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Abstract—In this paper we show how interference can on a certain minimum channel knowledge at the transmitters.
be exploited to perform gossip computations over a larger For the purpose of this paper, we capture this by the some-
local neighborhood, rather than only pairs of nodes. We use what simplistic model of théocal neighborhoocf a node:

a recently introduced technique called computation coding o ;
to perform reliable computation over noisy multiple access We assume that within a local neighborhood, each node

channels. Since many nodes can simultaneously average inKNOws its respective channel (fading) parameters towards
a single round, neighborhood gossip clearly converges fast the center node of the neighborhood. We further assume

than nearest neighbor gossip. We characterize how many gaps that within this local neighborhood, nodes can operate in
rounds are required for a given neighborhood size. Also, we a synchronous manner.

show that if the size of the collaboration neighborhood is leger . . .
than a critical value that depends on the path loss exponentral Outside of the local neighborhood, no channel state in-

the network size, interference can yield exponential bengfi in  formation or synchronization is required. The size of the
the energy required to compute the average. local neighborhood is determined by the spatial and tenipora
coherence of the particular wireless infrastructure atdhan

o ) ) . Our analysis suggests that if local neighborhoods of aicerta
Robust and distributed algorithms for computing lineagj,¢ are "physically possible, computation codes can yield

functions of measurements in sensor networks have recei\é@éﬂ)onentially large savings in the required energy, for edfix
a great deal of attention recently. Such algorithms can QGeraging time. ’

used as a key component in constructing more complicated
signal processing and optimization algorithms on networks
Gossip algorithms that compute the average (and can easily
be extended to compute any linear function) form a spe-

I. INTRODUCTION

@) ©) ©) ©) ©) @)

cific class of such distributed algorithms that are simple to e} ') 0, ! e
describe: a sensor randomly wakes up itself and a neighbor \/m : .\T/. :
and they replace their current values with their local paiev [ |
average. This process continues until all nodes converge to o o o ! o—o—o : o
within an acceptable distance from the true average. Boyd | / l\. |
et al. [1] give a comprehensive analysis of the convergeng& @) @) @) : : @)
speed for gossip algorithms for any connectivity graph. The | = ——=======———
convergence time is connected to the mixing time of a N(%

O @) O O O @)

Markov chain on the graph induced by the sensor network
communication ranges.

Clearly, if there was no energy penalty for long-range @) @) @) @) @) @) @)
wireless transmissions, each sensor would broadcast its
observation to the entire network and there would be no
advantage to gossiping locally. However, such transniissio
are__eXpenswe In terms of t_he energy req!’"red’ and Igfb 1. Node/ efficiently collects the average from its local neighborthoo
addition generate significant interference which can delay(e), using a computation code.

the averaging process.

We will make use ofcomputation coding?], a recently  computation coding allows us teliably add numbers
developed, energy-efficient coding strategy for relialiene i, 5 |ocal neighborhood with concurrent transmissions over

putation over interfering channels. Computation codeg relgisy channels. We will use these neighborhood averages
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over a larger neighborhood, we can dramatically reduce theMosk-Aoyama and Shah [7] use an algorithm based on
number of required gossip rounds. At one end of the scalee work of Flajolet and Martin [8] to compute averages
is the case where the spatial and temporal coherence isasa bound the averaging time in terms of a “spreading time”
good that the “local” neighborhood includes, in fact, thassociated with the communication graph. Dimakis et al. [9]
entire network, and thus, consensus is achieved in a singl®posed a modified gossip algorithm that uses geographic
“neighborhood gossip” step. At the other end of the scaleiisformation of the sensors to reduce the convergence time to
the case where there is almost no coherence at all, and th&y'-°\/logn) for random geometric graphs. Very similar
the local neighborhood only includes the nearest neighbperformance can also be achieved with only partial geo-
and we are back to standard nearest-neighbor gossip. Hnaphic information as shown by Li et al. [10]. Geographic
interesting question is for which neighborhood size ise¢hegossip was subsequently used to compute random linear
a benefit to using interference. projections and perform distributed compressive senditi) [
When averaging over some large neighborhood, sensésgsensor network measurements. Benezit et al. [12] showed
will have to transmit over longer distances and will have tthat an extension of geographic gossip that averages along
operate at a higher power level, to overcome path loss. THee routed paths can further reduce the convergence time to
key idea is that since the neighborhood gossip algorith@(n logn) which is optimal for random geometric graphs
requires fewer rounds to convergeach round can afford and grids. In this work we assume that no geographic
to take more timewhich can, under some conditions, yieldnformation is available at the nodes so such schemes are
a reduction in the total energy consumption. As we showpt applicable.
if we allow more time to the nearest-neighbor gossip it will The issue of noise and quantization in the gossip mes-
always consume less energy. However, when we fix the tosalges has received significant attention recently [13}-[16
convergence time, neighborhoods that are large enough wifid schemes that achieve quantized consensus and tight
yield exponential energy gains. convergence bounds can be found in these papers. Sundaram
We perform our analysis on the simple topology of &t al. [17] show how infinite accuracy can be achieved in
grid network. Our techniques can be extended to mofigite number of rounds by extrapolating the consensus value
realistic models of wireless network topologies like ramdo through appropriate computation.
geometric graphs (which can possibly change the results ugn recent work, Aysal et al. [18] have exploited the
to polylogarithmic factors) but in this paper we will onlybroadcast nature of the physical layer to accelerate gossip
address the simplest case. whereas here we are using the interference.

[I. PROBLEM STATEMENT
o ) A. Wireless Channel Model
Distributed averaging can be used as a fundamental build- .

ing block for distributed signal processingver networks, ~ 'N€re is a sensor network composedrohodes. Each
where the goal is to achieve a global objective (e.g., comp°de has a unique indek € {1,2,...,n} and a unique

ing the global average of all observations) based on purdgsition» € {1,2,...,/n} x {1,2,...,1/n} on the ex-
local computations (in this case, message-passing betw&ifed grid. We assume that the wireless channel has a
pairs of adjacent nodes). Deterministic variations of 'gnssf'”'te bandwidth so a discrete-time model is sufficient and we

algorithms (i.e. each node communicating with all the on&1dex time (or c_hf.;mnel uses) usingAt time i, the received
hop neighbors as opposed to a randomly selected one) Sl at node’ is:

often calledconsensus algorithmand their behavior and veli] = Z hewli]znli] + zli] Q)
analysis are very similar. Gossip and consensus averagjing i
very useful because it can be easily converted into a more s o]
general algorithm that computes any linear projection ef th haw = 1y, " €77 )
sensor mez_;lsureme_nt_s (as long as egch sensor knowsv\mgremk is distance between nodésandk, o € R, is
correspongilng coefficient of the projection \{ec'For). Relgen. the power path loss coefficient, tife.[i] are phases chosen
such algor_lthms have been prqpo_sed for dlstnpute-d f'lger'rpandomly according to some distribution over the interval
and optimization as well as distributed detection in sens&f o7, {xx]i]}22, is the signal transmitted by the" node

I 1 =0 [}
networks [3]_[5]' and{z[i]}5°, is a realization of an additive white Gaussian

In a series of recent papers [1], [6], Boyd et al. havﬁoise (AWGN) process with varianes.

analyzed the performance of standard gossip algorithms orFinaIIy N(6) c {1,...,n} is the local neighborhood

arbitra_ry _graphs and_shown hO_W _the_gossip parameters e, qe . For the purposes of this paper, we assume that
be optimized by solving an optimization problem to rEducfﬁe local neighborhood are the nodes in &z by /m

convergence time. Unfortunately, for graphs that corraeipoSquare around node* Ignoring boundary effects, each local
to realistic sensor network topologies (like grids or ramdo

geometric graphs) standard gossip algorithms (even withsince we are only interested in the scaling law, we can satglgre

optimal parameters) are very inefficient and requ@?) integer effects, i.e. assume thatm is always odd and tha&/% is an
radio transmissions to converge. integer.

A. Related Work
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neighborhood contains: nodes. In general, nodes do noffo ensure finite transmission energies, we will also assume
know the phased;[i], governing the channel to other nodeshat the measurement vectars have bounded; norm:

in the wireless network. However, we will assume that nodes )

do know the channels in their local neighborhood. [[ox]|* <T'L ()

B. Time Model where_l“ € R, is a constant. _

' At time ¢, nodek has an estimatsy,[t] of the global

We will assume that the nodes wake up according to th@erage of the/” element. Lets,[t] denote then-vector of
asynchronous time model in [1]. Each node observes a rétese estimates at rourtdd\We use the following definition
A Poisson process and wakes up upon an arrival. The rée convergence of the vector gossip algorithm.
can be set such that no two nodes wake up in a given timeDefinition 2: Choosee > 0. Let R"®(n,m,¢) be the
interval with high probability. We also assume that the rsodeninimum number of gossip rounds with neighborhood size
are completely synchronized with respect to their channgl required to get all nodes estimates of the average vector
uses; the Poisson clocks only determine when they waikewithin e of the true average with probability greater than

up. 1—e.
Furthermore, we will count time on two scales, channel L —

uses and gossip rounds, to avoid confusion between our 8= Zq:l lI8q[t] — Sweq 1|l ©6)

channel code and our gossip algorithm. Gossip rounds are Zcf:l [|sq 0]l

simply a count of how many steps the gossip algorithm has Rue(n,m,¢) = supinf {t : P (3 > ¢) < ¢} @)

taken (see Definition 2). We assume that within each round e s4[0] -

we haveTr channel uses. The total time spent by our algorithm is easily computed
by multiplying the number of gossip rounds by the amount of

C. Distributed Averaging channel uses used per gossip rodnd However, it may be

We now provide a precise notion of convergence for %ossmle to schedule multiple gossip rounds simultangousl

gossip algorithm. First, we will review the standard formu"Zmd therefore we divide this quantity by reuse fadtor
lation used in the literature. Since we are including noisy TrRus(n, m,€)

channels in our analysis, we must use long blocklengths to Tromm. = P : (8)

ensure reliable cqmmun|cat|on. Thus, we will allow for ?\Iote that the reuse factor might be different for different
vector of observations at each node, rather than a scathr, an.

this will allow us to communicate in a reliable fashion neighborhood sizes and we bound this quantity in a subse-
. L uent section.
1) Standard Formulation:The standard formulation of aq
gossip algorithm is as follows. Each nodestarts out with p_ Energy Model

a scalar observation,[0] € R for £k = 1,2,...,n. Our

goal is to have each node learn the global average of thes_éNe assume t_ha_t energy consumption is dominated by
wireless transmissions and measure total energy consump-

observations: A ;
tion, Frome, by the sum of of the squared amplitudes of all
1 & transmissions in the network:
Save = — Z sx[0] ®)
n
k=1
At ti dek h timate, ] of the global R
ime ¢, nodek has an estimatey[t] of the global average. E _ 2[i])? (9)

Let s[t] denote then-vector of these estimates at round o ; ;( ]

Definition 1: Choosee > 0. Let R*®(n,¢) be the min- B . h . 4 wil h
imum number of gossip rounds required to get all nodes y construction, each gossip round will consume the same

estimates of the average to withirof the true average with amount of energyf,. Thus, the.totgl energy congumption
probability greater than — c. can also be computed by multiplying this quantity by the

number of gossip rounds:

N

t| — 1

Ruc(n, €) = supinf {t P % >el| <e Erom. = EqRuc(n,m,€) (20)
s[0]

2) Vector Formulation: We slightly modify the stan- E. Time-Energy Tradeoff
dard gossip problem statement by having each node, this paper, our goal is to minimize both the total time
k start out with a Iengtm vector observationu, = gnd the transmit energy cost for making the global average
(sk1, sk, spr) € R¥for k= 1,2,...,n. Our goal gyqilaple at each node. Clearly, there is a tradeoff between

is now to have each node learn the global average of theggse two quantities. Intuitively, if we demand the averiage

vectors: smaller amount of time, it will cost more energy. Thus, our
1 1 goal is to find the best possible time-energy tradeoff curve
Vage = <ﬁ ZSM[O], SRR ZSkL[O]> (4) and the algorithm that provides it. In the next section, we

k=1 k=1 will provide a high-level description of our gossip algarit.



I1l. ALGORITHM SKETCH average.Using a code construction that we have recently

Our algorithm operates at two levels of abstraction: A{eveloped [2] and that we will refer to asomputation
the higher level, we show how to select a good Sequengéding,we show how this can be achieved very efficiently.
of “neighborhood gossip” rounds in such a way as to attajff 9ive an intuition as to where this efficiency is coming
global consensus as quickly as possible. More precisely, #8M. consider the following two-step procedure:
show that a random sequence of uniformly chosen nodesl) By our definition of a local neighborhood, every

performs well with high probability. At the lower level, we node k € N(¢) knows the channel characteristics
provide (physical-layer) algorithms that permit to effiuiky (rex,Oex[7]) (s in Equations (1, 2)) from itself to
perform “neighborhood gossip,” exploiting the structurela the center node/. Exploiting this knowledge, the

coherence of the local interference, and leading to local nodes in the local neighborhood can transform the
consensus within the neighborhood. In this section, we give  actual multiple-access channel between them and the
an overview and rough outline of the two key steps in the center nodé into the following simple multiple-access

resulting “neighborhood gossip” algorithm. channel;
A. Neighborhood Gossip _ vl = Y il + zli]. (13)
Assume node/ wakes up for the™ gossip round. The KEN O\ (¢}

following steps describe the gossip round:
1) Node/ wakes up all of the nodes in its local neigh- 2) (Computation Coding) All nodes simultaneously en-

borhood, N/ (¢). code and transmit their values usimgentical linear

2) All nodes in the local neighborhood transmit their ~ codebooks. The selected codewords will be added on
estimates to nodé using a computation code. The the channel and nodé will receive the sum of the
computation code is designed such that nbdeceives codewords. Since the codebook is linear, the sum of
only the average of these values. the codewords is also a codeword and is actually the

3) Node/ uses the received information and its own value ~ codeword corresponding to the desired average.
to compute the average of the estimates from its local|n Section V, we characterize the tradeoff between the
neighborhood. It replaces its current estimate with thifymper of channel uses, the precision of the received aver-
new estimate for the next gossip round: age, and the expended energy for computation coding.

se[t—f—l]:% > selt] (11)
kEN (L)

4) Node/ broadcasts its updated estimate to all nodes in Assume that the nodes are placed or/anx /n grid with
its local neighborhood. All local neighborhood nodegnit distance between both rows and columns. Furthermore,
replace their current estimate with the transmitted onrgsume that the local neighborhodd(¢), of node/ is the

IV. NEIGHBORHOODGOSSIP ON ANEXTENDED GRID

for the next gossip round: Vv/m x y/m square of nodes centered on itself.
1 Therefore, for each gossip round, a random nédzc-
sult +1] = — Z sltl Vue N(€)  (12) tyates and when the round is over, everyone in its local
REN(©) neighborhoodV?) has replaced their value with the average

As one might expect, the convergence time of such afi that neighborhood. In particular, we assume that after th
algorithm is highly dependent on the topology of the networdomputation coding phase of a gossip round has finished,
and the choice of the local neighborhoods. In Section I\the average of the local neighborhood estimates of the bloba
we will examine a network where the nodes are placed emerage is available at the active node up to preciSiwhere
a /n x v/n extended grid and the local neighborhoods areis much smaller thas.
squares of size/m x /m centered around the nodes and Recall thas]t] is the vector of node estimates of the global
show that the algorithm Converge@](:fl—i]og (%)) rounds. average at round and thats[0] is just the vector of the

nodes’ initial observations. Every time a nodectivates,
B. Computation Coding all the nodes inV(¢) get averaged while other nodes stay

The critical step in the neighborhood gossip algorithm igvariant, and this can be written compactly as:

Step 2 in the description given above: All nodes in the local
neighborhood need to communicate to the center node. It st + 1] = W(t)s]t] (14)
may be tempting at first to implement this using some form
of orthogonal accessing where each node communicatesvioere W (t) is the matrix that corresponds to averaging
the center node on a separate channel. However, this apdes inV(¢). When the selection of which node activates
proach would consume virtually all the potential advansagés i.i.d. random, the correspondiri§y’(t) matrices for each
of neighborhood gossip. The key insight is that the centepundt are also i.i.d.
node does not need to know the exact data at each of théow let W denote the mean of the i.i.dV (¢) matrices.
nodes in the neighborhood. Rather, it only needs to know tfiée distribution on the random matrices is such thiat



satisfies the following three properties: mean,lV, of matrices drawn fronW is difficult. However,
we will still be able to give bounds on the spectral gap,

lT_W =17 15) ;_ X2 (W). First, we will need a basic linear algebra lemma
wi=1 (16) to connect our matrix}¥, to one for which we can give a
- 117 tighter bound on the spectral gap.
p (W - T) <l (17) Lemma 2:Let W, be chosen such thal = pepy ] +

(1 — Pstay) Wensr Wherepsry € [0,1]. Let Ay (Winsr) be the

wherep(-) is th_e_ spectral radius of a matrix. second eigenvalue d¥;.;. Then, the spectral gap o7 is
These conditions guarantee convergence of the 90S§iPen by:

algorithm [1] will converge to the true average. The main

result of this section is abound on the number of gossip L= (W) =(1—=psw)(1 = Xo(West))  (23)
rounds require to converge: Proof: Let v, be the second eigenvector &f. We
Theorem 1:The averaging time of neighborhood gossifpave that:
on an extended grid of sizg'n x \/n , and neighborhoods _ 1 - PDetay
of size \/m x \/m in gossip rounds, satisfies Wensrva = ( — psmW - 1—7pswl) Va2 (24)
) -
R (n,m,e) < cn—2 log (1>, (18) = (M) \'% (25)
m € 1 — psmay
wherec is a fixed constant. Ao (Wier) = A2a(W) — psmv (26)
Proof: L= Psar
To bound the averaging time, we will use the followingrhe lemma follows immediately. -

lemma, that uses the second eigenvalue of ékpected  The above lemma connects our matrix to a matrix that
matrix W. The main technical problem is that computings not “lazy.” Now observe that? is a stochastic and
the second eigenvalue of this expected matrix is quite COBymmetric matrix and corresponds to a Markov chain on
plicated, since even determining the expected matrixfitsghe Vi x /n grid that is reversible and ergodic. We can
is not straightforward. We are going to be able to provideerefore use techniques that bound mixing times of Markov
good bound on the second eigenvaluéiofwithout actually chains [12], [19] to bound the spectral gaplof.

computing the entries of the matrix, but rather bounding the pefinition 3: The conductance [20] of a stochastic matrix

conductanceof . W (that corresponds to a reversible Markov chain) is defined
We begin with a bound connecting the averaging time wilﬂjy;

the second eigenvalue &F:

. . . . _ c
Lemma 1 (Boyd et al.)The averaging time in gossip (W)= mi Qw (S, 57) (27)
rounds,R*°(n, €), of a gossip algorithm is upper bounded sc{l,..ny  7(9)
by: 0<7’I’(S)§%
3log (e~1) where Qw (u,v) = T(uW)Wy = 7(v)Wayy, 7(S) is the
RY(n,e) < — (19) probability density ofS under the stationary distribution of
log ( 5= 7 of W and Qw (S, S€) is the sum ofQy (u,v) over all
2(W)

. . ,)eSx ({1,...,n}\9)
wher_e A2(W) is the second eigenvalue of the expecteﬁow we use the fact [19], [20] that conductance can be used
matrix . to provide a lower bound on the spectral gap:

Sincel_og (1 z z) < ;f (tfhilf bgund .is tlight for srgallr),d ¢ Lemma 3:The second eigenvalue of a reversible Markov
we can instead use the following simpler upper bound 1Qf,in with transition probabilities given by satisfies:

our analysis:
- L2 28)
RS (n, ) < S108(€ ) (20) . T (W) = o(W)2
1= X (W) Finally, we will need a simple fact about conductance
For our gossip algorithmi}/(¢) is drawn uniformly from given by the following Iemm.a. .
the setW: Lemma 4:Let V' be a matrix whose off-diagonal elements
are less than or equal to thoseléf. Then the conductance
W={WE¢) :£=1,2,...,n} (21) of W satisfies the following lower bound:
1 .
W w v ENE); . L Quv(S,89)
. > B i A
W) o = 1, u=v, U ¢ N(0); (22) (W) = Sc?ll}?,n} 7(S) (29)
0, otherwise. 0<n(S)<i
where W({),,, is the entry in rowu and columnu in the where Qv (u,v) = 7(u)Vi, = 7(v)Vi, 7(S) is the

matrix W(¢£). Essentially, if node/ is chosen, nodes in its probability density ofS under the stationary distribution of
local neighborhood compute their local average and the resof W and Qv (S, S¢) is the sum ofQy (u,v) over all
keep their values the same. Unfortunately, computing tie,v) € S x ({1,...,n}\ S)



Proof: Since we are just reducing the numerator iif x € A, then—x € A. A lattice can always be written in
every term inside the minimization then the result is nterms of a generator matrig € R-*%:
higher than the original. [ ] Az fx— wG - L 34
We are now ready to bound the spectral gapiof First, ={x=wG:weZ} (34)
define a non-lazy matrid/y , with pss, = 1—. Eachnon- hereZ represents the integers.
diagonal entry of this matrix will be}, if the indices are i Definition 5: A lattice code,C, is a code with elements
the same neighborhood. Now consider a cut across the cemden from the intersection of son¥€-dimensional lattice

only yield larger conductance.) Clearly(S) = 5 and we chosen to meet some type of power constraint.)

want to obtain dower boundon Q(S, S). Since ignoring

nodes and edges only reduc€s we will only consider C=ANT (35)

the nodes inS who have distancg/m/4 or less from the See [21], [22] for proofs on the existence of good lattices
separating axis (see also figure (.)). There giex /m/4 for both source and channel coding.

such nodes and each one has at lg@st/2 x /m/4 or As mentioned earlier, we will only be attempting to send
more neighbors inS¢. All these edges have weight/m our averages up to some specified precision. Our error metric

and therefore for a real number is the usual mean-squared error criterion.
NN RR | Recall that each sequence of observations has a bounded
Q(S,5¢) > NALAILN AL ALC -, (30) ¢ norm: |lvg||? < LT for k = 1,2,...,n. Finally we say
4 8 nm that nodek consumes powepP if the average energy during
SO 1 m a transmission of lengtli’ satisfies:
d(Wyr) > —(—)% (31) 7
16" n 1 9
L - =3 (wli))* =P (36)
which implies that the spectral gap of the non-lazy chain is T =

bounded as follows _
Theorem 2:Choosee > 0. Assume each node in a local
1 2 51222 (32) neighborhood of sizen has a lengthz bounded real-valued
1=X(Wne) = ®2(WnL) = m observation vectotjv |2 < I'L. For L large enough, there

So using to bound the spectral gap of the non-lazy matBXists a coding scheme such that the receiving node can
W we simply need to multiply by—— = 2 which yields Make an estimaté, of the averagee = o 2 v, that
PsTAY m

the result. satisfies:
[ . r__
Pr(”vAVG — ’UAVGH2 > M2 23) <e (37)
V. COMPUTATION CODING
so long as:
We now review some of our recent results on exploiting

the interference of the channel for efficient, reliable com- Zlog 1 + P >~ B (38)
putations. Note that our wireless channel already computes 2 m= oy

a linear function of the transmitted signals. Inside a loc

| . .
neighborhood, due to the channel knowledge at the tralfg[ some choice OT _chann_el uses (per observation symbol),
wer P and precisionB bits.

mitters, we can invert the phases and make the channel iﬁ% . . "
a noisy sum: or a proof, see [2]. The basu; idea is that _each Fransm|tt|n_g
node employs the same lattice code. This lattice code is
yeli] = Z m™ 2 xli] + 2[i] (33) chosen to simultaneously be bot_h a good (_:hannel code an_d a
KEN(0) good source code. Each transmitter quantizes its obsenvati
vector to the lattice and transmits it. The receiver decodes
where them~% factor comes from considering the worsthe sum of the codewords and makes an estimate of average.
path loss within the neighborhood. Next, the encoders send their quantization errors using the
In previous work, we showed that over such channels, same scheme. This continues until we have exhausted our
can efficiently and reliably compute sums through the use wftal number of channel uses and the receiver has reached
computation codingP]. The key idea is to choose codebookshe desired precisiofs. Note that the original proof focuses
that commute with the function naturally provided by then the i.i.d. Gaussian case. However, due to the dithering
channel. To compute sums, we have each encoder transstép in the lattice quantization, none of the results in the
codewords from the same linear code. The sum of thesmof depend on the Gaussianity of the inputs, only on their
codewords is also a codeword and can be decoded succéssiorm, which is satisfied in this case.
fully at the receiver. Over Gaussian channels, the best know Note that this scheme performs significantly better than
codes for computation coding are lattice codes. a standard multiple-access scheme that attempts to inform
Definition 4: An L-dimensionallattice, A, is a set of the receiver of all the individual observation vectors befo
points inR” such that ifx;,x, € A, thenx; +x, € A, and it computes the sum.



In order to compare our neighborhood scheme, to a nearestiext, we calculate the total energ¥.., used by the
neighbor scheme, we need to characterize the resouroearest neighbor gossip scheme. First, we need to determine
needed to send a bounded real-valued vector over a Gaus#iienenergy used in a single gossip round using Corollary 1.
channel. This easily follows as a corollary of the aboveet P, be the average power per channel use @hdthe

theorem. precision in bits.
Corollary 1: Choose: > 0. Assume nodé has a length- 5 10251
L bounded real-valued observation vectr||? < T'L. A Ep=T1P =Tioz(27 —1) (44)

node at distanceé away needs to make an estimateup where the second step follows from solving féh in
to precisionB. For L large enough, there exists a codin@orollary 1.

scheme such that:

2B
Pr(f|or — ve|® > T272F) < ¢ (39) Eoar = Egi Ruc(n, €) = csn®Tyo% (2T —1)  (45)
so long as: wherecs is some constant.
Finally, we calculate the total energyso used by the
r P neighborhood gossip scheme. First, we determine the ener
~log|1+— ) >B (40) gnt 00 gOSSIP S - st 9y
2 oy used in a single gossip round using Theorem 2. Petbe

for some choice of” channel uses (per observation symboff1€ @verage power per channel use dhdthe precision in
and powerP. bits. X
.. : o 28,
Of course, the receiving node needs to communicate the Epy = ToPy = m%0%(2 Ty _ =) (46)
average back to the sender(s). However, it can be shown that m- _
this only requires a constant factor more energy so we or#here the second step follows from solving fét in

it from our analysis. Corollary 1. _
One can show that the above expression decreases as the
VI. PERFORMANCE COMPARISONS number of channel use$; is increased but then begins

Now that we have characterized the number of gosdip increase again. This is due to the computation coding
rounds required for neighborhood gossip and the resour&®ending energy to overcome the path loss. At some point
required for computation coding, we can determine ifaese expenditures overcome the savings from using the

scaling laws for both the time and energy consumed by otff@nnel addition. Thus, past this criticdl, we should
scheme. continue to use this many channel uses in a round even if

First, for comparison purposes, we will calculate the tot&1°re are allowed.

time (in a scaling law sense) its takes for nearest neighbor

; - 2 . 28y ]
gossip to converge on the grid: Buowo = ErsRue(n,m, €) = 04”_2m5T202Z(2 D2 1,
m

m
R (n, )T, n2T. Whe_re04 is some constant. _
Toar = C1 wo ()T =0 L (41) Finally, we take the ratio of the total expended energies
PPAIR PPAIR 2By
whereT; is the number of channel uses per gossip round Exgno _ C4T2m% 2™ — o (47)
andc; is a constant. Eor  c3Th ot 1

Similarly, we can use our result from Theorem 1 to get

) . . X Now we should choos#; and B, appropriately so that
the total time it takes for neighborhood gossip to conver ! 2 approp Y

e gossip algorithms converge. As mentioned earlier,enois

on the grid. or quantization effects in gossip algorithms have been the
topic of much recent study. For our purposes, we simply

T Rpe(n,m, )Ty _ n_2 T (42) assume that if the nearest neighbor gossip uses a constant
Nero = €2 Prsro 22 P number of bits of precision in each round, the algorithm

whereT5 is the number of channel uses per gossip routy 0!S¢ free ’B.l € Zy. Furthermor_e, we assume that
. our scheme requires a worst-cdsgn bits of precision per
andcy is a constant. o .
. round for convergencd}; = c; logn. This is equivalent to
We can upper boun®,, by allowing all n nodes to . Lo . )
ossin concurrently in one round of nearest neiahbor OSSassumlng that all of the quantization noises add up linearly
g P y 9 g (% other words, the noise is adversarial). See [15] foritteta

< n. i . ; )
Z:r:’*g n_ein hﬁl;sr%’ov(\)ls Cﬁg;fﬁﬁrtgﬁgnﬁég bé/ra:!%lgr:g;)nlly This serves as an upper bound on the energy ratio as it can
9 9 P P P ® = " only make our scheme look less favorable.

This clearly is an upper bound on the time savings and W Eor brevity, we will examine the tradeoff on two extreme

?o(alrowst the ratio of total time to converge is bounded %%ints. First, we will fix the total time per gossip round by

allowing the same number of channel uses per round to each
Tero < c2lon _ (43) algorithmT; = T». Next, we will fix the total convergence
Toar — c1Tim? time by settingl e = Tpa-
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