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Abstract— In channel coding, reliable communication takes
place at rates below capacity at the fundamental cost of end-to-
end delay. Err or exponentstell us how much faster convergence
is when we settle for lessrate. For losslesssource coding, entropy
takes the place of capacity and error exponentstell us how much
faster convergence is when we use more rate. While in channel
coding without feedbackthe block error exponentis a good proxy
for studying the more fundamental tradeoff with �xed end-to-end
delay, it is not so in source coding. Block-coding error exponents
are quite conservative (despite being tight!) when it comes to
the tradeoff with delay. Nonblock codescan achieve much better
performancewith �xed delayand wepresentboth the fundamental
bound and how to achieve it in a delay-universal manner. The
proof gives substanceto Shannon's cryptic statement about how
the duality betweensource and channel coding is lik e the duality
betweenthe past and the futur e.

I . INTRODUCTION AND PROBLEM SETUP

Shannonclosedhis seminalpaperon lossy sourcecoding
[1] with an intriguing comment:

“[The duality betweensourceand channelcod-
ing] canbepursuedfurtherandis relatedto a duality
betweenpast and future and the notions of control
andknowledge.Thuswe mayhave knowledgeof the
pastandcannotcontrol it; we maycontrol the future
but have no knowledgeof it.”

While therehasbeenmuchwork exploring the relationship
betweensourceandchannelcoding,no connectionto the past
andthefuturehasemergedsofar. In thispaper, wedemonstrate
suchaconnectionby lookingat thefundamentalerrorexponent
with respectto �x ed delaybetweenthe time a messageis �rst
madeknown to theencoderandits deadlineat thedecoder. For
channelcoding without feedback,the dominanterror event is
causedby thechannel's “future” behavior in thaterrorscanbe
forcedby mild channelmisbehavior duringtheperiodbetween
the messagearrival time andits deadline[2], [3]. This sort of
mild misbehavior is exactly what is boundedby the traditional
sphere-packingargumentsfor block coding.Whenfeedbackis
allowed,theencodercando �o w-controlandbecomerobust to
suchmild misbehavior evenwhenfacing�x ed-delaydeadlines
[4], [3]. The fundamentallimits are instead given by the
“focusing bound” [3].

This paperdevelopsa losslesssource-codingcounterpartto
the focusingbound.This reveals that the dominantsourceof
errors is the “past” misbehavior of the source,over which
the encoderhasno control.Sincethe communicationmedium
is a noiseless�x ed-ratebit-pipe, the future is entirely under
the control of the encoder. This boundis also asymptotically
achievable using �x ed-to-variable codeswhose variable-rate
natureis smoothedout by usinga queue.

A. Review of block source codingresults

The discretememorylesssource S generatesiid random
variablesxi from a �nite alphabetX accordingto distribution
px . Without loss of generality, assumepx (x) > 0, 8x 2 X .
A rate R block sourcecoding systemfor n sourcesymbols
consistsof a encoder-decoderpair (En ; Dn ) where

En : X n � ! f 0; 1gbnR c ; En (xn
1 ) = bbnR c

1

Dn : f 0; 1gbnR c � ! X n ; Dn (bbnR c
1 ) = bxn

1

The probability of block decodingerror is P (xn
1 6= bxn

1 ) =
P(xn

1 6= Dn (En (xn
1 ))) .

Shannonproved that arbitrarily small error probabilitiesare
achievable by letting n get big as long as the encoderrate is
largerthantheentropy of thesource,R > H (px ). Furthermore,
it turnsout that theerrorprobabilitygoesto zeroexponentially
in n.

Lemma1: (From[5]) For a discretememorylesssourcex �
px andencoderrateR < log2 jX j,

8� > 0, 9K (� ) < 1 , 8n � 0, 9 a block encoder-decoder
pair En ; Dn satisfying

P(xn
1 6= bxn

1 ) � K (� )2� n ( E b ( R ) � � ) (1)

This result is asymptoticallytight, in the sensethat for any
sequenceof encoder-decoderpairsEn ; Dn ,

lim sup
n !1

�
1
n

log2 P(xn
1 6= bxn

1 ) � Eb(R) (2)

whereEb(R) is de�ned as the block sourcecodingreliability
function with the form:

Eb(R) = min
q:H ( q) � R

D (qkpx ) (3)

Paralleling the de�nition of the Gallagerfunction for channel
coding [6], de�ne

E0(� ) = (1 + � ) log2 [
X

x

px (x)
1

1+ � ] (4)

Then,asmentionedasan exercisein [5]:

Eb(R) = sup
� � 0

f �R � E0(� )g (5)

= D (px� R
kpx )

wherepx� R
is thetilted distribution of parameter� R satisfying

H (px� R
) = R. The tilted distribution of parameter� 2

(� 1; 1 ) of a distribution px is: 8x 2 X

px� (x) =
px (x)

1
1+ �

P
s px (s)

1
1+ �

(6)
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Fig. 1. Delay-universalsequentialsourcecodingat R = 2

px0 = px and as shown in [7],
@H ( px� )

@� � 0 and is generally
strictly positive unlesspx is uniform on X . Thus the optimal
� R correspondingto R is uniqueunlesspx is uniform over X
which is a uninterestingcase.

B. SequentialSource Coding

Rather than being known in advance,the sourcesymbols
enter the encoderin a real-timefashion.We assumethat the
sourceS generatesone sourcesymbol x per secondfrom a
�nite alphabetX . The j ' th sourcesymbol xj is not known
at the encoderuntil time j . RateR operationmeansthat the
encodersends1 binary bit to the decoderevery 1

R seconds.
For obvious reasons,we focus on caseswith H (px ) < R <
log2 jX j.

De�nition 1: A sequentialencoder-decoderpair E; D are
sequenceof maps.fE j g; j = 1; 2; ::: and fD j g; j = 1; 2; :::.
The outputsof Ej are the outputsof the encoderE from time
j � 1 to j .

Ej : X j � ! f 0; 1gbj R c�b ( j � 1) R c

Ej (x j
1) = bbj R c

b( j � 1) R c+1

Theoutputsof D j arethedecodingdecisionsof all thearrived
sourcesymbolsby time j basedon the received binarybits up
to time j .

D j : f 0; 1gbj R c � ! X

D j (bbj R c
1 ) = bx j � d

1

Wherebx j � d
1 (j ) is the estimation,at time j , of x j � d

1 andthus
hasend-to-enddelayof d seconds.In adelay-universalscheme,
the decoderemits revised estimatesfor all source-symbolsso
far. A rate R = 2 delay-universal sequentialsourcecoding
systemis illustratedin Figure1.

For sequentialsourcecoding, it is important to study the
symbol by symbol decodingerror probability insteadof the
block codingerror probability.

De�nition 2: A family of rate R sequentialsourcecodes
f (Ed , Dd )g aresaid to achieve delay-reliabilityE s (R) if and
only if: 8i

lim inf
d!1

� 1
d

log2 P(xi 6= bxi (i + d)) � Es (R)

I I . UPPER BOUND ON Es (R)

To boundthe bestpossibleerror exponentwith �x ed delay,
we considera genie-aidedencoder/decoderpair and translate
the block-codingboundsof [5] to the �x ed delaycontext. The
argumentsareanalogousto the “focusingbound”derivation in
[3] for the caseof channelcodingwith feedback.

Theorem1: For �x ed-rateencodingsof discretememoryless
sources,it is not possibleto achieve an error exponentwith
�x ed-delaybetterthan

E �
s (R) = inf

�> 1

1
� � 1

Eb(� R) (7)

Proof: For simplicity of exposition, we ignore integer
effects arising from the �nite natureof d; R; etc. For every
� > 1 anddelayd, considera coderunningover its �x ed-rate
noiselesschanneltill time �d

� � 1 . By this time, the decoderwill
have committedto estimatesfor thesourcesymbolsup to time
i = d

� � 1 . The total numberof bits usedduring this period is
�d

� � 1 R.
Now considera genie that gives the encoderaccessto the

�rst i sourcesymbolsat the beginning of time, rather than
forcing the encoderto get the sourcesymbolsone at a time.
Simultaneously, loosen the requirementson the decoderby
only demandingcorrectestimatesfor the�rst i sourcesymbols
by thetime �

� � 1 d. In effect, thedeadlinefor decodingthepast
sourcesymbolsis extendedto the deadlineof the i -th symbol
itself.

Any lower-boundto theerrorprobabilityof thenew problem
is clearly alsoa boundfor the original problem.Furthermore,
the new problemis just a �x ed-lengthblock-codingproblem
requiring the encodingof i sourcesymbolsinto �

� � 1 dR bits.
The rateper symbol is

(
�

� � 1
dR)

1
i

= (
�

� � 1
dR)

� � 1
d

= � R

Theorem2.15 in [5] tells us that sucha codehasa prob-
ability of error that is at leastexponentialin iE b(� R). Since
i = d

� � 1 , this translatesinto an error exponentof at most
E b ( �R )

� � 1 with parameterd.
Since this is true for all � > 1, we have a bound on the

reliability function Es (R) with �x ed delayd:

Es (R) � inf
�> 1

1
� � 1

Eb(� R)

Theright handsideis de�ned to beE �
s (R). Theminimizing �

tells how muchof the past( d
� � 1 ) is involved in the dominant

error event. �
This boundcanbe rewritten in termsof the � parameterto

get a form parallelingthe symmetricchannelcasefrom [3].
Corollary 1:

Es (R) � E0(� � ) (8)

where� � satis�es R = E 0 ( � � )
� � .

Proof: For convenience,de�ne

GR (� ) = �R � E0(� ) (9)

andnotice that GR (� � ) = 0. As shown in [7]:

dGR (� )
d�

= R � H (px� );
d2GR (� )

d� 2
� 0

GR (0) = 0; GR (1 ) < 0 (10)
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Fig. 2. GR (� )

GR (� ) is a concave \ function as illustrated in Figure 2.
Consider� R � 0 for which R � H (px� R

) = 0. By concavity,
we know that � R < � � . Write:

FR (� ; � ) =
1

� � 1
(�� R � E0(� ))

= �R +
GR (� )
� � 1

Thenfor any � 2 (1; log 2 jX j
R ),

@F R ( �;� )
@� =

�R � H ( px� )

� � 1 ;
@2FR (� ; � )

@� 2
� 0

FR (� ; 0) = 0; FR (� ; 1 ) < 0 (11)

So for any � 2 (1; log 2 jX j
R ) let � (� ) be so FR (� ; � (� )) is

maximized.� (� ) is thus the uniquesolution to:

� R � H (px� ( � ) ) = 0

De�ne � � =
H ( px� � )

R which satis�es

� � =
H (px� � )

R
�

H (px1 )
R

=
log2 jX j

R

� � =
H (px� � )

R
�

H (px� R
)

R
= 1

Since� � R � H (px� � ) = 0, � � maximizesFR (� � ; � ) over all
� .

Using (5) and the above analysis:

Es (R) � inf
�> 1

1
� � 1

Eb(� R)

= inf
�> 1

sup
�> 0

1
� � 1

(�� R � E0(� ))

= inf
�> 1

sup
�> 0

FR (� ; � )

� sup
�> 0

FR (� � ; � )

= FR (� � ; � � )

= � � R (12)

This proves the desiredupperbound. �

I I I . ACHIEVABLE EXPONENTS

To lower-boundthe error exponentwith delay, we give an
explicit �x ed-ratecoding schemethat is a minor variation of
the schemeanalyzedin [8]. In [3], an achievableschemewas
given for channelcoding with feedbackwhen there was an
additionallow-ratenoise-freelink thatcouldcarry�o w-control
information. In source-coding,there is just a noise-freelink

Sequential

Source Encoder


Encoder


Buffer

(FIFO)


Decoder


1 source


symbol per


second


1 bit per 1/R seconds


 Block


Encoder


of length 
 N


Fig. 3. Sequentialsourcecodingusinga variable-lengthcode

and the �o w control information is madeimplicit by using a
pre�x-free code.Justas in [3], the queuingbehavior is what
will determinethe achieved delayerror exponent.Ratherthan
repeatingthe from �rst principles' derivation of [3], herewe
give an alternatederivation by applyingCraḿaer's theorem.

A. A sequentialvariable lengthsource codingscheme

We are interestedin the performancewith asymptotically
large delays d. A block-length N is chosenthat is much
smallerthanthetargetend-to-enddelays,while still beinglarge
enough.For a discretememorylesssourceand large block-
lengthsN , the bestpossiblevariable-lengthcode is given in
[5] andconsistsof two stages:�rst describingthe type of the
block ~x using O(jX j log N ) bits and then describingwhich
particular realizationhas occurredby using a variable H (~x)
bits. The overheadO(jX j log N ) is asymptoticallynegligible
and the codeis alsouniversalin nature.

While the above code will also work, for simplicity of
analysis, we instead consider a Shannon-codebuilt for a
particulartilted distribution for X .

De�nition 3: The instantaneouscodeCN ;� for � > � 1 is a
mappingfrom X N to a variablenumberof binary bits.

CN � (xN
1 ) = bl ( x N

1 )
1

wherel(xN
1 ) is the codeword length for sourcesequencexN

1 .
The �rst bit is always1 andthe restof the codewordsarethe
Shannoncodewordsbasedon the � tilted distribution of px

l (xN
1 ) = 1 + d� log2

px (xN
1 )

1
1+ �

P
sN

1 2X N px (sN
1 )

1
1+ �

e

� 2 �
NX

i =1

log2
px (x i )

1
1+ �

P
s2X px (s)

1
1+ �

(13)

From (13), the longestcodelength l �
N is

l �
N � 2 � N log2

p
1

1+ �
xmin

P
s2X px (s)

1
1+ �

(14)

Wherepxmin = min x 2X px (x). The constant2 is insigni�cant
comparedto N .

This variable-lengthcodeis turnedinto a �x ed rateR code
as follows:

3



Fig. 4. Numberof bits in the buffer: � t

De�nition 4: The sequentialsource coding schemeis il-
lustrated in Figure 3. At time kN , k = 1; 2; ::: the en-
coder E uses the variable length code CN � to encodethe
k' th sourceblock ~xk = xk N

( k � 1) N +1 into a binary sequence
b(k)1 ; b(k)2 ; :::b(k) l ( ~x k ) .

This codeword is pushedinto a FIFO queuewith in�nite
buffer-size.The encoderdrainsa bit from the queueevery 1

R
seconds.If the queueis empty, the encodersimply sends0's
to the decoderuntil therearenew bits pushedin the queue.

The decoder knows the variable length code book and
the pre�x-free nature1 of the Shannoncode guaranteesthat
everythingcanbe decodedcorrectly.

B. Sequentialerror events

Thenumberof thebits � k in theencoderbuffer at time kN ,
is a randomwalk processwith negative drift and a re�ecting
barrier. An examplesample-pathis illustratedin Figure4. At
time (k + d)N , the decodercan make an error in estimating
~xk if and only if part of the variable length code for source
block ~xk is still in the encoderbuffer.

Sincethe FIFO queuedrainsdeterministically, it meansthat
when the k-th block's codeword enteredthe queue,it was
alreadydoomedto missits deadlineof d. Formally, for anerror
to occur, thenumberof bits in thebuffer � k � bdN Rc. Thus,
meetinga speci�c end-to-endlatency constraintover a �x ed-
rate noiselesslink is like the buffer over�ow eventsanalyzed
in [8]. De�ne the randomtime t k N to be the last time before
time kN when the queuewas empty. A missed-deadlinewill
occuronly if

P k
i = t k +1 l (~x i ) > (d + k � tk )N R.

For arbitrary1 � t � k � 1, de�ne the error event

P k ;d
N (t) = P(

kX

i = t

l (~xi ) > (d + k � t)N R)

Using the following lemma,we will derive a tight, in the
large deviation sense,upperboundon P k ;d

N (t).
Lemma2: Craḿaer theorem[9] Consideriid randomvari-

ablesYi 2 � = f � 1 ; :::� j � j g, Yi � py and f : � ! R + ,
X i = f (Yi ). Write Sn = 1

n

P n
i =1 X i . For any closed set

F � R + .

P (Sn 2 F ) � (n + 1)j � j 2� n inf x 2 F I ( x )

1Theinitial 1 is not really requiredsincethedecoderknows therate
at which source-symbolsare arriving at the encoder. Thus, it knows
whenthe queueis emptyanddoesnot needto even interpretthe 0s it
receives.

Wherethe rate function is [9]:

I (x) = inf
� :

P j � j
i =1 � i f ( � i )= x

D (� kpy )

� is a distribution de�ned on � . It is shown in [9] that:

I (x) = sup
� 2R

f �x � log2(
j � jX

i =1

pyi 2�f ( � i ) )g

Write I (x; � ) = �x � log2(
P j � j

i =1 pyi 2�f ( � i ) ), then 8x > 0,
8� < 0, I (x; � ) < 0. Obviously I (x; 0) = 0, which means
that the � to maximize I (x; � ) is positive. This implies that
I (x) is monotonicallyincreasingwith x.

Using the de�nition of l (~x):

log2(
X

~x 2X N

px (~x)2�l ( ~x ) )g

� 2� + N log2 [(
X

x

px (x)1� �
1+ � )(

X

x

px (x)
1

1+ � ) � ]

= 2� + N (1 + � ) log2 [
X

x

px (x)
1

1+ � ]

= 2� + N E0(� ) (15)

The 2� is insigni�cant and so as a simple corollary of the
Craḿaer theorem,we have an upperboundon P k ;d

N (t).

P k ;d
N (t) = P(

kX

i = t +1

l (~xi ) � (d + k � t)N R)

= P(
1

k � t

kX

i = t +1

l (~xi ) �
(d + k � t)N R

k � t
)

� (k � t) jX j N
2� E N ( CN �

;R ;k � t;d )

Where:

EN (CN � ; R; k � t; d)

� (k � t) sup
� 2R +

f �
(d + k � t)N R

k � t
� log2(

X

~x 2X N

px (~x)2�l ( ~x ) )g

� (k � t)[�
(d + k � t)N R

k � t
� log2(

X

~x 2X N

px (~x)2�l ( ~x ) )]

� (k � t)N (�
(d + k � t)R

k � t
�

2�
N

� E0(� ))

= dN �R + (k � t)N [GR (� ) �
2�
N

] (16)

C. Lower boundon Es (R)

Theorem2: For any � > 0, by appropriatechoiceof N ; � , it
is possibleto achieveanerrorexponentwith delayof E 0(� � ) �
� universallyover large enoughdelaysd for the � � satisfying
R = E 0 ( � � )

� � .
Proof: For the sequentialsourcecodingschemeof CN ;� ,

the decodingerror for the k' th sourceblock at time (k + d)N
is P k ;d

N . tk N is thelasttime beforek whenthebuffer is empty.

4



P k ;d
N =

k � 1X

t =0

P(tk = t;
kX

i = t +1

l (~xi ) � (d + k � t)N R)

�
k � 1X

t =0

P(
kX

i = t +1

l (~xi ) � (d + k � t)N R)

�
k � 1X

t =0

(k � t + 1)jX j N
2� E N ( CN �

;R ;k � t;d )

= 2� dN �R
k � 1X

t =0

(k � t + 1)jX j N
2� ( k � t ) N [G R ( � ) � �

N ]

The above equality is true for all N ; � . Pick � = � � � �
R .

From the discussionat the end of previous section,we know
that GR (� ) > 0. ChooseN > �

G R ( � ) . Thende�ne

K (�; R; N ) =
1X

i =0

(i + 1)jX j N
2� iN [G R ( � ) � �

N ] < 1

which is guaranteedto be �nite since dying exponentials
dominatepolynomialsin sums.Thus:

P k ;d
N � K (� )2� dN �R = K (�; R; N )2� dN ( � � R � � )

wherethe constantK (�; R) doesnot dependon the delay in
question.Since E0(� � ) = � � R and the encoderalso is not
targeted to the delay dN , this schemeachieves the desired
exponentdelay-universally. �

This theoremeffectively proves that E �
s (R) = E0(� � ) is

asymptoticallyachievable.For every realizationof ~x, thecode-
lengthsof thiscodediffer from theoptimaluniversalcodeby at
mostO(log(N )) , which is insigni�cant comparedto N . Thus,
this delay-exponentcanalsobe attaineduniversallyover both
discrete-memorylesssourcesanddelaysd.

IV. AN EXAMPLE OF SUBOPTIMAL CODING

LargeN arenotneededto dosubstantiallybetterthanblock-
coding in the �x ed delaycontext. The advantagesof variable-
length encodingare so greatthat even very simple VL-codes
will outperform the best possible block-code.Consider the
following ternaryexamplefrom [10].

Supposepx (a) = 0:9, px (b) = 0:05 and px (c) = 0:05.
Consider rate R = 3

2 . The best possibleblock coding er-
ror exponent is 1:474. Consider the following sub-optimal
variable length sequentialcoding schemewith N = 2. Map
(a; a) to 00, and other sourcesymbol pairs are mappedto
1000; 1001; ::::1111. Simplebirth-deathMarkov chainanalysis
revealsthat this achievesanerrorexponentof 6:27 with �x ed-
delaydespitebeingsuboptimaleven asa VL-code!

V. CONCLUSIONS AND FUTURE WORK

The losslesssource-codingversion of the uncertaintyfo-
cusingboundwas developedand usedto show that �x ed-to-
variable length coding is optimal from an end-to-endlatency
point of view, even when the deadlinesare speci�ed in terms
of a �x ed latency. In a very precisesense,losslesssource-
coding is like channelcodingwith feedback and using block-
codesresultsin a substantiallossin theerrorexponents.While

the parametricform of the focusingboundis the samein the
channel-codingand source-codingcases,the interpretationis
a bit different. In source-coding,the dominant error events
always involve only the past. As the rate varies, the only
changeis how much of the past is involved. For channel
codingwith feedback,boththepastandthefutureareinvolved
since the past is now known while the future remainsonly
partiallycontrollable.In channel-codingwithout feedback,only
the future is involved sincethe pastis entirely unknown.

A similar storyshouldhold for theerrorexponentsof point-
to-point lossy sourcecoding. Once again, the source-coding
context guaranteesthat only the past behavior will matter
in the dominant error event. The results here hint that VQ
followed by variable-rateentropy-codingmay alsobe optimal
in the �x ed-delaysetting.A more interestingdirection is in
extending our understandingof sequentialdistributed coding
for correlatedsources(Slepian-Wolf sourcecoding). So far,
we have only achievableexponentsin general[7] anda good
upperboundonly for symmetriccaseswith side-information
at the receiver [11]. For the caseconsideredin [11], it turns
out that only the future behavior of the sourcematters.We
suspectthat dependingon the ratepoint andthe natureof the
source,different combinationsof the pastand future will be
involved in the dominanterror event and the optimal codes
will in generalhave a mixed nature involving both queuing
andbinning.
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