1 partial sums and r partial products
for each summand. Then, there are n partial sequences over which we have to maximize. Note
that, since all utilities are assumed to lie in the set [0, 1], all partial sums and products must also lie
in [0, 1], so the truncation at 1 in the computations of Propositions 1, 2, 3 and 4 is not a problem.
So using a vertex for each of the 2n + (r + 1)n" arithmetic subexpressions, a Nash equilibrium
will compute the desired quantities. Note, moreover, that, to avoid large degrees in the resulting
graphical game, each time we need to make use of a value xgq we create a new copy of the vertex
v(xgq) using the gadget G= and, then, use the new copy for the computation of the desired partial
product; an easy calculation shows that we have to make (r — 1)n"~! copies of v(xgq), forall ¢ <r,
sq € Sq. To limit the degree of each vertex to 3 we create a binary tree of copies of U(xgq) with
(r — 1)n"1 leaves and use each leaf once. O

Proof of Theorem 6: Let G be a r-player normal-form game with n strategies per player and
construct GG from G as shown in Figure 9. The graph of GG has degree 3, by the graph structure
of our gadgets from Propositions 1 through 4 and the fact that we use separate copies of the ’U(w?)
vertices to influence diLerent v(Ujp) vertices (see Step 4 and proof of Lemma 8).

Polynomial size of GG = f(G):
The size of GG is linear in the description length r - n" of G.

Construction of ¢(Ngs) (Where Ngg denotes a Nash equilibrium of GG):
Given a Nash equilibrium g(Ngg) of f(G), we claim that we can recover a Nash equilibrium
{2§}p,j of G by taking z§ = p[v(z})]. This is clearly computable in polynomial-time.

Proof that the reduction preserves Nash equilibria:
Call GPthe game resulting from G by rescaling the utilities so that they lie in the range [0, 1].
It is easy to see that any Nash equilibrium of game G is, also, a Nash equilibrium of game G”and
vice versa. Therefore, it is enough to establish that the mapping g(-) maps every Nash equilibrium
e GG to a Nash equilibrium of game G~ By Proposition 5 and Lemma 8, we have that

=1, for all p € [r]. It remains to show that, for all p, j, j5
1 1
ufsws > u?@xs == xFE.: 0.
s[S1p s[Sdp

i

We distinguish the cases:
: m_ 0 L1 , L1 , p
o If there exists some j < j-such that oy ujmg®s > s, Uje®s, then plo(Ugay)] >
plv(UfD]. Thus, plvji.,] = 0 and, consequently, v(z}0) plays 0 as required, since

PloGP] = plobe,IPlo( - D).
i=1
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Input: Normal form game G with r players, n strategies per player, utilities {u8 : p € [r],s € S}.
Output: Graphical game GG with bipartite graph (V U W, E).

1.

. Give the following payo[sto the vertices Ujp (the additional vertices used in Proposition 5

. Return the underlying undirected graphical game GG.

If needed, rescale the utilities u£ so that they lie in the range [0,1]. One way to do so is
to divide all utilities by max{u§}.

For each player/strategy pair (p, 7) let v(xjp) € V be a vertex in Gg.

For each p € [r] construct qﬂbpraph as described in Proposition 5 so that in a Nash
equilibrium of GG, we have p[v(w}’)] =1

Use the construction of Proposition 1 with o« = 1 to make (r — 1)n" ! copies of the v(:ﬂE)
)

vertices (which are added to V). More precisely, create a binary tree with copies of v(xj
which has (r — 1)n"1 leaves.

Use the construction of Lemma 8 to introduce (add to V') vertices v(U}), v(UE;), for all
p € [r], j € [n]. Each v(U}) uses its own set of copies of the vertices v(z}). For p € [r],
j € [n] introduce (add to W) w(U}) with

(a) If w(U}) plays 0 then w(U}) gets payo [ whenever v(UL;) plays 1, else 0.
(b) If w(U7) plays 1 then w(U}) gets payo [l whenever v(U},,) plays 1, else 0.

whose payo [Svere not specified).

() If v} plays 0 then o] has a payo[of 1 whenever w(U}) plays 0, otherwise 1.
(b) If of plays 1 then v} has a payo[of 1 whenever w(U}) plays 1, otherwise 0.

Figure 9: Reduction from normal form game G to graphical game GG

The case j < j”reduces trivially to the previous case.

It remains to deal with the case j > ;5 under the assumption that, for all ;@< ;5
plo(Uf)] < ploU],

which in turn implies that
Plo(U2;] < plo(UD].

It follows that there exists some k, j7+ 1 < k < j, such that p[v(U)] > plo(UL, )]
Otherwise, p[v(UZ;)] > pv(UZ;51)] > ... > pu(UZ)] > plu(U)] > plu(UD], which is
a contradiction to p[v(UZ;)] < plo(U)]. Since plu(UL)] > plu(UL,_y)], it follows that
plw(Uf_)] =1 = plvp_,] = 1 and, therefore,

I | Crn i1 [T 1
L E | 1

p v x'io =p v w'i) (1- p[vE_l]) =0
i=1 i=1
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j 1 1
=plelJP L H0o=p o)) =0
i=1

Mapping g is surjective on the Nash equilibria of GJand, therefore, G: We will show that
given a Nash equilibrium Ngoof GPthere is a Nash equilibrium Ngg of GG such that g(Ngg) = Ngo
Let Noo= {af : p <r,j € Sp}. In Neg, let pu(z])] = z}. Lemma 8 shows that the values p[v(U})]
are the expected utilities to player p for playing strategy j, given that all other players use the
mixed strategy {w}) ip <r,j € Sp}. We identify values for p[vjp] that complete a Nash equilibrium
for GG.

Based on the payo[sio Ujp described in Figure 9 we have

o If plu(UE)] > plv(U41)] then plw(U})] = 0; plvj] =0
o I (U] < Pv(UL,y)] then PLw(UD)] = L; plf] = 1

e If p[v(UE;)] = plv(U},)] then choose p[w(UP)] = 3; p[v}] is arbitrary (we may assign it any
value)

Given the above constraints on the values p[vj'-o] we must check that we can choose them (and there
is a unique choice) so as to make them consistent with the probabilities p[v(z})]. We use the fact
the values :cf form a Nash equilibrium of G. In particular, we know that p[v(xj‘-’J)] = 0 if there exists
jPwith Ufi> UP. We claim that for j satisfying p[v(UZ;)] = p[v(U},1)], if we choose

| it
p[v}’] = plo@D)]/  pluE],
i=1 i=1

then the values p[v(x}))] are consistent. [

4.4 Combining the Reductions

Suppose that we take either a graphical or a normal-form game, and apply to it both of the
reductions described in the previous sections. Then we obtain a game of the same type and a
surjective mapping from the Nash equilibria of the latter to the Nash equilibria of the former.

Corollary 2 For any fixed d, a (directed or undirected) graphical game of maximum degree d can
be mapped in polynomial time to an undirected graphical game of maximum degree 3 so that there is
a polynomially computable surjective mapping ¢ from the Nash equilibria of the latter to the Nash
equilibria of the former.

The following also follows directly from Theorems 6 and 5, but is not as strong as Theorem 7 below.

Corollary 3 For any fixed » > 1, a r-player normal form game can be mapped in polynomial time
to a 10-player normal form game so that there is a polynomially computable surjective mapping ¢
from the Nash equilibria of the latter to the Nash equilibria of the former.

Proof. Theorem 6 converts a r-player game G into a graphical game GG based on a graph of degree
3. Theorem 5 converts GG to a 10-player game G whose Nash equilibria encode the Nash equilibria
of GG and hence of G. (Note that for d an odd number, the proof of Theorem 5 implies a reduction
to a (d? + 1)-player normal form game.) O
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We next prove a stronger result, by exploiting in more detail the structure of the graphical
games GG constructed in the proof of Theorem 6. The technique used here will be used in Section
4.5 to strengthen the result even further.

Theorem 7 For any fixed » > 1, a r-player normal form game can be mapped in polynomial time
to a 4-player normal form game so that there is a polynomially computable surjective mapping ¢
from the Nash equilibria of the latter to the Nash equilibria of the former.

Proof. Construct G~from G as shown in Figure 10.

Input: Normal form game G with r players, n strategies per player, utilities {uf : p < 7,5 € S}.
Output: 4-player Normal form game G-

1. Let GG be the graphical game constructed from G according to Figure 9. Recall that the
aledts graph G = (V U W, E) of GG has the following properties:

e Every edge e € E is from a vertex of set V' to a vertex of set WW or vice versa.

e Every vertex of set W has indegree at most 3 and outdegree at most 1 and every
vertex of set V' has indegree at most 1 and outdegree at most 2.

2. Color the graph (VUW, E) of GG as follows: let c¢(w) = 1 for all W-vertices w and c(v) = 2
for all V-vertices v.

3. Construct a new graphical game GG"from GG as follows. While there exist v1, v, € V,
w e W, (v1,w), (v2,w) € E with c(v1) = c(v2):

(a) Every W-vertex has at most 1 outgoing edge, so assume (w,v1) € E.

(b) Add v(v1) to V, add w(vy) to W.

(c) Replace (vi,w) with (vi,w(v1)), (w(v1),v(v1)), (v(v1),w(v1)), (v(v1),w). Let
c(w(v1)) = 1, choose c(v(v1)) € {2,3,4} # c(vY for any vPwith (v w) € E. Payol[s]
for w(v1) and v(v1) are chosen using Proposition 1 with o = 1 such that in any Nash
equilibrium, p[v(v1)] = plvi].

4. The coloring ¢ : V — {1,2,3,4} has the property that, for every vertex v of GG its
neighborhood N (v) in the aledts graph of the game —recall it consists of v and all its
predecessors— is colored with |\ (v)| distinct colors. Map game GG to a 4-player normal
form game G following the steps 3 through 5 of figure 7.

Figure 10: Reduction from normal form game G to 4-player game G"

Polynomial size of GM= f(G).

By Theorem 6, GG (as constructed in Figure 10) is polynomial size. The size of GG is at most
3 times the size of GG since we do not need to apply Step 3 to any edges that are themselves
constructed by an earlier iteration of Step 3. Finally, the size of GHis polynomial in the size of GGY
from Theorem 5.

Construction of g(Ngo) (for Ngoa Nash equilibrium of G5.
Let g1 be a surjective mapping from the Nash equilibria of GG to the Nash equilibria of G, which is
guaranteed to exist by Theorem 6. It is trivial to construct a surjective mapping g» from the Nash
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equilibria of GG to the Nash equilibria of GG. By Theorem 5, there exists a surjective mapping g3
from the Nash equilibria of GPto the Nash equilibria of GGY Therefore, g3 o g o g1 is a surjective
mapping from the Nash equilibria of G"to the Nash equilibria of G. O

4.5 Reducing to Three Players

We will strengthen Theorem 7 to reduce a r-player normal form game to a 3-player normal form
game. The following theorem together with Theorems 5 and 6 imply the first part of Theorem 4.

Theorem 8 For any fixed » > 1, a r-player normal form game can be mapped in polynomial time
to a 3-player normal form game so that there is a polynomially computable surjective mapping ¢
from the Nash equilibria of the latter to the Nash equilibria of the former.

Proof. The bottleneck of the construction of Figure 10 in terms of the number £ of players of the
resulting normal form game G lies entirely on the ability or lack thereof to color the vertices of
the aledts graphs of GG with k colors so that, for every vertex v, its neighborhood A(v) in the
aledts graph is colored with |\ (v)| distinct colors, i.e. on whether there exists a legal £ coloring.
In Figure 10, we show how to design a graphical game GG"which is equivalent to GG —in the sense
that there exists a surjective mapping from the Nash equilibria of the former to the Nash equilibria
of the latter— which can be legally colored using 4 colors. However, this cannot be improved to
3 colors since the addition game G+ and the multiplication game Grwhich are essential building
blocks of GG, have vertices with indegree 3 (see Figure 5) and, therefore, need at least 4 colors to
be legally colored. Therefore, to improve our result we need to redesign addition and multiplication
games which can be legally colored using 3 colors.

Notation: In the following,

erx=y+edenotesy—e<z<y+te
e v : s denotes “player v plays strategy s”

Proposition 6 Let «, 3, be non-negative integers such that o + 3+~ < 3. There is a graphical
game G4 —with two input players v; and v,, one output player vz and several intermediate players,
with the following properties:

e the graph of the game can be legally colored using 3 colors

e forany e € [0,0.01], at any e-Nash equilibrium of game G it holds that p[v3] = min{1, ap[vi]+
Bplv2] + yplvilp[v2]} £ 81e; in particular at any Nash equilibrium p[vs] = min{1, ap[v1] +
Bplvz] + yplvilplvel}-

Proof. The graph of the game and the labeling of the vertices is shown in Figure 11. All players
of G+ —have strategy set {0,1} except for player v5 who has three strategies {0,1,*}. Below we
give the payo[thbles of all the players of the game. For ease of understanding we partition the
game G4 —into four subgames:

1. Game played by players vy, ws, v

Payo[sto v 170 0 1
o1



Figure 11. The new addition game and its legal 3-coloring.

Payo[s 1o wi:
‘ 1)1D: 0 1)1D: 1 ‘ le:
wy - 0: vy 1 0 0 0 wp -1 v 00 0
vy -1 1/8 1/8 vy - 1

2. Game played by players v, ws, vs:

Payo[s 10 v3 : vy . 0 0 1
vy . 1 1 0
Payo[s 1o ws:
‘ vy 0 w3 1 ‘ vz 1 0 w3
0 0
vyt 0 0 0 vt 0 0
v5 8 8 v5’ 0

3. Game played by players vy, wy, v5:

Payo[s 10 wo:
‘2)2 0 v, : 1 ‘1)2 0 v
T ]
.. 0P 0 0 1/ W0 0
we 2006 0 1/8 22108 1
vs ok 0 1/8 vy 0
Payo [5 1o v5!
‘wz 0 wy : 1 ‘wz wy .
vy 0 w0 0 1 vy i1l w0 1 0
u o1 0 0 u 1 1 0
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4. Game played by players v[ v5) w, u:

Payo [s 1o w:
_ ‘U:F:O vp 1 _ "UE:O vp 1
w:O:UZ:O 0 o :1:1}2:0 0 0
vy 1 1+38 1l+a+3+8y v 1 1
v5 1 % 0 a v5 L% 1 1
Payo [s 1o u:
‘w.O w1
u:0 0 1
u 1 1 0

Claim 1 At any e-Nash equilibrium of G+ p[vi] = %p[vl] +e.

Proof. If wy plays 0, then the expected payo [Ib w; is %p[vl], whereas if w; plays 1, the expected
payo [tb w; is p[vi]. Therefore, in an e-Nash equilibrium, if %p[vl] > plvi] + ¢, then plw;] = 0.
However, note also that if p[w;] = 0 then p[vj] = 1, which is a contradiction to %p[’ul] > plvf] +e.
Consequently, %p[vl] cannot be strictly larger than p[vf]+e. On the other hand, if p[vf] > %p[v1]+e,
then p[wi] = 1 and consequently p[v] = 0, a contradiction. The claim follows from the above
observations. O

Claim 2 At any e-Nash equilibrium of G, yp[vs’: 1] = %p[’uz] +e.

Proof. If w; plays 0, then the expected payo [Ib w, is %p[vg], whereas, if w, plays 1, the expected
payo [Ib w is p[vy: 1].

If, in an e-Nash equilibrium, %p[vg] > p[vg: 1] + ¢, then p[wz] = 0. In this regime, the payo[]
to player v5'is 0 if v5 plays 0, 1 if v5'plays 1 and 0 if v5’ plays . Therefore, p[vs’: 1] = 1 and this
contradicts the hypothesis that 2p[v] > p[vs’: 1] + €.

On the other hand, if, in an e-Nash equilibrium, p[v5': 1] > %p[vz] + ¢, then p[wz] = 1. In this
regime, the payo b player v5 is p[u : 0] if v5 plays 0, 0 if v5’ plays 1 and p[u : 1] if v5 plays .
Since p[u : 0] + p[u : 1] = 1, it follows that p[v5: 1] = 0 because at least one of p[u : 0], p[u : 1]
will be greater than e. This contradicts the hypothesis that p[vy: 1] > %p[vz] + ¢ and the claim
follows from the above observations. O

Claim 3 At any e-Nash equilibrium of G+ rp[vs: «] = §p[v] + %p[vz] + ¥plv1lplv2] £ 10e.

Proof. If w plays 0, then the expected payo [tb w is ap[v] + (1 + B)p[vs': 1] + 8yplvilp[vy: 1],
whereas, if w plays 1, the expected payo [Tb w is p[v5’: 1] + p[vs’: «].

If, in a e-Nash equilibrium, ap[vi] + (1 + B)p[vs: 1] + 8yplvilplvs’: 1] > plvs': 1]+ plvs: ] + e,
then p[w] = 0 and, consequently, p[u] = 1. In this regime, the payo[tb player vy is 0 if v5
plays 0, p[wy : 0] if v5 plays 1 and p[w, : 1] if v5 plays . Since p[w; : 0] + plw, : 1] = 1, it
follows that at least one of p[w, : 0], p[wz : 1] will be larger than e so that p[v5' : 0] = 0 or,
equivalently, that p[vy’: 1] + p[v5: *] = 1. So the hypothesis can be rewritten as ap[vi] + (1 +
B)plvs : 1] + 8yp[vip[vy : 1] > 1+ e Using Claims 1 and 2 and the fact that ¢ < 0.01 this
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inequality implies %p[vl] + %p[vg] + %p[’ul]p[’uz] + (a+ 1+ 3+ 3v)e > 1+ ¢ and further that
%BBJ'V +(a+1+3+3v)e > 1+e. We supposed o+ 3+~ < 3 therefore the previous inequality
implies % + 10e > 1 + ¢, a contradiction since we assumed e < 0.01.

On the other hand, if, in a e-Nash equilibrium, p[vy: 1] + p[vs: ] > aplvil + (1 + B)p[vy:
1]+8vyp[vilp[vs: 1]+e¢, then p[w] = 1 and consequently p[u] = 0. In this regime, the payo [t player
vs'is plwy : 1] if v5'plays 0, plw, : 0] if v plays 1 and 0 if v5'plays *. Since plw; : 0]+ plw; : 1] =1,
it follows that p[v5': ] = 0. So the hypothesis can be rewritten as 0 > ap[vi] + Bp[vs : 1] +
8vplvilp[vs: 1] + € which is a contradiction.

Therefore, in any e-Nash equilibrium, p[v5': 1]+p[v5’: ] = ap[vf]+1+B)plvs: 1]+8yplvilpvs:
1] + ¢, or, equivalently, p[v5': ¥] = ap[vi] + Bp[vs’: 1] + 8yplvilp[vs: 1] + . Using claims 1 and 2
this can be restated as p[vy: +] = $p[v1] + %p[vz] + Iplvilplvz] + 10¢ O

Claim 4 At any e-Nash equilibrium of G+ = p[vs] = min{1, ap[vi] + Gp[vz] + yp[vilp[v2]} £ 8le.

Proof. If w3 plays 0, the expected payo [Tb ws is 8p[v5’: ], whereas, if w3 plays 1, the expected
payo b ws is p[vs]. Therefore, in a e-Nash equilibrium, if p[vs] > 8p[v5': ] + ¢, then plws] = 1
and, consequently, p[vs] = 0, which is a contradiction to p[vs] > 8p[v5': *] + e.

On the other hand, if 8p[v5’: ¥] > p[vs] + ¢, then p[ws] = 0 and consequently p[vs] = 1. Hence,
p[vs] cannot be less than min{1, 8p[v5’: ] — €}.

From the above observations it follows that p[vs] = min{1,8p[v5’: ]} & ¢ and, using claim 3,
plvs] = min{1, ap[vi] + Bplv2] + yp[v1]p[vz]} + 8le. O

It remains to show that the graph of the game can be legally colored using 3 colors. The coloring
is shown in Figure 11. O

Now that we have our hands on the game G —f Proposition 6, we can reduce r-player games to
3-player games, for any fixed r, using the algorithm of Figure 10 with the following tweak: in the
construction of game GG at Step 1 of the algorithm, instead of using the addition and multiplication
gadgets G+, G—pf Section 4.1, we use our more elaborate G+ —gadget. Let us call the resulting
game GG. We will show that we can construct a graphical game GG which is equivalent to GG in
the sense that there is a surjective mapping from the Nash equilibria of GG™to the Nash equilibria
of GG and which, moreover, can be legally colored using three colors. Then we can proceed as in
Step 4 of Figure 10 to get the desired 3-player normal form game G"

The construction of GG and its coloring can be done as follows: Recall that all our gadgets
have some distinguished vertices which are the inputs and one distinguished vertex which is the
output. The gadgets are put together to construct GG by identifying the output vertices of some
gadgets as the input vertices of other gadgets. It is easy to see that we get a graphical game with
the same functionality if, instead of identifying the output vertex of some gadget with the input of
another gadget, we interpose a sequence of two G= games between the two gadgets to be connected,
as shown in figure 12. If we “glue” our gadgets in this way then the resulting graphical game GG"
can be legally colored using 3 colors:

i. (stage 1) legally color the vertices inside the “initial gadgets” using 3 colors

ii. (stage 2) extend the coloring to the vertices that serve as “connections” between gadgets; any
3-coloring of the initial gadgets can be extended to a 3-coloring of GG”because, for any pair
of gadgets G1, G» which are connected (Figure 12) and for any colors assigned to the output
vertex a of gadget G; and the input vertex e of gadget G, the intermediate vertices b, ¢ and d
can be also colored legally. For example, if vertex a gets color 1 and vertex e color 2 at stage
1, then, at stage 2, b can be colored 2, ¢ can be colored 3 and d can be colored 1.
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Input node of

gadget Go
G_ game [ G- game S
Gadget Gadget
5 —0—-0—0—0
Aa b c d e

Output node of
gadget G,

Figure 12: The interposition of two G- games between gadgets Gi and G, does not change the
game.

This completes the proof of the theorem. O

4.6 Preservation of Approximate equilibria

Our reductions so far map exact equilibrium points. In this section we generalize to approximate
equilibria and prove the second part of Theorem 4. We claim that the reductions of the previous
sections translate the problem of finding an e-Nash equilibrium of a game to the problem of finding
an e“Nash equilibrium of its image, for e“polynomially related to e. As a consequence, we obtain
polynomial-time equivalence results for the problems r-NasH and d-GRAPHICAL-NASH. To prove
the second part of Theorem 4, we extend Theorems 5, 6 and 8 of the previous sections.

Theorem 9 For every fixed d > 1, there is a polynomial reduction from d-GRAPHICAL-NASH to
(d? + 1)-NAsH.

Proof. Let dg-bela graphical game of maximum degree d and GG the resulting graphical game after
rescaling all utilities so that they lie in the set [0, 1], as in the first step of Figure 7. Assume that
e < 1. In time polynomial in |GG|+log(1/¢€), we will specify a normal form game G and an accuracy
ePwith the property that, given an ¢“Nash equilibrium of G, one can recover in polynomial time
an e-Nash equilibrium of GG. This will be enough, since an e-Nash equilibrium of GG is trivially an
¢ - max {@}-Nash equilibrium of game dGwhere max {@} is the largest entry in the utility tables
of game dG—ahd, moreover, |GG/ is linear in |dg+—]

We construct G using the algorithm of Figure 7; recall that M > 27, where r is the number of
color classes specified in Figure 7 and n is the number of vertices in GG after the possible addition
of dummy vertices to make sure that all color classes have the same number of vertices (as in Step
3 of Figure 7). Let us choose e”< e(f — ﬁ)d; we will argue that from any ¢~Nash equilibrium of
game G one can construct in polynomial time an e-Nash equilibrium of game Gg.

Suppose that p = ¢(v) for some vertex v of the graphical game GG. As in the proof of Theorem
5, Lemma 7, it can be shown that in any ¢<Nash equilibrium of the game G,

1 1

Pr(p plays v) € % — ! !

,
=+
M'n M

Now, without loss of generality, assume that p is odd (pursuer) and suppose that v is vertex vi(p) in

the notation of Figure 7. Then, in an ¢=Nash equilibrium of the game G, we have, by the definition
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of a Nash equilibrium, that for all strategies a,a"c S, of vertex v:
1 ]
E [payo b p for playing (v,a)] > E payo [t p for playing (v,a") + e"= Th.ay = 0-

But

1] 1 I 1 I 1
v c(u)
a

E [payo b p for playing (v,a)] = M - Pr p+ 1 plays v(p Doy uls T
SEShvvy  uMIV)\{v}

and similarly for a” Therefore, the previous inequality implies

I:Iv C(U) v c(u) O p —
Ugzs Tisy) > Ugig Tsny TE= Tyay = 0
S ESH vy u [NKV)\{v} s LS (vvpvy u [NKV)\{v}
So letting
Ty = E\EV;) x?v\,/j)’ Yo e V,a €Sy,
js
as we did in the proof of Theorem 5, we get that, for all v € V, a,a"c Sy,
uds T, > Uy vg, + €T = 240=0, (13)
LN TN u INKv)\{v} s LSH (v\vy u [NKV)\{v}

3 1 o _ F o1
where 7= ooy isa Py = uiswnyy Pric(w) plays u] > (5 — 57)°. By the definition
of Uit follows that €-/7 < e. Hence, from (13) it follows that {z¥}, 4 is an e-Nash equilibrium of
the game GgG. O

We have the following extension of Theorem 6.

Theorem 10 For every fixed » > 1, there is a polynomial reduction from r-NASH t0 3-GRAPHICAL
NasH with two strategies per vertex.

Proof. Let G be a normal form game with r players, 1,2,...,r, and strategy sets S, = [n], for all
p €[r], and let {@8 : p € [r], s € S} be the utilities of the players. Denote by G the game constructed
at the first step of Figure 9 which results from G after rescaling all utilities to the set [0, 1]; let
{uf :p €[r],s € S} be the utilities of the players in game G. Also, let ¢ < 1. In time polynomial
in |G| + log(1/¢), we will specify a graphical game GG and an accuracy ¢“with the property that,
given an e“Nash equilibrium of GG, one can recover in polynomial time an e-Nash equilibrium of G.
This will be enough, since an e-Nash equilibrium of G is trivially an e - max {@R}-Nash equilibrium
of game G and, moreover, |G| is linear in |G|. In our reduction, the graphical game GG will be the
same as the one described in the proof of Theorem 6 (Figure 9), while the accuracy specification
will be of the form "= ¢/p(|G|), where p(-) is a polynomial that will be be specified later. We will
use the same labels for the vertices of the game GG that we used in the proof Theorem 6.

Suppose Ngg is some e2Nash equilibrium of the game GG and let {p[v(acp)]}J p denote the
probabilities that the vertices U(xp) of GG play strategy 1. In the proof of Theorem 6 we considered
the following mapping from the Nash equilibria of game GG to the Nash equilibria of game G:

= plo(})], for all p and ;. (14)

Although (14) succeeds in mapping exact equilibrium points, it fails for approximate equilibria, as
specified by the following remark —its proof follows from the analysis of Lemma 9.
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Remark 2 For any ¢"> 0, there exists an ¢=Nash equilibrium of game GG such that Iﬁv(xf)} #
1, for some player p < r, and, moreover, p[u(U})] > plo(U})] + €' for some p <, j and ;5 and,
yet, p[v(z0] > 0.

Recall from Section 4.3, that, for all p, j, the probability p[v(Ujp)] represents the utility of player
p for playing pure strategy j, when the other players play according to {x? = p[v(x;})]}j,qu 5,
Therefore, not only the {w}) = p[’U((L'JP)]}j do not necessarily constitute a distribution —this could
be easily fixed by rescaling— but, also, the defining property of an approximate equilibrium (2) is

in question. The following lemma bounds the error amplification from the approximate equilibrium
conditions.

Lemma 9 In any e2Nash equilibrium of the game GG,
I B
(ORI p[v(wjp)] — 1| < 2cnet and,
(i) plu(UD)] > plo(UN] + Sene™= plu(af)] € [0, eneT,
where ¢ is the maximum error amplification of the gadgets used in the construction of GG.

Proof. Note that at an ¢“Nash equilibrium of game GG the following properties are satisfied by
the vertices of game GG, since the error amplification of the gadgets is at most c:

LI 1 LT 1l
p
p v . x; =1 (15)
[ A e | ) s R
r— 1 T
p v x'io =p v w? (11— p[vjp]) + e}V <n (16)
o o Hhg i !
p v(xfﬂ) =p v :U'io . p[vjp] + ¢}V >0 a7
[ R W |
1
p [v(wg)] =p v x'io + ce” (18)
i=1
p[U<j] = max U; £ cen (19)
i<j

SNote, however, that, since we are considering an [GNash equilibrium of game GG, the Equation (11) of Section
4.3 will be only satisfied approximately as specified by Lemma 11.
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Proof of (i): By successive applications of (16) and 17, we deduce

T 11 [1I1 —1 1 01
1 r | 1 | i | .
p[v(:EJP)] = p v a:? . p[vjp_l] +p v a:? =+ cne
j=1 j=2 i=1 i=1
! R A | COCC 1 [l -
r 1 1 1 1
= p v a:lio . p[vjp_l] + pow SL’? -(1- p[vjp]) + ce” + ene”
R A | i s T |
r 1 1 1 1
= p v o p[vjp_l] +p v ¥ Ee(n+ 1)e”
j=3 i=1 i=1
I .|
1

=p v 2 4 ce@n —1)e”

|
i=1
=1+c¢@2n —1)e"
Proof of (ii): Let us first observe the behavior of vertices w(U}’) and v} in an e“Nash equilibrium.

e Behavior of w(U}) vertices: The utility of vertex w(U}) for playing strategy 0 is p[u(UZ;)],
whereas for playing 1 it is p[v(Ujp+1)]. Therefore,

PloUZ)] > PIo(UP, )] + = plw(UF)] = 0
Plo(U}4 )] > pl(UE;)] + ™= plw(U])] = 1
IPv(Uf4 )] — PI(UE)]| < ™= p[w(U})] can be anything

e Behavior of «f vertices: The utility of vertex v} for playing strategy 0 is 1 — p[w(U])],
whereas for playing 1 it is p[w(Ujp)]. Therefore,

plw(UP)] < 155 pl] =0
plw(UP)] > = plP1=1
Iplw(UP)] - 3| < B plvj] can be anything

Note that, since the error amplification of the gadget Gmax is at most ¢ and computing p[v(Uij )II
for all 7, requires 5 applications of Gmax,

plv(UE;)] = max plo(UD)] + ce (20)
To establish the second part of the claim, we need to show that, for all p, j, ;5
PLv(UP)] > plo(U)] + 5ene™= plo(afd)] € [0, nee'].
1. Note that, if there exists some j < j"such that p[v(U[in)] > p[v(U]D] + ce'n, then
PLo(UZj)] = max pLo(UP)] + cc(j 1)
> plo(Uf] — e 1)

> PUR] + ene™ G- 1) = plo(UR] +
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Then, because p[v(Ung_l)] > p[v(Ujpa] + ¢4 it follows that p[w(UjpD_l)] =0and p[vjpg_l] =0.
Therefore,

Plu(P] = p Lol TP TEThuP ] & cel'= el
i=1

2. The case j < j"reduces to the previous for ;0= ;&
3. It remains to deal with the case j > ;% under the assumption that, for all ;™< ;5
plo(Ufm] < plu(UD] + cen.
which, in turn, implies
plv(UZ;0] < plu(U)] + 2ceh. (by (20))
Let us further distinguish the following subcases

(a) If there exists some k, j"4+ 2 < k < j, such that p[v(U)] > p[o(UE,_)] + €5 then

p — Po1—
Pl (i)l 1:>p[7f":||11—|1 IT1n CIC 1 [
I-—Il [—I
=p v ¥ @ - plp_y]) £ ceP= +ee

by successive applications
of equation (16)

=p v’ = tnce” (by (17))
(b) If, for all k, j™4+2 < k < j, it holds that p[v(UD)] < p[v(UL,_,)] + €5 we will show that

Plo(Ufi3)] > Plo(UE;0] + ¢
which will establish the claim as in the previous subcase. Indeed, note that since, for all
k, j5+2 <k <j—1, plo(UL_] > plo(UR)] — €5 it follows that
Plo(U2, )1 > max {p[u(UL, )], Ple(UD]} — 7> plu(UR,)] — ce™ €]

the last inequality being true because the game Gmax has error amplification at most c.
Summing these inequalities for ;™4 2 < k < j — 1, we deduce that

Plo(UZj5)] = Plo(UE; )] — ene™= (n — D> plo(U)] - 2ene’
Therefore,
Pl(UR 1)1 > plo(UN)] + 3ene
But,
PIv(UL;01.1)] < max {plu(Us )], PIv(UR; 01} + ce”

and recall that
PLv(UZ;0] < PLo(U] + 2cch.

The above imply that
Plo(UP)] > Plo(UR] + 3ene™ ce™> plu(UL;)] + ¢~
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O

From Lemma 9, it follows that the extraction of an e-Nash equilibrium of game G from an ¢“Nash
equilibrium of game GG cannot be done by just interpreting the values {x}) = p[’U((L’éJ)]}j as the
probability distribution of player p. What we show next is that, for the right choice of ¢ a trim and
renormalize transformation succeeds in deriving an e-Nash equilibrium of game G from an ¢“Nash
equilibrium of game GG. Indeed, for all p < r, suppose that {acp}J are the values derived from {acp}J
by settin values at most cne“equal to zero (trim) and then renormalizing the resulting values

so that 7y = 1.

Lemma 10 There exists a polynomial p(-) such that, if {{xp}J}p is an ¢/p(|G|)-Nash equilibrium
of game Gg, the values {{x }j }p constitute an e-Nash equnlbrlum of game G.

Proof. We first establish the following useful lemma

Lemma 11 At an e2Nash equilibrium of game GG, for all p, j, it holds that

p p .1 1 1 r r—1
p[UvJ ] = UjsTsy - 'mFSJp 11‘gp 10 sy +2n Crs
s[Sl1p

where ¢ is the maximum error amplification of the gadgets used in the construction of GG, ¢, =
e+ (L+ O — 1D (ce™ 1), ¢ =2rlogn ce?

Proof. Using the same notation as in Section 4.3, let S_p = {S_p(1),...,S—p(n"1)}, so that

[ 1 nfr—

P, — P
UjsTs = Ujs_p(i'S—p(2
s[Slp =1

Recall that in gg for each partial sum ; s (DTS —p (D 1<z<n% we hav% included
vertex v( [ u (oS- (o) Similarly, ILQ_LeIach partial product of the summands u pEq=z msq,

1<z<r, we have mcluded vertex v(u pSq=z wsq) Note that, since we have rescaled the utilities
to the set [0, 1], all partial sums and products must also lie in [0, 1]. Note, moreover, that, to avoid
large degrees in the resulting graphical game, each time we need to make use of a value xgq we create
a new copy of the vertex v(xgq) using the gadget G= and, then, use the new copy for the computation
of the desired partial product; an easy calculation shows that we have to make (r —1)n" 1 copies of
v(xgq), forall ¢ <r, sq € Sy. To limit the degree of each vertex to 3 we create a binary tree of copies
of v(xgq) with (r — 1)n"~1 leaves and use each leaf once. Then, because of the error amplification
of G, this already induces an error of +[log (r — 1)n""1]ce"to each of the factors of the partial
products. The following lemma characterizes the error that results from the error amplification of
our gadgets in the computation of the partial products and can be proved easily by induction.

Lemma 12 Forall p <r, j€ Sp, s€ S—pand z <r,

LT 1 L1
[ [
i ey )
pEE=2 pE=2z

where ¢, = ce™+ ((1 + ()% — 1)(ce™+ 1), ¢ = 2rlogn ce™

The following lemma characterizes the error in the computation of the partial sums and can be
proved by induction using the previous lemma for the base case.
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Lemma 13 Forall p<r, j€ S, and z <n'1,
1 1T
p P
p v Ujs_ (¥ S—p(D0 = ujs_p([ﬁfs_p(lilj: (2 + (2 — 1)C€§a (22)
=1 =1
where (; is defined as in Lemma 12.

From Lemma 13 we can deduce, in particular, that for all p <r, j € Sy,

p P -1
p[U(Uj )] = UjsTs + 2n" e
s[S1p
O
Lemma 14 For all p <r, j € Sp,
P P P q_ .4
UjsTs — UjsYs srr[]%i( {ujs} |z — yy'|-
[s1, s[5, P q2pilsd
Proof. We have
P P P P
UjsTs — UjsYs ujs [rs — s < max {ujs} |ws — ys| - (23)
S, s[Sdp s[S1, P s[Sdp

Let us denote by X9 the random variable, ranging over the set Sy, which represents the mixed
strategy {z]}i 0Sqh ¢ <7 Sin}% define the random variable )9 from the mixed strategy {y;'}i [S4»
g < r. Note, then, that % SISy |xs — ys| is precisely the total variation distance between the
vector random variable (X%)4=, and the vector random variable (J9)qzp. That is,

1 C—
§ |33s - ys| = ||(Xq)q§p - (yq)quHTV- (24)
s[Slp

By the coupling lemma, we have that

H(Xq)qu - (yq)qﬁpHTV <Pr ((Xq)qu F (yq)qu)7

for any coupling of (X%)4zp and (%)qzp. Applying a union bound to the right hand side of the
above implies

1
[(XNqep — Vgzpllrv < Pr(x? #9). (25)
qEp

Now let us fix a coupling between (X%)4z, and (V%)qzp so that, for all ¢ # p,
Pr(x% 7 Y9 = |9 — Y|rv.
Then (25) implies that

1
(XD gzp — OMaspllry < ([T =Wy,
qEp
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so that from (23), (24) we get

p p p
s[Slp
[S1p s[Slp qEp
Now, note that, for all ¢,
g g _1 q g
&% = D[y -3 2§ — yi|-
i[54
Hence, (26) implies
p p p q g
UjsTs — UjsYs 1 Max {ujst i — i
[s1, s[S1p P qSp i [S4

We can conclude the proof of Lemma 10, by invoking Lemmas 11 and 14.

definition of the {92}’}, it follows that for all p, j € Sp,

el
i p O
~p — AP’ Ty > cne
)
J 0, :EJP < cne
where 1 |
— P — p
1>NAP = 7§ XpxPzenry = 1 — 7§ XpxP<enry = 1 —n - cne
J10Sd jsd
Therefore,
[ el
i p p O
ip_mp|: W_mj’ $j>CTLE
)
! ] wjp, acjp < cneV
which implies
1
~p Pl % -1, cne™> ene”
Ty —aj| < O p O
cnes, T < cne
So,
1 , o [
1ZP — 2P| < max nel L5 =
] = "1—n2ced TP
which by Lemma 14 implies that
I 5 1 I 5 1
u_isxs - Ujsxs 52,
rsdp s[5,

(26)

O

Indeed, by the

27)

where 5, = maxsrsz, {uJPS}(r — Dnoy < (r — Dnd1, because we have rescaled the utilities so that

they lie in [0, 1].
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Choosing "= a00r E‘H , we will argue that the conditions of an e-Nash equilibrium are satisfied by
the mixed strategies {ff}p,j. First, note that:

1+2r] yr_1< 14 ¢ 1< © 1< ¢
+ — + — — - —
(1+2rlogn ce = 2T 20 =P 200 TS 100
which implies that
]
-1 —1 0 € O —1 156 _ 36 036
e T G B T il i
Also, note that 1 , o [
61 = max cneD& < 2n?cet)
"1 —n2cB — '

which gives
€

2 €
52 S (T - 1)”51 S rnan CW ~ ﬁ

Thus, for all p < r, j,5"€ Sp, we have that

1 1 1 1
u?sis > quﬁc‘s +e = uJPSacs + 0y > uF@a:s —dpte (using (27))
s[S1p s[Sdp I s IZS%p I I s[Sdp
= u;-)sxs > u?@xs +e— 267
s[Slp s[Slp
= plUf1+2n"7Y¢ > p[Uf - 2n" "¢ +€e— 26, (using Lemma 11)
= plUf1> plUM] — 4n" "¢ + e — 26
= plUf1> plU]+ €
= x?gg cnel
= =0

Therefore, {55}3} is indeed an e-Nash equilibrium of game G, which concludes the proof of the
lemma. O

O

We have the following extension of Theorem 8.
Theorem 11 For every fixed » > 1, there is a polynomial reduction from r-NAsH to 3-NASH.

Proof. The proof follows immediately from the proofs of Theorems 9 and 10. Indeed, observe
that the reduction of Theorem 10 still holds when we use the gadget G+ —of Section 4.5 for the
construction our graphical games, since the gadget G+ —has constant error amplification. There-
fore, the problem of computing an e-Nash equilibrium of a r-player normal form game G can be
polynomially reduced to computing an ¢“Nash equilibrium of a graphical game GG which can be
legally colored with 3 colors. Observe, further, that the reduction of Theorem 9 can be used to
map the latter to computing an ¢™®Nash equilibrium of a 3-player normal form game G since the
number of players that are required for G™is equal to the minimum number of colors needed for a
legal coloring of GGY The claim follows from combining the reductions.

O
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4.7 Reductions Between Dilerent Notions of Approximation

We establish a polynomial time reduction from the problem of computing an approximately well
supported Nash equilibrium to the problem of computing an approximate Nash equilibrium. As
pointed out in Section 2, the reduction in the opposite direction is trivial, since an e-approximately
well supported Nash equilibrium is also an e-approximate Nash equilibrium.

Lemma 15 Given an e-approximate Nash equilibrium {ac})}j,p of any game G we can compute in
polynomial time a /e - (/e + 1 + 4(r — 1) max {u})-approximately well supported Nash equilibrium
{ﬁf}j,p, where r is the number of players in G and max {u} is the maximum entry in the payo
tables of G.

Proof. Since {gcp}J p Is an e-approximate Nash equilibrium, it follows that for every player p < r
and every mixed strategy {yj'o}J for that player

L 1 1
ul - " Ts_, -:ng > uf - Ts_p - ysp — €.
s[S1 s[S1
Equivalently,
1 1 1 1
Vp<r, V {yjp}j 0sg - L1 ujps_p Ts_, @? > L1 uJPS_p Ts_, |—_yJH —e. (28)
J5d  s—plSdy J5g  s—pLSdy

p_ L1 P : P P ;
Forall p < r, denote Uy = s ujs , @sp, forall j € Sp, and Umax = max; U Then, if we
choose {y'}; to be some pure strategy from the set arg max; Uf’, (28) implies
I:I
Vp<r: UPx] > Uy — €. (29)
i
Now, let us fix some player p < r. We want to upper bound the probability mass that the
distribution {oc'o}J assigns to pure strategies j € Sp which give expected utility L{p more than an

additive ek smaller than Uhax, for some k to be specified later. The following bound is easy to
derive using (29).

Claim 5 For all p, set 1
Zp = xj) ’ X{Ujp<ur'%ax_|]§]}’
jsg
where Xa is the characteristic function of the event A. Then
2P < 1
k

Let us consider then the strategy profile {:Ejf’}j,p defined as follows

%m ujp > ur%ax — ek
%otherwise

We establish the following bound on the L; distance between the strategy profiles {xjp}j and {i})}j.
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) L1 b Apj . 2
Claim 6 For all p, jsgl2] — Z}| < &1

Proof. Denote Sp1:={j | j € Sp,u > Uhax — €k} and Sp2 == Sp \ Sp.1. Then

2§ — T} = |2 — T} + 2§ — )
s J05da — J[5de
C 1 P 1
= | |2P|
. B 1 — 2P . J
J0591 10542
C =1 P %
= =P _ J p
. i 1— 2P &
10541
2P |:|p p
1= 2p Ty + 2z
JSda
1 2

O
Now, for all players p, let ﬁjp and UPax be defined similarly to UP and Uhax. Recall Lemma 14 from
Section 4.6.
Lemma 16 For all p, j € S,

L I1T 1
up upy < max {uf} 20— 70,
SISty LIS i
pEpj 5o

Let us then take A, = 2|< 1 MaXp j rsg,srs1, 1 S} Claim 6 and Lemma 16 imply that the strategy
profile {x }j.p satisfies

Vp,Vj€ Sp: UP —UP| < .

We will establish that {ﬁ}’}j,p is a (ek + 24;)-Nash equilibrium. Equivalently, we shall establish
that
Vp, Vi, j € Sp: up <Z/{p—(ek+2Ag):>x =0.

Indeed,

UP < UP — (e +2000) = UP — Do <UP + Dy — (ck + 200;)
= UL <UL — (ek + 207 — 203)
= UL < U oy — €k
=0.

Taking k£ = 1+J‘— it follows that {92‘0}J pisa e (Ve+l+4(r—1)max{u S}) Nash equilibrium. O
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5 The Main Reduction

We prove our main result, namely
Theorem 12 Both 3-NasH and 3-GRAPHICAL NASH are PPAD-complete.

Proof. That 3-NasH is in PPAD follows from Theorem 1. That 3-GRAPHICAL NASH is in PPAD
follows by reducing it to 3-NAsH, by Theorem 4, and then invoking Theorem 1. We hence focus
on establishing the PPAD-hardness of the problems.

The reduction is from the problem BROUWER defined in Section 3.3. Given an instance of
BROUWER, that is a circuit C' with 3n input bits and 2 output bits describing a Brouwer function
as specified in Section 3.3, we construct a graphical game G, with maximum degree three, that
simulates the circuit C' and an accuracy e, so that, given an e-Nash equilibrium of G, one can find
in polynomial time a panchromatic vertex of the BROUWER instance. Then, since, by Theorem 4,
3-GRAPHICAL NASH reduces to 3-NAsH, this completes the proof.

The graphical game G that we construct will be binary, in that each vertex v in it will have two
strategies, and thus, at equilibrium, will represent a real number in [0, 1], denoted p[v]. (Letting O
and 1 denote the strategies, p[v] is the probability that » plays 1.) There will be three distinguished
vertices vy, vy, and v, which will represent the coordinates of a point in the three dimensional cube
and the construction will guarantee that in any Nash equilibrium of game G this point will be close
to a panchromatic vertex of the given BROUWER instance.

The building blocks of G will be the game-gadgets Gq, Gxa, G=, G+, G—, G—that we constructed
in Section 4.1 plus a few new gadgets. Recall from Propositions 1, 2 and 4, Figures 4, 3 and 5, that

Lemma 17 There exist binary graphical games Gy, where « is any rational in [0,1], Gxq, Where
« IS any non-negative rational, G=, G+, G—, Grmwith at most four players a, b, ¢, d each, such that,
in all games, the payo s of ¢ and b do not depend on the choices of the other vertices ¢, d, and

1. in every e-Nash equilibrium of game Gy, we have p[d] = a + ¢;
2. in every e-Nash equilibrium of game Gxq, we have p[d] = min(1, ap[a]) * €;

3. in every e-Nash equilibrium of game G=, we have p[d] = pla] £ ¢;

A

in every e-Nash equilibrium of game G, we have p[d] = min{1, p[a] + p[b]} £ ¢;

o

in every e-Nash equilibrium of game G_— in which p[a] > p[b], we have p[d] = p[a] — p[b] £ ¢;
6. in every e-Nash equilibrium of game Gywe have p[d] = pla] - p[b] £ €;

where by z =y +ewe denote y —e < x < y +e.

Let us, further, define a comparator game G<.

Lemma 18 There exists a binary graphical game G~ with three players a, b and d such that the
payo s of a and b do not depend on the choices of d and, in every e-Nash equilibrium of the game,

pld] = 1, if p[a] < p[b] — ¢, and p[d] =0, if p[a] > p[b] + «.

Proof. Let us define the payo [Cthble of player d as follows: d receives a payo[of 1 if d plays 0 and
a plays 1, and d receives a payo [af 1 if d plays 1 and b plays 1, otherwise d receives a payo [af 0.
Equivalently, d receives an expected payo [df p[a], if d plays 0, and an expected payo [af p[b], if
d plays 1. It immediately follows that, if in an e-Nash equilibrium p[a] < p[b] — ¢, then p[d] = 1,
whereas, if p[a] > p[b] + ¢, p[d] = 0. O
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Figure 13: Brittleness of Comparator Games.

Notice that, in G<, p[d] is arbitrary if |p[a] — p[b]| < €; hence we call it the brittle comparator. As
an aside, it is not hard to see that a robust comparator, one in which d is guaranteed, in an exact
Nash equilibrium, to be, say, 0 if p[a] = p[b], cannot exist, since it could be used to produce a
simple graphical game with no Nash equilibrium, contradicting Nash’s theorem. For completeness
we present such a game in Figure 13, where vertices e and b constitute a G; game so that, in any
Nash equilibrium, p[b] = 1, vertices d, f, a constitute a G= game so that, in any Nash equilibrium,
pla] = p[d] and vertices a, b, d constitute a comparator game with the hypothetical behavior
that p[d] = 1, if p[a] < p[b] and p[d] = O, if p[a] > p[b]. Then it is not hard to argue that the
game of Figure 13 does not have a Nash equilibrium contrary to Nash’s theorem: indeed if, in a
Nash equilibrium, p[a] = 1, then p[d] = 0, since p[a] = 1 = p[b], and so pla] = p[d] = 0, by
G=, a contradiction; on the other hand, if, in a Nash equilibrium, p[a] = 0, then p[d] = 1, since
pla] < 1 = p[b], and so p[a] = p[d] = 1, by G=, again a contradiction.

To continue with our reduction from BROUWER t0 3-GRAPHICAL NASH, wWe include the following
vertices to the graphical game G.

o the three coordinate vertices vy, vy, vz,

o for i € {1,2,...,n}, vertices vy, x), Uhy) and vp,(z), Whose p-values correspond to the i-th
most significant bit of p[vx], plvy], P[vz],

e fori e {1,2,...,n}, vertices vy;, vy; and v,;, whose p-values correspond to the fractional num-
ber resulting from subtracting from p[vx], plvy], p[v;] the fractional numbers corresponding
to the ¢ — 1 most significant bits of p[vx], p[vy], P[v;] respectively.

We can extract these values by computing the binary representation of |p[vk]2"| and similarly
for vy and v,, that is, the binary representations of the integers 4,7,k such that (z,y,z) =
(p[vx], Plvy], plv,]) lies in the cubelet Kjjx. This is done by a graphical game that simulates,
using the arithmetical gadgets of Lemmas 17 and 18, the following algorithm (< (a,b) is1ifa <b
and 0 if a > b):

T1 =,

for:=1,...,n do:

{bi(x) =< 27", zi); xis1:=xi — bi(x)-27"'};

similarly for y and z;
This is accomplished in G by connecting these vertices as prescribed by Lemmas 17 and 18, so that
Plux; ], Plve; 0], etc. approximate the value of zj, bi(x) etc. as computed by the above algorithm.
The following lemma (when applied with m = n) shows that this device properly decodes the first

55



n bits of the binary expansion of z = p[vx], as long as x is not too close to a multiple of 27"
(suppose € << 27" to be fixed later).

—

Lemma 19 For m < n, if 0627 + 3me < plox] < iz;lbiZ‘i + 2™ — 3me for some
by,....bm € {0,1}, then, in every e-Nash equilibrium of G, plvy; )] = b5, and plux;.,] = plvx] —
IZ 627" £ 3je, for all j < m.

R . The proof is by induction on j. For j = 1, the hypothesis ;_; bi2™' + 3me < plux] <
b 271+ 27™ _ 3me implies, in particular, that
by [La— 1 by 1
?+3€< bi27" + 3me < pluk] < bi2™' +2 —3me<?+§—3e

i=1 i=1

and, since plvx,] = p[vx] = ¢, it follows that

b1 b 1

?+26<p[vxl]< > +§—26
By Lemma 18, this implies that p[uvy, ()] = b1; note that the preparation of the constant % —against
which a comparator game compares the value p[vx, ]— is done via a g% game which introduces an

error of +e. For the computation of p[vy,], the multiplication of p[up, (] by % and the subtraction
of the product from p[vy,] introduce an error of +e each and, therefore, p[vy,] = plvx,] — b1% =+ 2e.
And, since plvx,] = plvx] £ ¢, it follows that p[vx,] = plvx] — bl% + 3¢, as required.
Supposing that the claim holdsup to j — 1 < m —+ e WiII show that it holds for j. By the
i ion hypotheS|s we haV(i:Iﬂ;hjf Plox;] = plox] — =1 bi2™ '+ 3(j — 1)e. Combining this with
=1 0i27"+3me < plox] < 21 627"+ 27" — 3me, |t foIIows that

1 | LI |
bi27'+3(m — (j — D)e < Plux;] < bi2 '+ 27" —3(m — (j — 1))e
i=j i=j
which implies
bj bj 1
2]+2€<p[21xj]< 2—1—2
Continue as in the base case. O

Assuming that = = p[vx], v = plvy], z = p[v,] are all at distance at least 3ne from any multiple
of 27", the part of G that implements the above algorithm computes 7, j, k& such that the point
(z,y,2) lies in the cubelet Kjjy; that is, there are 3n vertices of the game G whose p values are
equal to the n bits of the binary representation of 4, j, k. Once we have the binary representations
of i, 7, k, we can feed them into another part of G that simulates the circuit C. We could simulate
the circuit by having vertices that represent gates, using addition (with ceiling 1) to simulate or,
multiplication for and, and 1 — = for negation. However, there is a simpler way, one that avoids the
complications related to accuracy, to simulate Boolean functions under the assumption that the
inputs are 0 or 1

Lemma 20 There are binary graphical games G4 %~ with two input players a,b (one input
player a for G-) and an output player ¢ such that the payo s of a and b do not depend on the
choices of ¢, and, at any e-Nash equilibrium with € < 1/4 in which p[a], p[b] € {0,1}, p[c] is also
in {0,1}, and is in fact the result of applying the corresponding Boolean function to the inputs.
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Proof. These games are in the same spirit as G<. In G —for example, the payo[1b c is 1/2 if
it plays 0; if ¢ plays 1 its payo[[i$ 1 if at least one of a,b plays 1, and it is O if they both play 0.
Similarly for G —and G-, O

It would seem that all we have to do now is to close the loop as follows: in addition to the part of G
that computes the bits of ¢, j, £, we could have a part that simulates circuit C' in the neighborhood
of Kijjk and decides whether among the vertices of the cubelet Kjjx there is a panchromatic one; if
not, the vertices vy, vy and v, could be incentivized to change their p values, say in the direction
dc(ij.k), and otherwise stay put. To simulate a circuit evaluation in G we could have one vertex
for each gate of the circuit so that, in any e-Nash equilibrium in which all the p[uvy,x)]'s are 0 — 1,
the vertices corresponding to the outputs of the circuit also play pure strategies, and, furthermore,
these strategies correspond correctly to the outputs of the circuit.

But, as we mentioned above, there is a problem: Because of the brittle comparators, at the
boundaries of the cubelets the vertices that should represent the values of the bits of 4, j, £ hold in
fact arbitrary reals and, therefore, so do the vertices that represent the outputs of the circuit, and
this noise in the calculation can create spurious Nash equilibria. Suppose for example that (z, y, z)
lies on the boundary between two cubelets that have color 1, i.e. their centers are assigned vector
01 by C, and none of these cubelets has a panchromatic vertex. Then there ought not to be a Nash
equilibrium with p[vy] = z, plvy] =y, p[v;] = z. We would want that, when p[vx] = z, plvy] = y,
p[v;] = z, the vertices vy, vy, v; have the incentive to shift their p values in direction d1, so that vy
prefers to increase p[vx]. However, on a boundary between two cubelets, some of the “bit values”
that get loaded into vy, (4, could be other than 0 and 1, and then there is nothing we can say about
the output of the circuit that processes these values.

To overcome this di Cculity, we resort to the following averaging maneuver: We repeat the above
computation not just for the point (z,y, z), but also for all M = (2m + 1)? points of the form
(x+p-a,y+q-a,z+s-a), for —m <p,q,s < m, where m is a large enough constant to be fixed
later (we show below that m = 20 is su Lcieht). The vertices vy, vy, v, are then incentivized to
update their values according to the consensus of the results of these computations, most of which
are reliable, as we shall show next.

Let us first describe this averaging in more detail. It will be convenient to assume that the
output of C is a little more explicit than 3 bits: let us say that C' computes six bits Az™, Ax~,
Ayt Ay, Az, Az, such that at most one of Az™, Az~ is 1, at most one of Ay™, Ay~
is 1, and similarly for z, and the increment of the Brouwer function at the center of Kijji is
a-(Dxt — Az, Ayt — Ay, Az — Az7), equal to one of the vectors dg, d1, 92, d3 specified in the
definition of BROUWER, where recall o = 272",

The game G has the following structure: Starting from (x, y, z), some part of the game is devoted
to calculating the points (z +p-«a, y+q-a, 2+ s-a), —m < p,q,s < m. Then, another part
evaluates the circuit C' on each of these points yielding 6/ output bits, Az7, ... Az, . A final
part calculates the following averages

) (N—

0" oy* 02Ny = = (B Byl A, (30)
t=1
) (N

Oz 0y, 6:7) = — (B Dyp A, (30)
t=1

which correspond to the average positive, respectively negative, shift of all M points.
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We have already described above how to implement the bit extraction and the evaluation a
circuit using the gadgets of Lemmas 17, 18 and 20. The computation of points (z +p- o,y + ¢ -
a,z+s-a), forall —-m < p,q,s < m, is also easy to implement by preparing the value «, using
a Go gadget, multiplying the value by [p|, [q|, ||, using Gsx|p, Gx|q» Gx|r| 92dgets, and adding or
subtracting the result to z, y and z, depending on whether p is positive or not and similarly for ¢
and r. Of course, these computations are subject to truncations at 0 and 1 (see Lemma 17).

To implement the averaging of Equations 30 and 31 we must be careful on the order of oper-
ations. Specifically, we first have to multiply the 6 outputs, Az, Az, Ay, Dy, Dz, Dz,
of each circuit evaluation by & using the gx% gadget and, having done so, we then implement
the additions 30 and 31. Since « will be a very small constant, by doing so we avoid undesired
truncations at 0 and 1.

We can now close the loop by inserting equality, addition and subtraction gadgets, G=, G+, G—,
that force, at equilibrium, 2 to be equal to (™% 6z™) — 62, where 2 is a copy of z created using
G-, and similarly for y and z. Note that in G we respect the order of operations when implementing
(™ 62™) — 62~ to avoid truncations at 0 or 1 as we shall see next. This concludes the reduction;
it is clear that it can be carried out in polynomial time.

Our proof is concluded by the following claim. For the following lemma we choose € = a?.
Recall from our definition of BROUWER that o = 272",

Lemma 21 In any e-Nash equilibrium of the game G, one of the vertices of the cubelet(s) that
contain (p[vx], plvy], P[vz]) is panchromatic.

Proof. We start by pointing out a simple property of the increments &g, ..., d3:

Lemma 22 Suppose that for nonnegative integ ,..., ks all three coordinates of éizo kjoj are
smaller in absolute value than % where K = ;_yki. Then all four £; are positive.

Proof. For the sake of contraﬁ%n, suppose that £, = 0. It follows that ko < K/5 (otherwise
the negative = coordinate of  ;_, kid;j would be tooﬁﬁa@), and thus one of &y, k3 is larger than
2K /5, which makes the corresponding coordinate of  ;_, £id; too large, a contradiction. Similarly
if ko =0 or kqﬁ Finally, if ko = 0 then one of k1, k2, k3 is at least K /3 and the associated
coordinate of  ;_, kid; at least «K/3, again a contradiction. O

Let us denote by vgy+, {’L}sz—}lstsM the vertices of G that represent the values 6z, {Az; }1<t<m-
To implement the averaging

t=1
inside G, we first multiply each p[vAX:] by & using a g% gadget and we then sum the results by a

sequence of addition gadgets. Since each of these operations induces an error of ¢ and there are
2M — 1 operations it follows that

1

Plope]= 1= Ploper] @M - De. (32)
t=1

Similarly, denoting by vy, {"’Ax;}lstsM the vertices of G that represent the values éz~, {Az{ }i<t=m,
it follows that

Plos-1= 1= Pluasc]+ (M = 1)e, (33)

t=1
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and similarly for directions y and z.

We continue the proof by distinguishing two subcases for the location of (z,y, 2) = (p[vx], P[vy], P[v-])
(a) the point (p[vx], plvy], P[v;]) is at distance at least (m+ 1)« from every face of the cube [0, 1]3,
(b) the point (p[vx], plvy], p[v;]) is at distance at most (m+ 1)« from some face of the cube [0, 1]2.

Case (a): Denoting by vx+p.o the player of G that represents = + p - a, the small value of e relative
to o implies that at most one of the values p[vx+p.a], —m < p < m, can be 3ne-close to a multiple
of 27", and similarly for the directions y and z. Indeed, recall that = + p - « is computed from = by
first preparing the value o via a G4 gadget, then multiplying this by |p| using a G|, gadget and
adding or subtracting the result to x —depending on whether p is positive or not— using G+ or
G—. It follows that

Plvx+p-al = Plx] + p - a £ 3¢, (34)

since each gadget introduces an error of +e¢, where note that there are no truncations at 0 or 1,
because, by assumption, (m + 1)a < p[z] < 1 — (m + 1)a. Consequently, for p > p-

P[vx+p-al — Plvx+ptal > (0 — pg - — 6e > bne,

and, moreover,
Plvx+m.a]l — Plox—m.a]l < 2m - o+ 6e << 27",

since m is a constant, & = 272" and ¢ = o?. Hence, from among the M = (2m + 1) circuit
evaluations, all but at most 3(2m + 1)?, or at least K = (2m — 2)(2m + 1)?, compute legitimate,
i.e. binary, Az™ etc. values.

Let us denote by K C {—m,...,m}3, K| > K, the set of values (p,q,r) for which the bit
extraction from (pP[vx+p-al, P[vy+q-al, P[vz+r.a]) results in binary outputs and, consequently, so does
the circuit evaluation. Let

O —
Sk =7 Ploag] = Pluas] Pluay 1 = Pluay: 1 Pluaz: 1 = Ploa;; D (35)
U —
Ske = i (Pluawr] = Pluas-] Ploay] = Pluay=1 Plua,+1 = Plua, D). (36)
trK]

Recall that we have inserted gadgets G+, G— and G= in G to enforce that in a Nash equilibrium
x = U+ s2* — d2~, where zis a copy of z. Because of the defection of the gadgets this will
not be exactly tight in an e-Nash equilibrium. More precisely, denoting by vyothe player of G
corresponding to x5 the following are true in an e-Nash equilibrium

Plvxd = plux] £ ¢
plox] = Plvy] + Plusx+] — Pluex-1+ 2,
where for the second observe that both p[uvsy+] and p[vsx—] are bounded above by o+ (2M — 1)e so

there will be no truncations at 0 or 1 when adding p[vsx+] to p[vy] and then subtracting p[vsy—].
By combining the above we get

Plvsx+] — Plvsx—] = £3e
and, similarly, for y and z
p[Uéy"'] - p[Uéy—] = £3e
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Plvs,+] — Plvs,—] = +3e.
Now, if we use (32), (33), (35), (36) we derive
%K\j’_ SKCDBE (4M + 1)e, for L = x,y, z,

where Sk, Ske s the ¢ coordinate of Sk, Ske. Moreover, since || > K, the summation Ske,_has at
most M — K summands and because each of them is at most g it follows that [Ske |, < (M — K),
for all ¢ = x,y, z. Therefore, we have that

M-K
%KDBE (AM + 1)e + 7 for { = z,y, 2.
Finally, note by the definition of the set K that, for all (p,q,7) € K, the bit extraction from
(P[vx+p-al, P[v plvz+r.o]) @nd the following circuit evaluation result in binary outputs. There-
fore, Sk = ﬁ i—o kidi for some nonnegative integers ko, . .., k3 adding up to |K|. From the above
we get that
"tk
kidiCK (AM + 1) Me + (M — K)a < (4M + 1)Me + 3(2m + 1)

i=0

By choosing m = 20, the bound becomes less than aK/5, and so Lemma 22 applies. It follows that
among the results of the |K| computations of the increments, all four do, ..., 3 appeared. And,
since every point on which the circuit C' is evaluated is within distance 3ma + 9¢ from the point
(x,y, z), as Equation (34) dictates, this implies that among the corners of the cubelet(s) contain-
ing (z,y, z) there must be one panchromatic corner, completing the proof of Lemma 21 for case (a).

Case (b): We will show that there is no e-Nash equilibrium in which (p[vx], p[vy], pP[v;]) is within
distance (m + 1)e from a face of [0,1]3. We will argue so only for the case

Plux] < (m + ey,

(m+1a < plyy] <1—(m+ 1o,
(m+1Da < pvz] <1l—((m+1)a;
the other cases follow similarly.
First, we show that, for all —m < p < m, the bit extraction from p[vx+p.q] results in binary
outputs. From the proof of Lemma 19 it follows that, to show this, it is enough to establish that

Plux+pal < 27" — 3ne, for all p. Indeed, for p > 0, Equation (34) applies because there are no
truncations at 1 at the addition gadget. So for p > 0 we get

Plox+p-al < Plz] +p-a+3e < (m+1a+ma+3e <<27" —3ne

On the other hand, for p < 0, there might be a truncation at 0 when we subtract the value |p|a
from p[vx]. Nevertheless, we have that

Plux+p-al = max{ 0, plux] — (lpla+e) £ e } +e < plog] +3e < (m+ 1L)a +3e << 27" — 3ne.

Therefore, for all —m < p < m, the bit extraction from p[vx+p.o] is successful, i.e. results in binary
outputs.

For the directions y and z the picture is exactly the same as in case (a) and, therefore, there
exists at most one ¢, —m < ¢ < m, and at most one », —m < r < m, for which the bit extraction
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from p[vy+q.o] and plvz+r.o] fails. Therefore, from among the M = (2m + 1)3 points of the form
(P[vx+p-al, Plvy+q.al, Plvz+r.a]) the bit extraction succeeds in all but at most 2(2m + 1)? of them.

Therefore, at least K”= (2m — 1)(2m + 1)? circuit evaluations are successful, i.e. in binary
arithmetic, and, moreover, they correspond to points inside cubelets of the form Kjj with ¢ = 0.
It is important to observe that, from the definition of the problem BROUWER, the output of each
one of these evaluations corresponds to one of the vectors 41, 2 and d3, but no &g is present. And
since there are K successful evaluations one of 61, &, 63 appears at least K'/3 times among the
outputs of these evaluations.

If this is vector 41 (similar argument applies for the cases d,, d3), then denoting by vy 54+ the
player corresponding to 2™+ 52, the following should be true in an e-Nash equilibrium.

plux] + € > pluxd] > plvx] — e,
O

K
+ — > +| > —a— —
a+ (2M — 1)e > plugy+] > 3Ma 2M — 1),

Ploxasx+] = min(l, pluxd] + Plvex+]) — € = ploxd + plvge+] — ¢,

_ 0
MR v @M - 1)e > pluse],

Plux] > max(0, pluxasx+] — Plvsx—]1) — € > Ploxasx+] — Plvsx-1— €

the last follows from the above inequalities since

p[”xﬂ—éx"’] > p[Uéx*'] — €

KU

> gy —

> 5" 2Me
M — KUY

> a+ (2M — 1)e > plvsx-1,

where we have used that, from our selection of parameters,

KU M — KU
— + (4M — 1)e.
3MOZ> M a+( )e

Combining the above we get

Plvx] > Pluxd + plvsx+] — Plvsx—] — 2¢
> plux] + plvsx+] — Plvsx—] — 3¢

or equivalently that
Plvsx—1 > Plvsx+] — 3¢,
which implies

M — KUY KU
+ (4AM + e > —
a+( )e_SMoz,

which is not satisfied by our selection of parameters.
O

To conclude the proof of Theorem 12, if we find any e-Nash equilibrium of G, Lemma 21 has
shown that by reading o [the first »n binary digits of p[vx], p[vy] and p[v;] we obtain a solution to
the corresponding instance of BROUWER. O
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6 Further Results and Open Problems

6.1 Two Players

Soon after our proof became available, Chen and Deng [7] showed that our PPAD-completeness re-
sult can be extended to the important two-player case. Here we present a rather simple modification
of our proof from the previous section establishing this result.

Theorem 13 ([7]) 2-NasH is PPAD-complete.

Proof. Let us define d-ADDITIVE GRAPHICAL NASH to be the problem d-GRAPHICAL NASH re-
stricted to bipartite graphical games with additive utility functions defined next.

Definition 5 Let GG be a graphical game with underlying graph G = (V, E). We call GG a bipartite
graphical game with additive utility functions if G is a bipartite graph and, moreover, for each
vertex v € V and for every pure strategy sy € .S, of that player, the expected payo of v for playing
the pure strategy sy is a linear function of the mixed strategies of the vertices in N, \ {v} with
rational coe cients; that is, there exist rational numbers {ag's, fumy\gvi.sosa: 0%, € [0,1] for
all w e N(v)\ {v}, sy € Sy, such that the expected payo to vertex v for playing pure strategy sy is

1

O‘E\,/sup[u R
u [N \{v},su [Sd

where p[u : sy] denotes the probability that vertex u plays pure strategy sy.

The proof is based on the following lemmas.

Lemma 23 BROUWER is poly-time reducible to 3-ADDITIVE GRAPHICAL NASH.
Lemma 24 3-ADDITIVE GRAPHICAL NASH is poly-time reducible to 2-NAsH.

Proof of Lemma 23: The reduction is almost identical to the one in the proof of Theorem 12.
Recall that given an instance of BROUWER a graphical game was constructed using the gadgets
Ga, Oxa,9=,G+,0-, G0 ¥ %, and G=. In fact, gadget Gis not required, since only multipli-
cation by a constant is needed which can be accomplished via the use of gadget G«q. Moreover, it
is not hard to see by looking at the payo [thbles of the gadgets defined in Section 4.1 and Lemma
18 that, in gadgets Gq, Gxa, G=, G+, G—, and G-, the non-input vertices have the additive utility
functions property of Definition 5. Let us further modify the games G ¢ - so that their output
vertices have the additive utility functions property.

Lemma 25 There are binary graphical games G4 %~ with two input players a,b (one input
player a for G-) and an output player ¢ such that the payo s of a and b do not depend on the choices
of ¢, ¢’s payo satisfies the additive utility functions property, and, in any e-Nash equilibrium with
e < 1/4 in which p[a], p[b] € {0,1}, plc] is also in {0,1}, and is in fact the result of applying the
corresponding Boolean function to the inputs.

Proof. For G the payo [ aof player ¢ is 0.5p[a] + 0.5p[b] for playing 1 and % for playing 0. For G
the payo [df player ¢ is 0.5p[a] + 0.5p[#] for playing 1 and % for playing 0. For G-, the payo [df
player c is p[a] for playing 0 and p[a : 0] for playing 1. O
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If the modified gadgets G ¢ ¢- specified by Lemma 25 are used in the construction of Theorem 12,
all vertices of the resulting graphical game satisfy the additive utility functions property of Definition
5. To make sure that the graphical game is also bipartite we modify the gadgets ¢ ¢ ~¢-, and
G~ with the insertion of an extra output vertex. The modification is the same for all 4 gadgets:
let ¢ be the output vertex of any of these gadgets; we introduce a new output vertex e, whose
payo [Canly depends on the strategy of ¢, but ¢’s payo ["does not depend on the strategy of e, and
such that the payo[df e is p[c] for playing 1 and p[c : 0] for playing 0 (i.e. e *“copies” ¢, if ¢’s
strategy is pure). It is not hard to see that, for every gadget, the new output vertex has the same
behavior with regards to the strategies of the input vertices as the old output vertex, as specified
by Lemmas 18 and 25. Moreover, it is not hard to verify that the graphical game resulting from the
construction of Theorem 12 with the use of the modified gadgets G ¢ ~¥-, and G- is bipartite;
indeed, it is su Lcieht to color blue the input and output vertices of all Gxq, G=, G+, G—, GG
G-, and G~ gadgets used in the construction, blue the output vertices of all G4 gadgets used, and
red the remaining vertices. [1
Proof of Lemma 24: Let dg-bd a bipartite graphical game of maximum degree 3 with additive
utility functions and GG the graphical game resulting after rescaling all utilities to the set [0, 1],
e.g. by dividing all utilities by max {u}, where max {«} is the largest entry in the payo [thbles of
game dg—Also, let € < 1. In time polynomial in |GG| + log(1/¢€), we will specify a 2-player normal
form game G and an accuracy e~with the property that, given an ¢“Nash equilibrium of G, one
can recover in polynomial time an e-Nash equilibrium of GG. This will be enough, since an e-Nash
equilibrium of GG is trivially an e - max {@}-Nash equilibrium of game dG-add, moreover, |GG| is
linear in |dg}—1

The construction of G from GG is almost identical to the one described in Figure 7. Let
V = V1 UV, be the bipartition of the vertices of set V' so that all edges are between a vertex in V;
and a vertex in V5. Letusdefinec:V — {1,2} as ¢(v) = 1 i[ule V; and let us assume, without loss
of generality, that |v : ¢(v) = 1| = |v : ¢(v) = 2|; otherwise, we can add to GG isolated vertices to
make up any shortfall. Suppose that n is the number of vertices in GG (after the possible addition
of isolated vertices) and ¢ the cardinality of the strategy sets of the vertices in V, and let ¢"'= ¢/n.
Let us then employ the Steps 4 and 5 of the algorithm in Figure 7 to construct the normal form
game G from the graphical game GG; however, we choose M = 6% and we modify Step 5b to read
as follows

(b)’ for v € V and sy € Sy, if c¢(v) = p and s contains (v, sy) and (u, sy) for some u € N'(v) \ {v},
sy € Su, then us = aa\,/sm

where we used the notation from Definition 5.
We argue next that, given an ¢“Nash equilibrium {x’gvya)}p,\,ya of G, {z¥%}v.a IS an e-Nash equi-
librium of GG, where

Ty = mz\(/\/;) ac?vt/j), Vv e V,aeS,y.

irsy

Suppose that p = ¢(v) for some vertex v of the graphical game GG. As in the proof of Theorem 5,

Lemma 7, it can be shown that in any ¢2Nash equilibrium of the game G,

1 1
2 1 2 1
— +
n

P I — =
r(p plays v) € v n T

Now, without loss of generality assume that p = 1 (the pursuer) and suppose v is vertex vi(p), in

the notation of Figure 7. Then, in an ¢=Nash equilibrium of the game G, we have, by the definition
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of a Nash equilibrium, that for all strategies sy, s\’ € S, of vertex v:

. ] . O
E [payo [Ib p for playing (v, sy)] > E payo[1b p for playing (v,s\% +e= x?v,svt) =0. @7

But
1 1 1 1
E [payo CIb p for playing (v, sy)] = M - Pr p+ 1 plays vi(p - O‘av,sungus)u)

u N \{v},su [Sd

and similarly for s\ Therefore, (37) implies
sy .c(u) st _c(u) O p _

sy Ty > s, (11.60) +e = Tiyshy = 0. (38)
u Ny \{v},su [Sd u (NG \{v},su [Sd

Lemma 26 For all v, a € Sy,
c(v)
v Ywa) n

& 2/n 2M°

xEW) XM <MW XM
Proof. = — Xwa .2) _ Xwa wa ___|Pre(v) plays v)=2/n| - n_\vhare we
. a 2/n LBr(c(v) plays v) 2/n Pr(c(v) plays v) 2/n — 2M>

L1 1
used that irsutg) = Pr(c(v) plays v) and | Pr(c(v) plays v) —2/n| < - O
By (38) and Lemma 26, we get that, for all v € V, sy,s\ € Sy,
1 1 n
Sv ..U Sy U4 Y
Qus, Ts, >~ AyisyTsy 2
u NI \{v},su [Sd u M \{v},su [Sd

n
e+ NG\ {v}|tM = :U‘S’\; =0.

Since S+ AL\ {v}|ter < €, it follows that {z}%}y,a is an e-Nash equilibrium of the game GG. [ 11

6.2 Approximate Nash Equilibria

Our proof establishes that it is PPAD-hard to find an approximate Nash equilibrium when the
desired additive approximation e is an inverse exponential in the size of the instance. What happens
for larger €'s? Chen, Deng and Teng show that there exists some ¢, inverse polynomial in n, for
which computing an e-Nash equilibrium in 2-player games with n strategies per player remains
PPAD-complete [9]; this is done by a modification of our reduction in which the starting BROUWER
problem is defined not on the 3-dimensional cube, but in the n-dimensional hypercube. Intuitively,
the di Lerknce is this: In order to create the exponentially many cells needed to embed the “line,” our
construction had to resort to exponentially small cell size; in contrast, the n-dimensional hypercube
contains exponentially many cells, all of reasonably large size.

The result of [9] implies that there is no fully polynomial time approximation scheme (a family
of approximation algorithms that are polynomial in both the input size and a But is there a
polynomial time approximation scheme (family of polynomial algorithms with 1Din the exponent)?
This is a major open question that is left open.

And how about finitely large ¢’s? Since the establishment of PPAD-completeness of NAsH, we
have seen a sequence of polynomial algorithms for finding e-approximate Nash equilibria with e = .5
[16], .39 [17], .37 [4]; the best known e at the time of writing is .34 [55].
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6.3 Nash Equilibria in Graphical Games

Besides normal-form games, our work settles the complexity of computing a Nash equilibrium in
graphical games of degree at least 3, again in the negative direction. Elkind, Goldberg and Goldberg
show that a Nash equilibrium of graphical games with maximum degree 2 and 2 strategies per
player can be computed in polynomial time [23]. Daskalakis and Papadimitriou describe a fully
polynomial time approximation scheme for graphical games with constant number of strategies
per player, bounded treewidth and degree at most logarithmic in the number of players [19]. Can
approximate Nash equilibria in general graphical games be computed e Lciehtly?

6.4 Special Cases

Are there important and broad classes of games for which the Nash equilibrium problem can be
solved e Lciehtly? It has been shown that finding Nash equilibria in normal form games with
all utilities either 1 or —1 (the so-called win-lose games remains PPAD-complete [1]. Rather
surprisingly, it was also recently shown that, essentially, it is PPAD-complete to play even repeated
games [3] (the so-called “Folk Theorem for repeated games” [51] notwithstanding).

On the positive side, Daskalakis and Papadimitriou [20, 21] develop a polynomial-time approx-
imation scheme for anonymous games (games in which the utility of each player depends on her
own strategy and the number of other players playing various strategies, but not the identities of
these players), when the number of strategies per player is bounded. Although their algorithm is
too ine [cieht to have a direct el[edt in practice, it does remove the intractability obstacle for a
very large class of multiplayer games. Note that finding a Nash equilibrium in anonymous games
is not known to be PPAD-complete.

6.5 Further Applications of our Techniques

What is the complexity of the NasH problem in other classes of succinctly representable games
with many players (besides the graphical problems resolved in this paper)? For example, are these
problems even in PPAD? (It is typically easy to see that they cannot be easier than the normal-form
problem.) Daskalakis, Fabrikant and Papadimitriou give a general su Lcieht condition, satisfied by
all known succinct representations of games, for membership of the Nash equilibrium problem
in the class PPAD [14]. The basic idea is using the “arithmetical” gadgets in our present proof
to simulate the calculation of utilities in these succinct games. However, whether computing a
sequential equilibrium [45] in a strategic-form game is in PPAD is left open.

Our technique can be used to settle two other open problems in complexity. One is that of the
complexity of the simple stochastic game defined in [11], heretofore known to be in TENP, but not
in any of the more specialized classes like PPAD or PLS. Now, it is known that this problem is
equivalent to evaluating combinational circuits with MaX, MIN, and AVERAGE gates. Since all three
kinds of gates can be implemented by the graphical games in our construction, it is immediate that
solving stochastic games is in PPAD.

Similarly, by an explicit construction very much like the one in the reduction of BROUWER to
graphical games we can show the following.

Theorem 14 Let p: [0,1] — R be any polynomial function such that p(0) < 0 and p(1) > 0. Then
there exists a graphical game in which all vertices have two strategies, 0 and 1, and in which the
mixed Nash equilibria correspond to a particular vertex v playing strategy 1 with probability equal
to the roots of p(z) between 0 and 1.
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Proof Sketch. Let p be described by its coe Lciehts ag, a1, ..., an, SO that

p(z) = anz" + an—12" T+ .+ agz + ag.

-

Taking A 1= (o |ai)7% it is easy to see that the range of the polynomial ¢(z) := 3Ap(z) + 3
is [0,1], that ¢(0) < % q(1) > 1/2, and that every point r € [0, 1] such that ¢(r) = % is a root of
p. We define next a graphical game GG in which all players have two strategies, 0 and 1, and a
designated vertex v of GG satisfies the following

(i) in any mixed Nash equilibrium of GG the probability ¥ by which v plays strategy 1 satisfies
q(zy) = 1/2;

(if) for any root r of p in [0, 1], there exists a mixed Nash equilibrium of GG in which 2z} = r;
The graphical game has the following structure:

e there is a component graphical game GGq with an “input vertex” v and an “output vertex” u
such that, in any Nash equilirbium of GG, the mixed strategies of « and v satisfy = := ¢(zY);

e a comparator game G- (see Lemma 18) compares the mixed strategy of » with the value %
prepared by a G/, gadget (see Section 4.1), so that the output vertex of the comparator game
plays 0 if 24 > 3, 1 if 2 < , and anything if z{ = 3;

e we identify the output player of G~ with player v;

It is not hard to see that GG satisfies Properties (i) and (ii).
O

As a corollary of Theorem 14, it follows that fixed points of polynomials can be computed by
computing (exact) Nash equilibria of graphical games. This observation can be extended to the
multi-variate case.

Both this result and the result about simple stochastic games noted above were shown indepen-
dently by [24].
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