Composition Operators in Language Equations

Nina Yevtushenko Tiziano Villa T

Robert K. Brayton® Alan Mishchenko*

Alberto L. Sangiovanni-Vincentellif+*

IDept. of EECS
Tomsk State University

SDIEGM
Univ. of Udine
Tomsk, 634050, Russia 33100 Udine, Italy

TPARADES
Viadi S.Pantaleo, 66
00186 Roma, Italy

'Dept. of EECS
Univ. of Cdifornia
Berkeley, CA 94720

April 28, 2004

Abstract

The paper addresses the problem of solving equations
over languages, that model the problem of synthesizing an
unknown component, both in hardware and software sys-
tems. We investigate what algebraic properties must be
satisfied by a composition operator so that the related lan-
guage equation yields a general solution of the same form,
and show sufficient conditions to derive such a largest so-
lution from which the solutions of synchronous and par-
allel equations follow as special cases.

The second contribution is a transformation to study
how different composition operators relate to each other,
as instantiations of generic templates of abstract language
substitution operators, which yield synchronous and par-
allel composition as special cases.

1 Introduction

The paper addresses the problem of solving equations
over languages, that model the problem of synthesizing
an unknown component, both in hardware and software
systems. In [7, 8] we solved the problem for equations de-
fined with respect to synchronous composition (modeling
hardware ) and parallel composition (modeling software
interleaving). and described the most general solution of
those equations in a closed form involving complementa-
tion and composition. Here we investigate what algebraic
properties must be satisfied by a composition operator so
that the related language equation yields a general solu-
tion of the same form, and show sufficient conditions to
derive such a largest solution from which the solutions
of synchronous and parallel equations follow as special

cases.

The second contribution is a transformation to study
how different composition operators relate to each other,
by showing that they can be obtained by instantiating
generic templates of abstract language substitution opera-
tors, from which we derive synchronous and parallel com-
position as special cases.

Basic definitions about languages and operators are
provided in Sec. 2. Equations over languages are dis-
cussed in Sec. 3, where we highlight the sufficient con-
ditions on composition operators that allow to write the
solution in a given closed form. The relations between
composition operators are discussed in Sec. 4.

2 Languagesand Operators

2.1 Background

Definition 2.1 An alphabet is a finite set of symbols. The
set of all finite strings over a fixed alphabet X is denoted
by X*. X™* includes the empty string e. A subset L C X*
is called a language over alphabet X.

Some standard operations on languages are:

1. Given languages L; and L, respectively over alpha-
bets X and X5, the language L U L over alphabet
X1 U X5 is the union of languages L1 and L.

2. Given languages L, and Lo, respectively over alpha-
bets X; and X5, the language L1Ls = {af | a €
Ly, 3 € Lo} over alphabet X; U X is the concate-
nation of languages L; and L,. Define L° = {¢},
L = LL*~!'. The Kleene closure of L is the set



L* = U2, L* and the positive Kleene closure of L
is LT =uxe, L.

3. Given languages L, and Lo, respectively over alpha-
bets X and X5, the language L, N L, over alphabet
X7 N Xs is the intersection of languages L, and Lo.
|fX1 NXy = @thenLl N Ly = 0.

4. Given a language L over alphabet X, the language
L = X*\ L over alphabet X is the complement of
language L. Similarly, given languages L, and Lo,
respectively over alphabets X and X5, the language
L\ Ly = LiNL, overalphabet X/ is the difference
of languages L; and L.

5. Given a language L over alphabet X, the language
of all prefixes of words in L is Init(L) = {x € X™ |
Jy e X* xy € L}.

It is useful to recall the notions of substitution and ho-
momorphism of languages [3]. A substitution f is a map-
ping of an alphabet X onto subsets of A* for some alpha-
bet A. The substitution f is extended to strings by setting
f(e) ={e} and f(za) = f(z)f(a). An homomorphism
h is a substitution such that i (a) is a single string for each
symbol « in the alphabet . We introduce some useful
operations on languages.

1. Given a language L over alphabet X x V, consider
the homomorphismp : X x V' — V defined as

p((z,v)) =,

then the language

Ly ={p(a) | e L}

over alphabet V' is the projection of language L to
alphabet V', or V-projection of L. By definition of
substitution p(e) = e.

2. Given a language L over alphabet X and an alphabet
V, consider the substitution / : X — X x V defined
as

l(z) ={(z,v) |veV}

then the language
Liv ={l(e) |a € L}

over alphabet X x V is the lifting of language L
to alphabet V, or V-lifting of L. By definition of
substitution [(e) = {e}.

3. Given a language L over alphabet X U V/, consider
the homomorphismr : X UV — V defined as

[y ifyeV
T(y)_{e ifye X\V

then the language
Lyy ={r(a)|a € L}

over alphabet V' is the restriction of language L to
alphabet V', or V-restriction of L, i.e., words in Ly
are obtained from those in L by deleting all the sym-
bols in X that are not symbols in V. By definition of
substitution r(e) = e.

4. Given alanguage L over alphabet X and an alphabet
V disjoint from X, consider the mappinge : X —
X UV defined as

e(r) ={azxfB | o, € V*},
then the language
Lyv = {e() |a € L}

over alphabet X U V is the expansion of language
L to alphabet V', or V-expansion of L, i.e., words in
L,y are obtained from those in L by inserting any-
where in them words from V*. Notice that e is not a
substitution and that e(e) = {a | « € V*}.

By definition 0 v = 0, 01y = 0, Oyv = 0, 0y = 0.

2.2 Algebraic Properties of Operators

The following straightforward facts hold between the pro-
jection and lifting operators, and between the restriction
and expansion operators. In the following, unless other-
wise stated, the union is taken over non-disjoint alphabets.

Proposition 2.1 The following relations hold.

(a) Given alphabets X and Y, and a language L over al-
phabetX, then (LTY)lX = L.

(b) Given alphabets X and Y, and a language L over al-
phabetX x Y, then (LlX)TY D L.

(c) Given alphabets X and Y (X, Y disjoint), and a lan-
guage L over alphabet X, then (Lyy )yx = L.

(d) Given alphabets X and Y (X, Y disjoint), and a lan-
guage L over alphabet X UY', then (Lyx)py 2 L.

Proposition 2.2 The following distributive laws for T and
| hold.

(a) Let Ly, Lo be languages over alphabet U. Then 7
commutes with U

(Ll ULQ)T] =14 11 U Ly 11

(b) Let Ly, Lo be languages over alphabet U. Then 7
commutes with N

(L1 N La)tr = L1 11N Ly 1.

(c) Let My, M5 be languages over alphabet I x U. Then
| commutes with U

(M1 U MQ)lU = M, U U Ms |U-



(d) Let My, M5 be languages over alphabet I x U. If
My = (Mg lU)TI (or M, = (M1 lU)TI) thenlcommutes
with N

(M1 N M?)lU =M wn Mo \uU-

Proof. (Ll n LQ)T[ =14 17N Lo 11-

(=) If the string (i1, u1)...(ig,ux) € (L1 N La)yr,
then wy...ux € Ly N Lo, thus wy...ux € Ly,
up...up € Lo, and so (i,u1)...(ig,ur) €
Ly 115 (il,ul)...(ik,uk) S Lo 115 Implylng
(il,ul) R (ik,uk) ey 17N Ly 11

(<) If the string (é1,u1) . .. (i, ux) € L1 17 N La 11,
then (il,ul) - (zk,uk) € Liq1, (il,ul) - (zk,uk) S
Lo 115 thus Up...ur € L1, uy...up € Lo, Implylng
ui...ur € L1 N Ly, and so (il,ul) R (zk,uk) € (Ll N
LQ)T].

Similarly one proves the first and third identity involv-
ing U.

(MiN M)y =M jynNMs .

(=) If the string w; ... ux € (M1 N Ms),y then there
exists 41 ... i such that (i1, u1) ... (ig, ux) € M1 N Mo,
ie., (i1,u1) ... (ig,ug) € My, (i1,u1) ... (ig, ug) € My,
andsowu;...u € My jpanduy ... u, € Ms |y.

(<) If the string wi...ux € My v N My, ie,
up...up € My and uy...ur € My, then there
exists i ... 1k such that (iy,uq) ... (ig, ug) € My. More-
over, since My = (Ms )17, from uy ... u, € Ma |p
it follows that (i1,u1) ... (ig,ux) € My. In summary,
(il,ul) - (zk,uk) c M, and (il,ul) - (zk,uk) c Mo,
implying (i1, u1) ... (ig,ux) € M; N My, from which
follows uq ... uy € (M1 N M2)1U- a

Example 2.1 We show that the last identity (M; N
Ms) v = My v N M,y does not hold without an ad-
ditional hypothesis. Consider I = {a,b}, U = {u},
M, = {au}, My = {bu}, then (M, ﬁMg)lU = @lU =0
and M7y N Mz v = {u} N {u} = {u}. Notice that au
and bu are words of length 1 on the alphabet I x U.

Proposition 2.3 The following distributive laws for
and | hold.

(a) Let Ly, Lo be languages over alphabet U. Then 1
commutes with U

(Ll U Lg)ﬂ] =14 A Lo -

(b) Let Ly, Lo be languages over alphabet U. Then 1
commutes with N

(Ll n Lg)ﬂ] =14 yak Lo -

(c) Let M;, M, be languages over alphabet 7 U U. Then
|l commutes with U

(Ml UMQ)UU =M, w U Mo LU-

(d) Let M;, M- be languages over alphabet 7 U U. If
Mg = (M2 UU)TTI (or M1 = (M1 UU)TTI) then l} com-
mutes with N

(Ml n MQ)UU =M pu N M> Y-

Proof. (Ll N Lg)ﬂ[ =14 41 N Lo 04

(=) If the string cyuq . .. apugarsr € (L1 N La)qr
and ag,...,ap, a1 € I*, then uy...ux € L1 N
Lo; thus wy...ur, € L1, ui...ux € Lo, and so
Uy .. pUEO 1 € Lygr, o .. apUupQpypr €
Lo e Implylng Uy ... QU1 € Ly yak Lo -

(<) If the string aqui...opukoarer € Ligr N
Loy, then it holds that ayuy ... agugars: € L Ny
and aqug ... ogugagyr € Logr; thus wy .. up € Ly,
uy...ux € Lo, implying that uy ...ux € Ly N Lo, and
SO Uy ... OpUEOE41 € (Ll n Lg)ﬂ].

Similarly one proves the first and third identity involv-
ing U.

(My N Ma)yy = My yu N Ms .

(=) If the string wy...ux €
then there are ai,...ap, Qpyl € I* such
that aqug ... apukQgy: S M; N My, e,
QU] .. QpUEQE+1 € My, aqug ... apupoagrr € Mo,
andsoui ... ux € My gy anduy ... ux € Mo yp.

(<) If the string uy...up € Myyv N My,
ie., Up... U € MlUU and up...uy € MQUU,
then there exists «j...arary; € I* such that
QU] ... QRUROK+1 € M. Moreover, since
My, = (Mg UU)TTL from wy...up € My WU it fol-
lows that ciug...aruragrr € Ma.  In summary,
o1ug ... apugaprr € My oand aqug .. opugagr €
My, implying aqu; ... apurarr1 € My N My, from
which follows u; ... ux € (M1 N My)yy. O

(M1 M M2)l}U

Example 2.2 We show that the last identity (M; N
Ms)yv = My yu N My yp does not hold without an
additional hypothesis. Consider I = {a,b}, U = {u},
M1 = {au}, M2 = {bu},then (MlﬂMz)l}U = @UU = @
and M, yy N My yuv = {u}n{u} = {u}. Notice that au
and bu are words of length 2 on the alphabet 7 U U.

Regular languages, corresponding to finite automata,
play a special role in hardware and software synthesis.
Regular languages are closed under union, concatena-
tion, complementation and intersection. Also regular lan-
guages are closed under projection, lifting and restriction,
because they are closed under substitution [3]. Regular
languages are closed under expansion, because there is an
algorithm that, given the finite automaton of a language,
returns the finite automaton of the expanded language.

2.3 Composition of Languages

Consider two systems A and B with associated languages
L(A) and L(B). The systems communicate with each



other by a channel U and with the environment by chan-
nels 7 and O. We introduce two composition operators
that describe the external behaviour of the composition of
L(A)and L(B).

Definition 2.2 Given the disjoint alphabets I, U, O, lan-
guage L; over I x U and language Ly over U x O, the
synchronous composition of languages L, and Lo is the
language * [(L1)10 N (L2)11] 10, denoted by L; o Lo,
defined over I x O.

Definition 2.3 Given the disjoint alphabets I, U, O, lan-
guage L, over [ U U and language L, over U U O, the
parallel composition of languages L1 and L is the lan-
guage [(L1)40N(L2)p1]yruo, denoted by Lo Lo, defined
over I UO.

By definition of the operations v, 1v, yv, 4v, vy it
followsthat)e L =Le () =0, 0o L =Lo( = 0.

Variants of synchronous composition are introduced
in [2] as product, x (with the comment sometimes called
completely synchronous composition), and in [4] as syn-
chronous parallel composition, ®. Variants of parallel
composition are introduced in [2] as parallel composition,
|| (with the comment often called synchronous composi-
tion), and in [4] as interleaving parallel composition, ||;
the same operator was called asynchronous composition
in [6]. These definitions were usually introduced for reg-
ular languages; actually they were more commonly given
for finite automata.

It has also been noticed by Kurshan [4] and Arnold [1]
that asynchronous systems can also be modeled with the
synchronous interpretation, using null transitions to keep
a transition system in the same state for an arbitrary pe-
riod of time. Kurshan [4] observes that: “While syn-
chronous product often is thought to be a simple -even
uninteresting!- type of coordination, it can be shown that,
through use of nondeterminism, this conceptually sim-
ple coordination serves to model the most general ‘asyn-
chronous’ coordination, i.e., where processes progress at
arbitrary rates relative to one another. In fact the ‘inter-
leaving’ model, the most common model for asynchrony
in the software community, can be viewed as a special
case of this synchronous product.” A discussion can be
found in [5].

3 Equationsover Languages

3.1 Language Equations under Abstract
Composition

In this section we introduce symbols to represent opera-
tors defined over alphabets and languages, namely:

lUsethesameorder I xU x O inthelanguages (L1) 1o and (L2) 7.

e let o denote an operator between alphabets, e.g., o
could be x or U;

e let © denote a composition operator between lan-
guages, defined as

L1 ® Ly =[(L1)To N (L2)T1] 1100

where T and L denote a language substitution op-
erator, e.g., T could be 7, L could be |, and so ®
would denote the synchronous composition operator
e and o would denote x (or T could be 1}, L could
be |}, and so ® would denote the parallel composi-
tion operator ¢ and o would denote U).

Given the disjoint alphabets 7, U, O, a language A over
alphabet I o U and a language C' over alphabet I o O,
consider the language equation

Ao X CC. Q)
We address the question of providing a closed-form so-
lution of such language equation with respect to an ab-
stract composition operator ® under the less restrictive
algebraic conditions.

Definition 3.1 Given alphabets I,U, O, a language A
over alphabet 7 oU and a language C' over alphabet 70O,
language B over alphabet U o O is called a solution of
the equation A® X C C'iff A® B C C. Asolution is
called the largest solution if it contains any other solu-
tion. B = () is the trivial solution.

The following theorem states requirements on the sub-
stitution operators T and _L that allow writing the largest

solution in the closed-form S = A C.

Theorem 3.1 If the substitution operators T and L are
such that

H1: Given alphabets X,Y and language L over X,
(Lty)ix =L

H2: Givenalphabets X,Y and languages L, Lo over
YoX,if L= (Lle)Ty orLo = (Lglx)‘ry then
(LiNLa)ix =LiixNLaix

then the largest solution of the equation A ©® X C C'is
the language S = A © C.

Proof. Consider a string o € (U o O)*, then « is in the
largest solutionof A® X C C iff A® {«a} C C and the



following chain of equivalences follows:

Ao{a} CC

(Ao n{a}rr)ircoNC =10

by Hyp. H1: C = (Cty) 1100

(Aton{a}tr)ireo N(Ctu)ire0 =0 <
by Hyp. H2 : Nand 1L commute

t ¢

(Aton{altiNCry)irco=0 <
A-roﬂ{a}-n ﬁaTU =0 <
(Aton{alriNCrv)iveco =0 &

by Hyp. H2 : Nand L commute
({a}r1)1veco N(ATo NCru)iveo =0 =
by Hyp. H1: ({a}v1)veo = {a}
{a}N(AroNCru)Lveo =10
a ¢ (Ao NCru)Lueo
a € (AtoNCry)Lveo
acAoC

t ¢

(3

Therefore the largest solution of the language equation
A ® X C Cisgiven by the language

S=A6C. 2

a

It is an open question whether the previous sufficient con-
ditions are the less restrictive ones and so also necessary.

3.2 Language Equations under Syn-
chronous and Parallel Composition

We can deduce as corollaries of Th. 3.1 the solutions of
synchronous equation Ae X C C and of parallel equation
Ao X CC.

Given the disjoint alphabets I, U, O, a language A over
alphabet I x U and a language C' over alphabet I x O,
consider the language equation

Ae X CC. ?3)
Definition 3.2 Given alphabets I,U, O, a language A
over alphabet 7 x U and a language C over alphabet
I x O, language B over alphabet U x O is called a so-
lution of the equation Ae X C Ciff Ae B C C. A
solution is called the largest solution if it contains any
other solution. B = () is the trivial solution.

Corollary 3.1 The largest solution of the equation A e

X C Cisthelanguage S = Ae C.

Proof. The proof follows from Th. 3.1, noticing that Hyp.
H1 holds due to Prop. 2.1(a) and Hyp. H2 holds due
to Prop. 2.2(d). The hypothesis under which the latter

proposition holds is verified (in the first instance because
((Ctv)1rxo)tv = Crp and in the second instance be-

cause {a}r = (({a}r1) 1uxo)t1)-

For ease of reading we repeat the steps of the proof spe-
cialized to synchronous composition.

Consider astring o € (U x O)*, then «v is in the largest
solutionof Ae X C C' iff Ae {a} C C and the following
chain of equivalences follows:

Ae{a}CC <
(Ajon{atiNxoNC=0 &

by Prop.2.1(a) C = (Civ)irx0
(Ato N {a}in)1ixo N (Crv)irxo =0 <

by Prop. 2.2(d) since ((C1v)1rxo0)1v = Cru

(Ao n{a}irNCiu)irxo =0 &
AToﬂ{Oé}T[ﬁUTUZQ] &
(Ao N{atirNCro)uxo =0 ©

by Prop. 2.2(d) since {a}1r = (({a}t11)uxo)t1
({a}i)vxo N(Ajo NCru)uxo =0 &
by Prop. 2.1(a) ({a}ir)uxo = {a}
{a} N (A0 NCru)uxo =0
aé (Ao NChu)uxo
a€ (AoNCru)uxo &

a€Ae(C

r e

Given pairwise disjoint alphabets I, U, O, a language A
over alphabet 7UU and a language C over alphabet 7UO,
consider the language equation

Ao X CC. 4
Definition 3.3 Given pairwise disjoint alphabets I, U, O,
a language A over alphabet 7 U U and a language C' over
alphabet 7UO, language B over alphabet U U O is called
a solution of the equation Ao X C Ciff Ao B C C.
The largest solution is a solution that contains any other
solution. B = () is the trivial solution.

Corollary 3.2 The largest solution of the equation A ¢
X C Cisthelanguage S = A< C.

Proof. The proof follows from Th. 3.1, noticing that
Hyp. H1 holds due to Prop. 2.1(c) and Hyp. H2 holds
due to Prop. 2.3(d). The hypothesis under which the latter
proposition holds is verified (in the first instance because
((Cyv)yrvo)pr = Cyu and in the second instance
because {a} 4 = (({a}qr)yvuo)n)- O



4 Relation between Composition
Operators

This section introduces a transformation that sheds light
on how different composition operators relate to each
other, by showing that they can be obtained by instanti-
ating generic templates of T and L language substitution
operators. In particular we show how synchronous and
parallel composition are obtained by specializing the T
and _L operators.

We suppose to introduce a new alphabet symbol p
(“silent” symbol) that is different from any existing alpha-
bet symbol, and we add y to every alphabet under consid-
eration.

Given the languages L 4 over alphabet 7 U U and Lp
over alphabet U U O, consider the following transforma-
tion that yields the languages L 4 and Lz over alphabet
IxUxO.

For each string in L 4 orin Lp:

1. replace each symbol 7 by the triple 7., each symbol
u by pup and each symbol o by ppo;

2. insert the regular expression (uuu)* after each word
prefix.

Example 4.1 The string ijusuiis € L4 is transformed
into the set of strings

(pepee) "y pupa (o) * pruoppegee)* o () “iopope ()
S .Z/A.

Similarly, given the languages L 4 over alphabet I x
U and Lp over alphabet U x O, consider the following
transformation that yields the languages L 4 and L  over
alphabet I x U x O.

For each string in L 4 orin Lp:

1. replace each pair iu by the triple sup and each pair
uo by the triple puo;

2. insert the regular expression (uuu)* after each word
prefix.

The previous transformations can be generalized to lan-
guages over alphabets obtained by a composition of U and
x operators (where U models the interleaving of channels
and x models the synchronization of channels). By delet-
ing the occurrences of the silent symbol p one goes back
fromLsand Lpto L4 and L.

This transformation can be used to solve parallel equa-
tions by means of a solver for synchronous equations.

Given the transformed languages L 4 and L , each de-
fined over alphabet I x U x O, introduce now the language
substitution operators T7 : I x U x O — 2/*U*0 and
TO : I xUxO — 2/*Ux0 and the language homo-
morphism operator LIO : I xU x O — I x U x O.

Definition4.1 L4 ® Lp is the language obtained by
deleting all silent symbols 1 from the language

(sz ToNLp TI)L1I0-

By choosing specific instances of the T and _ operators
one gets the well-known synchronous and parallel compo-
sition operators (and many more, according to what chan-
nels are synchronized and which ones are interleaved).

Synchronous composition, e, is obtained by the follow-
ing choices

TO For 1o to realize 1o, each triple juy is re-
placed by the set {iuo | o € O} and the triple
wis is replaced by the set {upp};

T1I For +  to realize 4, each triple puo is replaced
by the set {iuo | ¢ € I} and the triple ppp is
replaced by the set {ppup};

LIO For | jo to realize 140, each triple juo is
replaced by the triple iuo, whereas the triple
e stays the same.

Parallel composition, ¢, is obtained by the following
choices

TO For 1 o to realize 40, the triples 4 and pup
stay the same, whereas the triple ppp is re-
placed by the set {upo | 0 € O};

TI For 1 to realize 4, the triples pup and ppo
stay the same, whereas the triple pup is re-
placed by the set {ipp | i € I};

LIO For | ro torealize 1o, the triples ipup, ppo
and pup stay the same, whereas the triple pup
is replaced by the triple ppu.

5 Conclusions

This paper reports work in progress on the semantics of
composition operators deployed in the definition and so-
lution of the unknown component problem. It states a set
of sufficient conditions to be satisfied by a composition
operator so that the related language equation admits a
given closed-form solution.

Moreover, it argues how different composition opera-
tors can be obtained as specific instances of abstract lan-
guage substitution operators, showing in particular the
derivation of synchronous and parallel composition.
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