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Abstract— In recent work, we have shown that in a Gaus-
sian network, nodes can often recover linear combinations of
transmitted codewords much more efficiently than the codewords
themselves. These nodes, after decoding their linear equations,
simply send them towards the destination, which given enough
equations, can recover the desired messages. This compute-and-
forward strategy relies on a lattice-based coding framework.
In this note, we show that by employing appropriately nested
lattice codes, nodes can reliably recover linear combinations of
the messages symbols themselves. This considerably simplifies
the description of our scheme. We also consider superposition
and successive cancellation within the compute-and-forward
framework.

I. I NTRODUCTION

Cooperative communication schemes increase rates in wire-
less networks by having nodes help other nodes achieve their
objectives. In many cases, these cooperative strategies rely on
the fact that nodes see linear combinations of neighbors’ trans-
missions. In certain applications, such as distributed MIMO
and wireless network coding, it may be useful for a node
to forward the observed linear combination of transmissions
to other nodes rather than decode the transmissions in their
entirety. However, there are many advantages to decoding such
as preventing noise from building up inside the network.

In previous work, we have developed a communication strat-
egy, compute-and-forward, that allows intermediate nodesto
both recover linear combinations of codewords and eliminate
noise [1]. This reduces a network into a set of reliable linear
equations (instead of a set of reliable bit pipes). The key to
this construction was the use oflattice codes. In this note, we
present a new construction based on nested lattices that allows
nodes to directly recover equations of message symbols over
a prime-sized field.

Lattice codes were originally studied to enable practical
code constructions to better approach capacity. In [2], Erez
and Zamir showed that lattice encoding and decoding are
sufficient to approach the capacity of the AWGN channel.
Zamir, Shamai, and Erez also showed how to use nested
lattices for multiterminal binning in [3]. It has recently been
shown that lattice codes (and algebraically structured codes
in general) can also serve as a powerful tool for proving
new network capacity theorems [4]. This was first noticed
by Körner and Marton for the distributed compression of the
parity of two correlated binary sources [5]. More recently we
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Fig. 1. Reliably decoding an integer combination of the transmitted messages.

have used this phenomenon, which we termstructural gain,
for network coding on the physical layer [6] and reliable
computation over multiple-access channels [7]. Others have
employed structured codes for combating interference [8]–[10]
as well as communicating over the two-way relay channel [11]
and distributed Gaussian functional source coding [12].

In this paper, we develop our new coding strategy and
characterize the achievable rates. First, we provide some
necessary background on lattices and develop our nested lattice
construction. Next, we will determine the rate achievable by
a single receiver that observes a noisy linear combination for
decoding a single equation. Next, we extend this result to the
multiple receiver case. Finally, we generalize our scheme to
include both superposition and successive cancellation toallow
receivers to decode message equations at different rates.

II. PROBLEM STATEMENT

Our strategy is applicable to any configuration of nodes that
communicate through Gaussian channels. We will focus on
how to deliver equations across a single cut of the network.
We will then show how a destination, given sufficiently many
equations, can recover the intended messages. These two
components are sufficient to completely describe an achievable
rate region for any network.

Consider any cut across a Gaussian network. On one side
there areL transmitters with channel encodersE1, . . . , EL and
on the other side there areM receivers with channel decoders
D1, . . . ,DM . We assume that there are different message
levels numbered1 to B. These will be used for superposition
coding of message equations. Each encoder participates in a



subset of message levels which we denote byIE
ℓ . We assume

that our channel encoders take message symbols over the set
Fp + jFp whereFp is a prime-sized field and output complex-
valued channel inputs:

Eℓ : {Fp + jFp}
P

i∈IE
ℓ

ki → C
n (1)

whereki is the length of the message vector for theith message
level andn is the length of the channel input. We use⊕ to
denote complex addition modulo-p (separately on the real and
imaginary parts) and+ to denote regular complex addition,
⊕

i∈I to denote summation modulo-p over the index setI, and
∑

i∈I to denote regular complex summation over the index
setI. Each decoder participates in its own subset of message
levels ID

m and outputs a linear combination of transmitted
messages for each message level:

Dm : C
n → {Fp + jFp}

P

i∈ID
ℓ

ki
. (2)

We letwℓ,b denote the message vector at levelb for encoder
ℓ. We say that a decoder recovers themessage equation
from level b at rate R if it outputs

⊕L

ℓ=1
qmℓ,bwℓ,b and

kbn
−12 log2 p = R. Let qm,b = [qm1,b · · · qmL,b]

T denote the
vector equation coefficients for receiverm at levelb. Note that
these coefficients take values inFp + jFp.

Each encoder generates a channel inputxℓ ∈ Cn that
satisfies the power constraint1

n
E[‖x‖2] ≤ SNR. Each decoder

observes a channel output that is a linear combination of the
channel inputs plus circularly symmetric Gaussian noise:

ym =

L
∑

ℓ=1

hmℓxℓ + zm (3)

wherehmℓ ∈ C are the channel coefficients which are fixed for
the whole transmission. Lethm = [hm1 · · ·hmL]T denote the
vector of channel coefficients to receiverm. Note that different
transmit SNR constraints can be modeled by adjusting the
channel coefficients.

In general, each node in a network will have its own
message symbols to transmit and will want some subset of
the original messages. To this aim, it will recover equations
of other users’ messages. Some of these equations will be
retransmitted into the network and others will be used to
recover the desired messages. As usual, we say that nodeℓ can
achieve a rateR to nodem if node m can make an estimate
of a messagêwℓ,b for someb such that for anyǫ > 0 andn
large enough:

2kb

n
log2 p > R − ǫ, (4)

Pr(ŵℓ,b 6= wℓ,b) < ǫ. (5)

Clearly, the general Gaussian network communication prob-
lem is extremely difficult, as even the wireline case with a
general message structure is unsolved. However, our scheme
offers a strict improvement over the standard strategies of
successive cancellation and superposition as these are included
as special cases. Our coding scheme is based upon a nested
lattice construction. The next subsection provides the neces-
sary definitions for lattices.

A. Nested Lattices

We now reproduce some appropriate definitions from [2].
Note that lattices are defined over the reals.

Definition 1: An n-dimensionallattice, Λ, is a set of points
in R

n such that ifx,y ∈ Λ, thenx + y ∈ Λ, and if x ∈ Λ,
then−x ∈ Λ. A lattice can always be written in terms of a
lattice generator matrixL ∈ Rn×n:

Λ = {x = wL : w ∈ Z
n}, (6)

whereZ represents the integers.
A pair of latticesΛ, Λ1 is said to be nested ifΛ ⊂ Λ1.
Definition 2: A lattice quantizeris a map,Q : Rn → Λ,

that sends a point,x, to the nearest lattice point in Euclidean
distance:

Q(x) = argmin
λ∈Λ

||x − λ||2. (7)

Definition 3: Let [x] mod Λ = x − Q(x). For all x,y ∈
Rn, the modΛ operation satisfies:

[[x] mod Λ + y] mod Λ = [x + y] mod Λ (8)

[q[x] mod Λ] mod Λ = [qx] mod Λ ∀q ∈ Z (9)
Definition 4: The fundamental Voronoi region, V , of a

lattice, is the set of all points that are closest to the zero vector:
V = {x : Q(x) = 0}. Let Vol(V) denote the volume ofV .

In the next section, we show how to construct good nested
lattices.

III. L ATTICE CONSTRUCTIONS

Our main tool for our lattice constructions will be Construc-
tion A [13].

Construction A consists of the following steps:

1) Given a generator matrixG ∈ Zk×n
p , define the code-

book C as follows:

C =
{

c = wG : w ∈ Z
k
p

}

. (10)

All operations in this step are overFp.
2) Form the latticeΛ by tiling the codebook, scaled down

by a factor ofp, overRn:

Λ = p−1C + Z
n (11)

We will choose the generator matrices for Construction A
randomly. This will result in a random ensemble of lattices,
which, with high probability, have the desired properties.

For each levelb = 1, 2, . . . , B let Gb be a kb × n
matrix whose elements are drawn i.i.d. and uniformly over
{0, 1, . . . , p − 1}. Denote the lattice resulting from Construc-
tion A applied toGb as Λ̃b. Note that the integer latticeZn

is nested in each̃Λb.
Following the steps in [13], it follows that eachGb is full

rank with high probability asn increases.
Erez, Litsyn, and Zamir proved that there exist lattices

which are simultaneously good for covering (Rogers goodness)
and for channel coding (Poltyrev goodness) [13]. In the interest
of space, we simply assume the existence of such a lattice
Λ scaled to have second momentSNR

2
and its corresponding

lattice generator matrixL ∈ Rn×n. We will refer to this lattice



as thecoarse lattice. Furthermore, we note that this lattice
comes from Construction A as well.

Finally, we generate our nested lattice pairs by applying the
lattice generatorL to eachΛ̃b. We get new fine latticesΛb =
Λ̃bL such thatΛ ⊂ Λb since the integer lattice is transformed
by L into Λ. Note that this is the same construction employed
by Erez and Zamir in [2] except that here we have multiple
fine lattices at different rates.

Note that if Gb has rankkb (full rank), then the number
of fine lattice points in the fundamental Voronoi region of the
coarse lattice,V , is given by|Λb∩V| = pkb so that the rate of
Λb is Rb = kb

n
log2 p. Furthermore, each message vectorw ∈

Fkb
p is in one-to-one correspondence with a point in|Λb ∩ V|.

IV. SINGLE RECEIVER COMPUTE-AND-FORWARD

We now focus on the achievable rate for decoding an
equation at a single receiver. Furthermore, we limit ourselves
to a single message level for now (B = 1). Each encoder
chooses a message vectorwℓ randomly and uniformly from
{Fp + jFp}k1 . Let wR

ℓ = Re(wℓ) andwI
ℓ = Im(wℓ). These

vectors are mapped to pointstR
ℓ , tI

ℓ ∈ Λ1 ∩ V as follows:

tR
ℓ =

[

wR
ℓ G1L

]

mod Λ (12)

tI
ℓ =

[

wI
ℓG1L

]

mod Λ (13)

Each encoder is given twodither vectors, dR
ℓ and dI

ℓ ,
generated independently and uniformly fromV and also given
to the receiver. Encoderℓ generates a channel input as follows:

xℓ = [tR
ℓ − dR

ℓ ] mod Λ + j[tI
ℓ − dI

ℓ ] mod Λ (14)

The dither vectors ensure thatxℓ is the sum of two independent
vectors that are uniform over the coarse Voronoi region and
thus E[‖xℓ‖2] = SNR. The channel output is given byy =
∑L

ℓ=1
hℓxℓ +z. Assume that the decoder would like to decode

the message equation
⊕L

ℓ=1
qℓwℓ. We define the following two

quantities:

vR =
[

∑

Re(qℓ)t
R
ℓ − Im(qℓ)t

I
ℓ

]

mod Λ (15)

vI =
[

∑

Im(qℓ)t
R
ℓ + Re(qℓ)t

I
ℓ

]

mod Λ. (16)

These are equations of the lattice points (not the message
symbols). We will see later that it is easy to go from these
lattice equations to the desired message equations. The decoder
scales the channel output by someα ∈ C and estimates the
lattice equations as follows:

v̂R = [Q1(Re(αy) +

L
∑

ℓ=1

Re(qℓ)d
R
ℓ − Im(qℓ)d

I
ℓ )] mod Λ

v̂I = [Q1(Im(αy) +

L
∑

ℓ=1

Im(qℓ)d
R
ℓ + Re(qℓ)d

I
ℓ )] mod Λ

whereQ1(·) is the nearest neighbor quantizer forΛ1. Although
there are multiple transmitters, due to the linear structure of
the lattice, we can also viewy as a noisy version of the lattice
codewords. Using Lemma 2 from [2], we can show that the

channels fromvR to v̂R and fromvI to v̂I are equivalent in
distribution to:

v̂R = [Q1([v
R + zR

eq] mod Λ)] mod Λ (17)

v̂I = [Q1([v
I + zI

eq ] mod Λ)] mod Λ (18)

zR
eq = z̃R +

L
∑

ℓ=1

Re(αhℓ − qℓ)d̃
R
ℓ − Im(αhℓ − qℓ)d̃

I
ℓ (19)

zI
eq = z̃I +

L
∑

ℓ=1

Im(αhℓ − qℓ)d̃
R
ℓ + Re(αhℓ − qℓ)d̃

I
ℓ (20)

wherez̃R and z̃I are distributed according toN (0, |α|2In×n)
and each̃dR

ℓ and d̃I
ℓ is drawn independently and uniformly

from V . It can also be shown that:

lim
n→∞

1

n
‖zR

eq‖2 = lim
n→∞

1

n
‖zI

eq‖2 =
1

2
(|α|2 + SNR‖αh − q‖2)

We can now characterize the achievable rate for recovering
a single equation of lattice points. It then remains to prove
that this lattice equation is equivalent to the desired message
equation.

Theorem 1:For anyǫ > 0 andn large enough, there exists
a nested lattice pairΛ ⊂ Λ1 with R1 − ǫ < k1n

−12 log2 p <
R1 where

R1 = log+

(

SNR

|α|2 + SNR‖αh− q‖2

)

(21)

such that the lattice equationvR + jvI can be recovered from
the channel outputy with probability of error upper bounded
by ǫ:

Pr
(

v̂R + jv̂I 6= vR + jvI
)

< ǫ. (22)

The proof relies on showing that the equivalent noise terms
zR

eq andzR
eq are no worse than Gaussian noise with the same

variance. Furthermore, we use the fact that lattice decoding
(for real-valued channels) is successful at any rate less than
1

2
log

(

P
Neq

)

where P is the transmit power andNeq is
the equivalent noise power. The real and imaginary lattice
components use powerSNR/2 each andNeq = 1

2
(|α|2 +

SNR‖αh − q‖2). Since we have both real and imaginary
components, we arrive atR1 for the achievable rate. A full
proof will appear in the journal version.

Lemma 1:For a givenh ∈ CL, q ∈ {Fp + jFp}L, and
SNR > 0, the compute-and-forward rate given by

R1 = log+

(

SNR

|α|2 + SNR‖αh− q‖2

)

(23)

is uniquely maximized by choosingα to be the MMSE
coefficient

αOPT =
SNRh∗q

1 + SNR‖h‖2
(24)

which results in a rate

R1,OPT = − log+

(

‖q‖2 − SNR‖h∗q‖2

1 + SNR‖h‖2

)

(25)



Note that |α|2 + SNR‖αh − q‖2 is quadratic inα. The
optimizing α is simply found by setting the first derivative
equal to zero. We then just plug back into the expression for
R1.

Note that our scheme only requires channel knowledge
at the receiver. The transmitters only need to know their
respective rate targets.

We will now show that we can recover the message equation
u =

⊕L

ℓ=1
qℓwℓ from the decoded lattice equationvR + vI .

Lemma 2:Given the real and imaginary parts of the re-
covered lattice equation,vR and vI , we can recover the
desired message equationu =

⊕L

ℓ=1
qℓwℓ using the following

transformation:

cR = p
(

[vRL−1] mod Z
n
)

(26)

cI = p
(

[vIL−1] mod Z
n
)

(27)

u = cRGT
1 (G1G

T
1 )−1 + j

(

cIGT
1 (G1G

T
1 )−1

)

(28)

where matrix operations in (28) are overFp and all other
operations are overC.

Proof: Recall that the transmitted lattice pointstR
ℓ and

tI
ℓ are generated from the message symbols according to (12)

and (13). It is easy to show thatL is full rank since by default
Construction A includes all unit vectors as elements of the
lattice. Furthermore,L−1 moves all points quantized byQ(·)
back onto points inZn. We have that:

tR
ℓ = p−1wR

ℓ G1L − Q(p−1wR
ℓ G1L)

tR
ℓ L−1 = p−1wR

ℓ G1 − Q(p−1wR
ℓ G1L)L−1

[tR
ℓ L−1] mod Z

n = p−1wR
ℓ G1

Using this identity and a similar one fortI
ℓ we can get that:

cR = p[vRL−1] mod Z
n (29)

=

L
⊕

ℓ=1

(Re(qℓ)w
R
ℓ − Im(qℓ)w

I
ℓ )G1 (30)

Finally, since G1 is rank k1 we can apply the
right inverse GT

1 (G1G
T
1 )−1 to recover uR =

⊕

ℓ (Re(qℓ)w
R
ℓ − Im(qℓ)w

I
ℓ ). Using similar steps, we

can recoveruI =
⊕

ℓ (Im(qℓ)w
R
ℓ + Re(qℓ)w

I
ℓ ). These are

just the real and imaginary parts of the desired message
equation and we get thatu = uR + juI .

V. M ULTIPLE RECEIVER COMPUTE-AND-FORWARD

We now generalize our results to the multiple receiver case.
Again, we limit ourselves to a single message level.

Theorem 2:Assume each receiver is interested in the mes-
sage equationum =

⊕L

ℓ=1
qmℓwℓ. For any ǫ > 0 and n

large enough, there exists a nested lattice pairΛ ⊂ Λ1 with
RCOMP − ǫ < k1n

−12 log2 p < RCOMP where

RCOMP = min
m=1,2,...,M

Rm (31)

Rm = − log+

(

‖qm‖2 − SNR‖h∗
mqm‖2

1 + SNR‖hm‖2

)

(32)

such that each receiver can recover its message equation with
total probability of error upper bounded byǫ:

Pr({û1 6= u1} ∪ · · · ∪ {ûM 6= uM}) < ǫ. (33)

The proof follows by ensuring that the rate satisfies the con-
ditions in Theorem 1 for each receiver and applying Lemma
2 to recover the message equations from the lattice equations.
We also use Lemma 1 to find the optimal scaling coefficients
αm for each channel output prior to decoding.
Again, note that the transmitters only need knowledge of the
target rate, not the channel coefficients themselves.

VI. M ULTIPLE MESSAGELEVELS

We now examine the case with several message levels (B ≥
1). We need a bit more notation to express our achievable rates.
Receiverm is interested in decoding a subset of the message
level ID

m. This subset is ordered such that the first element is
the first message level to be decoded. LetID

m,β denote the first
β elements ofID

m. Let Um denote the message levels which
have coefficient vectors equal to some unit vector at receiver
m.

Our encoding strategy for each level is as follow. Encoder
ℓ generatesxℓ,b for eachb ∈ IE

ℓ just as in (14):

xℓ,b = [tR
ℓ,b − dR

ℓ,b] mod Λ + j[tI
ℓ,b − dI

ℓ,b] mod Λ (34)

Each level uses0 ≤ γℓ,b ≤ 1 fraction of the total powerSNR.
These are chosen to sum to one so that the power constraint
is not violated:

∑

b∈IE
ℓ

γℓ,b = 1 (35)

The transmitted vector is just a weighted sum of thexℓ,b:

xℓ =
∑

b∈IE
ℓ

√
γℓ,bxℓ,b. (36)

Finally, we let hm,b = [
√

γ1,bhm1 · · · √
γL,bhmL]T . This

allows us to adjust the power allocation into the channel
coefficients and treat the entire system as if it operates under
one coarse lattice with second momentSNR. Consider the
case where receiverm is interested in decoding elementβ
from its decoding set having decoded the previousβ − 1
message equations already. We will treat the remaining levels
in the setID

m \ID
m,β as noise. Those message equations whose

coefficients vectors are simply unit vectors (i.e. the message
levels in Um) can be completely removed from the channel
output. Finally, those equations we have already decoded in
ID

m,β−1 can be partially removed. Unfortunately, since the
lattice structure forces us to decode to integer coefficients we
cannot always match the coefficient vectors to the channel
vectors. Even upon successful decoding of an equation, we do
not know the equation according to the channel coefficients,
only the integer coefficients. Thus, when we strip off an
equation after successful decoding, we are still left with
the difference between the channel coefficients and equation
coefficients as noise.



Theorem 3:Choose a receiverm with decoding orderID
m.

For anyǫ > 0, αm,β ∈ C, andn large enough, there exists
a coarse latticeΛ and a set of fine latticesΛ1, · · · , ΛB each
satisfyingRm,β − ǫ < kβn−12 log2 p < Rm,β where

Nm,β =



1 + SNR

∑

b∈ID
m\ID

m,β

‖hm,b‖2



 (37)

Am,β =
∑

b∈ID
m,β

\Um

‖αm,βhm,b − qm,b‖2 (38)

Rm,β = log+

(

SNR

|αm,β |2Nm,β + SNR Am,β

)

(39)

such that receiverm can make estimateŝum,b of message
equationsum,b =

⊕L

ℓ=1
qmℓ,bwℓ,b with total probability of

error upper bounded byǫ:

Pr





⋃

b∈ID
m

{ûm,b 6= um,b}



 < ǫ. (40)

A full proof will appear in the journal version. Also note
that the maximizingαm,β can be derived by setting the first
derivative to zero as it is again a quadratic program.

Theorem 4:Each receiverm is interested in decoding mes-
sage equationum,b =

⊕L

ℓ=1
qmℓ,bwℓ,b at message levelb and

has a decoding orderID
b . For anyǫ > 0 andn large enough,

these exists a coarse latticeΛ and fine latticesΛ1, . . . , ΛB

each satisfyingRβ − ǫ < kβn−12 log2 p < Rβ where

Rβ = min
∀m s.t. β∈ID

m

Rm,β (41)

with Rm,β given by (39) such that every receiver can make
estimateŝum,b with total probability of error upper bounded
by ǫ:

Pr





M
⋃

m=1

⋃

b∈ID
m

{ûm,b 6= um,b}



 < ǫ. (42)

This follows from by ensuring that each receiver is able to
satisfy the conditions of Theorem 3. Theorem 4 is sufficient to
form a complete description of achievable rates for recovering
equations in any Gaussian network. It can be shown that the
usual strategies of superposition and successive cancellation
are a special case of Theorem 4 by simply choosing suffi-
ciently many levels and setting all of the desired equationsto
be unit vectors.

A destination node simply needs to collect enough message
equations to solve for the desired messages overFp and
decoding will be successful at the rate of the given message
level.

To maximize the rate in a given Gaussian network, we
will have to optimize not only the number of levels and
the appropriate power allocations but the coefficients of the
message equations to be decoded. Although it seems like this
optimization is only possible by exhaustive search, the solution
space is in fact finite for a fixedSNR.

VII. C ONCLUSIONS

In this paper, we have developed a nested lattice compute-
and-forward strategy so that nodes inside the network can
recover equations of the original message symbols with van-
ishing probability of error. This can serve as an ideal frame-
work for physical-layer network coding as well as distributed
MIMO and other cooperative communication strategies. We
have characterized the rates for sending these equations and
extended our strategy to include both superposition and suc-
cessive cancellation. Since the transmitters do not need to
know the channel coefficients, this framework can easily be
extended to the slow fading case by developing a notion of
outage capacity for sending equations. This will be included
in an upcoming journal submission.
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