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Abstract—In this paper, we demonstrate the advantage of
the inherent algebraic structure of lattice codes, for the plink
channel of a cellular deployment. The out-of-cell interfeence is
assumed to be symmetric, as in Wyner's model. We employ a
new relaying technique, compute-and-forward, which allovs cell-
sites to decode equations of the transmitted bits by explaitg
the channel interference. However, the standard computeral-
forward technique is penalized whenever the channel coefiients
are non-integer. We develop a superposition strategy to nigate
this penalty. By using part of the power towards a private
message, we can effectively modify the channel seen by contgu
and-forward. We demonstrate that, in certain regimes, this
mixed strategy significantly outperforms decode-and-fonard,
compress-and-forward, and ordinary compute-and-forward

. INTRODUCTION . , . .
) ) S ~ Fig. 1. Idealized cellular uplink network from users to esites to the RCP.
A major challenge in cellular communication is efficient

interference management for the uplink channel. Each teses

tion in a cellular deployment receives signals from usetiwi  Recent work has shown that structured random codes can, in
its cell as well as interference in the form of signals frorgertain network scenarios, outperform standard randoringod
users in adjacent cell sites. Classical communicationreese approaches based on single-letter information expres$&ia
attempt to mitigate the effects of this interference eithgr [12]. Here, we develop a lattice-based strategy that allows
orthogonalization or interference averaging. Significgains the cell-sites to decode equations of codewords (or lattice
are possible over these strategies by allowing some dedreg@ints) and forward these to the RCP, which, given a full rank
cooperation between the basestations, which is knoweias system of such equations, can recover the original messages
multiple cell-site processing This strategy strikes a balance between noise removal at the
Wyner's original paper on cellular systems considers fulfasestations and joint decoding at the RCP. Our strategy is
cooperation between the basestations and finds the capagii¥ed on Nazer and Gastpar's recenmpute-and-forward
in the nonfading, symmetric case [1]. Somedthal. extended scheme [13]. In compute-and-forward, each receiver dexode
this result to the flat fading case and demonstrated that ogfr equation with integer coefficients that approximate the
of-cell interference can be completely eliminated by joirdhannel coefficients. The remainder from this integer appro
processing [2]. Both of these works assume that the “badkh@awation acts like additional noise at the receiver. Here, we
capacity” from each cell-site to the remote central prosessjevelop a superposition strategy that significantly redubis
(RCP) is infinite. For most networks, this assumption maypproximation penalty for Wyner's cellular model. In our
not hold; however, it does establish a promising targetHier tscheme, every other user employs some of its power towards
limited backhaul case. Recent work by Sanderoeithl. gave a private message. By changing the power allocation, we can

an achievable strategy based on compress-and-forwaml (¥ffectively steer the interference parameter to increase t
known as estimate-and-forward [3]) and decode-and-fatwagompute-and-forward rate.

for the limited backhaul case [4], [5]. They also showed that
compress-and-forward carries an additional benefit: bases!l. PROBLEM STATEMENT: WYNER'S CELLULAR MODEL

tions can be oblivious to the codebooks of neighboring cell- \na will focus on the model introduced by Sanderovich

sites. An overview of this work can be found |n_[6]. Marschygmekh and Shamai in [4], [5] (see Figure 1) which is a vari-
and Fettweis have also recently extended this strategy Jf,n on the classical Wyner model [1]. Consider an idedlize
include superposition coding [7]. cellular uplink network wheré/ cell-sites are equally spaced
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in the usual way: 37", || X,(¢)||* < P. The signal seen by A. Compress-and-Forward
the m" cell-site at timet is: Sanderovichet al. showed in [4], [5] that compress-and-

forward achieves the following rate per user:
You (£) = Xon (8) + (X 10, (1) + Xps11,, (1) + Zon (1) gratep

1 :
yvhere [m]ar = m mod M, a € [0,1] is the i_nter-cell Rer = VRS ng[l]\%
interference level, andZ,,(¢) is i.i.d. CN(0, N) noise. For . .
notational convenience, we define the signal-to-noise rati {|5|(C —r) +logdet (I+SNR(1 -2 )HScHsc)} 4

A p : i _ . . . .
SNR = . Unlike the Wyner model, where unlimited backy, here . is the submatrix off that includes only rows in

haul is available, in the Sanderoviehal. model we use here, the subseS® (which is the complement of the subs®t This
the cell-sites have a lossless backhaul link to the RCP Wi[IQ,[e in the asymptotic case, whelé — oo is [4]:

rate C' bits per channel use [4], [5]. In this paper, we only

look at the symmetric case assuming equal rate users. We salfer = F'(r") wherer* is the solution of F'(r*) = C' —r*,

that aper user rateR is achievable if each user's message can 1 B )

be decoded by the RCP at rate of at le&swith vanishing £'(") :/0 log (14 SNR(1 — 277)(1 + 2arcos 26)?) df.

probablhty of error (|_n th(_e blocklength). We do _not cons1de_|_he approach of [4], [5] is oblivious in terms of assuming

time-varying fading in this paper. Note that this model can ) . . .

also be written in matrix form: no dgcodmg at cell-s@eg gnd is optimalGif or SNR tendfs t_ol
infinity. As C tends to infinity, the rate converges to the infinite

Y-—HX+7Z backhaul capacity case given by Equation (3). MR tends

to infinity, this rate converges t6. For moderat&NR andC,

compress-and-forward roughly follows the outer cut-setriab

H={him}, him=qa ifi=[m+1]y or[m—1]u, (with o) but never touches it. This gap from the outer bound

0 otherwise. occurs since the scheme forwards the entire channel output,

including the noise.

1 if i =m,

Ill. UPPERBOUND: CUT-SET
B. Decode-and-Forward

we .W'" use a simple cu_t-set boun_d to upper bound the Sanderovictet al. also derive the performance of decode-
capacity. Since we are only interested in symmetric ratietup néj-forward in [4], [5]. For the no fading case, the channel

and the channel is symmetric, the sum rate is upper boun Lo . . .
. each cell-site is equivalent to a three input multipleess
by the dominant cut set bound. Recall that for a MIM .
channel, so that the decode-and-forward rate is:

channel with independent (and equal power) channel inputs

the capacity is given by: Ry = log <1 + : +;S2RSNR) (5)
Cumo = logdet (I + SNR HH™) (1) 1
_ Ry :min{—log(1+2a2SNR),
whereH* denotes the Hermetian transposdbf Clearly, the 2
rate of information flow between the cell-sites and the RCP is 1
upper bounded by/C. Also, if the cell-sites could cooperate ~log (1+ (14 2a2)SNR)} (6)
freely, then the channel from the users becomes a MIMO 3
channel. Thus, our cut-set bound is the minimum between Ry = min {max (R, Ry),C'} (7)

Cumo @NA M, normalized by the number of users: R; models decoding when the other signals are treated as

noise, while R, assumes full reliable decoding of all three
data streams received at the cell-site. Note that there is no
joint processing gain. When the backhaul capa€itis small

This upper bound reveals two potential information bottlgsompared to the rates between the users and the cell-sites,
necks. One is the MIMO behavior of the channel and the othgf when the interference level is low, decode-and-forward i

is the finite backhaul. An ideal scheme for this problem wilptimal.
cope with both bottlenecks simultaneously.
For the special circularly symmetric matrix at hand, Wyner V. COMPUTE-AND-FORWARD
showed in [1] that as\/ tends to infinity we get: Each cell-site sees a linear combination of its user’s trans
) mission as well as the transmissions of two neighboringsuser
Cono :/ log (1 + SNR(1 + 20 cos 27T9)2) 9. (3) plus noise. Ideally, we co_uId remove the noise and send the
0 error-free linear combination of codewords to the RCP. & th
RCP can collect enough linear equations to form a full rank
system, it can recover the original messages. Recent wark ha
We first review the performance of two known strategieshown that this type of decoding, calledmpute-and-forward
compress-and-forward (CF) and decode-and-forward (DF).is indeed possible by employing lattice codes [13], [14].

Clpper = Min (C, % log det (I + SNR HH*)) (2)

IV. CLASSICAL RANDOM CODING STRATEGIES



A. Decoding Equations linear function and guarantee that the resulting matrixuis f
An n-dimensionalattice, A, is a set of points ifR™ such rank. We choose our integer decoding coefficieats to
thatifx,y € A, thenx+y € A, andifx € A, then—x € A. A Match the structure of the channel coefficients:

lattice can always be expressed in terms of a generatornmatri by ifi=m,
G e R™™ Gim = by if i = [m -+ 1]as or [m — 1,
A={x=2G:z€7Z"} (8) 0 otherwise.

whereZ represents the integers. Ljatl mod A = x — Qa(x) whereb;,b; € Z, by # 0. The diagonal structure of the
where Q4 (x) quantizesx to the nearest lattice point inchannel matrix guarantees the full rank condition. We now
Euclidean distance. give a simplified version of the achievable rate expression.
Urbanke and Rimoldi showed that a lattice code can ap-Theorem 2:The following rate per user is achievable with
proach the AWGN capacity [15]. Further work by Erez antiackhaul rate” using the compute-and-forward strategy:
Zamir showed that lattice decoding is sufficient for nested R — min{R ) (10)
lattice codes [16]. Zamir, Shamai, and Erez demonstrated comes )
that nested lattice constructions are appropriate for manyp . — max —log (bf+2b§ ~ SNR(b1 + 2abs) )

multiterminal problems [17]. b,b2€B 1+ SNR(1 + 2a?)
Our compute-and-forward strategy depends crucially on theB = {(b1,b2) : b1,b2 € Z, b1 # 0,
algebraic structure of the channel and the employed codeboo b2 + 262 < 1+ SNR(L + 202)}.

We choose (nested) lattice codes for their inherent libgari o ) )
which matches the MIMO structure of our problem. Namely, The restriction ofb; and b, to B makes it possible to
we select a good nested lattice using the results of Erez &¥@luate the rate expression exactly siids a finite set. Note
Zamir [16] and have each transmitter use the same lattigt all (b1,b2) pairs outsides trivially give zero rate (as well
code. The goal of each cell-site is to decode a linear equat®® Many pairs inside the set). The performance of this girate
of the transmitted lattice points that is close to that givedf SNR = 25dB with infinite backhaul capacity is plotted as
by the channel. However, it is easy to see that only lineffte dotted line in Figure 2. Note that astends to an integer
combinations withinteger coefficientswill result in another (€ither0 or 1) the performance dramatically improves. There
lattice point. The remainder from this approximation showd® /S0 local maxima in performance at= i, 335

up as an additional noise term. At a first glance, this seems tgese interference values are ratios of small integers and ¢
suggest that non-integer channel coefficients alwaystresal P€ €xactly captured by the compute-and-forward decoding
rate penalty. Fortunately, this is not the case and thetgitua COefficients at thisSNR. As we increase théNR, more of

can be significantly improved by a simple trick. Essentjalljn€se local maxima will appear as the range of integers that
the cell-site can scale its channel observation by a copstdHiveé positive rates increases. For instance, in Figure 8 on
g € R, prior to decoding. This results in a set of “new” channe¥ = 5 exhibits a local maximum since here tB8IR is only
coefficients, h;,, = ghim, that may be closer to an integer15dB-

point at the expense of increasing the noise variance fkom
to g N. The analysis of this scheme can be found in [13
[18] and the main theorem is reproduced below.

Theorem 1:Each cell-site sees a noisy linear combinatio
of the transmitted codeword¥;,(t) = Zi]\il him X (t) +
Zn(t), and chooses a linear equation to decollg, =
Y i1 GimXi, @im € Z+ jZ. The rate from each cell-site to
the RCP isC. Assume that the matrix of cell-site equations
Q = {¢im }im, is full rank. Then, the following symmetric rate
per user is achievable using a compute-and-forward strate(

©

®
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R= min{Rcompa C} (9) a |
SNR|q,h, |2 w ot Y
Reoye = min max —lo 2 — __m W
comp R g (|qm” 1+ SNR [[ho, |2 , AA AnnnABAd
ALD

Wherehm = [hlm e hMm]T andqm = [qlm T qu]T- AAAAAAAAAA
See [18] for a proof. Note that we only need to consiqgr T Y S T Iy e—
that satisfy||q,||*> < 1+SNR(1+ ||h,,||?) since other choices o
trivially give zero rate.
B. Basic Strategy Fig. 2. SNR = 25dB. Achievable rates per user as a function of the inter-cell

] ] ] interference levelsy, for infinite backhaul capacity. In this case, compress-
Due to the symmetry in the inter-cell interference, we caamd-forward matches the upper bound.

have each cell-site use the same recovery coefficientsdor it



VI. SUPERPOSITIONSTRATEGY The odd-numbered cell-sites either decode and remove both

While the compute-and-forward performance in Figure SUperimposed messages from their two neighbors or treat the
is promising, the significant variations due to integer @fie as additional noise. They then use compute-and-forwarten t
do not seem fundamental to the problem. That is, the rédtput which has the following effective channel coeffitgen
should not sharply degrade with only a small changevin V7 if i =m,

We now develop a superposition strategy that decreases the how — ) o /TFo
. . H m

effective interference seen by the even users and incréases

effective interference seen by the odd users. With thisesiya

we can avoid the local minima in. Usually, superposition The odd and even cell-stes need to maximize over integer

coding is used to provide different messages (or rates) aoefficients to best fit the channel as before. We run this

users of varying quality. Here, we are using superpositictrategy for half of our channel uses and then reverse the

to adjust the interference structure of the problem itsEffe roles of the odd and even users for the second half. This time-

resulting performance boost to compute-and-forward isva nsharing scheme results in equal rates per user.

phenomenon: traditional strategies would not benefit at all Theorem 3:The following rate is achievable using the

if 1= [m—|— 1]]\4 or [m — 1]M
0 otherwise.

from such a scheme. superposition strategy:
We now provide a brief outline of the superposition lattice . b ot
scheme. Each odd-numbered user will use a lattice codeword £ = min {vlél{%ﬁl 56%3{:] max (R”, R'), C}

with power~P where~ € [0,1]. Each even-numbered user E DO
will use a lattice codeword with powefl + 6)P where RP = min (_S, S > + min (max RE, max Rgo)
d € [0,1 — 4] and superimpose a lattice codeword with 2 2 1,b2 1,02
power (1 —~ — §)P on top. Let Rc denote the desired pr _ ., <1 SNR(1 —~ —4) )
compute-and-forward rate arfgls the superimposed message 1+ SNR(1 + d + 2a27)

rate. From [16], there exist lattices, Ac,As C R™ such PO _ 11 202SNR(1 — v — §)

that A € Ac, A C Ag, 2log|Ac modA| = 1Rc, and Rg™ = 5 log TTTSNR (7 + 2a2(1 + 9))

Llog|As modA| = L Rs. Let d,nc, dyns denote dither ran- T3

dom vectors that are independently and uniformly distedut Rc = —log (b 4 2b2 SNR(v1 + 6by + 20‘\/?2) )

over the fundamental Voronoi region af These dither vectors 1+ SNR(1 4§ + 2a29)

are made available to all users as common randomness. SNR(/7b1 + 2av/T + 0b
Sincea € R, the real and imaginary channel inputs remainR2° = — log <b2 + 203 — 1 +(S\|/\I—R(1 20201 = i; )

separated in the channel output. Thus, we can use the same v

encoding and decoding process separately on the real and,; _ fig 10
imaginary components. We describe the real part below.yEver N 2 +mm ?%XRC’ ?%XR
SNR(\/Ab1 + 2av/1 + §b2)2>

useri chooses a lattice poit,,,c € A¢ mod A. Every even-
bered Iso ch latti ing € A dA. R = —log|b? +2b3 -
Eum ered user also chooses a lattice pajpt € Ag mo C 0g< 11203 15 SNR(7 +202(1 = 7))
very user generates,,c and the even-numbered users also

generatev,,s: whereRE is the rate at which the even cell-sites can recover
Ve = [Ame — dme] mod A (11) the sgperimposed messages is. the rate at which t.he odd
— Dons — dos] mod A (12) cell-sites can recover the superimposed mess&gejs the
Vms = AmS = Gms compute-and-forward rate for the even cell-sit8$)° is the
The channel inputx,,, from each user is: compute-and-forward rate for the odd cell-sites when thay fi
; : decode the superimposed message, Afd is the compute-
V1+6vyo +V1—7v—0v,s Iif miseven, ! .
X = { “ 7 5 i is odd and-forward rate for the odd cell-sites when they ignore the
VVme It-m 1S odd. superimposed message as noise.
Each basestation observes,: Due to space limitations, we only show that the even-nunbere
ll-sites can decode the superimposed message afzfate
m = Xm + (X[, — + Xim + Z, 13) °¢
Y (Xfm 11 m+1)ar) (13) and remove it from the channel output. The analysis for the

The even-numbered cell-sites first decode the superimpogg-numbered cell-sites is very similar. Each even-nuetber
lattice point. Upon successful decoding, they cancelout  cell-site . computes:

and use the standard compute-and-forward strategy on the

resulting channel output. The effective channel gains for ¢ = PVl—v-0 .
compute-and-forward after this successive cancellatiep s N+ P((1+6)+(1—v=19)+2a%)
are: tm = [9¥m + dims] mod A
V1446 ifi=m, = [VmS‘i‘de‘i‘ga(X[m—l]M +X[m+1]M)+me-~-
Rim = { /7 if i =[m+ 1]p or [m — 1], o= (1=gV1 =79 =08 Vims + gV1+ dvme] mod A

0 otherwise. = [Ams + Zm] mod A



wherez,, is an equivalent noise term with variance given bylt also exactly meets the upper bound for a significant range
P2(1 46+ 2a%9) + PN of o (for C = 3 it meets the upper bound for an even larger

N, = range ofa.
T PAl+d0+202y+1—7—6)+N ge ofa)

From [16], we know that the lattice poink,,s can be
recovered (for sufficiently large) at any rate belowRf =

s (55

(14)

VIII. CONCLUSIONS

For moderate values &NR and backhaul capacity', our
superposition strategy seems like a promisitigital scheme
. Plugging N, into this formula gives the desiredto approach the system capacity. By using a superimposed
: . ) s private message, we were able to adjust the effective arterf
rate. Finally, the cell-site uses its estimatg,s to form ence to be closer to a decodable equation. Our future work
Vms = [Ams — dms] mod A and subtracts/1 — v — dV,,5  will focus on the fading case as well as a more advanced
from the channel output. Conditioned on successful degpdirsuperposition structure to further improve the computg-an

the channel output now looks as if its just a linear combarati forward performance.

of two lattice codewords according to the channel coefficien
given by h5. It can also be shown that a8/ — oo we
can solve for the original messages from the odd and e
equations so long ds # 0 for both.

VII.

We now compare the rates achieved by the superpo%—]
tion strategy, compute-and-forward, decode-and-forwandl
compress-and-forward in the asymptoli€ — oo regime. In

PERFORMANCE COMPARISONS
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[10]

Fig. 3. SNR = 15dB. Achievable rates per user as a function of the inter-cell
interference levelsy, for backhaulC' = 3.5 bits per channel use.
[11]

Figure 2, we plot the performance in the infinite backhaul
case withSNR = 25dB to get a sense for how computef12]
and-forward behaves with. As discussed earlier, the basic
compute-and-forward strategy varies significantly witkwith
local minima at values of that are hard to approximate with
small integers. The superposition strategy does an extell&4l
job of filling in these “valleys” and has significantly higher[15]
rates for the middle range of. Note that the performance of
compute-and-forward matches that of decode-and-forward f
low values ofa. In this regime, the best equation to decod%sl
is the unit vector which amounts to treating interference as
noise. [17]

In Figure 3, we plot the performance &R = 15dB with
C = 3.5 bits per channel use. Here, our scheme outperforms]
every other strategy except for a small rangevadround0.3.

[13
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