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Abstract—In many network communication scenarios, a relay
in the network may only need to recover and retransmit an
equation of the transmitted messages. In previous work, it has
been shown that if each transmitter employs the same lattice
code, the interference structure of the channel can be exploited
to recover an equation much more efficiently than possible
with standard multiple-access strategies. Here, we generalize
this compute-and-forward framework to the multiple antenna
setting. Our results show that it is often beneficial to use
extra antennas at the receiver to rotate the channel coefficients
towards the nearest integer vector instead of separating out the
transmitted signals. We also demonstrate that in contrast to
classical strategies, the multiplexing gain of compute-and-forward
increases if the transmitters have channel state information.
Finally, we apply our scheme to the two way relay network and
observe performance gains over traditional strategies.

I. I NTRODUCTION

Consider M transmitters connected to a single receiver
through a multiple-access channel (MAC). The MAC capacity
region gives the best possible rates for the receiver to recover
all of the transmitted messages. However, in many settings,
such as network coding [1], it may only be of interest to
decode afunction of the transmitted messages. In these cases,
the MAC capacity region is too pessimistic and significant
gains are possible through the use of structured codes [2].

In [3], it was shown that for a Gaussian MAC with channel
outputy[i] =

∑M

m=1 hmx[i] + z[i] with powerP per user and
noise varianceN , any linear function of the messages can be
recovered at rate:

R = max
λ∈C

log

(

P

|λ|2N + P‖λh − a‖2

)

(1)

where a = [a1 a2 . . . aM ]T represents the integer-valued
coefficients of the desired linear equation. Note that the non-
integer part of the channel vectorh appears as a noise term
in the rate expression. This is simply because the underlying
channel codes of thiscompute-and-forwardscheme are drawn
from a lattice and only integer combinations of lattice points
will be lattice points themselves. Thisapproximation errorcan
be somewhat mitigated by scaling the channel output byλ

prior to decoding but, in general, this integer penalty will
persist.
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Fig. 1. Decoding an equation over a MIMO multiple-access channel.

In this paper, we show that if the receiver is equipped with
more than one antenna, it can steer the channel coefficients
towards integer values much more effectively. Hence, multiple
antennas can considerably reduce the approximation error and
increase the compute-and-forward rate. We first find a closed
form solution for the optimal linear receiver for the case when
the transmitters have no channel state information. We then
demonstrate that the multiplexing gain of our strategy is fun-
damentally different from standard multiple-access schemes.
Specifically, we show that channel state information (CSI) at
a transmitter can buy degrees-of-freedom for MIMO compute-
and-forward while, at best, transmitter CSI is worth a power
gain for the classical MIMO MAC scheme. Finally, we apply
our scheme to the multiple antenna two-way relay channel.
In certain parameter regimes, our strategy outperforms either
compress-and-forward or decode-and-forward. Overall, our re-
sults demonstrate that lattice codes are also useful for attaining
higher rates than possible with i.i.d. random codes in the
multiple-antenna setting.

A. Related Work

The MIMO MAC capacity region is well-studied in the
literature (see, for instance [4], [5]). Recently, severalgroups
have independently shown that structured codes can improve
upon the rates attainable with the usual i.i.d. random coding
techniques for many network communication scenarios [6]–
[11]. In particular, for Gaussian channel models, nested lattice
codes as developed in [12] can be extremely useful.



II. D EFINITIONS

A. Problem Statement

Consider a MIMO multiple-access channels withM users,
Nt transmit antennas per user, andNr receive antennas per
user (see Figure 1). Letxm[i] ∈ CNt×1 denote the channel
input from userm at timei. The channel inputs for each user
must satisfy the usual power constraint:

1

n

n
∑

i=1

‖xm[i]‖2 ≤ SNR (2)

The channel outputy[i] ∈ C
Nr×1 at time i is specified by:

y[i] =
M
∑

m=1

Hmxm[i] + z[i] (3)

whereHm ∈ CNr is the fading matrix seen by userm with
entries drawn i.i.d fromCN (0, 1) andz[i] is a length-Nr noise
vector with entries also drawn i.i.d. fromCN (0, 1). We assume
that the receiver always has perfect knowledge of the channel
matrix. The transmitters always know their target rate but may
not have any knowledge of the channel realizations.

Let R > 0 be the desired target rate. Each user has two
message vectorswR

m,wI
M ∈ Fk

p where Fp is a prime-sized
finite field andk = nR(2 log2 p)−1 . One of these vectors is
encoded and transmitted on the real part of the channel input
and the other on the imaginary part.

The receiver, given the channel outputy ∈ Cn, attempts
to recover two equations of the transmitted messages. Specif-
ically, the receiver wants to decode:

uR =

M
∑

m=1

aR
mwR

m −
M
∑

m=1

aI
mwI

m (4)

uI =

M
∑

m=1

aI
mwR

m +

M
∑

m=1

aR
mwI

m (5)

where aR
m, aI

M ∈ Fp and all operations are overFp. The
structure of these two equations is chosen to match the
complex addition performed naturally by the channel. Let
am = aR

m+jaI
m be the embedding of the equation coefficients

for userm from Fp×Fp into C. We denote the vector of these
embedded coefficients byaT = [a1 a2 · · · aM ].

Remark 1:For real-valued channels, the receiver would
simply recover

∑

aR
mwm as the desired equation.

Definition 1: We say that rateR is achievable for decoding
equationsuR,uI with coefficients specified bya if for any
ǫ > 0 andn large enough, there exist encoding and decoding
functions E1, . . . , Em,D such that the receiver can produce
estimateŝuR, ûI satisfying

Pr
({

ûR 6= uR
}

∩
{

ûI 6= uI
})

< ǫ. (6)

Given a full rank set of such equations at rateR it is clear
that a receiver could solve for the original messages.

Remark 2:One could also consider decoding multiple lin-
ear equations of the messages simultaneously as well as
multiple receivers, each with different channel matrices,along
the lines of [3].

III. A CHIEVABLE RATES

Our results build on the scheme for single-antenna case from
[3].

Theorem 1 (Nazer-Gastpar):Given a single-antenna
multiple-access channel,y[i] =

∑M

m=1 hmx[i] + z[i], with
P power per user and varianceN noise, the following rate
is achievable for decoding the equation with coefficients
specified bya ∈ CM

R = log

(

P

N + P‖h− a‖2

)

(7)

The proof relies on each encoder using the same nested lattice
code. See [13] for more details. Note that there are two noise
penalties. The first is due to the usual additive noise term.
The second noise term is unique to compute-and-forward and
is due to the non-integer part of the channel coefficients. We
will use the extra antennas to rotate the channel coefficients
towards integers with an eye to reducing this penalty.

Our MIMO compute-and-forward scheme uses the above
result combined with appropriate precoding vectors. Assume
that all transmitters have full channel knowledge. The length-
Nt channel input from encoderm at timei is given byxm[i] =
cmx̃[i] wherex̃[i] is chosen as in the scalar case above. Prior
to decoding, the receiver projects the channel output usingthe
length-Nr vector b to get ỹ[i] = bTy[i]. Combining these
steps we get a scalar MAC:

h̃m = bT Hmcm (8)

ỹ[i] =

M
∑

m=1

h̃mx̃[i] + z̃[i] (9)

where z̃[i] is i.i.d. circularly symmetric Gaussian noise with
variance‖b‖2. This gives us the following theorem.

Theorem 2:Given a multiple-antenna multiple-access chan-
nel, y[i] =

∑M

m=1 Hmx[i] + z[i], Nt transmit antennas and
Nr receive antennas, the following rate is achievable for
decoding the equation with coefficients given bya

R(a) = max
b,cm

log

(

SNR

‖b‖2 + SNR
∑M

m=1 |bTHmcm − am|2

)

such that‖cm‖2 ≤ 1 m = 1, 2, . . . , M (10)

Intuitively, these rotation vectors should be used to ma-
neuver the channel coefficients towards the desired equation
coefficients. If the receiver has as many antennas as there are
users, i.eNr = M , it can set the channel coefficients to be
integers and completely null the approximation error.

In general, finding the optimalb andcm for channel matri-
cesHm and desired coefficientsa is a non-convex problem.
Below, we find the optimal vectors for the special case where
the transmitters have no knowledge of the channel realization.
We then show how to find the optimal transmit vectorscm for
a fixed receive vectorb.



IV. OBLIVIOUS TRANSMITTERS

In practice, channel knowledge is obtained at the receiver
through pilot measurements and at the transmitters through
feedback. In certain wireless settings, feedback from the
receiver may be ineffective and hence channel knowledge is
not feasible at the transmitters. Without channel knowledge,
extra transmit antennas are not useful in our lattice scheme
since the transmitters cannot steer the fading coefficientscloser
to integers. In this section, we present the achievable rates for
the special case of a single transmit antenna in the absence of
transmitter channel knowledge.

Our channel matrices become vectors of the form
h1, ...,hM . We define the global channel matrixG∗ ∈
CM×Nr to have rowshT

1 , ...,hT
M . Before presenting the rate

for our scheme, we first observe that when all the individual
signals have to be decoded, the capacity region is given by
the set of all rate vectors(R1, ..., RM ) satisfying

∑

i∈S
Ri ≤ log det

(

I + SNR

∑

i∈S
hih

∗
i

)

(11)

for all S ∈ {1, ..., M} [4]. This rate is achievable using
random coding.

The achievable rate for our lattice scheme simplifies as
follows. For an equation with coefficient vectora, successful
decoding is possible if each message is encoded at rate less
than

R(a) = max
b∈CNr

log

(

SNR

||b||2 + SNR||G∗b − a||2
)

(12)

We observe that if there are enough receive antennas, i.e
Nr ≥ M , then the error from approximating the channel
coefficients by integers can nulled at the cost of incurring
additional noise. However, for finiteSNR, it is suboptimal to
cancel all the interference. Rather, the optimal receiver projec-
tion vector isbOPT =

(

GG∗ + 1
SNR

I
)−1

Ga. This follows
from the fact that optimization problem can be rewritten as
a quadratic program. Using the optimal projection vector at
the decoder, we can derive the following expression for the
achievable rate.

Theorem 3:Given a multiple-access channel withNr re-
ceive antennas and no channel state information at the trans-
mitters, the following rate is achievable for decoding the
equation with coefficientsa:

R(a) = − log a∗VDV∗a (13)

whereV ∈ CM×M is the right eigenmatrix ofG and D ∈
RM×M is a diagonal matrix with elements,

Di,i =

{

1
SNRλi+1 i ≤ rank(G)

1 i > rank(G)
(14)

whereλi is the ith eigenvalue ofG∗G.
Proof: Definef : CNr → C as follows:

f(b) =
1

SNR
‖b‖2 + ‖G∗b − a‖2 (15)

Let UΣV∗ be the singular value decomposition ofG with
U ∈ CNr×Nr,Σ ∈ CNr×M ,V ∈ CM×M . Note that in this
SVD representation,Σi,i = σi (the ith singular value ofG)
andΣi,j = 0 for all i 6= j. Evaluatingf at bOPT gives

f(bOPT ) = 1
SNR

b∗b + b∗GG∗b − b∗Ga − a∗G∗b + a∗a

= b∗(GG∗ + 1
SNR

I)b − b∗Ga − a∗G∗b + a∗a

= b∗Ga − b∗Ga − a∗G∗b + a∗a

= −a∗G∗b + a∗a

= −a∗G∗
(

GG∗ +
1

SNR
I

)−1

Ga + a∗a

= −a∗VΣ∗U∗
(

UΣΣ∗U∗ +
1

SNR
I

)−1

UΣV∗a

+ a∗Ia

= a∗V

(

I − Σ∗
(

ΣΣ∗ +
1

SNR
I

)−1

Σ

)

V∗a

= a∗VDV∗a

Equation (13) follows by noting thatR(a) = − log f(bOPT ).

The theorem above suggests that our scheme performs well
when the coefficients vectora aligns in the direction ofvmax

where vmax is the largest eigenvector of the matrixG∗G.
This reinforces the idea that structured codes can outperform
random codes when the channel and the desired function are
suitably matched. We illustrate this point with the following
example.

Example 1:Consider a 2 user, 1 transmit antenna and 2
receive antenna MIMO MAC with global channel matrix

G =
1

2

[
√

K + 1
√

K − 1√
K − 1

√
K + 1

]

whereK ≥ 1.
The eigenvalues ofG∗G are found to beλmax = K and

λmin = 1 with corresponding eigenvectorsvmax = 1√
2
[1, 1]T

andvmin = 1√
2
[1,−1]T . We are interested in recovering the

sum of the input signals, i.ea = [1, 1]T . The achievable rates
via MIMO compute-and-forward (MCF) and random coding
(RAND) are given by

RMCF =
1

2
log

(

1 +
K

2
SNR

)

(16)

RRAND =
1

4
log(1 + SNR) +

1

4
log(1 + KSNR) (17)

At high SNR, the rates scale as

RMCF ∼
1

2
log

(

K

2
SNR

)

RRAND ∼ 1

2
log
(√

KSNR

)

(18)

whereRRAND follows from (11).
For large values ofK, MIMO compute-and-forward out-

performs random coding by a substantial amount. Note that in
this example, the coefficientsa aligns perfectly in the direction
of maximum eigenvectorvmax.



Until now, we have implicitly assumed that we are interested
in a particular equation of the transmitted codewords. How-
ever, in networks with intermediate relay nodes, it is often
sufficient to know any equation of the inputs, so long as the
full set of equations is full rank. In the rest of this section, we
analyze the rate of decoding the best integer equation given
the channel coefficients. We defineRBEST to be the maximum
achievable rate over all functions with integer coefficients
(except the all zeros vector).

RBEST = max
a∈ZM+jZM\{0}

− log a∗VDV∗a (19)

The optimization problem presented in (19) is a minimal
lattice point search and is known to be NP hard. Fortunately,
it can be shown that anya with ‖a‖ ≤ (1+λMAX )SNR results in
zero rate, which makes the search feasible for low to moderate
values ofSNR.

We can also show thatRBEST is lower and upper bounded as
follows:

− log

(

1

M

M
∑

i=1

1

1 + λiSNR

)

≤ RBEST ≤ log(1 + λMAX SNR).

Furthermore, in the special case ofM = 2 users andNr = 2
receive antennas,RBEST can be also be lower bounded by

RBEST ≥ RRAND + log

( √
γ

min(α,β)∈A αγ + β(1 − γ)

)

whereγ andA are given by

γ =
λMINSNR + 1

λMAX SNR + 1
(20)

A =

{(

1,
1

5

)

,

(

2,
1

10

)}

(21)

for γ ∈
(

1
16 , 5+

√
6

19

)

, RBEST > RRAND. The proof is omitted due
to space constraints.

V. TRANSMITTER CHANNEL KNOWLEDGE

When the transmitters have channel state information, pre-
coding can help steer the fading coefficients closer to integers.
In this section, we show that channel knowledge at the
transmitters can increase the multiplexing gain of MIMO
compute-and-forward. Let the multiplexing gain be denoted
by r = limSNR→∞

R
log SNR

whereR is the achievable rate.
Recall that (10) is non-convex in general. However, for

a fixed b, the optimization overc1, ...cm is convex. Define
p∗

m = bTHm for m = 1, ...M . If |am| ≤ ‖pm‖, the optimal
cm for a fixedb is given by

cm =

{

ampm

‖pm‖2
+ v : v ⊥ pm,

|am|2
‖pm‖2

+ ‖v‖2 ≤ 1

}

(22)

Here, transmitterm can steer its channel coefficient to the
desired integer sincebT Hcm = am. If |am| ≥ ‖pm‖, the
optimal cm (for a fixedb) is given by

cm =
ampm

|am|‖pm‖ (23)

Note that this is equivalent to Equation (22) if |am| =
‖pm‖. Furthermore, if|am| > ‖pm‖, transmitterm does not
have enough power to steer its channel coefficient toam. If
the receiver choosesb such that‖H∗

mb‖ ≥ |am| for all m,
then the fading coefficients can be steered to integers by pre-
coding alone. Thus, the error from approximating the channel
coefficients as integers can be completely eliminated and the
optimal multiplexing gainr = 1 is achievable.

Multiplexing gain can also be observed in the case of
partial channel state information. Consider a scenario where
the transmitters and the receiver have only one antenna and a
subset of the transmitters have global channel knowledge while
the rest are ignorant of the channel. LetΓ ⊂ {1, ..., M} denote
the set of transmitters with channel knowledge. We require that
the receiver recovers an equation of the transmitted messages
with all non-zero coefficients.

Using random coding, the best performance is given by the
maximum symmetric rate point in the MIMO MAC region.
Recall that channel knowledge at the transmitters translates to
only a power gain for the MIMO MAC region. Hence, the
multiplexing gain remains unchanged.

rRAND =
1

M
(24)

On the contrary, transmit channel knowledge increases the
multiplexing gain for our lattice scheme.

rCOMPUTE = min

{

1

M − |Γ| , 1
}

(25)

Proof Sketch:For simplicity, we give a proof sketch for the
real valued channel. The complex version follows using the
same ideas. Assume that|hm| ≥ 1 for all m (we can achieve
this by post-scaling the output bymaxm

1
|hm| at the receiver).

This ensures that we decode to non-zero coefficients. Assume
that the first|Γ| users have channel knowledge. Define the
function γ : N → R as follows

γ(b) = min
am∈Z

b2 + SNR

M
∑

m=|Γ|+1

(hmb − am)
2 (26)

Dirchlet’s approximation theorem guarantees that for any
length K vector p ∈ RK , there exists aq ∈ {1, 2..., Q}
such that‖qp mod ZK‖ ≤ K

Q
1

K

[14]. Assume thatQ2 ∼
SNR

β and applying Dirchlet’s theorem, it can be shown that
there exists a positive integerb ≤ Q such thatγ(b) ∼
SNR

β + SNR
(1− β

M−|Γ|−1
). Since |hm| ≥ 1 for all m and

b > 0, the minimizing am 6= 0 for all m. Let κ =
⌈maxm=1,...|Γ|

1
hmb

⌉. It can be shown thatγ(κb) also scales

as SNR
β + SNR

(1− β

M−|Γ|−1
) . For m = 1, ...|Γ|, precode by

setting

cm =
1

hmκb
(27)



By the definition ofκ, we ensure that|cm| ≤ 1. The final
result follows by settingβ = M−|Γ|−1

M−|Γ| and noticing that

RCOMPUTE = log SNR

γ
.

VI. N ETWORK APPLICATON: TWO WAY RELAY

There has been a great deal of recent interest in the two-
way relay channel (see, for instance, [8], [11], [15], [16],and
the references therein). The (real-valued) network model is as
follows. Two encoders want to exchange messagesw1, w2 at
the highest possible symmetric rate with the help of a relay.
The encoders generate channel inputsx1[i] andx2[i] subject to
individual block power constraints1

n

∑n

i=1 (xm[i])2 ≤ SNR.
The relay observesy[i] = h1x1[i] + h2x2[i] + z[i] where
h1,h2, z[i] are drawn i.i.d. according toN (0, INr×Nr ). The
relay has a noiseless broadcast link back to both users with rate
R0. Note that the transmitters have channel state information.
The network is illustrated in a block diagram in Figure 2.
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Fig. 2. Two Way Relay

In the single antenna two-way relay, lattice codes allow the
relay to recover the sum of the messages at a higher rate than
available for decoding the messages individually. When the
relay is equipped with multiple antennas, one might expect that
they should be used to separate out the individual messages.
However, we show that, in a certain regime, it is better to use
the antennas to help decode a single equation of the messages.

In Figure 3, we compare the performance (averaged over the
channel state) of MIMO compute-and-forward with compress-
and-forward and decode-and-forward forR0 = 5 and Nr =
1, 2 antennas at the relay. Clearly, adding an antenna at the
relay provides a nontrivial increase in throughput. It is also
clear that using this antenna to enhance the performance of
compute-and-forward results in the highest average rate. This
affirms that both transmitter CSI and multiple antennas are
beneficial for computing equations in networks.

VII. C ONCLUSIONS

In this paper, we developed a multiple-antenna extension
of the lattice-based compute-and-forward strategy for AWGN
networks. We showed that the addition of antennas at the
receiver can be used to rotate the channel vector towards
integers, thus increasing the compute-and-forward rate. We
also showed that channel state information at the transmitters
can provide a boost in the multiplexing gain. We applied
our framework to a relay network scenario and demonstrated
improved performance over traditional strategies.
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