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Abstract— We consider object tracking by a UWB sen-
sor network using multi-path measuementsin different
scenarios:single Tx with single Rx, multiple Tx with single
Rx, and multiple Tx with multiple Rx. For eachscenario,
we examine the Cramér-Rao lower bound (CRLB) for
the high-SNR case where multi-path measurements are
corrupted by iid Gaussians.We focus on the dense net-
work asymptotics and shonv how the CRLB is inversely
proportional to the number of measurements available
to the network as a whole, even when the individual
measurements are taken from different locations. An
order-optimal semi-linear algorithm is given.

. INTRODUCTION

Ratherthan putting tags or localizerson the objects
of interest,we ervision using physical layer information
from a wirelessnetwork to track the positionsof objects
in the ervironment.[§ While the positions of objects
may be usefulinformationfor its own sale, the wireless
communicatiorchannels alsolargely determinedy the
objectsin the sensometwork eld. Collectively tracking
the positionof the objectscouldin turn helpthe channel
estimationproblem, which has the potentialto bene t
the sensometwork’'s communicationsystem.

This problemis relatedto multi-static radar Position
estimationusing TOA (time of arrival) or TDOA (time
differenceof Arrival) in aradarnetwork hasbeenstudied
in [1] and [2], and the accurag is discussedin [3].
The CranérRao lower bound (CRLB) of the position
estimationis alsostudiedin [1]. The CRLB for unbiased
estimationof Td (TOA) is studiedin [4]:
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WhereA(t) is the receved signal, T is the obsenation
interval, Ng is the noise power spectraldensity %d is
the estimationvarianceof Td. The importantthing to
obsere is that the CRLB is inversely proportional to
the recevved signal enegy. This enegy canincreaseby
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either using more powerful pulsesor by using longer
durationsand taking averagesover time.

Multistatic radar systemsare usually expensve and
sparselydeployed. As such, their asymptoticbehaior
is not extensvely studied.In contrast,sensorsor per
sonalwirelessdevices may be both cheapand densely
deployed in the eld, andthusthe asymptoticbehaior
of the CRLB is interesting.Throughout,we denotethe
CRLB of x asV (x). Thekey questions whether‘spatial
averaging” (by taking independenmeasurementfrom
differentlocations)improves accurayg in the sameway
that“time averaging”does(by taking independenmea-
surementdgrom the samelocation).

In this paperwe focus on a two dimensionalUWB
network where transmittersand recevers have known
locationson the plane.In a UWB sensometwork, trans-
mitters can sendout signalswith very high bandwidth.
We assumea specularre ection modelfor the wireless
ervironmentin which signalsaresimply delayed phase-
shifted, and attenuatedy the objectsthey encounterlf
the A/D corvertershave very high samplingrates,it is
possibleto estimatethe path-lengthsof the re ections
from the channelresponseWe focus on the high SNR
regime in which the channelresponsés known well and
so the multi-pathdistancemeasurementare assumedo
be corruptedby smalliid Gaussiamoises:

First we study the single transmittersingle recever
case.We shaw thatthis is impracticalsincethe normal-
ized Cramer-Raolower boundof the estimationproblem
is very large evenwith a motion model.Sensorpairsare
not enoughto track objects.

With more sensors,an object can be tracked. We
studythe densenetwork asymptoticof the CRLB while
eachtransmitter/receier pair maintainsthe sameSNR.

1As such,we arealsoimplicitly assuminghatwe canseparatéhe
channefresponsénto a?foregroundelatingto the objectsof interest
and a @backgroundthatis coming from aspectf the ervironment
that are not changingor uninterestingfor otherreasons.



With uniformly distributed sensomodes the asymptotic
CRLB is inversely proportionalto the total number of
measurementsvailable. With N transmittersand M
recevers, this correspondsto O(ﬁ) for centralized
processingkor processingloneonly ata singlerecever,
the CRLB behaeslike O(Ni). In additionto the lower
bounds,we give an orderoptimal semi-linearalgorithm
thatoperatedy nonlinearlytransformingthe problemof
position-estimationnto a linear least-squareproblem.
Finally, we explore the caseof multiple objects.The
challengeis to sort the multi-paths betweendifferent
sensorpairsinto setscorrespondingdo a single physical
object. We proposea two step heuristic centralized
algorithm. The rst step is inspired by the Hough
Transform[] and it coarselyestimatesobject positions
and associatesmulti-path measurementsvith objects.
The semi-linearalgorithmthenre nes the position esti-
matesusingthe associateaneasurements.

Il. SINGLE OBJECT TRACKING

A. SingleTransmitterSingle ReceiveNetwork

With only a single multi-path length d (the distance
from Tx to the objectplusthe distancefrom the objectto
the Rx) available,it is impossibleto estimatethe position
of theobject.Suppos@nly Tx 3 wasavailablein Fig.2.d
simply speci esan ellipse d>(p; Tx3) + do(p; RX) = d,
where d; is the Euclideandistance.In bi-static radar
this ellipsoidal ambiguity is resolhed by using Doppler
or angle of arrival information.[] Suchinformation is
not likely to be availablein a sensometwork scenario.

It is possibleto estimatethe position of the ob-
ject up to the natural 4-fold symmetryif we have a
very good motion model. We parameterizethe mo-
tion as (Xo;Yo;XNn;Yn) and assumeconstant veloc-
ity betweenthe two endpoints.In [6], we gave an
algorithm which can consistently estimate the mo-
tion in principle. However, this problem is practi-
cally unsohable since the CRLB is huge. Fig.1 il-
lustratesthis for motion toward the origin and shavs
N max(V (Xo); V(Yo); V(Xn);V(yn)) on alogarithmic
scale. To achieve decent performancewould require
taking prohibitively mary measurementsl .

B. Large SensorNetworks

Fig.2illustratesthe situationin a large sensometwork
from the perspectie of a single recever. If we can
simultaneouslyneasurall the multi-pathdistancesthen
ellipse lacerationcan give us the object’s position.

Fig. 1. Normalized CRLB bound
109;0 (N max(V (xo); V (Yo); V(Yn); V(yn))) when
(xoiYoixniyn) = (6yix(L P==)iy(l P==5))

TX, Rx areat (-1,0) and (1,0) respectrely

Fig. 2. Multiple sensorsanda singleobject.Ellipse lacerationgives
position.

1) Cramér-Rao Bound: Consider a sensor net-
work with N transmitters with known positions
(Xi;yi);1 = 1;::N and M recevers with knowvn po-
sitions (x;;¥});j = 1;::M. Let (x;y) denotethe un-
known position of the object. The obseration vector
1= (lig;lag;:zlysisInm ), consistsof the multi-
path measurementsAssumethe obsenations are cor
ruptedby iid Gaussiamgjses N (0; 2) , thenlj =

(x xi)2+(y wi)2+ (x x)Z+(y ¥)3+".
From this, we canderive the FisherInformation Matrix
J, o correspondingto estimating(x;y). The Cranmér
Rao lower boundsare V(x) = J;1V(y) = J,. In
our model,J is arandommatrix wherethe randomness
comesfrom the randomplacemenbf the sensors.




We are interestedin the asymptoticbehaior of the
CRLB as the sensornetwork gets dense.In [6], we
showved that the CRLB corvergesin probability In this
short paper we simply statethe resultsfor six different
scenarios.The rst three (a) correspondto centralized
processingwith the sensornodesuniformly distributed
insidea circle of radiusr. The lastthree(b) correspond
to decentralizedporocessingat a single recever. These
resultscapturethe geometryof the problem.

a.1l Objectat the origin:

i Ilm 1 (VX)+V(Y))NM = 2 “ in probability

We write the above equation in shorthand as

V(X)+ V() 2ol
a.2 Distantobjectawayfrom thesensorsta distanceof

L;L >> r. This gives|V(x) + V(Y)  xu 2% |

The CRLB goesto in nity asthe objectgetsdistant.
a.3 Samesetupas(a.2) but in polar coordinatey ; ),

where (x;y) = (cos( ); sin ()). This gives
VO) V) B |
b.1 Object within sensor eld with transmitters
angularly uniformly distributed around (x;y):

V) + V() &L
b.2 Distantobjectlike in (a.2) exceptwith processing
atasinglereceieryields:| V (x) + V(y) g 2% |.
b.3 Samesamesetupas (b.2), exceptin polar coordi-
natesiV( ) V() 25|
The non-asymptoticbehaior can be seenthrough
simulations of the CRLB placing the recever at the
origin andthe transmittersat regular spacingn the unit
circle. We plot the normalizedCRLB N (V (x) + V(y)
that correspondgo scalingdown the transmitpower so
thatthetotal receved SNRis constantAs canbe seerby
comparingrig.3andFig.4,the CRLB is indeedinversely
proportionalto the total numberof the measurements.
2) A semi-linear algorithm: To complement the
CRLB, we give a semi-linear object tracking algo-
rithm illustratedin Fig.5. Considera single transmitter
becei/er pair: Ty = (a;b);Rx = (uj;v;). Write | =
(x a&)2+ (y b)? the diBtancefrom the objectto
the i-th transmitterandl,j = = (x  uj)?2+ (y vj)?
the distancefrom the objectto the j -th recever. If the
multi-path distanceis dj , it satis es:

dij=
q
"X @ty bt (x w2ty v)?
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Fig. 3. NormalizedCramé&-Raobound,N = 6
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Fig. 4. NormalizedCramé&-Raobound,N = 30

which implies:

p
(U a)x+ (v by dj (x
ur+veoa? B df

-

J

2
(U a)x+ (v b))y djli=
uZ+ vz a2 B df
2
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Fig. 5. Flowchartof the semi-linearalgorithm
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Similarly, we have :

(@ u)dx+( vy djlj=
al+lf ur v o
5 (3)

We have 2N M linearequationf N + M + 2 unknavns
2= (XY leg; los il o e ilem ) T AssumeN + M
4 andwrite themas:

(4)

=9
where the 2((i  1)M Jg 12 , 1 en;[ry of the 2N M
yoag andthe 2((i

dimensionalectorg is '—d’

a?+p u? v? d? .
1M + j) entryis %. The A matrix is
similarly de ned by (2) and(3). The least-squarez is:

z= (ATA) 'ATg (5)

In [6], we proved that the estimation variance of
the above algorithm is orderoptimal when the sensors
are all both transmittersand recevers. The estimation
variancesfor x andy in that caseare 28, where
N is the numberof sensorsln Fig.6, we shav some
simulation results of the semi-linearalgorithm in the
decentralizeccasewhen it is usedby a single recever
with 30 transmittersin Fig.7, we plot the squarederror
andthe CRLB together— this illustrateshow the semi-

linear algorithm achiezesthe sameO(1=N).
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Fig. 6. SquarecError (8 x)2+ (¢ y)2forN = 30, 2= 10 *.
50 Monte-Carlotrials per point were usedto simulate.

[1l. MULTIPLE OBJECTSIN A SENSOR NETWORK

In a sensometwork with N transmittersM recevers
andL objects,eachtransmittesrecever pair hasL paths
thatit seeslIn orderto estimatethe positionsof the ob-

o35 10 15 20 25 30 3F 40 45 &0
Mumber of Transmitters

Fig. 7. Blue curve on top: SquarecError (&  x)2+ (¢ y)?
Decentralizedsemi-linearalgorithm.5000trials per point.

Red curve on bottom: CRLB V(x) + V(y) for (x;y) =
(0:5;0:5), 2=10 4

associationgmaking exhaustve searchimpractical. We
proposethe following heuristic centralized algorithm
which is inspiredby the Hough Transform[7.

First, we discretizethe region of interestandthenuse
the measuredlistancesto assignscoresto grid points.
The scorefunction for point (x; y) is de ned as:

De nition 1 (Scoe function S(x; y) of (X,y)):

X
S(x;y) = max(l Sij }(<X Y. :0) (6)

i
where K is a tynable parameter and
FiOcy) = min( (x a)*+(y b)> +
(x a)2+(y B)Z dk(i;j))? for all transmitter

recever pairs (i;j) and all multipaths k measured
betweeni andj. The minimizing k for each(i;j) is
associatedo the point (x; y).

After assigninga scoreto eachgrid point, we search
for pointswith high scoresFinally we canusethelinear
algorithm for single objectto estimatethe positionsof
the objectsusing the associatedlistancemeasurements.
A simulationis illustratedin Fig.8 and Fig.9.

IV. CONCLUSIONS AND FUTURE WORK

In this paper we studiedobject tracking in a sensor
network. We argued that a single transmitter single
recever network cannot accuratelyestimatethe position
of an objectsincethe CranerRao lower boundis very
big even with a severe constrainton the motion. If the
objectmovesin a smoothway, thenit is impossibleto
track its motion in a single transmittey single recever

jects,we needto rst associateeachmulti-pathdistance network becausdwo differentsmoothmotionscanyield

measurewith an object. Thereare (L)NM 1 different

the samemulti-path measurements.[6]



Fig. 8. 5 objectsarelocatedat black boxes, red and blue dots are
transmitterand receversrespectiely

Fig. 9. ScoresS(x;y) on (x;y)

For a densesensometwork, we computedthe CRLB
in differentscenario@ndanalyzedhe asymptoticheha-
ior of the CRLB asthenumberof sensorgoesto in nity .
It turnsoutthatthe estimationaccuray is proportionalto
thetotal numberof measuremenyvailable. Theinterest-
ing result hereis that the quality of the bounddepends
on the coordinatesthat we use. For objectswithin the
sensoreld, it makessensdo useEuclideancoordinates.
For distantobjects,polar coordinategive a bettersense
of the asymptoticperformanceln additionto the lower
bounds,we gave a semi-linearalgorithmwhich is order
optimal and can work in both the decentralizedand
centralizedestimationscenarios Finally, we examined
the case of multiple objectsin the sensor eld and
presentedh heuristicalgorithmfor that casethat works
well in simulations.

In our paper we always assumehat the object sizes
are small and so we consideredthem as points on

the plane.In practice,objectsare not nggligibly small,

especiallyin the context of a densesensometwork. How

to take the sizesof the objectsinto accountneedsto be

studied.In anindoor ervironment,the structuralobjects
(walls, oors, ceilings, etc.) also presenta challenge.
Thesecould be on the samescaleas the entire sensor
network. In the samevein, the specularre ection based
model hereis a bit dubious.Experimentalwork needs
to be doneto seehow well it ts. Even so, we believe

thatthe basiclessonof the paperis sound— thatdense
UWB-basednetworks can combine multipath informa-

tion from different pairs of transmittersandreceversto

do estimationof the ervironment.

We also restrictedattentionto the high SNR regime
where the multi-path distancemeasurementare accu-
rate.In thelow SNR regime, the pathlengthscannotbe
extractedfrom a single channelestimate We conjecture
that the estimationaccurag will dependprimarily on
the total signal enegy available. It may be possible
to work directly with score functions in the style of
Fig.9andcalculatescoredhasedlirectly on the multipath
responsesatherthanthe extracteddistances.

In a densewireless network, the pairwise channels
arenotindependentWith accurateobjectpositioninfor-
mation, we might estimatemotion and therebyjointly
predict the communicationchannelsmuch better than
is possibleusing only a single channelresponseThis
brings up interestingtheoreticalquestionsregarding the
natureof coherencdime in UWB networks and raises
the possibility of a deeperrelationshipbetweencapacity
andtracking accurag.
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