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Abstract— In this paper we show how interference can
be exploited to perform gossip computations over a larger
local neighborhood, rather than only pairs of nodes. We use
a recently introduced technique called computation coding
to perform reliable computation over noisy multiple access
channels. Since many nodes can simultaneously average in
a single round, neighborhood gossip clearly converges faster
than nearest neighbor gossip. We characterize how many gossip
rounds are required for a given neighborhood size. Also, we
show that if the size of the collaboration neighborhood is larger
than a critical value that depends on the path loss exponent and
the network size, interference can yield exponential benefits in
the energy required to compute the average.

I. I NTRODUCTION

Robust and distributed algorithms for computing linear
functions of measurements in sensor networks have received
a great deal of attention recently. Such algorithms can be
used as a key component in constructing more complicated
signal processing and optimization algorithms on networks.
Gossip algorithms that compute the average (and can easily
be extended to compute any linear function) form a spe-
cific class of such distributed algorithms that are simple to
describe: a sensor randomly wakes up itself and a neighbor
and they replace their current values with their local pairwise
average. This process continues until all nodes converge to
within an acceptable distance from the true average. Boyd
et al. [1] give a comprehensive analysis of the convergence
speed for gossip algorithms for any connectivity graph. The
convergence time is connected to the mixing time of a
Markov chain on the graph induced by the sensor network
communication ranges.

Clearly, if there was no energy penalty for long-range
wireless transmissions, each sensor would broadcast its
observation to the entire network and there would be no
advantage to gossiping locally. However, such transmissions
are expensive in terms of the energy required, and in
addition generate significant interference which can delay
the averaging process.

We will make use ofcomputation coding[2], a recently
developed, energy-efficient coding strategy for reliable com-
putation over interfering channels. Computation codes rely
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on a certain minimum channel knowledge at the transmitters.
For the purpose of this paper, we capture this by the some-
what simplistic model of thelocal neighborhoodof a node:
We assume that within a local neighborhood, each node
knows its respective channel (fading) parameters towards
the center node of the neighborhood. We further assume
that within this local neighborhood, nodes can operate in
a synchronous manner.

Outside of the local neighborhood, no channel state in-
formation or synchronization is required. The size of the
local neighborhood is determined by the spatial and temporal
coherence of the particular wireless infrastructure at hand.
Our analysis suggests that if local neighborhoods of a certain
size are physically possible, computation codes can yield
exponentially large savings in the required energy, for a fixed
averaging time.
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Fig. 1. Nodeℓ efficiently collects the average from its local neighborhood,
N (ℓ), using a computation code.

Computation coding allows us toreliably add numbers
in a local neighborhood with concurrent transmissions over
noisy channels. We will use these neighborhood averages
as part of a gossip algorithm on a sensor network. In each
round of the algorithm, one randomly selected node will
wake up, collect the average from its local neighborhood,
and distribute the result back to its local neighborhood. First,
we show that if each gossip round is computing averages



over a larger neighborhood, we can dramatically reduce the
number of required gossip rounds. At one end of the scale
is the case where the spatial and temporal coherence is so
good that the “local” neighborhood includes, in fact, the
entire network, and thus, consensus is achieved in a single
“neighborhood gossip” step. At the other end of the scale is
the case where there is almost no coherence at all, and thus,
the local neighborhood only includes the nearest neighbor,
and we are back to standard nearest-neighbor gossip. The
interesting question is for which neighborhood size is there
a benefit to using interference.

When averaging over some large neighborhood, sensors
will have to transmit over longer distances and will have to
operate at a higher power level, to overcome path loss. The
key idea is that since the neighborhood gossip algorithm
requires fewer rounds to converge,each round can afford
to take more time, which can, under some conditions, yield
a reduction in the total energy consumption. As we show,
if we allow more time to the nearest-neighbor gossip it will
always consume less energy. However, when we fix the total
convergence time, neighborhoods that are large enough will
yield exponential energy gains.

We perform our analysis on the simple topology of a
grid network. Our techniques can be extended to more
realistic models of wireless network topologies like random
geometric graphs (which can possibly change the results up
to polylogarithmic factors) but in this paper we will only
address the simplest case.

A. Related Work

Distributed averaging can be used as a fundamental build-
ing block for distributed signal processingover networks,
where the goal is to achieve a global objective (e.g., comput-
ing the global average of all observations) based on purely
local computations (in this case, message-passing between
pairs of adjacent nodes). Deterministic variations of gossip
algorithms (i.e. each node communicating with all the one-
hop neighbors as opposed to a randomly selected one) are
often calledconsensus algorithmsand their behavior and
analysis are very similar. Gossip and consensus averaging is
very useful because it can be easily converted into a more
general algorithm that computes any linear projection of the
sensor measurements (as long as each sensor knows the
corresponding coefficient of the projection vector). Recently,
such algorithms have been proposed for distributed filtering
and optimization as well as distributed detection in sensor
networks [3]–[5].

In a series of recent papers [1], [6], Boyd et al. have
analyzed the performance of standard gossip algorithms on
arbitrary graphs and shown how the gossip parameters can
be optimized by solving an optimization problem to reduce
convergence time. Unfortunately, for graphs that correspond
to realistic sensor network topologies (like grids or random
geometric graphs) standard gossip algorithms (even with
optimal parameters) are very inefficient and requireΘ(n2)
radio transmissions to converge.

Mosk-Aoyama and Shah [7] use an algorithm based on
the work of Flajolet and Martin [8] to compute averages
and bound the averaging time in terms of a “spreading time”
associated with the communication graph. Dimakis et al. [9]
proposed a modified gossip algorithm that uses geographic
information of the sensors to reduce the convergence time to
O(n1.5

√
log n) for random geometric graphs. Very similar

performance can also be achieved with only partial geo-
graphic information as shown by Li et al. [10]. Geographic
gossip was subsequently used to compute random linear
projections and perform distributed compressive sensing [11]
for sensor network measurements. Benezit et al. [12] showed
that an extension of geographic gossip that averages along
the routed paths can further reduce the convergence time to
O(n log n) which is optimal for random geometric graphs
and grids. In this work we assume that no geographic
information is available at the nodes so such schemes are
not applicable.

The issue of noise and quantization in the gossip mes-
sages has received significant attention recently [13]–[16]
and schemes that achieve quantized consensus and tight
convergence bounds can be found in these papers. Sundaram
et al. [17] show how infinite accuracy can be achieved in
finite number of rounds by extrapolating the consensus value
through appropriate computation.

In recent work, Aysal et al. [18] have exploited the
broadcast nature of the physical layer to accelerate gossip
whereas here we are using the interference.

II. PROBLEM STATEMENT

A. Wireless Channel Model

There is a sensor network composed ofn nodes. Each
node has a unique indexℓ ∈ {1, 2, . . . , n} and a unique
position p ∈ {1, 2, . . . ,

√
n} × {1, 2, . . . ,

√
n} on the ex-

tended grid. We assume that the wireless channel has a
finite bandwidth so a discrete-time model is sufficient and we
index time (or channel uses) usingi. At time i, the received
signal at nodeℓ is:

yℓ[i] =
∑

k∈N (ℓ)

hℓk[i]xk[i] + zℓ[i] (1)

hℓk = r
− α

2

ℓk ejθℓk[i] (2)

whererℓk is distance between nodesℓ and k, α ∈ R+ is
the power path loss coefficient, theθℓk[i] are phases chosen
randomly according to some distribution over the interval
[0, 2π], {xk[i]}∞i=0 is the signal transmitted by thekth node,
and{zℓ[i]}∞i=0 is a realization of an additive white Gaussian
noise (AWGN) process with varianceσ2

Z .
Finally, N (ℓ) ⊂ {1, . . . , n} is the local neighborhood

of nodeℓ. For the purposes of this paper, we assume that
the local neighborhood are the nodes in the

√
m by

√
m

square around nodeℓ.1 Ignoring boundary effects, each local

1Since we are only interested in the scaling law, we can safelyignore
integer effects, i.e. assume that

√
m is always odd and that

q

n

m
is an

integer.



neighborhood containsm nodes. In general, nodes do not
know the phases,θlk[i], governing the channel to other nodes
in the wireless network. However, we will assume that nodes
do know the channels in their local neighborhood.

B. Time Model

We will assume that the nodes wake up according to the
asynchronous time model in [1]. Each node observes a rate
λ Poisson process and wakes up upon an arrival. The rate
can be set such that no two nodes wake up in a given time
interval with high probability. We also assume that the nodes
are completely synchronized with respect to their channel
uses; the Poisson clocks only determine when they wake
up.

Furthermore, we will count time on two scales, channel
uses and gossip rounds, to avoid confusion between our
channel code and our gossip algorithm. Gossip rounds are
simply a count of how many steps the gossip algorithm has
taken (see Definition 2). We assume that within each round
we haveTR channel uses.

C. Distributed Averaging

We now provide a precise notion of convergence for a
gossip algorithm. First, we will review the standard formu-
lation used in the literature. Since we are including noisy
channels in our analysis, we must use long blocklengths to
ensure reliable communication. Thus, we will allow for a
vector of observations at each node, rather than a scalar, and
this will allow us to communicate in a reliable fashion.

1) Standard Formulation:The standard formulation of a
gossip algorithm is as follows. Each nodek starts out with
a scalar observationsk[0] ∈ R for k = 1, 2, . . . , n. Our
goal is to have each node learn the global average of these
observations:

sAVG =
1

n

n
∑

k=1

sk[0] (3)

At time t, nodek has an estimatesk[t] of the global average.
Let s[t] denote then-vector of these estimates at roundt.

Definition 1: Chooseǫ > 0. Let RAVG(n, ǫ) be the min-
imum number of gossip rounds required to get all nodes
estimates of the average to withinǫ of the true average with
probability greater than1 − ǫ.

RAVG(n, ǫ) = sup
s[0]

inf

{

t : P

(

‖s[t]− sAVG

−→
1 ‖

‖s[0]‖ ≥ ǫ

)

≤ ǫ

}

2) Vector Formulation: We slightly modify the stan-
dard gossip problem statement by having each node
k start out with a length-L vector observationvk =
(sk1, sk2, . . . , skL) ∈ R

L for k = 1, 2, . . . , n. Our goal
is now to have each node learn the global average of these
vectors:

vAVG =

(

1

n

n
∑

k=1

sk1[0], . . . ,
1

n

n
∑

k=1

skL[0]

)

(4)

To ensure finite transmission energies, we will also assume
that the measurement vectorsvk have boundedℓ2 norm:

‖vk‖2 ≤ ΓL (5)

whereΓ ∈ R+ is a constant.
At time t, nodek has an estimateskq[t] of the global

average of theqth element. Letsq[t] denote then-vector of
these estimates at roundt. We use the following definition
for convergence of the vector gossip algorithm.

Definition 2: Chooseǫ > 0. Let RAVG(n, m, ǫ) be the
minimum number of gossip rounds with neighborhood size
m required to get all nodes estimates of the average vector
to within ǫ of the true average with probability greater than
1 − ǫ.

β =

∑L

q=1 ‖sq[t] − sAVGq

−→
1 ‖

∑L

q=1 ‖sq[0]‖
(6)

RAVG(n, m, ǫ) = sup
sq [0]

inf {t : P (β ≥ ǫ) ≤ ǫ} (7)

The total time spent by our algorithm is easily computed
by multiplying the number of gossip rounds by the amount of
channel uses used per gossip roundTR. However, it may be
possible to schedule multiple gossip rounds simultaneously
and therefore we divide this quantity by reuse factorP :

TTOTAL =
TRRAVG(n, m, ǫ)

P . (8)

Note that the reuse factor might be different for different
neighborhood sizes and we bound this quantity in a subse-
quent section.

D. Energy Model

We assume that energy consumption is dominated by
wireless transmissions and measure total energy consump-
tion, ETOTAL , by the sum of of the squared amplitudes of all
transmissions in the network:

ETOTAL =

TTOTAL
∑

i=1

n
∑

ℓ=1

(xℓ[i])
2 (9)

By construction, each gossip round will consume the same
amount of energy,ER. Thus, the total energy consumption
can also be computed by multiplying this quantity by the
number of gossip rounds:

ETOTAL = ERRAVG(n, m, ǫ) (10)

E. Time-Energy Tradeoff

In this paper, our goal is to minimize both the total time
and the transmit energy cost for making the global average
available at each node. Clearly, there is a tradeoff between
these two quantities. Intuitively, if we demand the averagein
smaller amount of time, it will cost more energy. Thus, our
goal is to find the best possible time-energy tradeoff curve
and the algorithm that provides it. In the next section, we
will provide a high-level description of our gossip algorithm.



III. A LGORITHM SKETCH

Our algorithm operates at two levels of abstraction: At
the higher level, we show how to select a good sequence
of “neighborhood gossip” rounds in such a way as to attain
global consensus as quickly as possible. More precisely, we
show that a random sequence of uniformly chosen nodes
performs well with high probability. At the lower level, we
provide (physical-layer) algorithms that permit to efficiently
perform “neighborhood gossip,” exploiting the structure and
coherence of the local interference, and leading to local
consensus within the neighborhood. In this section, we give
an overview and rough outline of the two key steps in the
resulting “neighborhood gossip” algorithm.

A. Neighborhood Gossip

Assume nodeℓ wakes up for thetth gossip round. The
following steps describe the gossip round:

1) Nodeℓ wakes up all of the nodes in its local neigh-
borhood,N (ℓ).

2) All nodes in the local neighborhood transmit their
estimates to nodeℓ using a computation code. The
computation code is designed such that nodeℓ receives
only the average of these values.

3) Nodeℓ uses the received information and its own value
to compute the average of the estimates from its local
neighborhood. It replaces its current estimate with this
new estimate for the next gossip round:

sℓ[t + 1] =
1

m

∑

k∈N (ℓ)

sk[t] (11)

4) Nodeℓ broadcasts its updated estimate to all nodes in
its local neighborhood. All local neighborhood nodes
replace their current estimate with the transmitted one
for the next gossip round:

su[t + 1] =
1

m

∑

k∈N (ℓ)

sk[t] ∀u ∈ N (ℓ) (12)

As one might expect, the convergence time of such an
algorithm is highly dependent on the topology of the network
and the choice of the local neighborhoods. In Section IV,
we will examine a network where the nodes are placed on
a
√

n ×√
n extended grid and the local neighborhoods are

squares of size
√

m × √
m centered around the nodes and

show that the algorithm converge inO
(

n2

m2 log
(

1
ǫ

)

)

rounds.

B. Computation Coding

The critical step in the neighborhood gossip algorithm is
Step 2 in the description given above: All nodes in the local
neighborhood need to communicate to the center node. It
may be tempting at first to implement this using some form
of orthogonal accessing where each node communicates to
the center node on a separate channel. However, this ap-
proach would consume virtually all the potential advantages
of neighborhood gossip. The key insight is that the center
node does not need to know the exact data at each of the
nodes in the neighborhood. Rather, it only needs to know the

average.Using a code construction that we have recently
developed [2] and that we will refer to ascomputation
coding,we show how this can be achieved very efficiently.
To give an intuition as to where this efficiency is coming
from, consider the following two-step procedure:

1) By our definition of a local neighborhood, every
node k ∈ N (ℓ) knows the channel characteristics
(rℓk, θℓk[i]) (as in Equations (1, 2)) from itself to
the center nodeℓ. Exploiting this knowledge, the
nodes in the local neighborhood can transform the
actual multiple-access channel between them and the
center nodeℓ into the following simple multiple-access
channel:

yℓ[i] =
∑

k∈N (ℓ)\{ℓ}

xℓk[i] + zℓ[i]. (13)

2) (Computation Coding) All nodes simultaneously en-
code and transmit their values usingidentical linear
codebooks. The selected codewords will be added on
the channel and nodeℓ will receive the sum of the
codewords. Since the codebook is linear, the sum of
the codewords is also a codeword and is actually the
codeword corresponding to the desired average.

In Section V, we characterize the tradeoff between the
number of channel uses, the precision of the received aver-
age, and the expended energy for computation coding.

IV. N EIGHBORHOODGOSSIP ON ANEXTENDED GRID

Assume that the nodes are placed on an
√

n×√
n grid with

unit distance between both rows and columns. Furthermore,
assume that the local neighborhood,N (ℓ), of nodeℓ is the√

m ×√
m square of nodes centered on itself.

Therefore, for each gossip round, a random nodeℓ ac-
tivates and when the round is over, everyone in its local
neighborhoodN ℓ) has replaced their value with the average
of that neighborhood. In particular, we assume that after the
computation coding phase of a gossip round has finished,
the average of the local neighborhood estimates of the global
average is available at the active node up to precisionδ where
δ is much smaller thanǫ.

Recall thats[t] is the vector of node estimates of the global
average at roundt and thats[0] is just the vector of the
nodes’ initial observations. Every time a nodeℓ activates,
all the nodes inN (ℓ) get averaged while other nodes stay
invariant, and this can be written compactly as:

s[t + 1] = W (t)s[t] (14)

where W (t) is the matrix that corresponds to averaging
nodes inN (ℓ). When the selection of which node activates
is i.i.d. random, the correspondingW (t) matrices for each
roundt are also i.i.d.

Now let W̄ denote the mean of the i.i.d.W (t) matrices.
The distribution on the random matrices is such thatW̄



satisfies the following three properties:

1
T W̄ = 1

T (15)

W̄1 = 1 (16)

ρ

(

W̄ − 11
T

n

)

< 1 (17)

whereρ(·) is the spectral radius of a matrix.
These conditions guarantee convergence of the gossip

algorithm [1] will converge to the true average. The main
result of this section is abound on the number of gossip
rounds require to converge:

Theorem 1:The averaging time of neighborhood gossip
on an extended grid of size

√
n ×√

n , and neighborhoods
of size

√
m ×√

m in gossip rounds, satisfies

RAVG(n, m, ǫ) ≤ c
n2

m2
log

(

1

ǫ

)

, (18)

wherec is a fixed constant.
Proof:

To bound the averaging time, we will use the following
lemma, that uses the second eigenvalue of theexpected
matrix W̄ . The main technical problem is that computing
the second eigenvalue of this expected matrix is quite com-
plicated, since even determining the expected matrix itself
is not straightforward. We are going to be able to provide a
good bound on the second eigenvalue ofW̄ without actually
computing the entries of the matrix, but rather bounding the
conductanceof W̄ .

We begin with a bound connecting the averaging time with
the second eigenvalue of̄W :

Lemma 1 (Boyd et al.):The averaging time in gossip
rounds,RAVG(n, ǫ), of a gossip algorithm is upper bounded
by:

RAVG(n, ǫ) ≤ 3 log (ǫ−1)

log
(

1
λ2(W̄ )

) (19)

where λ2(W̄ ) is the second eigenvalue of the expected
matrix W̄ .

Since log (1 + x) ≤ x (this bound is tight for smallx),
we can instead use the following simpler upper bound for
our analysis:

RAVG(n, ǫ) ≤ 3 log (ǫ−1)

1 − λ2(W̄ )
(20)

For our gossip algorithm,W (t) is drawn uniformly from
the setW :

W = {W(ℓ) : ℓ = 1, 2, . . . , n} (21)

W(ℓ)uv =







1
|N (ℓ)| , u, v ∈ N (ℓ);
1, u = v, u, v /∈ N (ℓ);
0, otherwise.

(22)

whereW(ℓ)uv is the entry in rowu and columnv in the
matrix W(ℓ). Essentially, if nodeℓ is chosen, nodes in its
local neighborhood compute their local average and the rest
keep their values the same. Unfortunately, computing the

mean,W̄ , of matrices drawn fromW is difficult. However,
we will still be able to give bounds on the spectral gap,
1−λ2(W̄ ). First, we will need a basic linear algebra lemma
to connect our matrix,̄W , to one for which we can give a
tighter bound on the spectral gap.

Lemma 2:Let W̄FAST be chosen such that̄W = pSTAYI +
(1 − pSTAY)W̄FAST wherepSTAY ∈ [0, 1]. Let λ2(W̄FAST) be the
second eigenvalue of̄WFAST. Then, the spectral gap of̄W is
given by:

1 − λ2(W̄ ) = (1 − pSTAY)(1 − λ2(W̄FAST)) (23)
Proof: Let v2 be the second eigenvector of̄W . We

have that:

W̄FASTv2 =

(

1

1 − pSTAY

W̄ − pSTAY

1 − pSTAY

I

)

v2 (24)

=

(

λ2(W̄ ) − pSTAY

1 − pSTAY

)

v2 (25)

λ2(W̄FAST) =
λ2(W̄ ) − pSTAY

1 − pSTAY

(26)

The lemma follows immediately.
The above lemma connects our matrix to a matrix that

is not ”lazy.” Now observe thatW̄ is a stochastic and
symmetric matrix and corresponds to a Markov chain on
the

√
n × √

n grid that is reversible and ergodic. We can
therefore use techniques that bound mixing times of Markov
chains [12], [19] to bound the spectral gap ofW̄ .

Definition 3: The conductance [20] of a stochastic matrix
W̄ (that corresponds to a reversible Markov chain) is defined
by:

Φ(W̄ ) = min
S⊂{1,...,n}
0<π(S)≤ 1

2

QW (S, SC)

π(S)
(27)

where QW (u, v) = π(u)W̄uv = π(v)W̄uv , π(S) is the
probability density ofS under the stationary distribution of
π of W̄ and QW (S, SC) is the sum ofQW (u, v) over all
(u, v) ∈ S × ({1, . . . , n} \ S)
Now we use the fact [19], [20] that conductance can be used
to provide a lower bound on the spectral gap:

Lemma 3:The second eigenvalue of a reversible Markov
chain with transition probabilities given bȳW satisfies:

1

1 − λ2(W̄ )
≤ 2

Φ(W̄ )2
. (28)

Finally, we will need a simple fact about conductance
given by the following lemma.

Lemma 4:Let V̄ be a matrix whose off-diagonal elements
are less than or equal to those ofW̄ . Then the conductance
of W̄ satisfies the following lower bound:

Φ(W̄ ) ≥ min
S⊂{1,...,n}
0<π(S)≤ 1

2

QV (S, SC)

π(S)
(29)

where QV (u, v) = π(u)V̄uv = π(v)V̄uv , π(S) is the
probability density ofS under the stationary distribution of
π of W̄ and QV (S, SC) is the sum ofQV (u, v) over all
(u, v) ∈ S × ({1, . . . , n} \ S)



Proof: Since we are just reducing the numerator in
every term inside the minimization then the result is no
higher than the original.

We are now ready to bound the spectral gap ofW̄ . First,
define a non-lazy matrixWNL with pSTAY = 1−m

n
. Each non-

diagonal entry of this matrix will be1
m

if the indices are in
the same neighborhood. Now consider a cut across the center
axis of the grid. (It is not hard to see that any other cut will
only yield larger conductance.) Clearly,π(S) = 1

2 and we
want to obtain alower boundon Q(S, SC). Since ignoring
nodes and edges only reducesQ, we will only consider
the nodes inS who have distance

√
m/4 or less from the

separating axis (see also figure (.)). There are
√

n ×√
m/4

such nodes and each one has at least
√

m/2 × √
m/4 or

more neighbors inSC . All these edges have weight1/m
and therefore

Q(S, SC) ≥
√

n
√

m

4

√
m
√

m

8

1

n

1

m
, (30)

so

Φ(WNL) ≥ 1

16
(
m

n
)2. (31)

which implies that the spectral gap of the non-lazy chain is
bounded as follows

1

1 − λ2(WNL)
≤ 2

Φ2(WNL)
≤ 512

n

m
. (32)

So using to bound the spectral gap of the non-lazy matrix
W̄ we simply need to multiply by 1

pSTAY
= n

m
which yields

the result.

V. COMPUTATION CODING

We now review some of our recent results on exploiting
the interference of the channel for efficient, reliable com-
putations. Note that our wireless channel already computes
a linear function of the transmitted signals. Inside a local
neighborhood, due to the channel knowledge at the trans-
mitters, we can invert the phases and make the channel into
a noisy sum:

yℓ[i] =
∑

k∈N (ℓ)

m−α
2 xℓk[i] + zk[i] (33)

where them−α
2 factor comes from considering the worst

path loss within the neighborhood.
In previous work, we showed that over such channels, we

can efficiently and reliably compute sums through the use of
computation coding[2]. The key idea is to choose codebooks
that commute with the function naturally provided by the
channel. To compute sums, we have each encoder transmit
codewords from the same linear code. The sum of these
codewords is also a codeword and can be decoded success-
fully at the receiver. Over Gaussian channels, the best known
codes for computation coding are lattice codes.

Definition 4: An L-dimensional lattice, Λ, is a set of
points inR

L such that ifx1,x2 ∈ Λ, thenx1 +x2 ∈ Λ, and

if x ∈ Λ, then−x ∈ Λ. A lattice can always be written in
terms of a generator matrixG ∈ R

L×L:

Λ = {x = wG : w ∈ Z
L} (34)

whereZ represents the integers.
Definition 5: A lattice code,C, is a code with elements

taken from the intersection of someK-dimensional lattice
Λ and a convexL-dimensional shapeT (which is usually
chosen to meet some type of power constraint.)

C = Λ ∩ T (35)
See [21], [22] for proofs on the existence of good lattices
for both source and channel coding.

As mentioned earlier, we will only be attempting to send
our averages up to some specified precision. Our error metric
for a real number is the usual mean-squared error criterion.

Recall that each sequence of observations has a bounded
ℓ2 norm: ‖vk‖2 ≤ LΓ for k = 1, 2, . . . , n. Finally we say
that nodek consumes powerP if the average energy during
a transmission of lengthT satisfies:

1

T

T
∑

i=1

(xk[i])2 = P (36)

Theorem 2:Chooseǫ > 0. Assume each node in a local
neighborhood of sizem has a length-L bounded real-valued
observation vector,‖vk‖2 ≤ ΓL. For L large enough, there
exists a coding scheme such that the receiving node can
make an estimatêvAVG of the averagevAVG = 1

m

∑

vk that
satisfies:

Pr

(

‖v̂AVG − vAVG‖2 ≥ Γ

M
2−2B

)

< ǫ (37)

so long as:

T

2
log

(

1

m
+

P

m
−α
2 σ2

Z

)

> B (38)

for some choice ofT channel uses (per observation symbol),
powerP and precisionB bits.
For a proof, see [2]. The basic idea is that each transmitting
node employs the same lattice code. This lattice code is
chosen to simultaneously be both a good channel code and a
good source code. Each transmitter quantizes its observation
vector to the lattice and transmits it. The receiver decodes
the sum of the codewords and makes an estimate of average.
Next, the encoders send their quantization errors using the
same scheme. This continues until we have exhausted our
total number of channel uses and the receiver has reached
the desired precisionB. Note that the original proof focuses
on the i.i.d. Gaussian case. However, due to the dithering
step in the lattice quantization, none of the results in the
proof depend on the Gaussianity of the inputs, only on their
ℓ2 norm, which is satisfied in this case.

Note that this scheme performs significantly better than
a standard multiple-access scheme that attempts to inform
the receiver of all the individual observation vectors before
it computes the sum.



In order to compare our neighborhood scheme, to a nearest
neighbor scheme, we need to characterize the resources
needed to send a bounded real-valued vector over a Gaussian
channel. This easily follows as a corollary of the above
theorem.

Corollary 1: Chooseǫ > 0. Assume nodek has a length-
L bounded real-valued observation vector,‖vk‖2 ≤ ΓL. A
node at distance1 away needs to make an estimatev̂k up
to precisionB. For L large enough, there exists a coding
scheme such that:

Pr
(

‖v̂k − vk‖2 ≥ Γ2−2B
)

< ǫ (39)

so long as:

T

2
log

(

1 +
P

σ2
Z

)

> B (40)

for some choice ofT channel uses (per observation symbol)
and powerP .

Of course, the receiving node needs to communicate the
average back to the sender(s). However, it can be shown that
this only requires a constant factor more energy so we omit
it from our analysis.

VI. PERFORMANCECOMPARISONS

Now that we have characterized the number of gossip
rounds required for neighborhood gossip and the resources
required for computation coding, we can determine the
scaling laws for both the time and energy consumed by our
scheme.

First, for comparison purposes, we will calculate the total
time (in a scaling law sense) its takes for nearest neighbor
gossip to converge on the grid:

TPAIR = c1
RAVG(n, ǫ)T1

PPAIR

= c1
n2T1

PPAIR

. (41)

whereT1 is the number of channel uses per gossip round
andc1 is a constant.

Similarly, we can use our result from Theorem 1 to get
the total time it takes for neighborhood gossip to converge
on the grid.

TNBHD = c2
RAVG(n, m, ǫ)T2

PNBHD

= c2
n2

m2

T2

PNBHD

(42)

whereT2 is the number of channel uses per gossip round
andc2 is a constant.

We can upper boundPPAIR by allowing all n nodes to
gossip concurrently in one round of nearest neighbor gossip,
PPAIR ≤ n. Also, we can lower boundPNBHD by allowing only
one neighborhood gossip to take place per round,PNBHD ≥ 1.
This clearly is an upper bound on the time savings and we
get that the ratio of total time to converge is bounded as
follows:

TNBHD

TPAIR

≤ c2T2n

c1T1m2
. (43)

Next, we calculate the total energyEPAIR used by the
nearest neighbor gossip scheme. First, we need to determine
the energy used in a single gossip round using Corollary 1.
Let P1 be the average power per channel use andB1 the
precision in bits.

ER1 = T1P1 = T1σ
2
Z(2

2B1
T1 − 1) (44)

where the second step follows from solving forP1 in
Corollary 1.

EPAIR = ER1RAVG(n, ǫ) = c3n
2T1σ

2
Z(2

2B1
T1 − 1) (45)

wherec3 is some constant.
Finally, we calculate the total energyENBHD used by the

neighborhood gossip scheme. First, we determine the energy
used in a single gossip round using Theorem 2. LetP2 be
the average power per channel use andB2 the precision in
bits.

ER2 = T2P2 = m
α
2 σ2

Z(2
2B2
T2 − 1

m
) (46)

where the second step follows from solving forP1 in
Corollary 1.

One can show that the above expression decreases as the
number of channel usesT2 is increased but then begins
to increase again. This is due to the computation coding
expending energy to overcome the path loss. At some point
these expenditures overcome the savings from using the
channel addition. Thus, past this criticalT2 we should
continue to use this many channel uses in a round even if
more are allowed.

ENBHD = ER2RAVG(n, m, ǫ) = c4
n2

m2
m

α
2 T2σ

2
Z(2

2B2
T2 − 1

m
)

wherec4 is some constant.
Finally, we take the ratio of the total expended energies

ENBHD

EPAIR

=
c4T2

c3T1
m

α
2

2
2B2
T2 − 1

m

2
2B1
T1 − 1

. (47)

Now we should chooseB1 andB2 appropriately so that
the gossip algorithms converge. As mentioned earlier, noise
or quantization effects in gossip algorithms have been the
topic of much recent study. For our purposes, we simply
assume that if the nearest neighbor gossip uses a constant
number of bits of precision in each round, the algorithm
is “noise-free”, B1 ∈ Z+. Furthermore, we assume that
our scheme requires a worst-caselog n bits of precision per
round for convergence,B2 = c5 log n. This is equivalent to
assuming that all of the quantization noises add up linearly
(in other words, the noise is adversarial). See [15] for details.
This serves as an upper bound on the energy ratio as it can
only make our scheme look less favorable.

For brevity, we will examine the tradeoff on two extreme
points. First, we will fix the total time per gossip round by
allowing the same number of channel uses per round to each
algorithmT1 = T2. Next, we will fix the total convergence
time by settingTNBHD = TPAIR.



A. Fixed Round Time

Assume thatT1 = T2. In this case, so long asm >
√

n,
neighborhood gossip converges faster.

Remark 1:Note that if we assume both algorithms get
the same number of concurrent gossips per round (PPAIR =
PNBHD), then neighborhood gossip always converges faster (if
m increases withn).

The energy ratio can be written as:

ENBHD

EPAIR

= c6m
α
2

2
2c5 log n

T1 − 1
m

2
2B1
T1 − 1

= c6m
α
2

n
2c5
T1 − 1

m

2
2B1
T1 − 1

(48)

It can be shown that this ratio is always larger than1. Thus,
neighborhood gossip is less energy efficient than nearest
neighbor gossip if it is only given the same number of chan-
nel uses per gossip round. This is because the computation
code must expend extra energy to overcome the long hop to
the receiver.

B. Fixed Convergence Time

Assume thatTNBHD = TPAIR so that both algorithms are
allowed the same amount of time to converge. In order to
achieve this equality, we need to setT1 = T2n

m2 so that nearest
neighbor gossip is permitted fewer channel uses per gossip
round form large enough. We will letT2 be a constant.

Now we can write the energy ratio as:

ENBHD

EPAIR

=
c4m

2

c3n
m

α
2

2
2c5 log n

T2 − 1
m

2
2B1m2

T2n − 1
(49)

Now we bring all of the terms up into the exponent (base
2) to get:

ENBHD

EPAIR

< c7 exp

[

(
2c5

T2
− 1) logn + (

α

2
+ 2) logm − 2B1

T2

m2

n

]

From this equation, we can see that there is a phase transition
for the neighborhood size. If the following condition is
satisfied then neighborhood gossip uses exponentially less
energy inn:

(
2c5

T2
− 1) logn + (

α

2
+ 2) logm <

2B1

T2

m2

n
(50)

This condition can be satisfied if the number of nodes is
increasing and the neighborhood sizem is large enough.
Otherwise, nearest neighbor gossip is the better choice.

In general, we may want to operate a network somewhere
between these two extreme points to save both time and
energy.

VII. C ONCLUSIONS

We examined a novel variation on gossip that allows
many nodes to simultaneously compute their average at once
within a neighborhood. We showed that the number of gossip
rounds required for convergence decreases as the size of the
neighborhood increases. We also demonstrated that by using
computation coding, nodes can exploit the additive nature of
the wireless channel to efficiently compute the sum. When
this coding technique is coupled with neighborhood gossip,
we can, in certain regimes, save over nearest neighbor gossip
in both time and energy.

REFERENCES

[1] S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Randomizedgossip
algorithms,” IEEE Transactions on Information Theory, vol. 52,
pp. 2508–2530, June 2006.

[2] B. Nazer and M. Gastpar, “Computation over multiple-access chan-
nels,” IEEE Transactions on Information Theory, vol. 53, pp. 3498–
3516, October 2007.

[3] D. Spanos, R. Olfati-Saber, and R. Murray, “DistributedKalman
filtering in sensor networks with quantifiable performance,” in 2005
Fourth International Symposium on Information Processingin Sensor
Networks, 2005.

[4] L. Xiao, S. Boyd, and S. Lall, “A scheme for asynchronous distributed
sensor fusion based on average consensus,” in2005 Fourth Inter-
national Symposium on Information Processing in Sensor Networks,
2005.

[5] V. Saligrama, M. Alanyali, and O. Savas, “Distributed detection in
sensor networks with packet losses and finite capacity links,” in IEEE
Transactions on Signal Processing, to appear.

[6] S. Boyd, A. Ghosh, B. Prabhakar, and D. Shah, “Analysis and
optimization of randomized gossip algorithms,” inProceedings of the
43rd Conference on Decision and Control (CDC 2004), 2004.

[7] D. Mosk-Aoyama and D. Shah, “Information disseminationvia gossip:
Applications to averaging and coding.” http://arxiv.org/cs.NI/0504029,
April 2005.

[8] P. Flajolet and G. Martin, “Probabilistic counting algorithms for data
base applications,”Journal of Computer and System Sciences, vol. 31,
no. 2, pp. 182–209, 1985.

[9] A. G. Dimakis, A. Sarwate, and M. Wainwright, “Geographic gossip:
Efficient aggregation for sensor networks,” inProceedings of the
Fifth International Symposium on Information Processing in Sensor
Networks (IPSN), 2006.

[10] W. Li and H. Dai, “Location-aided fast distributed consensus,” inIEEE
Transactions on Information Theory, submitted, 2008.

[11] M. Rabbat, J. Haupt, A.Singh, and R. Nowak, “Decentralized com-
pression and predistribution via randomized gossiping,” in ACM/IEEE
Conference on Information Processing in Sensor Networks (IPSN’06),
April 2006.

[12] F. Benezit, A. G. Dimakis, P. Thiran, and M. Vetterli, “Order-
optimal consensus through randomized path averaging,” inProc. of
the Allerton Conference on Communication, Control, and Computing,
2007.

[13] F. F. P. Frasca, R. Carli and S. Zampieri., “Average consensus on net-
works with quantized communication,” inSubmitted for publication,
2008.

[14] T. C. Aysal, M. J. Coates, and M. G. Rabbat, “Rates of convergence
of distributed average consensus using probabilistic quantization,” in
Proc. of the Allerton Conference on Communication, Control, and
Computing, 2007.

[15] A. Nedic, A. Olshevsky, A. Ozdaglar, and J. Tsitsiklis,“On distributed
averaging algorithms and quantization effects,” inLIDS Technical
Report 2778, MIT,LIDS, submitted for publication, 2007.

[16] R. Rajagopal and M. J. Wainwright, “Network-based consensus
averaging with general noisy channels,” inProc. of the Allerton
Conference on Communication, Control, and Computing, 2007.

[17] S. Sundaram and C. N. Hadjicostis, “Distributed consensus and linear
functional calculation: An observability perspective,” in International
Conference on Information Processing in Sensor Networks, 2007.

[18] T. C. Aysal, M. E. Yildiz, A. D. Sarwate, and A. Scaglione, “Broadcast
gossip algorithms for consensus,” inSubmitted for publication, March,
2008.

[19] V. Guruswami, “Rapidly mixing markov chains: A comparison of
techniques.,” inSurvey (Available online), 2000.

[20] A. Sinclair, “Improved bounds for mixing rates of markov chains and
multicommodity flow,” inCombinatorics, Probability and Computing,
1992.

[21] U. Erez and R. Zamir, “Achieving1
2

log (1 + SNR) on the AWGN
channel with lattice encoding and decoding,”IEEE Transactions on
Information Theory, vol. 50, pp. 2293–2314, October 2004.

[22] U. Erez, S. Litsyn, and R. Zamir, “Lattices which are good for (al-
most) everything,”IEEE Transactions on Information Theory, vol. 51,
pp. 3401–3416, October 2005.


