Depth- Bounded Communication Comple xity for
Distrib uted Compu tation

ABSTRACT

We study, in a VLSI design perspective, the communica-
tion complexity between two physically separated computa-
tional components. The optimization objective is to min-
imize amount of information exchange between these two
parties. We argue that the notion of communication depths
should be captured to reflect the system performance. In
particular, we will focus on depth-1 communication, which
has the most practical applications in VLSI design. We show
that some existing techniques can be applied in the context
of depth-1 communication for combinational problems. To
extend to sequential cases, we show that dynamic cofactor-
ing should be used to take advantage of state information for
communication minimization. Theoretical analysis shows
that the exact depth-1 solution is statistically very close to
the lower bound for any-depth communication complexity.

1. INTRODUCTION

In VLSI design, long distance communication among lo-
cal computational blocks should be avoided because long
distance communication may introduce congestion in phys-
ical design, degradation in system performance, unreliabil-
ity in noise analysis, etc. These problems are getting more
and more serious partly due to the deep sub-micron (DSM)
effects, and partly due to the growing complication of sys-
tem design. In future DSM designs, it is predicted that a
signal will take more than ten clock cycles to traverse the
entire chip area [10]. Therefore, in addition to minimiz-
ing the amount of communication, it is necessary to bound
the depth of communication through distant transmissions.
Fortunately, due to the advances in semiconductor manu-
facturing, it becomes viable to trade the overhead of local
computation for the reduction of distant communication.

Also it may often happen that there exist constraints on
the locations of inputs and outputs. For instance, in system-
on-chip design methodologies, inputs and outputs may be
confined to some IP (intellectual property) blocks. As an-
other example, in embedded system design, which may have
inter-chip communication, the system can interact with an
environment that spans a large area. Environmental pa-
rameters and the required interaction should be distributed
locally. In these circumstances, the locations of inputs and
outputs are fixed. In this paper we consider depth-bounded
communication complexity where inputs and outputs are
constrained to some location. In particular, we focus on the
depth-1 case, which has the most practical applications on
high-performance VLSI design.

The contributions of this paper include:

1. Formulate the communication complexity problem in
the VLSI design perspective. In particular, we con-
sider depth-bounded communication with fixed input-
output constraints.

2. Relate the computation of depth-1 communication com-
plexity with some existing techniques. Generalize the
computation for sequential problems. By introducing
dynamic cofactoring, the communication complexity
can be minimized using state information.

3. Theoretically analyze the statistically relation between
the exact depth-1 solution and the lower bound of any-
depth communication complexity. Show that exact
depth-1 solutions are very close to the optimum lower
bound for a vast class of instances.

The remainder of this paper is organized as follows. We
relate this paper with previous work in Section 2. After
formulating the problem in Section 3, we discuss the depth-
bounded communication complexity in Section 4. Section 5
includes our theoretical analysis relating the exact depth-
1 solution with the general lower bound. We outline the
experiments in Section 6, and will present the results in the
final version of the paper. Conclusions are given in Section 7.

2. PRIOR WORK

Communication complexity has been intensively studied
in theoretical computer science, e.g. see Yao’s seminal pa-
per [15]. A good survey on this topic can be found in
[8]. Previous theoretical work has focused on proving lower
bounds of communication complexity for combinational func-
tions. Here we repeat the lower bound result of [11] as fol-
lows. Let rank(M) denote the linear rank of matrix M over
a finite field. (In this paper we are considered with a binary
field.) Then

THEOREM 1 (RANK LOWER BOUND [11]). Given a func-
tion f with a matriz representation My, then the communi-
cation complezity of My is at least log, rank(My).

The result of Theorem 1 will be used in our later analysis on
the optimality of depth-1 solution in Section 5. (The matrix
representation of a function will be defined later.)

The most relevant formulation to ours is [12]. In [12],
bounded round communication complexity was first discussed.
The formulation is the same as our notion of depth-bounded
concept except some minor technicalities. A factor-2 dif-
ference may arise in counting the amount of information



exchange. This is due to the fact that [12] assumed prefiz-
freeness to eliminate the “end of transmission” symbol. In
the context of hardware design, this assumption is unnec-
essary since hardware itself has the nature of concurrency
and transmission directions. Here we use depth, instead of
round, to more adequately reflect hardware performance.

The previous work was only concerned with communica-
tion for combinational functions. However, most VLSI sys-
tems are inherently sequential. The communication com-
plexity for sequential functions has to be addressed to re-
flect our need. Although the decomposition of finite-state
machines has been studied [7], the optimization problems
were centered in area or state minimization. Therefore the
previous work is not directly applicable to our considered
problem. Also as we analyze the problem from a hardware
perspective, the notion of resource sharing, which was miss-
ing in the literature, remains to be captured.

The application of communication complexity in the VLSI-
CAD field is not new. Hwang et al. exploited commu-
nication complexity for multilevel logic synthesis in [2, 3].
In their formulation there was no input-output constraint.
The optimization problem became finding good input sep-
arations for a given (combinational) function. Also depths
were not considered.

3. PROBLEM FORMULATION

We explore the solution to the problem formulated as fol-
lows. We are given a computation task T'(I,O) (either com-
binational or sequential) with sets I and O as inputs and
outputs respectively. Suppose T' should be executed by two
parties A and B such that A owns inputs I; and outputs
O1 and B owns inputs I» and outputs O2. Assume I; and
I> form a partition of I, and O; and O2 form a partition
of O. (To prevent trivial solutions, assume I; and I have
similar sizes.) Because the communication between A and
B has high cost and long delay (compared to local com-
putation), it is required to finish T' using the least amount
of information exchange within a specified communication
depth. (The depth counts the times of necessary back-and-
forth communication between A and B.)

4. DEPTH-BOUNDED COMMUNICA TION
COMPLEXITY

We first study depth-bounded communication complexity
for combinational instances, and then generalize the discus-
sion for sequential cases.

4.1 Combinational Computation

Before analyzing depth-bounded communication complex-
ity, we discuss Yao’s model [15]. Let X, Y, Z be finite sets
and f : X XY — Z be the output function. Two parties,
A and B, wish to evaluate f(z,y), for some inputs z € X
and y € Y. However, A only knows z and B only knows y.
Thus information needs to be exchanged. Suppose commu-
nication is the only concern. Then the cost of a communica-
tion protocol P, which depends only on f, is the maximum
number of bits exchanged for all possible inputs. To capture
the essence of communication complexity, a communication
protocol can be represented as a tree structure (a binary
tree) reflecting the search for monochromatic rectangles [15]
in the functional matrix of f, where rows are indexed by x
and columns indexed by y. Each leaf in the protocol tree is a

constant value in Z. When a monochromatic rectangle has
been reached, A or B can determine the value of f. Figure 1
shows an example. The height (maximum depth to a leaf)
of the protocol tree corresponds to the cost of P.

We argue that the protocol tree does not well character-
ize the communication depth. This is because the functional
dependencies in the tree might not follow a strict order of
alternating communications. To obtain the communication
depth of a protocol tree, one should rearrange the tree such
that the functional dependency follows an alternating order
starting from the root. The communication depth is then (1
+ the number of alternating roles of the sender and the re-
ceiver). To avoid such a rearrangement, later we will modify
the protocol tree directly taking depths into account.

4.1.1 Outputson oneside.

In the following analysis, we assume that only A provides
the output for f(z,y). To simplify the discussion, assume
that f(z,y) is a binary-output function. The generalization
to multi-valued functions is straightforward. Analyzing the
communication complexity of f(z,y) is equivalent to analyz-
ing f'(z',y"), a simplified function of f. This simplification
procedure is provided in Observation 1. A function f can be
represented by a matrix M: we use the local input variables
(located on the same side as f), z, to index the rows of the
functional matrix, and use other input variables, y, to index
the columns.

OBSERVATION 1. Given a functional matriz M of f(z,y),
let M’ be a matriz derived from M by merging identical rows
and columns. Then an optimum protocol P’ for M' corre-
sponds to an optimum protocol P for M with the same cost.
Also permuting the order of rows (and/or columns) of the
matrices is immaterial.

Figure 2 shows the communication between A and B un-
der some depth constraints. In the case of depth equal to
1, the communication complexity has lower bound [log, k],
where k is the number of distinct column vectors in the
functional matrix of f(z,y), i.e. the number of columns in
the reduced matrix from Observation 1. The protocol tree
in this case can be represented as a k-ary tree with only
one node, the root. Also we can view the functional matrix
of f as having been vertically sliced into k sub-matrices,
each has identical column vectors. This is similar to the
decomposition chart used in functional decomposition [13].
In fact, the lower bound is always achievable. The corre-
sponding protocol can be quickly derived using BDD-based
functional decomposition [9]. In addition, the computation
can be generalized to a set of functions )? (z,y) by function-
ally decomposing their hyperfunction as in [5].

On the other hand, when the communication depth is re-
laxed to 2, it turns out that there is much more freedom
in the protocol and the exact solution is computationally
much harder. The solution space becomes exponentially
much larger than the depth-1 case: In the first round of
communication, although the depth-1 solution can be used
as a communication upper bound, we still need to decide
how many bits to transmit. Suppose k bits are decided. We
need to decide how to partition the rows or columns of the
functional matrix into 2* portions. Once we have decided
all of these, the second round communication is straightfor-
ward as the depth-1 case for each sliced sub-matrix. Thus
searching an exact solution for depth-2 communication is in
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Figure 1: The functional matrix of f(z,y) and a protocol tree for P. The value of P on input (z,y) is the label
of the leaf reached by starting from the root, and walking on the tree. Each internal node has two branches
representing a bi-partition, denoted as “{left : right}”, of the input space. The length of a path from the
root to a leaf equals the number of bits exchanged under a particular instance of (z,y).

@

B

Figure 2: (a) Depth-1 communication. (b) Depth-2 communication. (c) General depth communication.

general intimidating.

The corresponding protocol tree in the depth-2 case can be
represented as a 2-level (multi-branching) tree. The branches
at the first level reflect the conditional information flow-
ing from A to B and those at the second level reflect the
information flowing from B back to A. Accordingly, the
functional matrix of f is vertically sliced first into several
sub-matrices, each of which are then horizontally sliced into
finer sub-matrices. (As a result of Observation 1, after a
slicing, each sub-matrix is free to have row and/or column
permutation independent of other sub-matrices.) Similarly,
one can generalize the relation between the protocol tree
and the slicing of functional matrices. Figure 3 shows the
relation between the slicing of a functional matrix and its
corresponding protocol tree for a depth-3 communication
scheme. In our modified protocol trees, in any two con-
secutive levels the roles of the sender and the receiver are
switched. In addition, at the bottom level of the tree, B
always sends information to A. Given a modified protocol
tree, the required number of bits exchanged equals

Z log, (the max number of branches of a node at level 7).

As discussed earlier, for communication with depth > 2
the exact solution appears to be formidable to compute.
Heuristics need to be used.

4.1.2 Outputs on both sides.

We now consider a more general case, where A and B
provide outputs fa(z,y) and fg(z,y) respectively. To an-
alyze the communication complexity of computing fa(z,y)
and fg(z,y), it is equivalent to analyze that of comput-
ing fu(z',y") and fp(z',y'), which are simplified functions
of fa and fp respectively. This simplification procedure is
provided in Observation 2.

OBSERVATION 2. Given two functional matrices M, of
M, M}

fa(z,y) and My of fe(z,y), let M = [ MT M? ] and
M, my"
MZT My
ing identical rows and columns. (The matriz transposes are
due to the fact the entries of M, are indezed by (z,y) and
those of My by (y,z).). An optimum protocol P' for M, and
M;, corresponds to an optimum protocol P for M, and M,
with the same cost.

With the combined matrix M in Theorem 2, the matrix
slicing can be performed as for the outputs-on-one-side case.
Therefore we can combine two protocol trees into one. How-
ever, in computing the communication depth, we should an-
alyze A and B separately because the bottom level of infor-
mation flow may increase the depth for only one of them.
Also simulated annealing algorithms may be applied in this
case.

To see how mutual information can be shared between
two parties, Figure 4 shows an example where a combi-

its reduced matriz M' = [ :| , obtained by merg-



Figure 3: The slicing of a functional matrix and its corresponding protocol tree.

national cycle is necessary to achieve a minimum amount
of communication. (Assume depth-2 communication is al-
lowed.) It can be checked that breaking the combinational
cycle increases the communication at least by one. Cyclic
combinational circuits [6] are known to save area for certain
circumstances. However, it was not known if this could re-
sult in a savings in communication. Here such a savings is
demonstrated with a concrete example. Also the concept of
information sharing was not addressed in previous studies
of communication complexity. Although information shar-
ing is useful from a design perspective, it does not affect the
lower bound analysis for communication complexity.

4.2 SequentialComputation

We consider sequential instances, where the computation
task T'(I,0) is history dependent. In particular, we as-
sume that T'(I, O) can be modelled as a finite state machine
(FSM).

Given a physical separation of inputs and outputs, the
original FSM can be viewed as divided into two sub-FSMs,
say M4 and Mp. Now the communication between M4 and
Mp differs from the combinational case in that it should
provide input information for correct next state transition
in addition to primary output computation. Notice that be-
cause different outputs can induce different state equivalence
relations, M4 and Mp can be reduced differently from the
original FSM due to the separation of the set O of outputs.

4.2.1 Communication with full state information.

To minimize the amount of communication from M4 to
Mg, M4 must have full information about the current state
of Mp at every time instant. Using this state information,
M4 can possibly condense the input information and only
transmit what is necessary for M p at a specific current state.
A similar situation holds for communication from Mg to
Ma. Hence a good strategy is to let M4 and Mp have the
capability of simulating the state transition of the other. To
do so, the simplest way is to let both M4 and Mg have equiv-
alent state transition graphs as the original FSM, and let M4
and Mp keep in corresponding equivalent states at any time
instant. As a result, each machine knows the other’s cur-
rent state by reading its own current state. Although this
might seem wasteful from the computation point of view, it
is worthwhile from the communication aspect.

Given M4 and Mp with equivalent transition functions
6a: I xI xS~ Sanddp: If x I x S — S respec-
tively, the computation of the exact solution for depth-one
communication is quite similar to the combinational case.
Assume M4 and Mp are in a current state s € S. For s,
the minimum amount of communication from M4 to Mp
can be computed using functional decomposition over the

hyperfunction of fg|s and dB|s, where fg|s and d5|s are re-
spectively the cofactored output and transition functions of
Mg with respective to the current state s. A similar com-
putation applies for the communication from Mg to Ma.
Therefore the only difference with the combinational case is
that fg and dp change dynamically depending on the cur-
rent state.

Since M4 and Mp have only subsets of the outputs, the
output-induced state equivalence relations of M4 and Mg
could be much simpler than that of the original FSM [4].
In such cases, the transition functions of M4 and Mp can
be simplified separately. In general, this simplification may
result in different transition functions, and thus reduce the
resolution of state information that one knows about the
other. The difference in transition functions introduces the
notion of communication with partial state information.

4.2.2 Communication with partial state information.

Let S be the set of states of the original FSM. Suppose
M4 and Mp have different transition functions d4 : I1 X
I, x Sa — Sa and dp : I} x I X Sg — Sp respectively.
To simplify the discussion, we view Sa = U; F 4, as having
the same set of states as S, but with equivalence classes
E 4, of states induced by the outputs i of M. Similarly
Sp = U]‘EBj has the same set of states as S, but has equiv-
alence classes Ep; of states induced by the outputs j of
Mp. Then given a current state s, € Sa, the minimum
amount of communication from M4 to Mp can be com-
puted from functional decomposition over the hyperfunction
of fp|s and dp|s, Vs € ST C Sp, where

St={se UEBk | Eg, NS4 # 0},
k

84 ={Ea; | Ea; N Eg(sa) # 0},

where Ep(s.) denotes the equivalence class of Mp contain-
ing the corresponding state of s,.

Therefore, from the analysis of communication with full
and partial state information, the sequential instance differs
from combinational instance only in the cofactoring pro-
cess. Given the physical separation constraints on inputs
and outputs, and transition functions of the two separated
sub-FSMs, the cofactoring computation gives the exact so-
lution to the minimization of communication complexity.

5. ANALYSIS

In practical applications, depth-1 communication is of pri-
mary interest. It would be interesting to theoretically ana-
lyze the expected difference between the exact depth-1 solu-
tion and the communication lower bound. In the following
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Figure 4: (a) The block diagram for functional dependencies. (b) The functions f,(z,y) and f3(z,y) under
computation. (c) The functions for the components in (a). (d) The functions of z’ and y' in terms of z and
y. Here “T” and “B” denote the oscillation and bi-stable behaviors respectively. However, note that the
outputs of f, and f, are independent of z',y' when such behaviors occur.

analysis, for the sake of simplicity we assume that the in-
puts of a given Boolean function f is partitioned into two
equal-sized subsets. The analysis can be easily adjusted for
general cases. With the bi-partitioning of inputs, f can be
represented as a 0-1 matrix M.

THEOREM 2. To color n balls with m colors (m > n),
one out of the m colors is chosen uniformly at random when
coloring each ball. The expected number of colors used is

Bo(n,m) = %Zk-k!- (’:) - S(n, k), (1)
k=1

where S(n, k) is a Stirling number of the second kind [14],
i.e.,

S,k = 35 (-1 (’“) DR 2

=0
1 k k k n—k
=> 2 2 - X =
ro=1 z1=1 zog=21 Ly =Ty __1 =0

PRrROOF. (First proof) Let the n balls to be distinct, and
thus there are m™ possible ways of coloring. We count the
number of instances when k colors are used. By the fact that
S(n, k) counts the number of ways of partitioning a set of n
elements into k£ nonempty subsets, there are S(n, k) ways of
grouping n balls into k£ subsets. Associating each of the &
subsets with a distinct color, we have (’:) - k! ways of doing

so. Hence the probability of using k colors is

% (’:) k! S(n, k).

The expectation value, E.(m,n), of Equation 1 follows. [

PROOF. (Second proof) Without the knowledge of the
Stirling number of the second kind, we show another proof,
which may also lead to the proof of Theorem 3.

We introduce n — 1 binary variables, a1, -+ ,@n—1. Let us
design the coloring process as follows. Start coloring from
Ball 0 to Ball (n — 1). Initially let Ball 0 have a color.
When coloring Ball ¢ (1 < ¢ < n — 1), we consult «;. If
a; = 0, then we use a previously-used color. Otherwise,
we use a not-previously-used color. Therefore 1 + E:.”z_ll o
is the number of colors used. Also given a 0-1 vector of
(a1, ,an—1), the corresponding coloring probability can
be easily calculated:

m

ol (<)% (D, )
11

Observe that all the probabilities of vectors with 2?2_11 a; =
k —1 (i.e. k colors used) have the common factor
1 (m-1)!

mnr=1 (m — k)!’

Summing over these probabilities, we get the probability of



using k colors:

1 (m-1)!
Ty T >

z0=1,1<z1 <--<xp_ <k

ToT1T2 *** Tn—k

Hence E.(n,m) is as Equation 1 with S(n, k) represented as
Equation 3. [

For an mn-bit vector, there are 2" possible valuations. By
substituting 2™ for m in E.(n,m), it follows that

COROLLARY 1. For an (n X n) matriz M with entries in
the binary field B uniformly distributed over field elements
{0,1}, the expected number of distinct columns is

Bo(n,2") = #Zk-k!- (21:) . S(n, k). (4)
k=1

Let Pc(n,k) denote the probability that the (n x n) ma-
trix M has k distinct column vectors. Pc(n,n) is the only
dominating probability in E.(n,2"). Pc(n,n) approaches
1 extremely fast with respect to the increase of n. This is
because the sample space of choosing column vectors is too
large (2™) to have much chance of repeating previously cho-
sen column vectors. Hence E.(n,2") almost equals n. How
about the rank lower bound for the optimal solution? Would
it be close to n or much less than n? Below we manage to
answer these questions.

It is well known that

PROPOSITION 1. For any (m X n) matriz, its column rank
equals its row rank.

In the following discussion, we are concerned with the binary
field.

LEMMA 1. Given a binary matriz with rank r, the number
of distinct rows (columns) is at most 2.

PROOF. Given r linearly independent row vectors, we show
that they can generate 2" distinct row (column) vectors.
Hence the lemma will follow.

Given two (distinct) non-zero row vectors ¥ = (v1,...,vn)
and 4 = (u1,...,un), there are 4 possible linear combina-
tions: (0-7+0-@), 0-7+71-@), (1-74+0-4), and
(T1-7+ 1), where 0 = (0,0,...,0), T = (1,1,...,1),
“.” denotes a positional-wise inner product, and “+” de-
notes a positional-wise XOR. It is clear that only the last
one produces a new non-zero vector. Observe that ¥ + @
produces a new row vector different from ¥ and 4. Also
use the fact positional-wise XORing any non-empty subset
from a set of linearly independent row vectors generates
a unique vector (different from others generated by other
subsets). For a set of r linearly independent row vectors,
@)+ ¢+ (G)+ -+ (5) = 2" distinct row vectors can be
generated.

Now consider the number of distinct column vectors. Let
W = ¥ + 4. When the three vectors ¥, 4 and @ are places
in the form of a matrix, @ cannot increase the number of
distinct column vectors. On the other hand, consider adding
a new row vector to a matrix. Suppose this row is linearly
independent of all other original rows in the matrix. Then
the number of distinct columns in the matrix is at most
doubled by adding such a new row. Therefore given a binary
matrix with rank 7, the number of distinct columns is at
most 2", []

THEOREM 3. Given an (n X n) binary matrizc M, which
has each entry filled in as either 0 or 1 uniformly at random,
the expected rank of M is

E.(n) = 2% > k- 1:[(2" -2 T(n, k), (5)

k

k
oo X
2=

1 Tpn - k=CTn_—k—1

PROOF. Since the row rank is the same as the column
rank by Proposition 1, without loss of generality, we consider
the row rank of M. Let M be constructed from Row 0 to
Row (n —1). Each time a (1 x n) row vector is added to M.
(There are 2" choices for such a row vector.) We apply a
similar technique as used in the second proof of Theorem 2,
and introduce n binary variables, ag, ..., an—1. Variable «;
is used to indicate whether or not the rank is increased when
appending Row 7 to M. Hence E?:_Ol «; is the rank of M.
From the proof of Lemma 1, we know that 2" distinct row
vectors can be generated from r linearly-independent row
vectors. Therefore given a 0-1 valuation of (ag, -+, @n-1),
its corresponding probability that M can be constructed this
way is

et (2n _ 9(Tize aj—l))"” , (2@;1:0 aj))l‘“"
2n

1=0

Observe that, for all possible valuations of (ag,...,an—1)
with 37" ' a; = k (i.e. rank = k), there is a common factor,

1 k—1 )
o7 [J@"-2Y.
1=0

Summing over these probabilities, we derive the probability
that M has rank k:

1 k—1 )
7 [1@"-2)
=0

It follows that the expected rank E,(n) is as Equation 5. [

Z 9%0 , 9T1  9Tn—k

z0=0,0<z; <<, <k

Let Pr(n, k) denote the probability that the (n X n) ma-
trix M has rank k. Figure 5 shows the probability distri-
butions of Pc(10,k) and Pr(10,k), k = 0,1,...,10; Fig-
ure 6 plots the same probability distributions using a log-
arithmic scale. For sufficiently large n (n > 6), there are
three dominating probabilities, i.e. Pr(n,n — 2) = 0.13,
Pr(n,n—1) ~ 0.58 and Pr(n,n) ~ 0.29. Although the peak
probability of Pr(n,k) is not as sharp as that of Pc(n, k),
E.(n) is still very close to E.(n,2"), more precisely E,(n) ~
E.(n,2") — 0.85 ~ n — 0.85. This result indicates that,
given a random (n X m) binary matrix, it would be almost
full-ranked. Figure 7 shows the relation between E.(n) and
E.(n) forn=1,2,...,20.

Even though there exists an exponential gap [1] between
depth-(k—1) and depth-k communication complexity, the ex-
pected number of distinct columns (rows) can be quite close
to the expected rank. Therefore the result implies that the
exact depth-1 solution is statistically quite close to global
optimal. After taking the logarithm of the number of dis-
tinct column vectors, the amount of required information
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exchange for the depth-1 solution would be statistically al-
most the same as the global optimal solution. Notice that
the rank provides a lower bound for the optimum solution;
however, the optimum solution of a given instance could be
much larger than the lower bound. In Example 1, we show
an infinite family of examples whose communication com-
plexity is exponentially larger than the rank lower bound.
(To the best of our knowledge, it was not previously known
if there exists an exponential gap between the rank lower
bound and the optimum solution.)

EXAMPLE 1. We construct a (2" X 27) matriz X of rank
r as follows.

1. Start from an (r X r) identity matriz I,.

2. Build a (2"—1xr) matriz X" by adding (3)+ (5)+-- -+
(1) rows to I, where the () rows are derived by adding
(bitwise XORing) i row-vectors of Ir, 1 =2,...,r.

8. Build a (2"—1 % 2"—1) matriz X' by adding (5) + (5) +
-+ (:) columns to X", where the (:) columns are

derived by adding (bitwise XORing) i column-vectors
of X", i=2,...,r.

4. Construct a (2" x 2") matriz X from X' by adding a
row and a column of all 1’s.

Figure 7: Distributions of Ec(n) and Er(n).

CLAIM 1. The communication complexity of matriz X is
of ©(r).

PRrROOF. Since the proof would be quite involved, we only
give a sketch for the proof.

Matrix X has the property that any (3% 3) rectangle in the
matrix has rank greater than or equal to 2. For any commu-
nication protocol to reach a monochromatic rectangle, the
maximal rectangle must have at least one dimension of size
less than 3. It implies that at least Q(log2™) = Q(r) bits of
information must be exchanged. On the other hand, 2" bits
of information suffice to determine the function represented
by X. Hence the communication complexity of matrix X is
of ©(r). O

COROLLARY 2. The rank low bound can be exponentially
loose away from the actual communication complexity.

The above statistical analysis is based on the assumption
that the considered binary matrix has entries either 0 or
1 purely at random. This might not be adequate for real
VLSI designs. In addition to the design instance, the input-
output separation constraints may have decisive effects on
the minimum amount of information exchange. However,
the statistical analysis may suggest that there exists a vast
design class that the depth-1 solution is quite close to the
global optimal.

6. EXPERIMENT S

We are currently in the middle of experimenting, and will
answer the following questions in the final version of this

paper.

1. In real-world circuit designs, would the rank and the
number of distinct column vectors be far from the the-
oretic expectations?

2. Would BDD-based approach be practical in comput-
ing the exact depth-1 solution? (The BDD size would
blowup if the number of distinct column vectors is too
large.)

3. Even though depth-1 communication has the most prac-
tical application, it would be interesting to know how
much information can be reduced by increasing the
communication depth by one. The results might be
useful in the tradeoff between speed and area. (Since



finding an exact solution for depth-2 problems is in-
timidating, heuristics must be applied here.)

7. CONCLUSIONS

In this paper we studied depth-bounded communication
complexity, which has applications in the design of real-time
embedded systems and VLSI design.

When we restrict the solution to depth-1 communication
(which has the most practical application), exact solutions
exist for both combinational and sequential computations.
We show a procedure of dynamically calculating the neces-
sary information exchange for sequential computation, such
that at a particular current state combinational computa-
tion is used. Symbolic techniques may be applied in the
computation.

Also we theoretically analyze the difference between the
expected solution for depth-1 communication and the ex-
pected lower bound for any-depth communication. The re-
sult indicates that the exact depth-1 solution would statis-
tically quite close to the lower bound, in spite of the ex-
istence of exponential gaps between the exact solutions of
depth-(k—1) and depth-k communications.

Although the experiments are not finished yet, we manage
to show some results in the practical side of communication
complexity problems. Thus we can compare them against
our theoretical results.
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