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Abstract

We address the problem of developing optimization
methods for multi-valued (MV) multi-level networks
where the node functions are represented by Post ex-
pressions. Such networks are called Post networks.
Post expressions are multi-valued expressions based
on chain-based Post algebra. Another kind of expres-
sion used for general MV multi-level logic, called i-
set expressions, has been studied and a complete set
of multi-level optimization methods on their corre-
sponding networks has been developed. We examined
these optimization methods and successfully adapted
some, including two important semi-algebraic opti-
mization methods, to operate directly on Post net-
works. The difficulties encountered in adapting the
remaining methods are analyzed.

1 Introduction

Multi-valued (MV) logic is a generalization of classi-
cal binary logic. In MV logic, each variable can have
more than 2 values. An MV network can be seen as a
network of nodes each with a single multi-valued out-
put and an associated MV-function. There is an edge
connecting node i to node j if and only if the function
at j syntactically depends on the variable associated
with node . Logic synthesis on such general MV
logic networks can have many applications, includ-
ing logic synthesis for multi-valued hardware devices,
e.g., current-mode circuits, as an initial synthesis step
of a hardware description before it is encoded into
binary, as a method for optimizing software, and for
asynchronous synthesis.

There are different formats for the expressions rep-
resenting multi-valued output functions. These can
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lead to significant differences in the sizes of expres-
sions for the same logic function. One format is i-set
mode, used in some MV synthesis methods. A com-
plete set of operations on i-set expressions has been
developed [2], including semi-algebraic MV methods,
such as node extraction, decomposition, substitution,
don’t care-based optimization methods for node sim-
plification, and operations for network restructuring,
such as collapse, merge and pair-decode. These syn-
thesis methods are implemented in a program called
MVSIS [2].

However, other formats for representing the node
functions of MV networks are of interest, as well as
associated synthesis methods for them. Other for-
mats may provide simpler expressions for the same
logic and/or may have direct applications. Also, if
it is possible to convert between two representations,
then operations in one mode may lead to results that,
when translated back to the other mode, would not
have been produced directly.

We examime a format, based on chain-based Post
algebra, leading to Post expressions, for general
multi-valued logic. Compared to i-set expressions,
Post expressions have smaller size.

We first introduce the Post format and illustrate
the connection between Post expressions and i-set
expressions. Then the main algorithms for semi-
algebraic synthesis on Post expressions are given. We
also investigate the other synthesis methods on Post
networks and compare some results obtained by i-set
and Post operations.

2 Post expressions

A multi-valued function is a discrete function whose
input and output variables take two or more val-
ues. Formally, an n-variable multi-valued function
f(z1,...,x,) isamapping f: PyxPyx...xP, — M,
with the variable z; taking values from the sets
P = {071525"'api - 1}5pl > 1aZ € {1,2,...,11},



and the function f taking its value from the set
M={0,1,...,m—1},m > 1.

Chain-based Post algebra is based on a totally or-
dered set of elements, plus the operations maximum
(MAX), minimum (MIN) and literal. When used to
represent MV functions, the ordered set is the union
of the input domains of the variables and the output
domain of the function, i.e., M (U, P;). Mawi-
mum MAX(z;, z;) and minimum MIN(z;, z;),1,j €
{1,2,...,n}, are binary operators of type P; x P; —
M. The literal xlS is a unary operator of type
P; — {0,m — 1}, defined by

xfz{gl

where x; € P; is a MV variable and S C P, is a set.!

Similar to the binary logic case, we can define cube
and sum-of- products in Post mode format based on
MAX and MIN, where MIN takes the place of AND,
and MAX takes the place of OR.

ifzesS
otherwise

Definition 1 (Post cube) A Post cube is a product
of literals or MV variables of type av- X1-Xa-...- X,,,
where o € M is a constant, product ”-” is MIN, X;
s either a MV variable x; or some literal mzsl

Since we use MIN instead of AND to construct
Post cubes, we allow the use of MV variables. Such
Post expressions can be more compact compared with
expressions where only MV literals are used.

Definition 2 (>, =) Post cubes c¢1,ca have relation
c1 > ¢y if the value of ¢y is greater or equal to the
value of co under any input vector and there exists at
least one vector where the value of c1 is greater than
that of ca. Relation c¢1 = co holds if the value of ¢y is
equal to the value of co under any input vector.

Based on the definitions of > and =, we can define
<, > and <.

A sum-of-products in Post mode is a sum (MAX)
of Post cubes. Throughout the paper, we call such a
SOP a Post SOP or simply, Post expression.? Note
that an MV variable x (with m values) can be repre-
sented as the Post expression,

r=m-1)-2™ 4. . +1.-2+0.2°

where 0 - 2% can be omitted. For a binary variable
r=1-z'.

1The value m — 1 is used since it is the maximum value and
its use (instead of 1) is dictated because MIN is used in place
of AND in the SOP Post expressions.

2A Post sum of products should be called a maximum of
minimums or MOM.

The i-set format is such that the values of a MV
variable are unordered, i.e. we don’t say one value is
‘greater’ than another; all values have the same pri-
ority. For the i-set mode, an MV output function f
is represented by a set of m MV-input and binary-
output functions {f°, f1,..., fm~1}. To relate i-set
functions to Post functions, we convert the binary
function f? so that it evaluates to m — 1 (the maxi-
mum value associated with the Post expressions) iff
f evaluates toi. Thus f': Py x...x P, — {0,m—1}.

Given the ordering on the value set, Post ex-
pressions and i-set expressions are convertible. For
a MV function f which has i-set expressions f =

{fO, f1, ..., f™1}, a corresponding Post expression
can be f = Zgﬁl(z - g") where g¢' is a function
of type P X ... x P, — {0,m — 1} and satisfies

fiC gt C U;n:;l 7. In other words, ¢* can be ob-
tained by simplifying f? with U;n::,il f7 as don’t cares
[1].3 Such don’t cares are called priority don’t cares
and are a direct result of the ordering imposed on
the output values and the use of the MAX operator.
Thus the Post expression can be significantly smaller
than the set of i-set expressions for the same func-
tion.* The i-set expression can be recovered from
any one of its corresponding Post expressions by re-
moving minterms in ¢¢ which also are contained in
Z;n:;il ¢7.% However, note that a Post expression is
always deterministic since it only produces one value.
Consider the following MV (3-valued) function:

xg\xl | 0 1 2
0 0 0 1
1 2 2 2
2 0 0 1

The i-set expressions for this function is:

O = glon lon
o= e
fFo=

3The reason is that since g* is multiplied by i in the Post
SOP, and MAX is used for the sum, then if a minterm is in both
g* and g7 where i > j, its appearence in g7 will have no effect
on the evaluation of the Post expression for that minterm.

41t is important, when converting from an i-set expression
to a Post expression, to find a good ordering. One heuristic is
to assign the largest i-set to 0. Generally, we order the i-sets
from the largest (assigned 0) to the smallest (assigned p; —1).

5This discussion assumes that the i-set expression is de-
terministic. In general, i-set expressions can represent non-
deterministic relations by allowing the different i-set functions
to share minterms. This sharing may be the result of don’t
cares, SDC, ODC, or EXDC. Post expressions can also make
use of this non-determinism by allowing the don’t care sets to
be used in minimizing all of the {g*}.



The Post expression for the same function is:
f=2-234+1-2240

The 0 term in the Post expression is usually sup-
pressed.

As mentioned, a set of MV optimization methods
on i-set mode networks has been developed and since
Post expressions and i-set expressions are convert-
ible, we can convert Post expressions into i-set expres-
sions, do optimizations and then convert back, thus
performing optimization on Post networks. However,
direct optimization methods on Post networks are de-
sirable because in some applications Post expressions
are preferred. In addition, for most MV logic func-
tions, the Post expression is smaller than the cor-
responding i-set expression. Thus, generally, opti-
mization can be sped up since the time complexity of
optimization algorithms is typically proportional to
the size of the input logic®. Also, the optimization of
the Post network may result in a corresponding op-
timization in the i-set mode network that could not
be obtained directly.

3 Semi-algebraic methods

3.1 Factoring and decomposing

Past use of Post expressions has been restricted to
two-level logic [1]. Synthesis methods for multi-level
logic, such as decompose, need to be developed on
Post expressions to extend them to multi-level net-
works. Since factorization and decomposition are
closely related, we first introduce an algorithm, simi-
lar to the satisfiable matriz algorithm for i- set mode
[3], for factorization of Post expressions. Then the ap-
plication of this algorithm to decomposition is given.

Some definitions are necessary before introducing
this algorithm.

Definition 3 (supercube) The supercube of a set
of Post cubes C' = {cy,ca,...,c,}, denoted o(C) is
the cube that satisfies:

1. o(C) > ¢; for any ¢; € C;

2. 0 > o(C) for any Post cube o satisfying condi-
tion 1.

Definition 4 (Post satisfiable matrix) A matriz
Apmn 15 satisfiable if any entry c; j of A is a Post cube
and ¢; j = 0(Crin)-0(Cejm) where Crip represents the
set of cubes {c;1,...,cin} and Cejp, represents the set
of cubes {c1j,...,Cm;j}-

60ur experimental results support this speed-up.

Clearly, if a subset of cubes of a Post expression
can be arranged into a Post satisfiable matrix, they
create part of a factored form. We give an algorithm
to build up such matrices. For a Post SOP form
f=c1+ca+...+ ¢y, the Post satisfiable matrix is
built up column by column using branch and bound.
At each position A(4,j), only cubes that satisfy the
two conditions specified by Theorem 1 below are con-
sidered. The most important part of the algorithm is
the method for bounding.

Theorem 1 A matriz Ay, is satisfiable if and only
if each entry c; ; satisties the following two condi-
tions:

1. Ci,j = O'(Cm'j) . U(Ocji),-'

2. cig = 0(Crij) - 0(Ceri)s cr,j = 0(Crij) - 0(Ceji)
forany k < j,1 <.

Proof: By induction on the dimensions of A.

1.m = 1,n = 1. Condition 1 holds since
0(Crmm) = 0(Cenn) = Cm,n- No entry is speci-
fied by Condition 2.

2. Assume the theorem holds for A; ;, for [ <4,k <
jand I < i,k < j. Assume matrices A; ;1
and A;_; ; are satisfiable. Adding entry ¢; ; only
affects the supercubes of row ¢ and column j. So
we still have ¢, = 0(Chyj) - 0(Cers), for any
k < 3,1 < i. If conditions 1 and 2 hold then
this is true for £ < j, I < 4, so that matrix
A; j is satisfiable. On the other hand if A; ; is
satisfiable, by definition ¢;; = 0(Cyi5)0(Ceji), s0
conditions 1 and 2 hold by definition. QED

In adding a potential entry for A(4,j), Theorem 1
gives three conditions to be checked. Checking has a
linear time complexity to the size of Post satisfiable
matrix. If at any point, no unused or untested cubes
can be found for position 4,7, then the algorithm
backtracks to undo the choice for position A(i—1, j).

We have shown that the Post satisfiable matrix
method can be used on Post expressions for factor-
ization. Once we find a factored form for function
f=37"00(di) - 3251 (g5) + 7, f can be decomposed
as f = Z?Zl(qj-g)—l—r,g =>""(d;). The resulting f
and g are both Post expressions. So the Post matrix
method can be applied iteratively for decomposition.
Example 3.1 Consider the Post expression:

f o= 322wt 42203 ot 2.0 0yt

+2-.r-y1-wl—|—1-.r0-111+1-.7:{1’2}-'ul-yl

where x is a 4-valued variable, u, y, w and v are
all binary variables. Omne possible Post satisfiable



matrix can be the following 2 x 3 matrix where the
corresponding supercubes are listed in the row and
column headings.

3.x-ul 1. 210,121 T 2. wl
32103 [ 3.3 ol 1-29 .01 2. 2103} gl
2.z y! 2. z-ul -yl [ 1202 byl [ 202yl

f can be decomposed as:

f — S.x.ul.g+2.w1.g+l.x{0=1:2}.vl.g
g = 3.1-{013}+2.I.y1

Note that the variable g is represented by an MV (4-
valued) output function. In contrast, decomposition
on i-set expressions yields only binary output func-
tions and produce new intermediate variables which
are only binary. Thus decomposition on Post expres-
sions can provide results that cannot be produced by
direct application of the decomposition of i-set ex-
pressions. However, an intermediate MV expression
can be produced by combining two binary ones and
creating a new decode node with 4 values.

3.2 Exact division

In addition to factorization and decomposition, the
Post satisfiable matrix method can also be used for
inexact and exact division [3]. Even though exact di-
vision has more constraints, the Post satisfiable ma-
trix method is slower than on factorization using in-
exact division. This is because when looking for a
proper cube for matrix entry, we not only need to
check if conditions stated in Theorem 1 holds, but
also verify the supercube for each row equals to the
corresponding divisor cube. It is necessary to develop
faster methods for exact division because it is used
very frequently in fast extraction and resubstitution.
An algorithm similar to mazimum graph-matching
method used on i-set MV expressions is introduced
next for exact division in Post mode. Two lemmas
guarantee the correctness of this algorithm.

Lemma 1l If dy - ¢ = ¢; and dy - ¢ = c2, where
dy,da,q,c1,ca are Post cubes, then ¢ > o(cq,c2).

Proof: If there exists some ¢ that satisfies d; -
q = c1, then dy > ¢; and ¢ > c¢;. By the same
reason, we have g > cp. This fact with the definition
of supercube leads to ¢ > o(c1,¢2). QED

Lemma 2 Ifdy -q = ¢ and dy - ¢ = co can be
satisfied, then they must be able to be satisfied by
q=o(cy,co).

Proof: From Lemma 1, ¢ > o(cy,¢2). Sod; - q >
d; - o(c1,¢2), i = 1,2. Assume that o(cq,c2) cannot

satisfy d; -q = ¢;, then d;-o(c1,c2) > ¢;. Sod;-q > ¢
and it contradicts that ¢ satisfies d; - ¢ = ¢;,i = 1, 2.
QED

The exact division problem can be specified as:
given a two-cube divisor d = d; + d> and an MV
function f =c;+co+...+ ¢y, find a quotient ¢ with
the maximum number of cubes such that f = d-qg+r.

We illustrate the algorithm with an example where
f is the function specified in Example 3.1 and d =
32103} 4 2. 2.yl This algorithm includes 3 main
steps:

1. Find all candidate cubes for d; and ds. Any cube
cin f is a candidate cube for d; if ¢ < d;.

In the example, the candidate cubes for d; =
3.2103} are {3. 2% ut, 2. 2103l 12001},
and the candidate cubes for dy = 2 -z - y' are
{Z-x-ul-yl’ 1-1‘{172}.U1.y17 Q-x-yl-wl}.

2. Find all compatible pairs among the candidate
cubes. Two cubes ci; and cy; are said to be
compatible if there exists a Post cube ¢, such
that ci; = dy - ¢ and cp, = dy - ¢ Compute
o(c1j, c2r) , denoted ¢, and check if ¢1; = dy - ¢/
and car = do - ¢’ hold. If so, c1j and cy are
compatible.

In the example, we have 3 compatible pairs: (3 -
23l 2z ul-yh), (22103} Sl 2.2yt ),
(1-20-0, 1-2{02F .1yl

3. Make a bipartite graph: each candidate cube is
a vertex; there is an edge from c1; and ¢y, if and
only if they are compatible. Solve the maximum
graph-matching problem.

The bipartite graph in the example contains 3
edges and all of them are in the solution.

This problem has a complexity of O(n?) where n
is the number of vertices in the graph. ¢ can be
constructed from the solution of the graph-matching
problem. Suppose the edge between vertices c1; and
€2 is in the solution, then ¢; = o(cy;, ¢a;) is one cube
in q. For our example, o(3 - 2% - ut,2-x-ul - y!) =
3-z-ut, o2- 208 Ll 2 2yt o wt) = 2wl
o(1-20- vt 12102yl gty = 1. 21012yl 50 we
get =3 -z -ut +2-wl 4+ 1210012} 41,

One criticism about this method is that ¢; may
have other forms, and the one we get tends to have
as few values for each literal as possible. It is unclear
which form would work best.

In summary, we developed algorithms for factor-
ization, decomposition and division on Post expres-
sions. These are key algorithms for algebraic opti-
mization methods, such as factor, decompose, node
extract and resubstitute. These algebraic methods



can be used to derive an appropriate structure for an
MV multi-level network. We have extended Post ex-
pression optimization from 2-level logic to multi-level
logic.

4 Other Minimization methods

There are other optimization methods besides alge-
braic methods that we also want to extend to Post ex-
pressions, such as collapse, merge, eliminate and the
don’t care-based optimization methods. Some of these
extensions are shown to be successful while some are
not. Next we give a brief explanation.

One disadvantage of Post expressions is that the
function of a literal is not explicitly available. For
example, from the Post expression,

f=2-23+1-22

we cannot get the function for f! directly. When
such a function is needed, we need to convert the Post
expression to the i-set expressions. This disadvantage
is the main reason for the unsuccessful extensions.
The operations collapse or eliminate are used to
modify the structure of an MV multi-level network.
They can be used to reduce the depth of a network by
collapsing some node into its fanouts. Unfortunately,
in this type of operation, the functions of literals are
usually needed. In order to collapse node f into its
fanouts, it seems necessary to replace any literal f?
in its fanouts by its corresponding function. As an
example, suppose one fanout of f = 2-z3+1-23 is g =
2. f14+1- f-yt. To directly replace f! with 22 leads to
the wrong result g = 2-23+1-23-y! while the correct

result is g = 2-:@-1‘%0’2}—1—1%%-yl—l—l-m%-yl. Input

vector (z1,22,y) = (2,1,1) produces g = 2 for the
wrong result while the correct value of g is 1. So there
seems no easy way to extend the collapse operation
to Post expressions. If we desire to optimize a Post
network, the only alternative is to convert to i-set
mode, collapse, and then convert back to Post mode.

Besides algebraic optimizations, important opti-
mization methods include the don’t care-based op-
timizations [4]. Once the structure of the whole logic
has been decided, the MV function at each node can
be optimized using some flexibility allowed for this
node. This flexibility is given by satisfiability don’t
cares (SDC), observability don’t cares (ODC) and ob-
servability partial cares (OPC). SDC expresses vari-
able combinations that can’t happen. For an MV
function node y in i-set mode (f°, f%,..., f"), the
SDC for y can be expressed as:

SDC =Y "y i !
=0

where U represents the universal set {0, 1,...,n}. Di-
rectly from the Post expression y = n-g"+...+1-g!
where f! C ¢! C U;'l:z fil=0,1,...,n, we can get

n
SDCyP — Z y{O,...,lfl}gl
=0

Note that because of the use of priority don’t cares,
we lose a part of SDC to keep the calculation correct,
i.e., SDCJ C SDCE. The computation of ODC is
much more complex and it requires the use of the
collapse operator. Thus up to now no efficient way
has been found to extend ODC-based optimization
methods to Post expressions.

Thus it seems that the only feasible approach for
assembling a complete set of operations that work
directly on Post networks is to surround some of the
operations with an automatic conversion to and from
i-set expressions applying the operation to the result-
ing i-set expressions.

5 Experiments

We presented algorithms for factorization, decompo-
sition and division on Post networks in Section 3 but
implementations for only a subset have been done.
However, some operations on i-set networks can be
applied directly to Post networks, such as decomp and
fx [2], since these operations actually work on MV-
input and binary-output functions. If function f is in
Post mode, f =n-¢g"+(n—1)-g" 1 +...+1-g, we

can use these operations directly on g”,¢g" %, ..., ¢!

We mentioned that Post mode operations might
have several positive effects: one is that Post mode
logic can be optimized directly; another is it might
speed up some optimization operations on i-set net-
works since Post expressions are usually smaller than
those for i-set mode; a third is to obtain results that
would not be obtained if only one mode is used. We
did some experiments using decomp, fr and elimi-
nate in MVSIS [2] to illustrate the effectiveness of
using the Post mode in improving time and size per-
formance.

The MV examples used in the experiments are
shown in Table 1. We compare two approaches, both
with respect to size and total run time. Each ap-
proach is applied to the same set of i-set mode net-
works.

e Approach 1: decomp, fr, eliminate

e Approach 2: compress, decomp, fxr, uncompress,
eliminate



Compress is the operation to convert an i-set network
to a Post network and uncompress is the operation
to convert back. The total run time includes the run
time for all operations in each approach. Thus Ap-
proach 2 has the additional overhead of converting
to and from Post networks. Experimental results are
shown in Table 2.

#cubes | #literals | nodes

adder_mod4 | 24 48 2
balance 337 1348 1

iris 100 400 1
minJ 111 555 1
mm4 598 2990 1
mmb 112 506 1
ele-ctr-det 1633 3542 1446
coh-dir 996 1917 653
bakery-proc | 813 1788 258
matmul 128 480 4

Table 1: Initial characteristics of the examples.

Approach 1

#cubes | #literals | time(s)
adder_mod4 | 24 60 <0.1
balance - - -
iris 57 187 2.1
mma3 26 64 1.2
mm4 140 393 65.8
mmb 126 338 7.7
ele-ctr-det 193 439 3.0
coh-dir 254 566 4.4
bakery-proc | 147 338 1.4
matmul 112 248 1.2

Approach 2

#cubes | #literals | time(s)
adder_mod4 | 26 56 <0.1
balance 230 1100 3.8
iris 31 114 0.3
mm3 16 37 <0.1
mm4 41 112 0.2
mmb 78 242 1.0
ele-ctr-det 180 407 2.5
coh-dir 240 546 4.4
bakery-proc | 183 650 1.4
matmul 112 304 0.6

Table 2: Experimental results” by Approachs 1 and 2.

From Table 2, we see that for most examples, the
times are comparable or better with Approach 2; for

7> means that no result was obtained in reasonable time.

some examples, better results are obtained, mainly
because of more extensive use of the complements
of divisors. The operation uncompress involves the
intersection of a function of lower priority with the
complements of those with higher priorities. So if
a divisor has been extracted from a function with
higher priority, its literals are used in that function,
possibly causing the complements of those literals to
be introduced into the functions with lower priority.
This can result in large savings since in i-set mode,
we usually do not use the complement of a divisor if
it contains more than 2 cubes because division by it
is much more expensive.

In some examples, Approach 2 gets worse results
(last two in Table 2). The reason is that good divi-
sors in Post mode may not be as good in i-set mode.
However, the speed improvement and possible sav-
ings obtained using Post mode is often desirable; it
leads to the idea of using Post mode operations first
if the input network is very large and then using i-set
mode operations.

6 Conclusion

We introduced Post expressions and Post networks,
which are MV multi-level logic networks based
on chain-based Post algebra. Key algorithms for
algebraic optimization were developed on Post
expressions. We also analyzed if other MV optimiza-
tion methods can be extended to Post expressions.
Difficulties encountered in attempting such exten-
sions were analyzed.
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