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Abstract

The paper addresses the problem of designing a component that combined with a known part of a system, called
the context FSM, is a reduction of a given specification FSM. We study compositionally progressive solutions of
synchronous FSM equations. Such solutions, when combined with the context, do not block any input that may occur
in the specification, so they are of practical use. We show that if a synchronous FSM equation has a compositionally
progressive solution, then the equation has the largest compositionally progressive solution. However, not each
reduction of the largest compositionally progressive solution is compositionally progressive. Since generally the
number of reductionsis infinite, the problem of characterizing all progressive solutionsis non-trivial.

1 Introduction

The paper addresses the problem of designing a component that combined with a known part of a system, called the
context FSM, is a reduction of a given specification FSM. In [2, 3] we proposed a general frame based on solving
equations over languages associated to the automata modelling a given system. We introduced two composition
operators for abstract languages. synchronous composition, e, and parallel composition, ¢, and we studied the most
general solutions of the language equations A e X C C and A X C C (C denotes language containment).

Here we study compositionally progressive solutions of synchronous FSM equations. Such solutions, when com-
bined with the context, do not block any input that may occur in the specification, so they are of practical use. We
show that if a synchronous FSM equation has a compositionally progressive solution, then the equation has the largest
compositionally progressive solution. However, not each reduction of the largest compositionally progressive solution
is compositionally progressive. Since generally the number of reductionsis infinite, the problem of characterizing all
progressive solutions is non-trivial.

Basic definitions about equations over languages are provided in Sec. 2. An algorithm that deletes compositionally
non-progressive sequencesis givenin Sec. 3. A different algorithm based on state splitting is presented in Sec. 4.



2 Equationsover Languages

2.1 Languages

We remind the notions of substitution and homomorphism of languages, referring to a standard textbook for the
basic definitions [1]. A substitution f is a mapping of an alphabet 3 onto subsets of A* for some aphabet A.
The substitution f is extended to strings by setting f(e) = € and f(za) = f(z)f(a). An homomorphism h isa
substitution such that h(a) isasingle string for each symbol « in the alphabet . Useful operations on languages are:

1. Givenalanguage L over alphabet X x V, consider the homomorphismp : X xV — V definedasp((z,v)) = v,
then the language L v = {p(«) | € L} over aphabet V' isthe projection of language L to alphabet V', or
V-projection of L. By definition of substitution p(e) = e.

2. Given alanguage L over alphabet X and an alphabet V/, consider the substitution ! : X — X x V defined as
I(z) = {(z,v) | v € V}, then the language L1y = {l(a)) | « € L} over aphabet X x V isthelifting of
language L to aphabet V', or V-lifting of L. By definition of substitution I(¢) = e.

Proposition 2.1 (a) Let Ly, Lo belanguages over alphabet U. Then T commuteswith N
(L1 n LQ)TI =14 171N Lo 11-

(b) Let M7, M, belanguages over alphabet I x U. If My = (M )11 (or My = (M )11) then | commutes with
n

(M1 N M2)lU =M ;g NMsy.

Proof. The proof is availablein an extended version. O

Definition 2.1 Alanguage L over alphabet X isprefix-closed if Voo € X* Ve € X [ax € L = a € L].
Definition 2.2 Alanguage L over alphabet X = I x O is I-progressiveif

Vae X*VielIJoecOlae L= al(io) el

2.2 Synchronous Composition of L anguages

Consider two systems A and B with associated languages L(A) and L(B). The systems communicate with each other
by a channel U and with the environment by channels I and O. We introduce a composition operator that describes
the external behaviour of the composition of L(A) and L(B).

Definition 2.3 Given alphabets I, U, O, language L, over I x U and language L, over U x O, the synchronous
composition of languages L, and L, is the language * [(L1)10 N (L2)11] 10, denoted by L, o Lo, defined over
IxO.

Definition 2.4 Given a language A over alphabet I x U, a language B over alphabet U x O is A-compositionally
I-progressiveif the language L = Ao N By over alphabet X = I x U x O is I-progressive, i.e., Vo € X* Vi €
I3(u,0) €U x0O[a€Ll=a(iuo) €l

2.3 Solution of Language Equationsunder Synchronous Composition

Given alphabets I, U, O, alanguage A over alphabet I x U and alanguage C over alphabet I x O, |et us consider the
language equation
XeACC. (1)

lusethe sameorder I x U x O inthelanguages (L1)10 and (L2)171.



Definition 2.5 Given alphabets I, U, O, a language A over alphabet I x U and a language C over alphabet I x O,
language B over alphabet U x O iscalled a solution of the equation X e A C C'iff Be A C C. Thelargest solution
is the solution that contains any other solution. B = ) isthe trivial solution.

Theorem 2.1 The largest solution of the equation A ¢ X C C isthe language S = A e C. A language B over
alphabet U x O isasolutionof X e AC Ciff BC AeC.

2.4 Solution of FSM Language Equations under Synchronous Composition

Definition 2.6 A finite state machine (FSM) is a 5-tuple M = (S,1,0,T,r) where S represents the finite state
space, I representsthefinite input space, O representsthefinite output spaceand 7' C I x S x S x O isthetransition
relation. On input ¢, the FSM at present state p may transit to next state n and produce output o iff (¢, p,n,0) € T.
Sate r € S represents the initial or reset state. We may use § instead of T, and \ instead of T,,. If at least one
transition is specified for each present state and input pair, the FSM is said to be complete. If no transition is specified
for at least one present state and input pair, the FSM is said to be partial. An FSM is said to be trivial when T' = (),
denoted by M..

Definition 2.7 An FSM M’ = (S, I',0',T’,r') is a submachineof FSM M = (S,I,0,T,r)if S C S,I' C I,
O CO,r=r,andT’ CT,i.e, T isarestriction of T to the domain of definition I’ x S’ x S’ x O'.

Definition 2.8 GivenanFSM M = (S, I, O, T, r), consider thefinite automaton F/(M) = (S, I x O, A, r, S), where
((z,0),s,s") € Aiff (i,s,5,0) € T. The language accepted by F'(M) is denoted L)X (M), and by definition is the
x-language of M at stater. Smilarly L (M) denotes the language accepted by F'( M) when started at state s, and
by definition isthe x-language of M at state s.

€ € L, (M) because theinitial stateisaccepting. An FSM M istrivial iff L, (M) = {e}.

Definition 2.9 Alanguage L isan FSM language if thereis an FSM M such that the associated automaton F'(M)
accepts L. The language associated to a DFSM is sometimes called a behaviour 2.

Definition 2.10 Sate t of FSM My is said to be a reduction of state s of FSM M, (M4 and Mp are assumed to
have the same input/output set), written¢ < s, iff L;(Mp) C Ls(M4). Statest and s are equivalent states, written
>, ifft <sands < t,i.e,when L;(Mp) = Ls(M4). An FSM with no two equivalent statesis a reduced FSM.

Smilarly, Mg isareduction of M4, Mp < My, iff rp,, theinitial state of Mg, isareduction of ry,, , theinitial
state of M 4. When Mg < M4 and M4 < Mp then M4 and Mg are equivalent machines, i.e, M4 = Mp.

In the sequel we will need the following procedure.

Procedure 2.1 Input: FSM Language LM over I x O; Output: Largest I-progressive FSM language Prog(L75M)
over I x O.

1. Build adeterministic automaton A accepting LM,

2. lteratively delete all states that have an undefined transition for some input (meaning: states such that 3; € I
with no o € O for which thereis an outgoing edge carrying the label (4, 0)), together with their incoming edges,
until theinitial state is deleted or no more state can be deleted.

3. If theinitial state has been deleted, then Prog(L") = {. Otherwise, let A be the automaton produced by the
procedure and Prog (L) the language that A accepts. Any I-progressive FSM language in L™ must be
asubset of Prog(LE5M),

2The language associated to a NDFSM includes a set of behaviours.



3 Largest FSM Compositional Solutions

Let] =1; x I and O = O; x O,. Itisinteresting to compute the subset of compositionally I-progressive solutions
B, i.e,suchthat A1y, x0, N By, xo0, 1San I-progressive FSM language C (I x U x V x O)*. Thusthe composition
(after projection on the external signals) is the language of a complete FSM over inputs I; x I and outputs O; x Os.
Since A11,x0,N ST X0, isprefix-closed and hence correspondsto apartial FSM, we haveto restrict it so that it isalso

I-progressive, which corresponds to a complete FSM. If S75M js compositionally I-progressive, then S¥5M s the
largest compositionally 7-progressive solution of the equation. However, not every non-empty subset of S5 inherits
the feature of being compositionally I-progressive. If S¥M is not compositionally I-progressive, then denote by
cProg(STM) the largest compositionally I-progressive subset of ™5™, Conceptually cProg(ST5M) is obtained
from ST5M by deleting each string o such that, for somei € I, thereisno (u,v,0) € U x V x O for which it holds
a (i,u,v,0) € Ar1,x0, N ST, . Thefollowing procedure tells how to compute cProg(SF5M).

Procedure 3.1 Input: Largest prefix-closed solution S™5M of synchronous equation A ¢ X C C and context A;
Output: Largest compositionally I-progressive prefix-closed solution cProg (ST 5M).

1. Initidizeito 1and S¢ to ST5M,

2. Compute R = Atr,x0, 0 St %0, |
If the language R is I-progressive then cProg(SF9M) = St
Otherwise

(@ Obtain Prog(R?), the largest I-progressive subset of R’. by using Proc. 2.1.
(b) ComputeTi = Sl \ (RZ \ PT‘Og(Ri))ljszxvxoz.

3. If TP F'SM — () then cProg(STSM) = .
Otherwise

(@) Assignthelanguage T ISM to Sit1,
(b) Increment i by 1 and goto 2.

Theorem 3.1 Proc. 3.1 returnsthe largest compositionally I-progressive (prefix-closed) solution, if it terminates.

Proof. The proof is availablein an extended version. O

Example 3.1 GiventheFSMs M 4 and M¢ inFig. 1(a)-(b), thelargest language solution .S in Fig. 1(c) of the equation
M4 e Mx =< Mx isU-progressive, but not compositionally I-progressive, because R' = AN 51111 w0, INFig. 1(d) is
not I-progressive (S' = S¥SM), given that thereis no transition under input i, fromthe state labeled by is. The steps
of Proc. 3.1, Figs. 1(€)-(f) and 2(a)-(b), show the computations to find S?; since R* = AN S, o, in Fig. 2(c) is
I-progressive, S? is compositionally I-progressive and cProg(STSM) = S2. Finally Mg- in Fig. 2(d) isthe largest
compositionally 7-progressive FSM solution.

We will prove next that Proc. 3.1 terminates. To provide some intuition we analyze the structure of the automaton
recognizing R?, as it is derived from the one recognizing R!. Consider the languages R' and R?, where R' =
Aty %0, NS x0,» @d R? = Aqr,x0, N S7;, 0, Thelanguage R is recognized by the DFA F'' = (S',I; x
Iy x U xV x Op x Oy, A', 7, Q"), and each accepting state ¢; € Q', j € J' = {1,...,|Q"[}, recognizes the
language L(q; ) 3. Notethat Q' = Q} U Q}y p, Where Q}, isthe subset of progressive statesand @} > is the subset of
non-progressive states. The following derivation expresses R? as afunction of R':

2 2
R = AlexozﬁSmxol

= Atxo, N[ST\ (R'\ Prog(R")) | L xuxvx0s)11 x0

SWe recall that given an FA F = (S, %, A, 7, Q), the language accepted or recognized by s € S, denoted L,.(F|s) or L, (s), is the set of
words whose runs from r reach s.
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Figure 1: lllustration of Example 3.1. (8) FSM M 4; (b) FSM M¢; (c) Largest language solution S = A e C; (d)
R' = AN S}, o, With ST = STSM: (e) Prog(RY); (f) R* \ Prog(R").
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Figure 2: Illustration of Example 3.1. () B' = (R" \ Prog(R")) vxuv; (b)) T' = S"\ B'; (¢) R* = AN S?; .0,
with §2 = 71 FSM: (d) Largest compositionally progressive FSM solution Mgs.

= Aixo, N[STN(RY\ Prog(RY)) | r,xuxv x0.]11x0,
= Atx0, NS1x0, N ((RY\ Prog(RY)) | 1xux v x02)11 %0

1 _1
= A1,x0, NS x0, N Bir <o,
1 _1
= R N B %o,

using thefact that (L1 N L2)1; = L1 17 N Lo 17 by Prop. 2.1.
Let us examine the constructive steps leading from language R to language R2.

e Language R'\ Prog(R"). Itisrecognized by theDFA F p = (S*, I; x Iy x U x V x O1 x O9, A, 71 QL p),
where QY is the subset of non-progressive states of '. Each accepting state ¢! € Q1 recognizes the
language L(q').

e Language B! = (R'\ Prog(R"))|,xuxvxo,. Itisrecognized by the NDFA F, = (S', I, x U x V x
O1, A r!, Q% p), that is the projection of Fi,, onto Io x U x V x O,. Each accepting state ¢! € Qp
recognizes the language L(q") | 1, x U x v x 0, -

e Language R? = R' N (((R'\ Prog(RY)) | 1,xUxvx0,)1Ix0, = R'N F%hxol' To complement B*, the
NDFA of B! must be determinized yieldingaDFA FL, = (5%, I, x U x V x Oy, Al, #!, Q') whose states are
subsets of states of B!; each state of the determinized automaton recognizes alanguage that isthei ntersection of
the languages recognized by the statesin the related subset. Therefore each accepting state §; € Q', j € J! =



{1,...,|Q"} issuchthat ¢! = U{q} | k € K} C J} and L(g}) = ﬂkeK}gl L(q}) 1 1, xUx v x0,- Moreover,
adon’t care state {dc} is added, that recognizes the language obtained as the complement of the union of the
languages recognized by the states of the determinized automaton:

L({dc}) = U L((jjl) = m TQA}): ﬂ m L(Q}i)i[ngxVsz-

. ES . 2 . 7 1 1
jeJ! jeEJL jeJrkeK;CJ
_ 1 _ 1
= m U L(qk)llngxVxOQ = U m L(qh)llngxVxOy
jeJrkeK;CJ? HeHC27! he HCJ!

The DFA of B is obtained by switching accepting and non-accepting states of the determinization of B!.
Finally the language R? isrecognized by the DFA F? = (S? I} x I x U x V x O1 x Oz, A2, 72, (Q?), obtained
by intersection of the automata of R* andF}hXol. So each accepting state ¢ € @2, j € J* = {1,...,]Q?|},
recognizes the language L(qf.) expressed in the following form:

U L@ () La)iexvxvxo)inxo, () LD imxuxv<o)inxo; |
HKeH2C27" © heHCJ! keKCJt

where I3 € J',HZ C 27" and q}?,q}1 € Q'. We used the fact that (Ly U La)y; = Ly 17 U Lo 47 and
(L1 N La)r = Ly 17 N Ly 17 by Prop. 2.1.

The bottom line is the observation that the states of the DFA accepting R? recognize languages that are combina-
tions through a number of basic operators of the languages recognized by the states of the DFA accepting R!. This
fact can be established also for the successive iterations R¢, meaning that also the languages of the states of the DFA
accepting R can be expressed as a finite combination of the languages of the states of the DFA accepting R!; this
property can deliver a proof of termination, when cast in the frame of an induction argument.

Theorem 3.2 Proc. 3.1 terminates.

Proof. The proof is availablein an extended version. O

4 An Alternative Algorithm

We are currently working on a new algorithm based on state splitting. We provide here the motivation and a sketch of
it, referring to an extended version for the complete resuilts.

An input-output sequence a3 of the largest solution is called compositionally non-progressive if every solution
accepting the sequence is not compositionally progressive. In other words, such a sequence induces a composition-
ally non-progressive solution. An input-output sequence o3 is called compositionally progressive is there exists a
compositionally progressive solution accepting the sequence. This suggests two options: either we delete all composi-
tionally non-progressive sequences from the largest solution or we " split” states of the largest solution into collections
of equivalent states such that each state of the refined automaton S, IS reachable from the initial state either only
by compositionally progressive or only by compositionally non-progressive sequences. A sub-automaton of .S,
that includes all compositionally progressive sequencesis the largest compositionally progressive solution, if it exists.
Therefore there are two approaches to find the largest compositionally progressive solution and we are investigating
both.

The one based on deleting non-progressive sequences from the largest solution has been presented in the previous
section and required a difficult proof of termination (potentially there are infinite sequences to be deleted). We are
going to sketch next the approach based on state splitting. The automaton with split states could be further used for a
complete characterization of the compositionally progressive solutions of a given equation.

The following procedure tells how to compute SF747.



Procedure4.1 Input: Largest prefix-closed solution S%5M of synchronous equation A ¢ X C C and context A;

Output: SEFY, i.e., largest prefix-closed solution such that each state of S7 7}/ is reachable from the initial state

either only by compositionally progressive or only by compositionally non-progressive sequences.
1. Initialize S to STSM,
2. Compute R = A1r,x0, N S11, %0, -
3. Sspii isthe automaton obtained by determinizing R 7, « v xv x0, -
4

. Add to S+ the de state (self-looping under al inputs), and the following transitions to it: for each transition
in S under ixuvo, from state g to state de, add atransition in S, under i;uvo, from each state containing a

state (s, q), si € A, to state de. Set S 10 Sopiir

Theorem 4.1 The automaton S7%/ returned by Proc. 4.1 is such that

1. SPeM isequivalent to SF5M.

2. For each stater of 57 7}, if thereis a compositionally non-progressive sequence that takes 577} fromtheini-

tial stateto r, then each sequencethat takes Sf;fi% fromtheinitial statetor iscompositionally non-progressive.

The following procedure tells how to compute cProg(ST5M).

Procedure 4.2 Input: Largest prefix-closed solution SZ7}" of synchronous equation A e X C C and context A;

Output: Largest compositionally I-progressive prefix-closed solution cProg (ST 5M).

1. Initigizei to 1and S* to STF.

2. Compute R" = At1,%0, N Sﬁlxo]-

3. If thelanguage R’ is I-progressive then cProg(ST M) = g7,
Otherwise
(8) Determine the set of incompletely specified states (with respect to ) B = {(s,7)}, (s,7) € R',s €
ATngO27 re S%leOl'
(b) Obtain S, by deleting from S* each state r such that s, s € A11,x0,, for which (s,r) € B.
(0) If theinitial state is deleted then cProg(STSM) = §.
Otherwise
i. Obtain R**', by deleting from R’ each state (s',7), s’ € Aj1,x0,,7 € Si; 0,, SUCh that Js, s €
A1, x0,, forwhich (s,r) € B.
ii. Increment 7 by 1 and go to 3.

Theorem 4.2 Proc. 4.2 returns the largest compositionally I-progressive (prefix-closed) solution.

References

[1] J.E.Hopcroft and J.D. Ullman. Introduction to Automata Theory, Languages, and Computation. Addison-Wesley
Publishing Company, 1979.

[2] N. Yevtushenko, T. Villa, R. Brayton, A. Petrenko, and A. Sangiovanni-Vincentelli. Solution of parallel language
equations for logic synthesis. In The Proceedings of the International Conference on Computer-Aided Design,
pages 103-110, November 2001.

[3] N. Yevtushenko, T. Villa, R. Brayton, A. Petrenko, and A. Sangiovanni-Vincentelli. Solution of synchronous
language equations for logic synthesis. In The Biannual 4th Russian Conference with Foreign Participation on
Computer-Aided Technologies in Applied Mathematics, September 2002.



