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Abstract— In recent work, we have shown that in a Gaus- X1 z
sian network, nodes can often recover linear combinations fo Wi —> & —
transmitted codewords much more efficiently than the codewals h
themselves. These nodes, after decoding their linear equarns, f
Zlmply send them towards the.destlnatlon, whlch.glven enow? wy—| &, X2 & % y D ZAE -
quations, can recover the desired messages. This compuated i=1 % Wi
forward strategy relies on a lattice-based coding framewdk.
In this note, we show that by employing appropriately nested . :
lattice codes, nodes can reliably recover linear combinatins of ) ' har
the messages symbols themselves. This considerably sirfips XM
the description of our scheme. We also consider superpositi War— Eprf—
and successive cancellation within the compute-and-forwd
framework. Fig. 1. Reliably decoding an integer combination of thedraitted messages.

I. INTRODUCTION

Cooperative communication schemes increase rates in wigve used this phenomenon, which we testructural gain
less networks by having nodes help other nodes achieve ttlr network coding on the physical layer [6] and reliable
objectives. In many cases, these cooperative stratediesme computation over multiple-access channels [7]. Othersehav
the fact that nodes see linear combinations of neighbamstr employed structured codes for combating interference 18]
missions. In certain applications, such as distributed KaIMas well as communicating over the two-way relay channel [11]
and wireless network coding, it may be useful for a nocnd distributed Gaussian functional source coding [12].
to forward the observed linear combination of transmission In this paper, we develop our new coding strategy and
to other nodes rather than decode the transmissions in tHdlaracterize the achievable rates. First, we provide some
entirety. However, there are many advantages to decodiiy sfiecessary background on lattices and develop our nestiee lat
as preventing noise from building up inside the network. —construction. Next, we will determine the rate achievable b

In previous work, we have developed a communication stra&-single receiver that observes a noisy linear combination f
egy, compute-and-forward, that allows intermediate nddesdecoding a single equation. Next, we extend this resultéo th
both recover linear combinations of codewords and elineinaiultiple receiver case. Finally, we generalize our scheme t
noise [1]. This reduces a network into a set of reliable linenclude both superposition and successive cancellatiafide
equations (instead of a set of reliable bit pipes). The key tgceivers to decode message equations at different rates.
this construction was the use lattice codesln this note, we
present a new construction based on nested lattices thatsall
nodes to directly recover equations of message symbols oveOur strategy is applicable to any configuration of nodes that
a prime-sized field. communicate through Gaussian channels. We will focus on

Lattice codes were originally studied to enable practichbw to deliver equations across a single cut of the network.
code constructions to better approach capacity. In [2]zErgve will then show how a destination, given sufficiently many
and Zamir showed that lattice encoding and decoding aquations, can recover the intended messages. These two
sufficient to approach the capacity of the AWGN channetomponents are sufficient to completely describe an achieva
Zamir, Shamai, and Erez also showed how to use nestedke region for any network.
lattices for multiterminal binning in [3]. It has recentlyeén Consider any cut across a Gaussian network. On one side
shown that lattice codes (and algebraically structuredesodhere arel transmitters with channel encodeis . .., £ and
in general) can also serve as a powerful tool for provingn the other side there afd receivers with channel decoders
new network capacity theorems [4]. This was first noticeBy,...,Dy;. We assume that there are different message
by Korner and Marton for the distributed compression of tHevels numbered to B. These will be used for superposition
parity of two correlated binary sources [5]. More recently wcoding of message equations. Each encoder participates in a

Il. PROBLEM STATEMENT



subset of message levels which we denot€pyWe assume A. Nested Lattices

that our channel encoders take message symbols over the s@fie now reproduce some appropriate definitions from [2].
F, +jF, whereF, is a prime-sized field and output complexygte that lattices are defined over the reals.

valued channel inputs: Definition 1: An n-dimensionalattice, A, is a set of points
& :1{F, +j]Fp}ZieI‘g ki on (1) in R™ such that ifx,y € A, thenx+y € A, and ifx € A,

. then —x € A. A lattice can always be written in terms of a
wherek; is the length of the message vector for thenessage |5tiice generator matrif, € R"*":

level andn is the Iength of the channel input. We useto A={x=wL:weZ"}, (6)
denote complex addition modujo{separately on the real and

imaginary parts) and- to denote regular complex addition,whereZ represents the integers.

@, to denote summation modujoever the index sef, and A pair of latticesA, A; is said to be nested ik C A;.

> ,cz to denote regular complex summation over the index Definition 2: A lattice quantizeris a map,@ : R" — A,
setZ. Each decoder participates in its own subset of messdfat sends a poink, to the nearest lattice point in Euclidean
levels ZP and outputs a linear combination of transmittedistance:

messages for each message level: Q(x) = arg xglé}\l [|x — All|2- @
Dy : C" — {F, +jFp}ZieI? ki ) Definition 3: Let [x] mod A = x — Q(x). For allx,y €

R™, the modA operation satisfies:
We letw, ;, denote the message vector at levédr encoder

(. We say that a decoder recovers theessage equation  [[x] mod A+ y] mod A = [x +y] mod A (8)
from level b at rate R if it outputs @le dmepWep and [q[x] mod A] mod A = [¢gx] modA  VgeZ (9)
kyn=12logy p = R. Let qmb = [gm1,b- - gmrp)” denote the  Definition 4: The fundamental Voronoi regignV, of a
vector equation coefficients for receiverat levelb. Note that |attice, is the set of all points that are closest to the zexior:
these coefficients take valuesliy + jF,,. V = {x: Q(x) = 0}. Let Vol(V) denote the volume of.

Each encoder generates a channel ingute C" that  |n the next section, we show how to construct good nested
satisfies the power constraift[||x||?] < SNR. Each decoder |attices.

observes a channel output that is a linear combination of the

channel inputs plus circularly symmetric Gaussian noise: [Il. L ATTICE CONSTRUCTIONS
L Our main tool for our lattice constructions will be Construc
Ym = honeXe + Zm (3) tion A [13].
=1 Construction A consists of the following steps:
whereh,,,, € C are the channel coefficients which are fixed for 1) Given a generator matri& < Z’;Xn, define the code-
the whole transmission. Lét,, = [A,,1 -+ hm,]? denote the book C as follows:
vector of channel coefficients to receivar Note that different
transmit SNR constraints can be modeled by adjusting the C= {C =wG:we Z’;} (10)

channel coefficients.

In general, each node in a network will have its own
message symbols to transmit and will want some subset o
the original messages. To this aim, it will recover equation
of other users’ messages. Some of these equations will be A=plc+z" (11)
retransmitted into the network and others will be used to

recover the desired messages. As usual, we say that/rzzde We will choose the generator matrices for Construction A
achieve a rat&k to nodem if node m can make an estimate@ndomly. This will result in a random ensemble of lattices,

of a messagev,, for someb such that for any > 0 andn which, with high probability, have the desired properties.

All operations in this step are ovét,.
2) Form the latticeA by tiling the codebook, scaled down
by a factor ofp, overR™:

large enough: Fo_r each levelb = 1,2,...,B I.eF G, be a_kb X n
9% matrix whose elements are drawn i.i.d. and uniformly over
2% log,p > R — e, (4) {0,1,...,p— 1}. Denote the lattice resulting from Construc-
n tion A applied toG, as A,. Note that the integer lattic&"
Pr(We, 7 wep) <e. () is nested in each\,.

Clearly, the general Gaussian network communication prob-Following the steps in [13], it follows that ead®, is full
lem is extremely difficult, as even the wireline case with eank with high probability as: increases.
general message structure is unsolved. However, our schemgrez, Litsyn, and Zamir proved that there exist lattices
offers a strict improvement over the standard strategies which are simultaneously good for covering (Rogers goashnes
successive cancellation and superposition as these dneé@ac and for channel coding (Poltyrev goodness) [13]. In theregk
as special cases. Our coding scheme is based upon a nestespace, we simply assume the existence of such a lattice
lattice construction. The next subsection provides theestec A scaled to have second mome%ﬁ and its corresponding
sary definitions for lattices. lattice generator matrik. € R™*™. We will refer to this lattice



as thecoarse lattice Furthermore, we note that this latticechannels fromv’ to ¥ and fromv’ to ¥/ are equivalent in
comes from Construction A as well. distribution to:

Finally, we generate our nested lattice pairs by applyimg th _
lattice generatoL to eachA,. We get new fine latticed, = v = [Qi([v" +27,] mod A)] mod A (17)
AyL such thatA c A, since the integer lattice is transformed v =[Qi (v + zeq] mod A)] mod A (18)
by L into A. Note that this is the same construction employed L
by Erez and Zamir in [2] except that here we have multiple z/, =z" + Z Re(ahy — qo)dE — Im(ahy — o)Al (19)
fine lattices at different rates. =1

Note that if G, has rankk;, (full rank), then the number L B B
of fine lattice points in the fundamental Voronoi region oéth  z, =2’ + > _Im(ahe — go)d;’ + Re(ahy — gr)d;  (20)
coarse IatticeV is given by|A,NV| = p* so that the rate of =1
Ay is Ry = 52 logy p. Furthermore, each message Ve®OE  \yherez 7 andz! are distributed according t(0, |a|?1"*")
Fyv is in one-to-one correspondence with a pointAp N V|.  ang eachd} andd} is drawn independently and uniformly

IV. SINGLE RECEIVER COMPUTE-AND-FORWARD from V. It can also be shown that:

1 1
We now focus on the achievable rate for decoding arhrn _||Zeq||2 = lim —||z£q||2 = §(|a|2+SNR||ah—Q||2)
n—oo
equation at a single receiver. Furthermore, we limit owes®| " ) ) )
to a single message level for nowB (= 1). Each encoder We can now characterize the achievable rate for recovering
chooses a message vectop randomly and uniformly from @ single equation of lattice points. It then remains to prove
{F, + jF,}*'. Let wl = Re{w,) andw! = Im(w;). These that this lattice equation is equivalent to the desired emgss

vectors are mapped to point§,t. € A; NV as follows: equation. _
Theorem 1:For anye > 0 andn large enough, there exists
t;’ = [w;'G,L] mod A (12) a nested lattice paih C A; with Ry — e < kyn~'2log, p <
t; = [w/G1L] mod A (13) R:1 where
Each encoder is given twdither vectors df and d/, Ry =log* ( SNR ) (21)
generated independently and uniformly frafrand also given |af? + SNR[|ah — qf|?

to the receiver. Encodérgenerates a channel input as followsgch that the lattice equatior® + jv! can be recovered from
xe = [tF — dB] mod A + jjt! —d/] mod A (14) tbhye r:hannel outpuy with probability of error upper bounded
€.
The dither vectors ensure that is the sum of two independent
vectors that are uniform over the coarse Voronoi region and

thus E[||x.|I’] = SNR. The channel output is given by = The proof relies on showing that the equivalent noise terms
2_¢=1 hex¢+z. Assume that the decoder would like to decodg” andz”, are no worse than Gaussian noise with the same
the message equati€d,_, ¢-w.. We define the following two variance. Furthermore we use the fact that lattice degpdin
quantities: (for real-valued channels) is successful at any rate less th
R R I 1log () where P is the transmit power andV,, is
N [Z Relae)te Im(qﬁ)t‘)} mod A (15) t2he eq]ljie\;alent noise power. The real and imaginary lattice
vl = [Zlm(qg)tf—rRe(qg)tﬂ mod A. (16) components use powe&NR/2 each andN., = 3(|a* +
SNR|jah — q||?). Since we have both real and imaginary
These are equations of the lattice points (not the messagg#nponents, we arrive a; for the achievable rate. A full
symbols). We will see later that it is easy to go from thegsroof will appear in the journal version.
lattice equations to the desired message equations. Toe@iec Lemma 1:For a givenh € CL, q € {F, + jF,}, and
scales the channel output by somec C and estimates the SNR > 0, the compute-and-forward rate given by

lattice equations as follows: SNR
Ry =log" (23)
|a|? + SNR||ah — g2

Pr(vf + 9 £ vF +jvl) <e. (22)

= [Q1(Re(ay) + ) Re(ge)d;’ —Im(ge)d;)] mod A
; ‘ is uniquely maximized by choosing: to be the MMSE
L coefficient
= [Q1(Im(ay) + Y Im(g)df* + Re(q;)d{)] mod A . _ _SNRhq (24)
=1 T 14 SNR|h|2
whereQ () is the nearest rreighborquantizer.fblr. Although \\hich results in a rate
there are multiple transmitters, due to the linear strgctfr . 1o
the lattice, we can also view as a noisy version of the lattice Riopr = — log™t (| 2 — M) (25)
codewords. Using Lemma 2 from [2], we can show that the ’ 1+ SNR([h[?



Note that |a|?> + SNR||ah — q||? is quadratic ina. The such that each receiver can recover its message equation wit
optimizing « is simply found by setting the first derivativetotal probability of error upper bounded ly
ECIL'JaJ to zero. We then just plug back into the expression for Pr({fis £ m} U U {iing 2 unr}) < €. (33)
Note that our scheme only requires channel knowledg®e proof follows by ensuring that the rate satisfies the con-
at the receiver. The transmitters only need to know theditions in Theorem 1 for each receiver and applying Lemma
respective rate targets. 2 to recover the message equations from the lattice eqsation
We WLi” now show that we can recover the message equatigfe also use Lemma 1 to find the optimal scaling coefficients
u=@®,_, ¢w, from the decoded lattice equatiarf’ + v/. 4, for each channel output prior to decoding.
Lemma 2:Given the real and imaginary parts of the reagain, note that the transmitters only need knowledge of the
covered lattice equationy® and v/, we can recover the target rate, not the channel coefficients themselves.
desired message equatian= @Ll qewy using the following
transformation: VI. MULTIPLE MESSAGELEVELS

We now examine the case with several message lefgls (

R __ Ry —1 n
¢ =p ([V L™ modZ ) (26) 1). We need a bit more notation to express our achievable rates
¢! =p([v'L™'] modZ") (27) Receiverm is interested in decoding a subset of the message
u=c'Gl(G, G+ (Cf(;"{(c;lgflf)—l) (28) level ZD. This subset is ordered such that the first element is

. _ _ the first message level to be decoded. LBt; denote the first
where matrix operations in (28) are ovgp, and all other 5 elements ofZ2. Let 4, denote the message levels which
operations are OVet. have coefficient vectors equal to some unit vector at receive

Proof: Recall that the transmitted lattice poirt§ and .
t; are generated from the message symbols according to (12pur encoding strategy for each level is as follow. Encoder
and (13). Itis easy to show thétis full rank since by default y generates,;, for eachb € Z¢ just as in (14):
Construction A includes all unit vectors as elements of the 7

lattice. FurthermoreL,—! moves all points quantized hg(-) X = [t7% — djf) mod A+ j[t], —dj,] mod A (34)

back onto points irZZ"”. We have that:
t;' =p 'wi'G1L - Q(p~'w/'G L)
tfL = p'wliG, - Q(p 'wiG, L)L}
[tFL™Y modZ™ = p~'wlG,

Using this identity and a similar one fa{ we can get that:

cf* = p[vEL™1] mod Z" (29)
L
= P (Re(gr)w* — Im(q)w{)Gy (30)
=1
Finally, since G; is rank k3 we can apply
right inverse G¥(G,;G¥)"! to recover uf* =

@D, (Re(qe)wl —Im(qe)w}). Using similar
can recoveru! = @, (Im(q,)wk + Re(qe)w?).

steps,

Each level use8 < ~,;, < 1 fraction of the total poweSNR.
These are chosen to sum to one so that the power constraint

is not violated:
Z Yep =1
beZf

(35)

The transmitted vector is just a weighted sum of #he:

Xy = Z Ve bXe,b-

beZf

Finally, we leth,,, = [\/Y10hm1

(36)

‘/’}/L’bth]T. This

the allows us to adjust the power allocation into the channel

coefficients and treat the entire system as if it operategund

we one coarse lattice with second momé&iR. Consider the
These are case where receiven is interested in decoding elemefit

just the real and imaginary parts of the desired messalgem its decoding set having decoded the previgus- 1

equation and we get that = u”® + ju’. [ ]

V. MULTIPLE RECEIVER COMPUTE-AND-FORWARD

message equations already. We will treat the remaininddeve
in the seUE\Iﬁjﬁ as noise. Those message equations whose
coefficients vectors are simply unit vectors (i.e. the mgssa

We now generalize our results to the multiple receiver cadgVe!s inl,) can be completely removed from the channel

Again, we limit ourselves to a single message level.

output. Finally, those equations we have already decoded in

o= T . D i -
Theorem 2:Assume each receiver is interested in the medm,s—1 €an be partially removed. Unfortunately, since the

sage equation,,, = EBLI gmewy. FOr anye > 0 andn
large enough, there exists a nested lattice pair A; with
Reowr — € < kin~12logy p < Reowe Where

:{nzlnM Fem (1)

R — — log* (||qm|2 -

RCOMP =
m

* 2

1+ SNR|/h,, |2

lattice structure forces us to decode to integer coeffisiard
cannot always match the coefficient vectors to the channel
vectors. Even upon successful decoding of an equation, we do
not know the equation according to the channel coefficients,
only the integer coefficients. Thus, when we strip off an
equation after successful decoding, we are still left with
the difference between the channel coefficients and equatio
coefficients as noise.



Theorem 3:Choose a receiven with decoding ordef”.

For anye > 0, a8 € C, andn large enough, there exists

VII. CONCLUSIONS

In this paper, we have developed a nested lattice compute-

a coarse latticel and a set of fine latticed,,- -, Ap each gng-forward strategy so that nodes inside the network can

satisfying R, 5 — € < kgn~*2log, p < R, 3 Where

Nppg=|1+SNR > [yl (37)
bEID\IY
Amp = Z v, 5 hm,b = dmo||” (38)
beI}iﬁ\Zx{m
SNR
Ry 5 =log" 39
PR (|O‘mﬁ|2Nm-ﬂ+SNR Am-ﬂ) (39)

recover equations of the original message symbols with van-
ishing probability of error. This can serve as an ideal frame
work for physical-layer network coding as well as distrixiit
MIMO and other cooperative communication strategies. We
have characterized the rates for sending these equatiahs an
extended our strategy to include both superposition and suc
cessive cancellation. Since the transmitters do not need to
know the channel coefficients, this framework can easily be
extended to the slow fading case by developing a notion of
outage capacity for sending equations. This will be inctude

such that receivern can make estimated,,, of message in an upcoming journal submission.

equationsu,,, , = @qum“w“ with total probability of
error upper bounded by

Pri J {fmp #ump} | <e (40)

beZl

A full proof will appear in the journal version. Also note (1]
that the maximizingv.,, 3 can be derived by setting the first

derivative to zero as it is again a quadratic program.

Theorem 4:Each receivern is interested in decoding mes- 2

sage equatiom,, , = @Ll dmepWep at message levéland

has a decoding ordér”. For anye > 0 andn large enough, [3]

these exists a coarse lattice and fine latticesAy,...,Ap
each satisfyingRs — e < ksn~'2log, p < Rs where

Rz = i R, 41
A vm g.rtl.léleIE & ( )

with R, g given by (39) such that every receiver can make
estimatesii,, ;, with total probability of error upper bounded [6]

by e:

M
Pr{ J U {tms#ums} | <e (42)

m=1pecID

This follows from by ensuring that each receiver is able to
satisfy the conditions of Theorem 3. Theorem 4 is sufficient t 9
form a complete description of achievable rates for redager
equations in any Gaussian network. It can be shown that the
usual strategies of superposition and successive catioellaltC!
are a special case of Theorem 4 by simply choosing suffi-
ciently many levels and setting all of the desired equattons[

be unit vectors.

A destination node simply needs to collect enough message

equations to solve for the desired messages @erand

decoding will be successful at the rate of the given message

level.

To maximize the rate in a given Gaussian network, wi&3]
will have to optimize not only the number of levels and
the appropriate power allocations but the coefficients ef th
message equations to be decoded. Although it seems like this

optimization is only possible by exhaustive search, thetsm
space is in fact finite for a fixeGNR.
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