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Abstract—In channel coding, reliable communication takes
place at rates below capacity at the fundamental cost of end-to-
end delay. Error exponentstell us how much faster corvergence
is when we settle for lessrate. For losslesssource coding, entropy
takesthe place of capacity and error exponentstell us how much
faster corvergenceis when we use more rate. While in channel
coding without feedbackthe block error exponentis a good proxy
for studying the more fundamental tradeoff with xed end-to-end
delay, it is not soin source coding. Block-coding error exponents
are guite consewvative (despite being tight!) when it comes to
the tradeoff with delay. Nonblock codescan achieve much better
performancewith xed delay and we presentboth the fundamental
bound and how to achieve it in a delay-universal manner. The
proof gives substanceto Shannon's cryptic statementabout how
the duality betweensource and channel coding is lik e the duality
betweenthe past and the futur e.

|. INTRODUCTION AND PROBLEM SETUP

Shannonclosedhis seminalpaperon lossy sourcecoding
[1] with anintriguing comment:

“[The duality betweensourceand channelcod-
ing] canbe pursuedurtherandis relatedto a duality
betweenpastand future and the notions of control
andknowledge.Thuswe may have knowledgeof the
pastandcannotcontrolit; we may control the future
but have no knowledgeof it.”

While therehasbeenmuchwork exploring the relationship
betweensourceand channelcoding, no connectionto the past
andthefuturehasemepgedsofar. In this paperwe demonstrate
sucha connectiorby looking atthe fundamentaérrorexponent
with respecto x eddelaybetweenthe time a messagés rst
madeknown to the encoderandits deadlineat the decoderFor
channelcoding without feedbackthe dominanterror event is
causeddy the channels “future” behaior in thaterrorscanbe
forcedby mild channelmisbehaior duringthe periodbetween
the messagairrival time andits deadline[2], [3]. This sort of
mild misbehaior is exactly whatis boundedby the traditional
sphere-packingrgumentsfor block coding. Whenfeedbackis
allowed, the encodercando o w-controlandbecomerobustto
suchmild misbehaior evenwhenfacing x ed-delaydeadlines
[4], [3]. The fundamentallimits are instead given by the
“focusing bound” [3].

This paperdevelopsa losslesssource-codingounterparto
the focusingbound. This revealsthat the dominantsourceof
errors is the “past” misbehaior of the source,over which
the encoderhasno control. Sincethe communicatiormedium
is a noiselessx ed-ratebit-pipe, the future is entirely under
the control of the encoder This boundis also asymptotically
achievable using x ed-to-\ariable codeswhose variable-rate
natureis smoothedout by usinga queue.

A. Review of blodk source codingresults

The discrete memorylesssource S generatesid random
variablesx; from a nite alphabetX accordingto distribution
px. Without loss of generality assumepx(x) > 0, 8x 2 X.
A rate R block sourcecoding systemfor n sourcesymbols
consistsof a encoderdecodermair (E,; Dn) where

En:xn I fo;lgbch; En(XT)=b?nRC
Dn :f0;2¢°R° 1 X" Dn(B™°) = ]

The probability of block decodingerroris P (x{ 6 ki) =
P(x{ 8 Dn(En(X1)))-

Shannorproved that arbitrarily small error probabilitiesare
achievable by letting n get big aslong asthe encoderrate is
largerthantheentrogy of thesourceR > H (px). Furthermore,
it turnsoutthatthe error probability goesto zeroexponentially
inn.

Lemmal: (From[5]) For adiscretememorylessourcex
px andencoderateR < log, jX j,

8 >0,9K()<1,8n 0,9 ablock encoderdecoder
pair E,; D, satisfying

P(x{ 6 k') 1)

This resultis asymptoticallytight, in the sensethat for ary
sequencef encoderdecodemairsEy ; Dn,

K ()2 n(Ep(R) )

)

whereE,(R) is de ned asthe block sourcecoding reliability
function with the form:

lim sup %IogzP(x{‘ 6 k') Eu(R)
n'l

Ebx(R)= min D(gk 3
o(R) = min D (akp) 3
Paralleling the de nition of the Gallagerfunction for channel

coding[6], de ne

Eo()= 1+ )log,l  px)™ ] ()
Then,as mentionedas an exercisxein [5]:
En(R) = squfR Eo( )g (5)
= D(px kpo)

wherepy , is thetilted distribution of parameter r satisfying
H(px ,) = R. The tilted distribution of parameter 2
( 1;1) of adistribution py is: 8x 2 X

()T

- (6)
s Px(s) T

Px (x) =



|
Source Xy

x —

| |
2 % X X5
1 1 1
2 4 Time line
T T T T T T T
b,(x") b,(x') by(x*) by(x*) bs(x) bg(F) by(x?) by(x')

o

w

N

Encoding

Decoding %! (1) X (2) % (3)

Fig. 1. Delay-unversalsequentiaourcecodingatR = 2

Px, = Px andasshawn in [7], % 0 andis generally

strictly positive unlesspx is uniform on X . Thusthe optimal
r correspondindo R is uniqueunlesspy is uniform over X
which is a uninterestingcase.

B. SequentialSouce Coding

Ratherthan being known in adwance,the sourcesymbols
enterthe encoderin a real-time fashion.We assumethat the
sourceS generatene sourcesymbol x per secondfrom a
nite alphabetX . The j'th sourcesymbol x; is not known
at the encoderuntil time j . RateR operationmeansthat the

encodersendsl binary bit to the decoderevery é seconds.

For obvious reasonswe focus on caseswith H(px) < R <
log, jX J.

De nition 1: A sequentialencoderdecoderpair E;D are
sequencedf maps.fE;jg;j = 1,2, andfDjg;j = 1;2; .
The outputsof E arethe outputsof the encoderE from time
j 1ltoj.

E Sxd fo;lgbchb (i 1Rc

jy — phiRc
B (x1) = By pren

Theoutputsof D; arethe decodingdecisionsof all the arrived
sourcesymbolsby time j basedon the receved binary bits up
to timej .

D; :fo;1g”Re 1 X
D; (b ") = #,

Wherek!, °(j) is the estimation at time j, of x ¢ andthus
hasend-to-endlelayof d secondsln a delay-unversalscheme,
the decoderemits revised estimatedor all source-symbolso
far. A rate R = 2 delay-unversal sequentialsourcecoding
systemis illustratedin Figure 1.

For sequentialsourcecoding, it is importantto study the
symbol by symbol decodingerror probability insteadof the
block coding error probability

De nition 2: A family of rate R sequentialsource codes
f(EY, D)g aresaidto achieve delay-reliability Es(R) if and
only if: 8i

1

d
I1. UPPER BOUND ON Es(R)

lim inf —=log, P(x 6 k(i +d) Es(R)

To boundthe bestpossibleerror exponentwith x ed delay
we considera genie-aidedencoder/decodepair and translate
the block-codingboundsof [5] to the x ed delaycontet. The
amgumentsareanalogougo the “focusing bound” derivationin
[3] for the caseof channelcodingwith feedback.

Theoem1: For x ed-rateencoding®f discretememoryless
sourcesiit is not possibleto achieze an error exponentwith
x ed-delaybetterthan

Es(R) = inf ——Eo( R) ™

Proof: For simplicity of exposition, we ignore integer
effects arising from the nite natureof d;R; etc. For every

> 1 anddelayd, considera coderunningoverits x ed-rate
noiselesschannettill time d—l By this time, the decodemill
have committedto estimatedor the sourcesymbolsup to time
i = Ll The total numberof bits usedduring this periodis

4R,

Now considera geniethat gives the encoderaccesgo the

rst i sourcesymbolsat the beginning of time, rather than
forcing the encoderto get the sourcesymbolsone at a time.
Simultaneously loosen the requirementson the decoderby
only demandingcorrectestimatedor the rst i sourcesymbols
by thetime — d. In effect, the deadlinefor decodingthe past
sourcesymbolsis extendedto the deadlineof the i-th symbol
itself.

Any lower-boundto the error probability of the new problem
is clearly also a boundfor the original problem.Furthermore,
the new problemis just a x ed-lengthblock-codingproblem
requiring the encodingof i sourcesymbolsinto —;dR bits.
The rate per symbolis

1 1
(a7 = iR
= R

Theorem?2.15in [5] tells us that sucha codehasa prob-
ability of errorthatis at leastexponentialin iE ,( R). Since
Ll, this translatesinto an error exponentof at most
En(R) with parameten.

Sincethis is true for all > 1, we have a boundon the
reliability function Es(R) with x ed delayd:

Es(R) i>nfl %Eb( R)
Theright handsideis de ned to be E (R). The minimizing
tells how much of the past(%) is involved in the dominant
error event.
This boundcanbe rewritten in termsof the parameteto
geta form parallelingthe symmetricchannelcasefrom [3].
Corollary 1:

Es(R) Eo( ) (8)
where satisesR = Eol ),
Proof: For corveniencede ne
Gr()= R Eo() 9)
andnoticethat Gg () = 0. As shawvn in [7]:
dGr( ) _ . d*Gr()
d =R H(px); gz 0
Gr(0)=0; Gr(1)<0O (20)
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Gr( ) is a concae \ function as illustrated in Figure 2.
Consider g~ 0 for whichR  H(p« ) = 0. By concaity,
we know that r < . Write:

Fr( ) = —5( R Eo()

_ Gr()
= R+—1

Thenfor ary 2 (1; 92Xy,

@Fr( ;)
@2
Fr( ;0)= 0 Fr( ;1)< 0 (11)
Soforary 2 (1;92%1yjet () besoFr( ; () is
maximized. ( ) is thusthe uniquesolutionto:

R H(px()):O

i (p; > which satis es
HP< ) H(px ) _ log, X
R R R
H(px ) H(pxy)

= =1
R R

) =0, maximizesFg(

H(px ).

@r(; ) - R
@ T

0

De ne =

Since R H{(p« ;) overall

Using (5) andthe above analysis:

. 1
Es(R) |>nfl —1Eb( R)

(R Eo()

= inf supFr( ; )
> 150

= inf su
>3|->Op

su;O)FR( i)
= Fr( ;)

= R (12)

This provesthe desiredupperbound.

I11. ACHIEVABLE EXPONENTS

To lower-boundthe error exponentwith delay we give an
explicit x ed-ratecoding schemethat is a minor variation of
the schemeanalyzedin [8]. In [3], an achievable schemewas
given for channelcoding with feedbackwhen there was an
additionallow-ratenoise-fredink thatcould carry o w-control
information. In source-codingthereis just a noise-freelink
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Block
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3

Encoder
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Source Encoder
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Fig. 3. Sequentiakourcecodingusing a variable-lengthcode

andthe ow control informationis madeimplicit by usinga
pre x-free code.Justasin [3], the queuingbehaior is what
will determinethe achieved delay error exponent.Ratherthan
repeatingthe from rst principles' derivation of [3], herewe
give an alternatederivation by applying Cramaer's theorem.

A. A sequentialvariable length source coding scheme

We are interestedin the performancewith asymptotically
large delaysd. A block-length N is chosenthat is much
smallerthanthetargetend-to-endlelayswhile still beinglarge
enough.For a discretememorylesssourceand large block-
lengthsN , the bestpossiblevariable-lengthcodeis given in
[5] and consistsof two stages:rst describingthe type of the
block % using O(jX jlogN) bits and then describingwhich
particularrealizationhas occurredby using a variable H (%)
bits. The overheadO(jX jlogN) is asymptoticallynegligible
andthe codeis alsouniversalin nature.

While the abore code will also work, for simplicity of
analysis, we instead consider a Shannon-codebuilt for a
particulartilted distribution for X .

De nition 3: TheinstantaneousodeGy:. for >
mappingfrom XN to a variablenumberof binary bits.

G () = B0

wherel(x})) is the codevord lengthfor sourcesequencex) .
The rst bit is always 1 andthe restof the codevordsarethe
Shannorncodevords basedon the tilted distribution of py

lisa

(X)) T

I(xY) = 1+d log, p i
ST 2X N px(S’i‘ )hﬁ
X T
2 " g, p P g
i=1 sox Px(8) T
From (13), the longestcodelengthly is
1
v 2 NI P
N g, p——1— (14)

s2X Px (S) .

Wherepy,,, = Minx2x px(X). The constant is insigni cant
comparedo N.

This variable-lengthcodeis turnedinto a x edrateR code
asfollows:



Wherethe rate functioniis [9]:

1) =, inf  D( kpy)
1P{:1] if(i)=x

is a distribution de ned on . It is shawvn in [9] that:

Fig. 4. Numberof bits in the buffer: ¢

X
I(x) = supfx log,( py2 (i)g
2R i=1
De nition 4: The sequentialsource coding schemeis il-  \\yite I(x; ) = x |092(P J.:i py, 27 (), then8x > 0,
lustratedin Figure 3. At time kN, k = 1;2;:: theen- g < 0, I(x; ) < 0. Obviously I (x; 0) = 0, which means
coder E usesthe variable length code Gy to encodethe thatthe to maximizel (x; ) is positive. This implies that
k'th sourceblock xk = X(¢' 1.1 iNto @ binary sequence | (x) is monotonicallyincreasingwith x.
b(K)1; B(K)2; 2:0(K)1 g ) -
This codavord is pushedinto a FIFO queuewith in nite  Using the de nition of 1(x):
buffer-size. The encoderdrainsa bit from the queueevery %

secondslf the queueis empty the encodersimply sends0's log, ( p()2' “)g
to the decoderuntil thereare new bits pushedin the queue. x2x N X X

The decoderknows the variable length code book and 2 + N log,[( px(x)l F)( px(x)l%) 1
the pre x-free naturé of the Shannoncode guaranteeghat X X X

everything can be decodedcorrectly

2 + N@+ )log,[ p(X) T ]

B. Sequentiakrror events 2 + NEo() (15)

Thenumberof thebits ¢ in theencodebuffer attime kN ,
is a randomwalk processwith negative drift and a re ecting
barrier An examplesample-paths illustratedin Figure 4. At
time (k + d)N, the decodercan make an error in estimating
% if andonly if part of the variable length code for source PL9(t)

The 2 is insigni cant and so as a simple corollary of the
Crarrhertheorem we have an upperboundon P (t).

X
P(~ I(x) (d+k t)NR)

block % is still in the encoderuffer. i=t+1
Sincethe FIFO queuedrainsdeterministicallyit meansthat XK
) 1 (d+ k tNR
when the k-th block's codevord enteredthe queue,it was = P(—k I(x) 1 )
alreadydoomedto missits deadlineof d. Formally, for anerror i=t+l
to occur the numberof bitsin thebuffer bdN Rc. Thus, (k tX "o En(Cn Rk td)

meetinga speci ¢ end-to-endateny constraintover a x ed-
rate noiselesdink is like the buffer over ow eventsanalyzed Where:
in [8]. De ne therandomtime ty N to be the lasttime before

time kN wheg the queuewas empty A missed-dead|inevill En(G sRk td) «
occuronly if ~ ¥., . 1(x)> (d+ k t)NR. (d+k t)NR | ()
= k t f— 2
For arbitrary 1 t k1, dene theerrorevent ( ) f;j'? k t ng(ﬂx . Px(x) )9
Xk (d+ k t)N R X I (%)
Prdty=pP(" I(x)> (d+k BNR) (o O =t log( P92 )
i=t %x2X
(d+k tH)R 2
Using the following lemma, we will derive a tight, in the (k ON( Tk t 0N Eo( )
large deviation senseupperboundon P/ (t). ~ 2
Lemma2: Cramaertheorem[9] Consideriid randomvari- = ANR +(k tN[Gr( ) W] (16)
ablesYi 2 =f 440,00 pyandf @ ! RT,
Xi = f(Y;). Wiite S, = L1 " X;. For ary closedset C- LowerboundonEs(R)
F R Theoem2: Forary > 0, by appropriatechoiceof N; it
P(Sh 2 F) (n+ 1) 12 "ie 160 is possibleto achieve anerrorexponentwith delayof Eo( )

universally over large enoughdelaysd for the  satisfying
R = Eol )

1Theinitial 1 is not really requiredsincethe decodeknows the rate . . .
at which source-symbolsre arriving at the encoder Thus, it knows Proof: For the sequentiakourcecoding schemeof Cy:

whenthe queueis emptyanddoesnot needto eveninterpretthe Osit ~ the dktzcodingerrorfor the k'th sourceblock attime (k + d)N
receves. is Py . tkN is thelasttime beforek whenthe buffer is empty



5( 1
Pid = P(ty = t; (%) (d+k t)NR)
t=0 i=t+l
K1 X
P( (%) (d+k t)NR)
t=0 i=t+1
5( 1

(k t+ 1)J'><J'N2 En(Cny Rk td)

t=0

X1 N
o dN R (k t+ 1)Xi" 2 (C ONIGRO) ]
t=0
The above equalityis true for all N; . Pick = &
From the discussionat the end of previous section,we know
thatGgr( ) > 0. ChooseN > TR Thende ne
3 LN
K(GGR;N)=  (i+ )X 2 MEerO) wlay
i=0
which is guaranteedto be nite since dying exponentials
dominatepolynomialsin sums.Thus:

Pyt K()2 ™R = K(;R;N)2 MO R

wherethe constantk ( ; R) doesnot dependon the delayin
question.SinceEo( ) = R andthe encoderalso is not
targetedto the delay dN, this schemeachieves the desired
exponentdelay-unversally

This theoremeffectively provesthat Eq(R) = Eo( ) is
asymptoticallyachievable.For every realizationof x, the code-
lengthsof this codediffer from the optimaluniversalcodeby at
mostO(log(N )), whichis insigni cant comparedo N . Thus,
this delay-exponentcan also be attaineduniversally over both
discrete-memorylessourcesand delaysd.

IV. AN EXAMPLE OF SUBOPTIMAL CODING

LargeN arenotneededo do substantiallybetterthanblock-
codingin the x ed delaycontet. The advantagesf variable-
length encodingare so greatthat even very simple VL-codes
will outperform the best possible block-code. Considerthe
following ternaryexamplefrom [10].

Supposepx(a) = 0:9, px(b) = 0:05 and px(c) = 0:05.
Considerrate R = g The best possible block coding er-
ror exponentis 1:474. Considerthe following sub-optimal
variable length sequentialcoding schemewith N = 2. Map
(a;a) to 00, and other source symbol pairs are mappedto
1000, 1007; ::::1111 Simplebirth-deathMarkov chainanalysis
revealsthatthis achievesan error exponentof 6:27 with x ed-
delay despitebeing suboptimaleven asa VL-code!

V. CONCLUSIONS AND FUTURE WORK

The losslesssource-codingversion of the uncertainty fo-
cusing boundwas developedand usedto shav that x ed-to-
variable length coding is optimal from an end-to-endateng
point of view, even whenthe deadlinesare speci ed in terms
of a x ed lateng. In a very precisesense,losslesssource-
codingis like channelcodingwith feedbak and using block-
codesresultsin a substantialossin the errorexponentsWhile

the parametricform of the focusingboundis the samein the
channel-codingand source-codingcases the interpretationis
a bit different. In source-codingthe dominanterror events
always involve only the past. As the rate varies, the only
changeis how much of the pastis involved. For channel
codingwith feedbackpoththe pastandthefuture areinvolved
since the pastis nov known while the future remainsonly
partially controllable In channel-codingvithoutfeedbackpnly
the future is involved sincethe pastis entirely unknown.

A similar story shouldhold for the error exponentsof point-
to-point lossy sourcecoding. Once again, the source-coding
contt guaranteeghat only the past behaior will matter
in the dominanterror event. The results here hint that VQ
followed by variable-rateentropy-coding may also be optimal
in the x ed-delaysetting. A more interestingdirection is in
extending our understandingdf sequentialdistributed coding
for correlatedsources(Slepian-Vélf sourcecoding). So far,
we have only achiezable exponentsin general[7] anda good
upperboundonly for symmetriccaseswith side-information
at the recever [11]. For the caseconsideredn [11], it turns
out that only the future behaior of the sourcematters.We
suspecthat dependingon the rate point and the natureof the
source,different combinationsof the pastand future will be
involved in the dominanterror event and the optimal codes
will in generalhave a mixed natureinvolving both queuing
and binning.
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