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Nonlinear Systems

x=Ax+Bu — x=f(xu) (1)
Analysis:

¥=f(x) f:R"—>R" time-invariant (autonomous)
¥=f(t,x) f:RxR"—R" time-varying (non-autonomous)

Design:

x = f(x,u) u tobe designed as a function of x.

Equilibria
x = x* is an equilibrium for ¥ = f(x) if f(x*) = 0.
Example: Linear system x = Ax.

If A is nonsingular, x* = 0 is the unique equilibrium.

If A is singular, the nullspace defines a continuum of equilibria.

Example: Logistic growth model in population dynamics

x:f(x):r(l—%>x, r>0, K>0 )

x > 0 denotes the population and K is called the carrying capacity.

For systems with a scalar state variable x € R, stability can be deter-
mined from the sign of f(x) around the equilibrium. In this example
f(x) > 0for x € (0,K), and f(x) < 0 for x > K; therefore

x =0 unstable equilibrium
x = K asymptotically stable.
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Linearization

Local stability properties of x* can be determined by linearizing the
vector field f(x) at x*:
fx*+x)=f(x")+ g— % 4 higher order terms (3)

=0
£ A

Thus, the linearized model is:

i = Ax. @)

If RA;(A) < 0 for each eigenvalue A; of A, then x* is asymp. stable.

If RA;(A) > 0 for some eigenvalue A; of A, then x* is unstable.

Example: Logistic growth model above:

f(x)

V4 > X

f(0)>0 f(K)<0O
unstable stable

Caveats:

1. Only local properties can be determined from the linearization.
Example: The logistic growth model linearized at x = 0 (¥ = rx)
would incorrectly predict unbounded growth of x(f). In reality,
x(t) — K.

2. If RA;(A) < 0 with equality for some i, then linearization is
inconclusive as a stability test. Higher order terms determine
stability.

Example: flx) =23 vs. flx) = —x°

N A

.

£/(0) = 0 in each case, but one is stable and the other is unstable.

2
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Second order example: Pendulum

¢mf = —kl0 — mgsin 0 5)

Define x = [ z ] State space: S' x RR.

X1 =X
. k g . (6)
Tp = =Xy — psiny
Equilibria: (0,0) and (7,0)
0
. ' (stable) at x; =0
of 0 1] _ A
ox ~$cosx; —% 0 1
q " (unstable) at x; = 7T
. 7

X2 .

Essentially Nonlinear Phenomena

1. Finite Escape Time

Example: 1 = x?
d -1 _ 2.
ﬁx x “x=-1
x(t)  x(0) 7
I —
o !

For linear systems, x(t) — oo cannot happen in finite time.

Figure 1: Phase portrait of the pendu-
lum for the undamped case k = 0.

S R

Y

A
2
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2. Multiple Isolated Equilibria
Linear systems: either unique equilibrium or a continuum
Pendulum: two isolated equilibria (one stable, one unstable)
“Multi-stable” systems: two or more stable equilibria

Example: bistable switch

%1 = —ax;+xp  xp: concentration of protein
i 8
. X .
¥y = > —bxa  xp: concentration of mMRNA ®
1

a >0, b > 0 are constants. State space: R>g X R>o.

This model describes a positive feedback where the protein en-

2
ad]

7.
14+x7

coded by a gene stimulates more transcription via the term

Single equilibrium at the origin when ab > 0.5. If ab < 0.5, the line
where X; = 0 intersects the sigmoidal curve where X, = 0 at two
other points, giving rise to a total of three equilibria:

Xy A

O » X1

stable unstable stable
(gene off)  (saddle point) (gene on)
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Essentially Nonlinear Phenomena Continued

1. Finite escape time
2. Multiple isolated equilibria
3. Limit cycles: Linear oscillators exhibit a continuum of periodic

orbits; e.g., every circle is a periodic orbit for ¥ = Ax where

a=1" "3] (A2 = TjB).

g 0

In contrast, a limit cycle is an isolated periodic orbit and can occur

only in nonlinear systems.

ﬂ; A
I
|
|

A 4

—_ -——

|
| harmonic limit cycle
| oscillator

Example: van der Pol oscillator

17 iR
Coc = —ip+0c— v n
Ll:L = oc C”_—_v L
2
15 iR = —vc+ U%
05
Ve o "negative resistance"

05
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4. Chaos: Irregular oscillations, never exactly repeating.

Example: Lorenz system (derived by Ed Lorenz in 1963 as a sim-
plified model of convection rolls in the atmosphere):

i o= oly—x)
y = rx—y-—xz
; = xy—bz.

Chaotic behavior with 0 =10, b = 8/3, r = 28:

¢ For continuous-time, time-invariant systems, n > 3 state vari-
ables required for chaos.
n =1: x(t) monotone in ¢, no oscillations:

A

f(x)
(¢ / x

n = 2: Poincaré-Bendixson Theorem (to be studied in Lecture 3)
guarantees regular behavior.

¢ Poincaré-Bendixson does not apply to time-varying systems and
n > 2 is enough for chaos (Homework problem).

* For discrete-time systems, n = 1 is enough (we will see an
example in Lecture 5).

Planar (Second Order) Dynamical Systems

Phase Portraits of Linear Systems: X = Ax

¢ Distinct real eigenvalues

rlar= | M O
0 A

Chapter 2 in both Sastry and Khalil

2
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In z = T~ !x coordinates:
Z1 = )lel, Zp = /\222.

The equilibrium is called a node when A; and A, have the same
sign (stable node when negative and unstable when positive). It is
called a saddle point when Aq and A, have opposite signs.

V) V) V)
3 Z1 ) | Z1 4 Z1
stable unstable
node node saddle
M <A <O A > A >0 Ay <0 < Aq

¢ Complex eigenvalues: A1, = a F jB

riar—| © P
B «
21 = az) — Bzo ) F=ar
) polar coordinates .
Zp = azp + Bz1 =p
Zy Z2 Z2

Z]

(D
N

stable

unstable
focus focus center

a<0 a>0 a=0

The phase portraits above assume f > 0 so that the direction of
rotation is counter-clockwise: § = > 0.

Phase Portraits of Nonlinear Systems Near Hyperbolic Equilibria

hyperbolic equilibrium: linearization has no eigenvalues on the imagi-
nary axis

Phase portraits of nonlinear systems near hyperbolic equilibria are
qualitatively similar to the phase portraits of their linearization. Ac-
cording to the Hartman-Grobman Theorem (below) a “continuous
deformation” maps one phase portrait to the other.
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Hartman-Grobman Theorem: If x* is a hyperbolic equilibrium of

X = f(x ), x € R", then there exists a homeomorphism2 z = h(x ) defined *a continuous map with a continuous

in a neighborhood of x* that maps trajectories of X = f(x) to those of inverse

Z:AzwhereAég—f .
T lx=x*

The hyperbolicity condition can’t be removed:
Example:
X = —xp + axy(¥3 + x3) P =ar

Xy = x1 4 axy(x] +13) =1

o -1
e |10

There is no continuous deformation that maps the phase portrait of

. _ _9f
x* =(0,0) A—a

the linearization to that of the original nonlinear model:

¥ = Ax x=f(x)

o\
!
|

Periodic Orbits in the Plane

Bendixson’s Theorem: For a time-invariant planar system

X1 = fi(x1,x2) X2 = fo(x1,x2),

itV f(x) = % + % is not identically zero and does not change

sign in a simply connected region D, then there are no periodic orbits
lying entirely in D.
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Proof: By contradiction. Suppose a periodic orbit J lies in D. Let S
denote the region enclosed by | and 7(x) the normal vector to | at x.
Then f(x)-n(x) = 0 for all x € . By the Divergence Theorem:

/}f(x) n(x)dl = //S V- f(x)dx.

=0 #0

Example: i = Ax,x € R? can have periodic orbits only if
Trace(A) =0, eg.,

a=|2 P
g 0

Example:

X]ZXZ

—dxp+x1 =X +x3xp >0

_90fi 9 _ >
_8x1+8x2_x1 o

X2
V- f(x)
Therefore, no periodic orbit can lie entirely in the region x; < -/

where V - f(x) > 0, or V6 < x; < \/gwherev'f(x) < 0, or
x1 > /6 where V- f(x)>0.

not possible: X2

X1

possible:

X1
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Invariant Sets

Notation: ¢(t,xp) denotes a trajectory of x = f(x) with initial condi-
tion x(0) = xo.

Definition: A set M C R" is positively invariant if, for
each xo € M, ¢(t,x9) € M forall t > 0
n(x)
M

If f(x)-n(x) <0 on the boundary then M is positively invariant.
Example 1: A predator-prey model

x=(a—by)x  Prey (exponential growth when y = 0)
y=(cx—4d)y Predator (exponential decay when x = 0)
a,b,c,d, >0

The nonnegative quadrant is invariant:

Example 2:
xampre X = xp+x—x (¥ +x3)

Xp = =2x1+x— xz(x% + x%)

Show that B, £ {x|x% + x% < r2} is positively invariant for sufficiently
large r.

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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f(x) n(x) = o + 2100 — 23 (xf +23) — 2112 + 25 — 63 (x] + x3)

= —x1Xp + (x% + x%) — (x% + x%)2

1 1
—x1xp < Ex% + Ex% (completion of squares)

Therefore, f(x) - n(x) < 3r2 —r* <0if r> > 3.

Periodic Orbits in the Plane Continued

Two criteria:

1. Bendixson (absence of periodic orbits)

2. Poincaré-Bendixson (existence of periodic orbits)

Poincaré-Bendixson Theorem: Suppose M is compact® and positively

invariant for the planar, time invariant system * = f(x),x € R%. If M
contains no equilibrium points, then it contains a periodic orbit.

Example 3: Harmonic Oscillator

A=
1 0

0 —1] ¥ = —%o

Forany R > r > 0, thering {x : r> < x7 + x < R?} is compact,
invariant and contains no equilibria = at least one periodic orbit.
(We know there are infinitely many in this case.)

The “no equilibrium” condition in the PB theorem can be relaxed as:

“If M contains one equilibrium which is an unstable focus or
unstable node”

Proof sketch: Since the equilibrium is an unstable focus or node, we
can encircle it with a small closed curve on which f(x) points out-
ward. Then the set obtained from M by carving out the interior of the
closed curve is positively invariant and contains no equilibrium.

N
=
N

1

2j.e., closed and bounded

> X1

2
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Example 2 above: B, is positively invariant for » > \/g but contains

the equilibrium x = 0.

af
ax

= [ L 1 M2 =1FjV2 unstable focus.
x=0 -2 1 '

Therefore, B, must contain a periodic orbit.
A more general form of the PB Theorem states that, for time invari-

ant, planar systems, bounded trajectories converge to equilibria,
periodic orbits, or unions of equilibria connected by trajectories.

Corollary: No chaos for time invariant planar systems.

Index Theory

Again, applicable only to planar systems.

Definition (index): The index of a closed curve is k if, when traversing

the curve in one direction, f(x) rotates by 27tk in the same direction.
The index of an equilibrium is defined to be the index of a small
curve around it that doesn’t enclose another equilibrium.

type of equilibrium or curve index |

node, focus, center +1 A_I_k
saddle -1 _>_1_47
any closed orbit +1 Q
a closed curve not encircling any equilibria o ’@

The last claim (index = 0) follows from the following observations:

e Continuously deforming a closed curve without crossing equilibria
leaves its index unchanged.

e A curve not encircling equilibria can be shrunk to an arbitrarily
small one, so f(x) can be considered constant.
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Theorem: The index of a closed curve is equal to the sum of indices
of the equilibria inside.

Graphical proof: Shrinking curve ¢ to ¢’ below without crossing equi-
libria does not change the index. The index of ¢’ is the sum of the
indices of the curves encircling the equilibria because the thin "pipes"
connecting these curves do not affect the index of ¢’.

contributions from the two sides cancel out

The following corollary is useful for ruling out periodic orbits (like
Bendixson’s Theorem studied in the previous lecture):

Corollary: Inside any periodic orbit there must be at least one equi-
librium and the indices of the equilibria enclosed must add up to
+1.

Example (from last lecture):

X1 = X2
Xo = —=0xp+x —x?+x%x2 6>0
Bendixson’s Criterion: No periodic orbit can lie entirely in one of the
regions x1 < —V/3, =8 < x1 <6, or x1 > V6.
Now apply the corollary above.
Equilibria: (0,0), (%1,0). To find their indices evaluate the Jacobian:

of

dx

1 =6

= l 0 1] A2 46N -1 =0.
x=(0,0)

<0
The eigenvalues are real and have opposite signs, therefore (0,0) is a
saddle: index = —1.
of

Jx

0 1

= A2 J—1DA 42 =0.

x=(F1,0) [—2 1—51 +( ) S 0
>0

The eigenvalues are either real with the same sign (node) or complex
conjugates (focus or center), therefore (F1,0) each has index= +1.

Thus, the corollary above rules out the periodic orbit in the middle
plot below. It does not rule out the others, but does not prove their
existence either. Bendixson’s Criterion rules out neither of the three.
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Bifurcations

A bifurcation is an abrupt change in qualitative behavior as a parame-
ter is varied. Examples: equilibria or limit cycles appearing/disappearing,
becoming stable/unstable.

Fold Bifurcation

Also known as “saddle node” or “blue sky” bifurcation.

Example: % = y — x?

If u > 0, two equilibria: x = F,/p. If p <0, no equilibria.

A

X

\y > #
~~‘(;-___
“bifurcation diagram”
Transcritical Bifurcation
Example: % = px — x2
Equilibria: x = 0 and x = u. g:y—ZxZ # .1fx:0
ox —u ifx=u
u <0: x = 0is stable, x = u is unstable
# > 0: x = 0is unstable, x = y is stable
xlk
o > H
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Pitchfork Bifurcation

Example: % = px — x°

Equilibria: x = 0 for all y, x = F,/pif p > 0.

u<0 u>0
% . =pu stable unstable
x=
g = —
= N 2u N/A  stable
xl\
—- ds

"supercritical pitchfork”

Example: % = px + x3

Equilibria: x =0 for all y, x = F/—p if p <O0.

u<0 u>0
of
= = stable  unstable
gx x=0 #
% = —2u unstable N/A
X=FV—H
X A
\\\
> M
'I
______ - "subcritical pitchfork”
Example: x = S —x°
ple: X = pux+x° —x
A
T
fold ( . I
<. subcritical pitchfork
~
\‘ N

------------ >
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Hysteresis arising from a subcritical pitchfork bifurcation:

Bifurcation and hysteresis in perception:

i
J &~

=
(=)

Higher Order Systems

Fold, transcritical, and pitchfork are one-dimensional bifurcations,
as evident from the first order examples above. They occur in higher
order systems too, but are restricted to a one-dimensional manifold.

1D subspace: cJx =~ =cI x=0

1D manifold: g1(x) =--- = g,—1(x) =0

Example 1: B o= -2
Xp = —Xx2

A fold bifurcation occurs on the invariant x, = 0 subspace:

X2 X2 X2

Figure 1: Observe the transition from
a man’s face to a sitting woman as
you trace the figures from left to right,
starting with the top row. When does
the opposite transition happen as

you trace back from the end to the
beginning? [Fisher, 1967]

3
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Example 2: bistable switch (Lecture 1)

A fold bifurcation occurs at u = ab = 0.5:

A xo a>05/b
_\‘2 — ng a = ()5/[7
) a<05/b
O
@
> X1

Characteristic of one-dimensional bifurcations:

of
ax

has an eigenvalue at zero
p=p, x=x*(uc)

where x* () is the equilibrium point undergoing bifurcation and ¢
is the critical value at which the bifurcation occurs.

Example 1 above:

af
ox

-7 Y- M =0} -1
u=0,x=0 0 -1
Example 2 above:

af
ox

1
—b

] —)/\1[2 :@,—(a+b)

NI

p=3%x1=1x=a [

Hopf Bifurcation

Two-dimensional bifurcation unlike the one-dimensional types above.

Example: Supercritical Hopf bifurcation

. 2,2
X1 = x1(p—x7—x35)—x2
. 2 2
X = xm(p—xi—x)+n
In polar coordinates:
ro= ur— r
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Note that a positive equilibrium for the r subsystem means a limit
cycle in the (x1, x2) plane.

u < 0: stable equilibrium at r = 0

p > 0: unstable equilibrium at r = 0 and stable limit cycle at r = | /j

A x2

X1

The origin loses stability at 4 = 0 and a stable limit cycle emerges.

Example: Subcritical Hopf bifurcation

ro= yr+r3—r5
6 = 1
lek

X1

h 4

Characteristic of the Hopf bifurcation:

of

axy

has complex conjugate eigenvalues
=, x=x* ()

on the imaginary axis.
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Center Manifold Theory
i=f(x) f(0)=0 (1)
a Of : .
Suppose A = 5x has k eigenvalues will zero real parts, and
x=0

m = n — k eigenvalues with negative real parts.
Define [ y ] = Tx such that
z

A 0

TAT 1 =
0 A

where the eigenvalues of A; have zero real parts and the eigenvalues
of A, have negative real parts.

Rewrite ¥ = f(x) in the new coordinates:

y=Ay+81y,2)

. (2
z=Aizz+ (Y, 2)

2i(0,0) =0, %(0,0) = 0, 5(0,0) = 0,i = 1,2

Theorem 1: There exists an invariant manifold z = h(y) defined in a
neighborhood of the origin such that

1(0) = 0 gs(m 0.

e
R

Reduced System: y = A1y + g1(y, h(y)) y € RF

\ Z

"
e

Theorem 2: If y = 0 is asymptotically stable (resp., unstable) for the
reduced system, then x = 0 is asymptotically stable (resp., unstable)
for the full system x = f(x).

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.

Khalil (Section 8.1), Sastry (Section
7.6.1)
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Characterizing the Center Manifold

Define w £ z — h(y) and note that it satisfies

oh
W= Axzz+ 0y, z) — @ (A1y+g1(y,z)).

The invariance of z = h(y) means that w = 0 implies @w = 0. Thus, the
expression above must vanish when we substitute z = h(y):

Aah(y) + g2y, (y) = 57 (A +1(4,1(0))) =0

To find h(y) solve this differential equation for / as a function on y.

If the exact solution is unavailable, an approximation is possible. For
scalar y, expand h(y) as

h(y) = hay® + - - + hyy? + O(yP ™)

where iy = hy = 0 because h(0) = %(0) = 0. The notation O(yP*1)

refers to the higher order terms of power p + 1 and above.
Example: .

y=yz

i=—z+ay a#0
This is of the form (2) with ¢1(y,z) = yz, £2(y,z) = ay?, Ay = —1.
Thus h(y) must satisfy

oh
—_— 2 —_—— =
hy) +ay”— 5 yh(y) =0.

Try h(y) = hoy? + O(y®):

0= —hay* + O(y) +ay? — (2h2y + O(y*))y(H3 + O(y*))
= (a—h)y* +0(y°)
—hh=a
Reduced System: y = y(ay? + O(y%)) = ay® + O(y*).
If a < 0, the full systems is asymptotically stable. If 2 > 0 unstable.
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Discrete-Time Models and a Chaos Example

CT: x(t) = f(x(t)) DT: xy41 = f(xn) n=0,1,2,...
) =0 f(x*) =x* (“fixed point”)

v

Asymptotic stability criterion: Asymptotic stability criterion:

A 0 A 0
RA;(A) <0 where A= % - [Ai(A)] <1 where A= % -
f/(x*) < 0 for first order system |f'(x*)] <1 for first order system

These criteria are inconclusive if the respective inequality is not strict,
but for first order systems we can determine stability graphically:

Cobweb Diagrams for First Order Discrete-Time Systems

Example: x,1 = sin(x,) has unique fixed point at 0. Stability test
above inconclusive since f'(0) = 1. However, the "cobweb" diagram
below illustrates the convergence of iterations to 0:

f(x) Xy

</|---9
f---

3
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Detecting Cycles Analytically

flp)=q9 fla)=p = f(f(p)=pr f(f@@)=4

For the existence of a period-2 cycle, the map f(f(-)) must have two
fixed points in addition to the fixed points of f(-).

Period-3 cycles: fixed points of f(f(f(+))).

Chaos in a Discrete Time Logistic Growth Model

X1 = 1(1 = xn)xn (3)

Range of interest: 0 < x <1 (x, >1 = x,11 <0)

r/4

We will study the range 0 < r < 4 so that f(x) = r(1 — x)x maps [0, 1]
onto itself.

*
Fixed points: x = r(1 —x)x = { i* ; (;_a?(;lf .

r <1: x* = 0 unique and stable fixed point

0 1

r > 1: x = 0 unstable because f'(0) =r > 1

4



EE C222/ME C237 - SPRING’18 - LECTURE 5 NOTES

Note that a transcritical bifurcation occurred at v = 1, creating the

new equilibrium
. 1
x=1--.
r
Evaluate its stability using f'(x*) = r(1 —2x*) =2 —r.
r<3 = |f'(x*)] <1 (stable)

r>3 = |f'(x*)] > 1 (unstable).

At r = 3, a period-2 cycle is born:

x = f(f(x))
=r(1=f(x))f(x)
=r(1—r(1—x)x)r(l —x)x
= r?x(1—x)(1 —r4rx —rx?)

0=r’x(1—-x)(1—r+rx—rx’) —x

Factor out x and (x — 1+ 1), find the roots of the quotient:

_r+1F(r=3)(r+1)
2r

p.q
A y=x
@) [
| SN B
0 p —1q 1

This period-2 cycle is stable when r < 1+ /6 = 3.4494:
d / / ! / 2
@) =FUENf(p) = (p)f(q) =4+2r—r
x=p
l4+2r—1? <1 = 3<r<1++6=23449%
At r = 3.4494, a period-4 cycle is born!

A

“period doubling bifurcations”

5
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r =3 period-2 cycle born
rp = 3.4494  period-4 cycle born
r3 =3.544  period-8 cycle born
r4 =3.564  period-16 cycle born

Teo = 3.5699

After r > r, chaotic behavior for a window of r, followed by win-
dows of periodic behavior (e.g., period-3 cycle around r = 3.83).

Below is the cobweb diagram for » = 3.9 which is in the chaotic
regime:

09 B

0.8 4

0.7 —

0.6 —

05 B

04 —

03 —

0.2 B

01 —
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Mathematical Background

1= f(x) x(0)=xo (1)

Do solutions exist? Are they unique?

e If f(-) is continuous (C") then a solution exists, but C is not suffi-

cient for uniqueness.
Example: x = x3 with x(0) =0

3

2
x(t) =0, x(t) = <§t> are both solutions

‘/ xl/3
> X
oo slope
at x=0

¢ Sufficient condition for uniqueness: “Lipschitz continuity” (more
restrictive than C?)

[f(x) = fy)] < Lix -y @)

Definition: f(-) is locally Lipschitz if every point x” has a neighbor-
hood where (2) holds for all x, y in this neighborhood and for all ¢ for
some L.

Example: (-)% is NOT locally Lipschitz (due to oo slope)
(+)3 is locally Lipschitz:

¥yt = (P ay+y?) (x—y)
in any nbhd
of x%, we can
find L to upper
bound this

=[x’ =y’ < Llx—y]

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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e If f(-) is continuously differentiable (C'), then it is locally Lips-
chitz.

Examples: x3, %2, ¢%, etc.
The converse is not true: local Lipschitz # C!
Example: A

1f---- sat(x)

> X

e

f-1

Not differentiable at x = F1, but locally Lipschitz:

|sat(x) —sat(y)| < [x—y[  (L=1).

Definition continued: f(-) is globally Lipschitz if (2) holds Vx,y € R”"
(i.e., the same L works everywhere).

Examples: sat(-) is globally Lipschitz. (-)3 is not globally Lipschitz:

A

— slope getting steeper

/ > X
f

* Suppose f(-) is C!. Then it is globally Lipschitz iff ch is bounded.

L= sup f'(x)]

2
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Preview of existence theorems:

1. f(+)is C® == existence of solution x(t) on finite interval [0, t )
2. f(-) locally Lipschitz = existence and uniqueness on [0, ).

3. f(-) globally Lipschitz = existence and uniqueness on [0, ).

Examples:

o % = x? (locally Lipschitz) admits unique solution on [0, t¢), but
tr < oo from Lecture 1 (finite escape).

e % = Ax globally Lipschitz, therefore no finite escape
|Ax — Ay| < L|lx—y| with L=|A]|
The rest of the lecture introduces concepts that are used in proving the

existence theorems mentioned above.

Normed Linear Spaces

Definition: X is a normed linear space if there exists a real-valued
norm | - | satisfying:

1. |x]| >0 VxeX, |x]=0iffx=0.

2. [x+y| < x|+ |y| Vx,y € X (triangle inequality)

3. |ax| =|a|-|x| Ya € Rand x € X.

Definition: A sequence {x;} in X is said to be a Cauchy sequence if
|xx — x| — 0as k,m — co. (3)

Every convergent sequence is Cauchy. The converse is not true.

Definition: X is a Banach space if every Cauchy sequence converges
to an element in X.

All Euclidean spaces are Banach spaces.
Example:

C"[a, b]: the set of all continuous functions [a,b] — R" with norm:

|x[c = max |x(£)]
tela,b]

1. |x|c > 0and |x|c = 0iff x(t) = 0.
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2. |x+ylc = max [x(t) +y(t)] < max {|x(t)[ +[y(t)|} < [x[c + |ylc
tG[ﬂ,b] tE[a,b}

3. Ja-x|c = max || - |x(8)| = [a] - [x]c

€la,b]

It can be shown that C"[a, b] is a Banach space.

Fixed Point Theorems

T(x) =x 4)

Brouwer’s Theorem (Euclidean spaces):

If U is a closed bounded subset of a Euclidean space and T : U — U
is continuous, then T has a fixed point in U.

Schauder’s Theorem (Brouwer’s Thm — Banach spaces):

If U is a closed bounded convex subset of a Banach space X and

T : U — U is completely continuous®, then T has a fixed point in U. 2 continuous and for any bounded set
) ) B C U the closure of T(B) is compact
Contraction Mapping Theorem:

If U is a closed subset of a Banach space and T : U — U is such that
IT(x) —T(y) <plx—yl p<1 Vxyel

then T has a unique fixed point in U and the solutions of x,,.1 =

T(x,) converge to this fixed point from any xy € U.

Example: The logistic map (Lecture 5)
T(x) =rx(1—x) (5)

with0 < r < 4maps U = [0,1] to U. |[T'(x)| < r Vx € [0,1], so the
contraction property holds with p = r.

r/4

If r < 1, the contraction mapping theorem predicts a unique fixed
point that attracts all solutions starting in [0, 1].

4
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Proof steps for the Contraction Mapping Thm:

1. Show that {x,} formed by x,,.1 = T(x,) is a Cauchy sequence.
Since we are in a Banach space, this implies a limit x* exists.

2. Show that x* = T(x*).

3. Show that x* is unique.

Details of each step:

1. X1 = Xn| = [T(xn) = T(x0-1)] < |20 = Xp1]

< Pz‘xn—l - xn72|

< p"[x1 — xo].

Xntr — Xn| < [Xngr — Xpgprot| + 0+ [Xag1 — X
< ("4 ") — o
= "1+ ) - o

<p" |x1 — xo]

1-p

n
Sincelpfp — 0 as n — oo, we have |x, 4+, — x| — 0 as n — oo.

2. |x* = T(x*)| = |x" —xn+ T(xp—1) — T(x")|
< Jx% = x| 4 [T (1) = T(x)]
< |x* = x| + ol — x 1]
Since {x,} converges to x*, we can make this upper bound ar-
bitrarily small by choosing # sufficiently large. This means that
|[x* — T(x*)| =0, hence x* = T(x*).
3. Suppose y* = T(y") y* # x*.

* * |

X" =y | = |T(x") = T(y")| < plx" —y*| = x"=y".

Thus we have a contradiction.
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Existence and Uniqueness Theorems for ODEs
Khalil (Section 3.1), Sastry (Section 3.4)
x=f(t,x) x(0)=xp (1)
Theorem 1: f(t,x) locally Lipschitz in x and continuous in ¢
= existence and uniqueness on some finite interval [0, J].

Sketch of the proof: From the local Lipschitz assumption, we can
find » > 0 and L > 0 such that

f(x) = f(Ly)l <Llx—y| Vx,y e {x e R": |x — x| <7}

If x(t) is a solution, then:

x(E) = x0+ /Otf(’l',x(’r))d’r.
=: T(x)(t)

To apply the Contraction Mapping Theorem:

1. Choose  small enough that T maps the following subset of
C"[0, 4] to itself :

U = {x € C"[0,3] : |x(t) — x| <7Vt € [0,6]},
|x(t) —xo| <r Vte[0,8] = |T(x)(t)—xo| <r Vte]0,4]. (2)
To find such a J note that
TG0~ 0= [ flex@)ir= [ (frx(0) - flzx) + flrx0))dr
T)0) ~ 0l < [ 1 x(0) - fmm)ldr+ [ |f(m)ldr
6 6 )
< /0 L|x(T) — xoldt —|—/O hdt where h is a bound on |f(T, x¢)|

< (Lr+ h)s.

Thus, by choosing 6 < "5 we ensure that the implication (2)
holds.

2. Show that T is a contraction in U, i.e., there exists p < 1 s.t.

xyel = |T(x) = T(y)lc < plx —ylc.
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Note that, for all t € [0, 4],
TG0 = TEO] = [ 17(55(0) - fey()ldr

<L [ (o) - y(o)lie

< L& max [x(t) —y(7)| = plx — ylc.
= 7€(0,0]

Therefore,

IT() = T(y)le = max [T(x)(6) = T) (1) < plx —ylo

and p < 1if§ < Tfrh as prescribed above.

Theorem 2: f(t,x) globally Lipschitz in x uniformly? in ¢, and contin-
uous in t = existence and uniqueness on [0, ).

Proof: Choose a ¢ that doesn’t depend on xg and apply Theorem 1 re-
peatedly to cover [0, ). This is possible because L works everywhere

and we can pick r as large as we wish. Indeed, for any § < %, we can

_r

choose r large enough that § < .

Q: Why can’t we do this in Theorem 1?

A: 6 depends on xp (no universal L) and xg changes at the next itera-
tion. We can’t use the same J in every iteration:

E—5tgtsH
0 (51 52 53 tf

* The theorems above are sufficient only, and can be conservative:

Example: ¥ = —x3 is not globally Lipschitz but

2
X0

1+ 2tx3

x(t) = sgn(xp)

is defined on [0, c0).

Continuous Dependence on Initial Conditions and Parameters

Theorem 3: (Continuous dependence on initial conditions) Let
x(t),y(t) be two solutions of x = f(t, x) starting from xo and yo,
and remaining in a set with Lipschitz constant L on [0, T]. Then, for
any € > 0, there exists é(e, T) > 0 such that

|xo —yo| <6 = |x(t) —y(t)| <e Vte[0,T].

2same L works for all ¢

2
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¢ This conclusion does not hold on infinite time intervals (even if f
is globally Lipschitz).

Example: bistable system

If € is smaller than the distance between the two stable equilibria, no
choice of § guarantees |x(t) —y(t)| < e Vt>0.

¢ Theorem 3 also shows continuous dependence on parameter y in
f(t,x, 1) if we rewrite the system equations as:

X = f(t,x,pn) X_[x
I

] X=F(X) =

flhxp) ] ,

=0 0

where y appears as a state variable with initial condition p(0) = .

Q: How do you reconcile bifurcations with continuous dependence
on parameters? We could pick two values of the bifurcation param-
eter arbitrarily close, but one below and one above the critical value,
thereby expecting a drastic difference in the solutions.

A: The two solutions are close in the short term (Theorem 3 holds on
finite time intervals); the drastic difference builds up over time.

Sensitivity to Parameters

Consider the system

¥x=f(t,x,u) xeR" yuecRF (3)
where y is a vector of p parameters, and let ¢(t, xo, j¢) denote the
trajectories starting at the initial condition x.

To determine to what extent this trajectory depends on the parame-
ters we define the n X p sensitivity matrix:
R agb(t/x()ry) — agb(t/x()rﬂ) aqb(t,xo,ﬂ)

S(t, xo, 1) := ,
(t, x0, 1) o 3 3, (4)
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where each column is the sensitivity with respect to a particular
parameter.

To see how S(t, x¢, it) can be computed numerically, first note that
¢(t, xo, i) satisfies the equation (3), that is,

W = F(t,p(t,x0, 1), 1)-

Next, differentiate both sides with respect to p:

9% (t, xo, ) ap(t, xo,
Pt = 30,0, g0

and use the definition of the sensitivity matrix to rewrite this as

3S(t, xo, J i
W = %(t,sb(t,xo,ﬂ)/#)S(t/xolﬂ) + a];(f#’(ffxo'ﬂ)"‘)'

)
+ aﬁ(w(n X0, 1), 1)

Thus, S can be computed by numerical integration of (3) simultane-

. of of
S = a(t,x,y)s—ka(t,x,y).

ously with

The initial condition for S is aa% = 0, assuming that xg is independent
of the parameters.

Example: For the harmonic oscillator

X1 = —ux

Xp = ux

i _ |0~ g _ | 7x
ox g 0 o | x|’
Thus the sensitivity equation is

I
H

we have

Logarithmic Sensitivity

To compare the sensitivity with respect to multiple parameters
M1, .., Hp it is preferable to use the logarithmic sensitivity

Ip(t, xo, 1) _ 99(t, xo, 1)
O/ pi dInp;

so that the denominator is dimensionless and represents the change
in the parameter y; relative to its nominal value. This means that

the ith column of the sensitivity matrix S in (4) must be multiplied
with the nominal parameter y;, i = 1,..., p, before these columns are
compared for the relative significance of the parameters.

4
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Application to Parameter Tuning and Identification

Sensitivity equations are useful for solving a class of optimization
problems of the form

miny, J(4) = [, q(t,x(¢), p)dt
subject to x = f(t,x, 1), x(ty) = xo.
For example, one may take q(t,x) = |h(x(t)) — r(t)|? to penalize the
error between the output y(t) = h(x(t)) of a control system and a
reference trajectory () to be followed. In this example x = f(t, x, u)

represents the closed loop model with tunable control parameters p.

In other applications ¥ = f(f,x, ;1) may represent the model of a
physical process with unknown parameters, and q(t, x) = |h(x(t)) —
r(t)|? penalizes the error between the model prediction for a variable,
y(t) = h(x(t)), and the experimental observation r(t). Then the
optimization problem above aims to find parameters that best fit the
experimental data.

A typical optimization algorithm requires the gradient %ﬁ), which
can be obtained with the help of the chain rule and the sensitivity

equations:

P [ (S x50 30,00 + 5L 00,0 )
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Lyapunov Stability Theory

Consider a time invariant system

%= f(x)

and assume equilibrium at x = 0, i.e. f(0) = 0. If the equilibrium of

interest is x* # 0, let ¥ = x — x™:
£= f(x) = f(+x") 2 f(2) = f(0) = 0.

Definition: The equilibrium x = 0 is stable if for each ¢ > 0, there
exists § > 0 such that

x(0) <6 = |x(t)] <& V0.

[ s
<

Bs

A\ 4

It is unstable if not stable.

Asymptotically stable if stable and x(t) — 0 for all x(0) in a neigh-
borhood of x = 0.

Globally asymptotically stable if stable and x(t) — 0 for every x(0).

Note that x(#) — 0 does not necessarily imply stability: one can
construct an example where trajectories converge to the origin, but
only after a large detour that violates the stability definition.

A

Be

a homoclinic orbit

Y

(1)

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
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Lyapunov’s Stability Theorem
1. Let D be an open, connected subset of R” that includes x = 0. If
there exists a C! function V : D — R such that
V(0)=0and V(x) >0 Vxe D—{0} (positive definite)
and
V(x):=VV(x)Tf(x) <0 Vx €D (negative semidefinite)
then x = 0 is stable.

2. IfV(x) <0 VxeD-{0} (negative definite)
then x = 0 is asymptotically stable.

3. If, in addition, D = R" and
|x| 00 = V(x) - o0 (radially unbounded)

then x = 0 is globally asymptotically stable.

Sketch of the proof:

The sets O, £ {x : V(x) < ¢} for constants c are called level sets of V
and are positively invariant because VV (x)T f(x) < 0.

A

AT
g

Stability follows from this property: choose a level set inside the ball

Y

of radius ¢, and a ball of radius J inside this level set. Trajectories
starting in B can’t leave B, since they remain inside the level set.

/ /\‘
C_/ level set inside B;

Bs inside level set

Aleksandr Lyapunov (1857-1918)

2
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Asymptotic stability:

Since V(x(t)) is decreasing and bounded below by 0, we conclude
V(x(t)) = c>0.
We will show ¢ = 0 (i.e., x(t) — 0) by contradiction. Suppose ¢ # 0:

A

— V(x) =V(x)
//‘7 V(x)=c#0
& a4

4

X0

Let

max ~V(x) >0

v {x: <V (x)<V(x0)}

where the maximum exists because it is evaluated over a bounded?
set, and is positive because V(x) < 0 away from x = 0. Then,

V(x) < -y = V(x(t)) < V(x0) — 1,
which implies V(x(t)) < 0 for t > @ - a contradiction because

V > 0. Therefore, c = 0 which implies x(¢) — 0.

Global asymptotic stability:

Why do we need radial unboundedness?

Example:
2
X1 2
— +x
1+ x% 2

Vix) =

Set xp = 0, let x; — oo: V(x) — 1 (not radially unbounded). Then Q.

is not a bounded set for ¢ > 1:

A
X2

DR

Therefore, x1(t) may grow unbounded while V(x(t)) is decreasing.

2 By positive definiteness of V, the level
sets {x : V(x) < constant} are bounded
when the constant is sufficiently small.
Since we are proving local asymptotic
stability we can assume xj is close
enough to the origin that the constant
V(xp) is sufficiently small.
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Finding Lyapunov Functions

Example: 8t
x=—g(x) xeR, xg(x) >0 Vx#0 (3)
> X

V(x) = x? is positive definite and radially unbounded. -A
V(x) = —xg(x) is negative definite. Therefore x = 0 is globally
asymptotically stable.
If xg(x) > 0 only in (—b,c) — {0}, then take D = (—b,¢) 8t
= x = 0 is locally asymptotically stable. \

.y x
There are other equilibria where g(x) = 0, so we know global asymp- \
totic stability is not possible.
Example:

X1 =x2

Xp = —axy—g(x1) a>0, xg(x) >0 Vx € (—b,c) — {0} @

The pendulum is a special case with
; 1,2 1,2 , CrN e s 8(x) = sin(x).

The choice V(x) = 5x7 + 35 doesn’t work because V(x) is sign
indefinite (show this).

The function “ 1
V(x) = /O gy + 53
is positive definite on D = (—b,c) — {0} and
V(x) = g(x1)xy — ax3 — xo8(x1) = —ax3
is negative semidefinite = stable.

If a = 0, no asymptotic stability because V(x) = 0 = V(x(t)) =
V(x(0)).

Y

\

oY
—

"conservative system"

If a > 0, (4) is asymptotically stable but the Lyapunov function above
doesn’t allow us to reach that conclusion. We need either another V
with negative definite V, or the Lasalle-Krasovskii Invariance Princi-
ple to be discussed in the next lecture.

4
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LaSalle-Krasovskii Invariance Principle

¢ Applicable to time-invariant systems.

 Allows us to conclude asymptotic stability from V(x) < 0 if
additional conditions hold:

Suppose Q¢ = {x : V(x) < c} is bounded and V(x) < 0 in Q). Define
S ={x € Q:V(x) =0} and let M be the largest invariant set in S.
Then, for every x(0) € Q, x(t) = M.

Corollary: If no solution other than x(t) = 0 can stay identically in S
then M = {0} and we conclude asymptotic stability.

Example (from last lecture):

X1 =x2 ( )
1
Xp = —axy—g(x1) a>0, xg(x) >0 Vx #0
xl 1, ; 2
V(x) :/o gy +5x = Vix)=—ax
S ={xe€Qx, =0}
If x(t) stays identically in S, then xp(t) = 0 = % (t) = 0 =
g(x1(t)) = 0 = x1(t) = 0 = asymptotic stability from Corollary.
Example (linear system): Same system above with g(x7) = bxy:
X =%
. ()
Xp = —axp—bx;y a>0,b>0
V(x) = 522 + 113 = V(x) = —axj = Invariance Principle works
as in the example above.

Alternatively, construct another Lyapunov function with negative
definite V(x). Try V(x) = x” Px where P = PT > 0 is to be selected.

V(x) = xTPx + Px = xT(ATP + PA)x where A = 2 1 ]
—b —a

b e .
LetP=1 [ c 1l thatis V(x) = %x% +ex1xp + 32,

Note that P > 0 if €2 < b.

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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ATPpa=| b et/ e2a?
—ea/2 €—a <0if0<e<aandeb(u—e)>T
0<e<- f‘;%
Linear Systems
Sastry (Sec. 5.7-5.8), Khalil (Sec. 4.3)
¥=Ax xeR" (3)
x = 0 is stable if R{A;(A)} <Oforalli=1,---,n and eigenvalues on
the imaginary axis have Jordan blocks of order one.? It is asymptoti- 2i.e., if A is an eigenvalue of multiplicity
cally stable if R{A;(A)} <0 for all i, ie., A is "Hurwitz." g then AT — A must have rank 1 —g.
Example:

A

1. X1 =x2
0 ] is unstable: } x1(t) = x1(0) 4+ x2(0)¢

A= 00 is stable.
00

Lyapunov Functions for Linear Systems

V(ix)=xTPx P=PT >0
V(x)=xT(ATP+ PA)x

If 3P = PT > 0 such that ATP 4+ PA = —Q < 0, then A is Hurwitz.
The converse is also true:

(4)

Theorem: A is Hurwitz if and only if for any Q = QT > 0, there
exists P = PT > 0 such that

ATP+PA=—-Q. (5)
Moreover, the solution P is unique. (5) is known as the Lyapunov Equation.
The Matlab command lyap(A’,Q)
Proof: returns the solution P.

(if)y From (4) above, the Lyapunov function V(x) = xTPx proves
asymptotic stability which means A is Hurwitz.

(only if) Assume R{A;(A)} < 0Vi. Show 3P = PT > 0 such that
ATP 4+ PA = —Q.

Candidate: o
P = / eATthAtdt. 6)
0
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The integral exists because ||| < xe™*.

p=rpT

P > 0 because x'Px = / (eAx)TQ(eAx)dt > 0 and
0

2¢(tx)

xTPx =0 = ¢(t,x) =0 = x = 0 because e"!

is nonsingular.

ATP + PA = / (ATeATthAt + eATthAtA)dt
0

_ %(eAthAt)

T [e9)
— EA thAt‘ —0— :_Q
0

Uniqueness:

Suppose there is another P = PT > 0 satisfying P # P, and ATP +
PA=—Q.

= (P-P)A+AT(P-P)=0

Define W(x) = xT(P — P)x.

W) = 0= W(x(t) = W(x(0)) W

Since A is Hurwitz, x(t) — 0 and W(x(t)) — 0.

Combining the two statements above, we conclude W(x(0)) = 0 for
any x(0). This is possible only if P — P = 0 which contradicts P # P.

Invariance Principle Applied to Linear Systems

ATP+PA=-Q<0 @)
Can we conclude that A is Hurwitz if Q is only semidefinite?

Decompose Q as Q = CTC where C € R"™™", r is the rank of Q.
V(x) = —xTQx = —xTCTCx = —yTy

where y = Cx. The invariance principle guarantees asymptotic
stability if
y(t) =Cx(t) =0 = x(t) =0.

This implications is true if the pair (C, A) is observable.

Example (beginning of the lecture):

A=
—b 0

’ H Q=[02] — Cc= Vva

(C,A) is observable if b # 0.

3
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Lyapunov’s Linearization Method

Define A = aJ;(xx) . and decompose f(x) as

xX=

f(x) = Ax+g(x) where lg@)| —0as|x| = 0.

|x]

Theorem: The origin is asymptotically stable if R{A;(A)} < 0 for
each eigenvalue, and unstable if R{A;(A)} > 0 for some eigenvalue.

Note: We can conclude only local asymptotic stability from this lin-
earization. Inconclusive if A has eigenvalues on the imaginary axis.

Proof: Find P = PT > 0 such that ATP+ PA = —Q < 0. Use V(x) =
xTPx as a Lyapunov function for the nonlinear system % = Ax + ¢(x).
V(x) = xTP(Ax +g(x)) + (Ax + g(x))TPx
= xT(PA + ATP)x + 2xT Pg(x)

< —xTQx +2|x||[P[[|g(x)]

Amin(Q)]x]2 < xTQx < Amax(Q)[x/?

V(%) £ =Amin(Q)|x[* + 2] Pll|x[|g (x)]

(%)
|x]

lx| <r=|g(x)| < v|x|; see the illustration below for the case x € R.

Since

— 0as x — 0, for any ¢ > 0 we can find r > 0 such that

8(x)]

Thus, [x] < 7(7) = V(x) < =Amin(Q)|x[* + 27| P||]x[>.

/\min(Q)
Choose v < 2P

r(7y) around the origin, and appeal to Lyapunov’s Stability Theorem

so that V is negative definite in a ball of radius

(Lecture 8) to conclude (local) asymptotic stability.
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Region of Attraction

Ry ={x:¢(tx) — 0} (1)
“Quantifies” local asymptotic stability. Global asymptotic stability:
Ry =TR"

Proposition: If x = 0 is asymptotically stable, then its region of at-
traction is an open, connected, invariant set. Moreover, the boundary
is formed by trajectories.

Example: van der Pol system in reverse time:

X1 = —x2

, \ 2)
Xp = X1 — X2+ X5

The boundary is the (unstable) limit cycle. Trajectories starting within

the limit cycle converge to the origin.

Example: bistable switch:

X1 = —ax] + xo
R )
2 = 1+X% 2
x4
\l\\/ e
s K
/_\<
[ 2 > X1

Estimating the Region of Attraction with a Lyapunov Function

Suppose V(x) < 0in D — {0}. The level sets of V inside D are
invariant and trajectories starting in them converge to the origin.

2
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Therefore we can use the largest levet set of V that fits into D as an
(under)approximation of the region of attraction.

[ T,
(

This estimate depends on the choice of Lyapunov function. A simple

{x:V(x)<c} CRy

Y

(but often conservative) choice is: V(x) = x” Px where P is selected
for the linearization (see p.1).

Time-Varying Systems
Khalil (Sec. 4.5), Sastry (Sec. 5.2)
t=f(tx) f(£0)=0 4)
To simplify the definitions of stability and asymptotic stability for
the equilibrium x = 0, we first define a class of functions known as
"comparison functions."

Comparison Functions

Definition: A continuous function « : [0,00) — [0, 00) is class-K if
it is zero at zero and strictly increasing. It is class-K« if, in addition,
a(r) — oo as r — oo.

A continuous function g : [0,00) X [0,00) — [0, 00) is class-KL if:

1. B(-,s) is class-K for every fixed s,

2. B(r,-) is decreasing and B(r,s) — 0 as s — oo, for every fixed r.
Example: a(r) = tan~1(r) is class-K, a(r) = r°,¢ > 0 is class-K,
B(r,s) = re~° is class-K L.

Proposition: If V(-) is positive definite, then we can find class-K
functions a1 (-) and a;(-) such that

ay(|x]) < V(x) < ap(]x]). (5)
If V(+) is radially unbounded, we can choose a1 (-) to be class-Kco.
Example: V(x)=x"Px P=PT >0

w1 (|x]) = Amin (P)[x* a2 (|x[) = Amax(P)|x|*.

3
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Stability Definitions

Definition: x = 0 is stable if for every € > 0 and ¢(, there exists 6 > 0
such that
lx(to)| < é(tg,e) = |x(t)] <e Vt>t.

If the same & works for all ¢y, i.e. § = d(€), then x = 0 is uniformly stable.

It is easier to define uniform stability and uniform asymptotic stabil-
ity using comparison functions:

e x = 0 is uniformly stable if there exists a class-K function «(-) and
a constant ¢ > 0 such that

[x(8)] < a(]x(to)])
for all t > t and for every initial condition such that |x(t)| < c.
* uniformly asymptotically stable if there exists a class-KCL B(-, ) s.t.
[x(t)] < B(|x(ko) ], t = to)
for all t > tp and for every initial condition such that |x ()| < c.
¢ globally uniformly asymptotically stable if ¢ = co.

e uniformly exponentially stable if B(r,s) = kre™* for some k, A > 0:
|x(£)] < klx(to) e ()
for all t > t( and for every initial condition such that |x(t)| < c.

Example: Consider the following system, defined for ¢t > —1:

—X

o )
T ©)
£ —1
x(1) = x(fo)elo T5% = x(tg)los 1491
1+t 14+¢
= x(10)¢% 1 = x(tp) 110

|x(t)| < |x(to)] = the origin is uniformly stable with a(r) = r.

The origin is also asymptotically stable, but not uniformly, because
the convergence rate depends on t:

B I+t _  x(t) t
x(0) = x(0) T =) = x(t)

increasing ¢

t—to
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Time-Varying Systems Continued

Uniform stability: There exists a class IC function «(-) and a constant
¢ > 0, both independent of ¢j, such that

[x(O)] <allx(to)]) VE=to when |x(to)| <c.

Uniform asymptotic stability: There exists a class XL function (-, -)
and a constant ¢ > 0 such that

|x(t)| < B(|x(to)|,t —to) Vt>ty when |x(tp)| <c.

Uniform exponential stability: There exist constants k, A,c > 0 s.t.
Ix(8)| < k|x(to)le M) Wt >ty when |x(t)| <,

that is B(r,s) = kre ™.

k > 1 allows for overshoot:

klx(to)IT

|x(#)]

klx(t0) =110

|x(to)]

to t
Example:

2
X0

¥=-—x> = x(t) =sgn(x(ty)) m

x = 0 is asymptotically stable but not exponentially stable.
Proposition: x = 0 is exponentially stable for x = f(x), f(0) = 0, if
and only if A £ % . is Hurwitz, that is RA;(A) < 0 Vi.

x=

Although strict inequality in R®A;(A) < 0 is not necessary for asymp-
totic stability (see example above where A = 0), it is necessary for
exponential stability.

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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Lyapunov’s Stability Theorem for Time-Varying Systems
Khalil, Section 4.5
1. IfW(x) < V(t,x) < Wa(x) and V(t,x) 2 & + IV £(t,x) < 0 for
some positive definite functions Wy (-), Wx(+) on a domain D that
includes the origin, then x = 0 is uniformly stable.

r Wa(x)

Vitse) Vit )

Wi (x)

> X
2. If, further, V(t,x) < —Ws(x) Vx € D for some positive definite
W3(-), then x = 0 is uniformly asymptotically stable.

3. If D = R" and Wj(+) is radially unbounded, then x = 0 is globally
uniformly asymptotically stable.

4. If Wi(x) = ki|x|?, i = 1,2,3, for some constants kq,kp, k3,a > 0,

then x = 0 is uniformly exponentially stable.

Proof:

o ([x]) < Wilx) S V(tx) < Wa(x) < aa(fx])
V<0= V(x(t),t) < V(x(to), to)
= a1 (|x(8)]) < az(|x (ko))
= |x(t)] < a(jx(to)]) = (a7 0 a2)(|x(to)])-
Note: The inverse of a class-K function is well defined locally

(globally if K«) and is class-K. The composition of two class-K
functions is also class-X.

2. V< =Ws(x) < —a3(|x]) < —as(a; ' (V) & —=7(V)

%V(t,x(t)) < =y (V(£x(1)))

Let y(t) be the solution of y = —y(y), y(to) = V(to, x(tp)). Then,
V(t,x(t)) <y(t). ‘

Since y = —7(y) is a first order differential equation and —y(y) < ‘
0 when y > 0, we conclude monotone convergence of y(t) to 0:
y(t) = By(to), t —to) = V(t,x(t)) < B(V(to, x(ko)), t — o)
<ay(|x(to)])
= a(|x(®)]) < Blaz(|x(to)]), t — to)
= [x(t)] < B(x(to)],t — to) = a7 (Baz(|x(to)]), t — to))

2
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3. If a1 () is class Ko then a; ! (+) exists globally above.

4. ag(|x]) = ka[x|", az(|x]) = kz|x|"

y=—22y = y(t) = y(tg)e F2/k)lt=10)

Example:
x=—g(t)x> where g(t)>1 forall ¢
Lo

V(x) = F = V(t,x) = —g(t)x* < —x* 2 W3(x)

Globally uniformly asymptotically stable but not exponentially sta-

ble. Take g(f) =1 as a special case:

2

X =—x = x(t) = sgn(x(ty)) — 0
142(t —t)x3

which converges slower than exponentially.

Example: % = A(t)x. Take V(x) = xT P(t)x:

V(x) = xTP(H)x+xTP(t)x +xTP(t)x
= xI(P+ATP+ PA)x

1>

-Q(t)
If kil < P(t) < koI and ksI < Q(t), k1, ko, k3 > 0, then

ki|x|> < V(t,x) <kp|x> and V(t,x) < —ks|x|?

= global uniform exponential stability.

What if Wj(+) is only semidefinite? Khalil, Section 8.3

Lasalle-Krasovskii Invariance Principle is not applicable to time-
varying systems. Instead, use the following (weaker) result:

Theorem: Suppose Wi (x) < V(t,x) < Wy(x)

oV dV
ot axf(t/x) = W3(X),

where Wy (-), Wy (-) are positive definite and W3(-) is positive semidef-
inite. Suppose, further, Wi (-) is radially unbounded, f(t, x) is locally
Lipschitz in x and bounded in t, and W3(+) is C'. Then

Ws(x(t)) = 0ast — oo.

3
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Note: This proves convergence to S = {x : W3(x) = 0} whereas the
Invariance Principle, when applicable, guarantees convergence to the
largest invariant set within S.

Example:
¥ = —x1F+w(t)x
X = —w(t)n
V(t,x) = 322+ 12 = V(t,x) = —x2. If w(t) is bounded in ¢ then

the theorem above implies x1 () — 0ast — oo, but no guarantee
about the convergence of x;(t) to zero.

By contrast, if w(t) = w # 0, then we can use the Invariance Principle
and conclude x5 (t) — 0 (show this).

Barbalat’s Lemma (used in proving the theorem above):

t
If limy o0 / ¢(T)dT exists and is finite, and ¢(-) is uniformly continu-
0

ous? then ¢(t) — 0 as t — co. 2For every € > 0 there exists § > 0
such that Vtq, tp ‘t] — tzl <=
Uniform continuity in Barbalat’s Lemma can’t be relaxed: [p(t1) — ¢(t2)| < e. Boundedness of
the derivative ¢(t) implies uniform
Example: Let ¢(t) be a sequence of pulses centered atk = 1,2,3,... continuity.

with amplitude = k, width =1/ k3, then

A

/O°°<p<t)dt - ki k17 <o but @) A 0.
=1

Proof of the theorem:

a(|x]) S V(Ex) <ap(lx|) o € Koo

= x(1)] < ag(az(|x(t0)])) 12 3 4

x(t) bounded = x(t) = f(t, x(t)) is bounded = x(t) is uniformly
continuous.

Since W3 (+) is C!, it is uniformly continuous on the bounded domain
where x(t) resides. So, by Barbalat’'s Lemma, W3(x(t)) — 0 as t — co.
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Linear Time-Varying Systems
x=A(t)x  x(t) = D(t, to)x(to) (1)

¢ The state transition matrix ®(¢, to) satisfies the equations:

%cp(t, th) = A(H)®(tto) ()
a%d)(t, t)) = —D(tty)A(to) 3)
0

* No eigenvalue test for stability in the time-varying case:

—1—15sintcost —1+1.5sin’t

A(t) = [

—1+1.5cos?¢ 1—1.5sintcost ]

eigenvalues: —0.25 F i0.25+/7 for all ¢, but unstable:

_t .

e 'sint
d(t,0) = .
(£0) [e_O'Stsmt e_tcost]

¢ For linear systems uniform asymptotic stability is equivalent to
uniform exponential stability:

Theorem?: x = 0 is uniformly asymptotically stable if and only if

|D(t, to)|| < ke =% for some k >0, A > 0.

e Last lecture: V(t,x) = xT P(t)x proves uniform exp. stability if

(i) P(t) + AT(H)P(t) + P(HA(t) = —Q(t)
(i) 0<kl<P(t) <kol
(iii) 0 < ksl < Q(t) for all ¢.

The converse is also true:

Theorem: Suppose x = 0 is uniformly exponentially stable, A(t) is
continuous and bounded, Q(t) is continuous and symmetric, and
there exist k3, ks > 0 such that

0 < k3l < Q(t) < k4l forall t.

Then, there exists a symmetric P(t) satisfying (i)—(ii) above.

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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> Khalil Thm. 4.11, Sastry Thm. 5.33
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Proof:

(e}
. : T
Time-invariant: P = / e TQeTdT
0

Time-varying: P(t) = /oo @l (1,H)Q(7)®(t, t)dT
t

Using the Leibniz rule, property (3), and ®(t,t) = I we obtain:

Pt = '/t'°° (aatCDT(T,t)Q(T)q)(T, ) +q>T(T,t)Q(T)%q)(T, t)) it

t

Lyapunov-based Feedback Design Examples

Model Reference Adaptive Control

Mlustrated on a first order system:

y=a'y+u @)
where a* is unknown.
Reference model:
Ym = —aym +1(t) a>0, r(t) : reference signal. (5)

Goal: Design a controller that guarantees y(t) — y,(t) — 0 without
the knowledge of a*.

If we knew a*, we would choose:

u=—(a"+ay+rt) = y=—ay+r(t).
=:k*

The tracking error e(t) := y(t) — ym(t) then satisfies:
¢ = —ae = e(t) — 0 exponentially.
Adaptive design when a* (therefore, k*) is unknown:
u=—k(t)y+r(t)

where k(t) is to be designed. Then: ¢ = —ae — (k(t) — k*)y.

=k(t)

2
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Use the Lyapunov function: V = %62 + %122:
V = —ae® — key + kk

= —ae® + k(k —ey).

Note k = k and choose k = ey so that V = —ae?.

This guarantees stability of (¢,k) = (0,0) and boundedness of
(e(t), k(t)) since the level sets of V = 1e? + 1k? are positively in-
variant. In addition, if r(t) is bounded, then y,,(t) in (5) is bounded,
and so is y(t) = ym(t) + e(t). Then we can apply the Theorem from
Lecture 11, page 3, to the time-varying model

¢ = —ae—y(t)k, k= y(t)e,

and conclude from V = —ae? that e(t) — 0.

Whether k(t) — 0 (k(t) — k*) depends on further properties of the
reference signal r(-) that are beyond the scope of this lecture.

Backstepping

Feedback stabilization: Given the system

%= f(x) +g(x)u ®)

with input u, design a control law u = a(x) such that x = 0is

asymptotically stable for the closed-loop system:

%= f(x) + g(x)alx)

Backstepping is a technique that simplifies this task for a class of
systems.

Suppose a stabilizing feedback u = a(X) is available for:
X=F(X)+G(X)u XeR,uecR

and suppose the closed-loop system admits a Lyapunov function
V(X) such that

t1%

ﬁ(;;(X) T G(X)zx(X)) < -W(X)<0 VX 0.

Can we modify a(X) to stabilize the augmented system below?

X =F(X)+G(X)x

X = u.

Define the error variable z = x — #(X) and change variables:

Khalil (Sec. 14.3), Sastry (Sec. 6.8)
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where &(X,z) = g—g"( (F(X) + G(X)a(X) + G(X)z). Take the new
Lyapunov function:

1
Vi(X,z)=V(X)+ Ezz.

v, = %(F(X) £ G(Xa(x)) + %c(x)zﬂ(u )
< -WX) :z(u—tic—l-g—VG(X))
X
Let: \u=a&— %G(X) —kz, k>0.

Then, V; < —W(X) —kz? = (X,z) = 0 is asymptotically stable.

Example:

(7)

Treat x; as “virtual” control input for the x;-subsystem:
oc(xl) = —ki1x1 —x% ki1 >0

1
%] (xl) = Ex%
Apply backstepping:

zp = xp —a(x1) = xp + kyx1 + x%

Zp=uU—@
quc—aj—kQZZ, ko >0
8x1
:—(kl +2x1)(x%+x2)— X1 —kz(X2+k1X1 +x%).

= _m =
_axl

4
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Backstepping

Suppose a stabilizing feedback u = a(X), a(0) = 0, is available for:
X=FX)+GX)u XeR"u€ecR, F(0)=0,
along with a Lyapunov function V such that

v
oxX

Can we modify a(X) to stabilize the augmented system below?

(F(X) + G(X)D&(X)) < -W(X) <0 VX #£0.

X =F(X)+G(X)x
X =u.
Define the error variable z = x — #(X)  and change variables:
(X,x) = (X,z2):
X =F(X)+G(X)a(X) + G(X)z
z=u—i(X,2)
where &(X,z) = g—;‘( (F(X) + G(X)a(X) + G(X)z). Take the new

Lyapunov function:

Vi(X,z) =V(X)+ 1a

2
v, %(F(X) +G(Xa(x)) + %c(x)zﬂ(u )
< -WX) :z(u—tic—l-a—VG(X))
0X
Let: \u=a&— %‘ZG(X) —kz, k>0.

Then, Vi < —W(X) —kz?2 = (X,z) = 0 is asymptotically stable.

Example 1: X1 = x% + xp

Treat x; as “virtual” control input for the x;-subsystem:
a(x1) = —kixp — x% ki >0

1
Vl(xl) = EX%

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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Apply backstepping:

20 = xp —a(x1) = xp + kyx1 + x%

Zp=U—&
Ll:é(*aﬂ*kzzz, ko >0
8x1
= —(kq +2x1)(x% +x2)— x1 —ko(xp+kixg —|—x%).
=4 . oV; =22

= 9

e Above we discussed backstepping over a pure integrator. The main
idea generalizes trivially to:

X =F(X)+G(X)x
¥ = f(X,x)+g(X, x)u

where X € R", x € R, and g(X, x) # 0 for all (X,x) € R*+1.
With the preliminary feedback
1
u=—(—f(X,x)+v (2)
e (fE )

the x-subsystem becomes a pure integrator: X = v. Substituting the
backstepping control law from above:

oV

I _ L
v=4@ aXG(X) kz, z=x—wa(X), k>0
into (2), we get:
1 -1
u = m (f(X,x) + & — ﬁG(X) kZ) .
e Backstepping can be applied recursively to systems of the form:* 2 Systems of this form are called “strict

feedback systems.”
X1 = fi(x1) +g1(x1)x2
X2 = fo(x1,%2) + 82(x1, %2)x3

X3 = f3(x1, %2, x3) + g3(x1, X2, X3)x4 3)

Xn = fu(x) + gn(x)u
where gi(x1,...,x;) #0forallx e R",i=1,2,--- ,n.

Example 2: %1 = (2120 — 1)x‘;’ + (v + 05 —1)xq
X2 = X3 (4)

X3 = Uu.
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Not in strict feedback form because x3 appears too soon. In fact,
this system is not globally stabilizable because the set x;x, > 2 is
positively invariant regardless of u:

A
X2

To see this, note that
n(x) - f(x,u) = [(x12 = 1)x] + (132 + 23 — D)oo + 21331
and substitute x1x, = 2:
= (x? + (14 x%)xl)xz + x3x1
= (x% +(1+ x%))xlxz + X371

=2x3 421+ x3) + x311
= 2x7 + x3x1 +2x3 +2 > 0.

>0

e The condition g;(x1,...,x;) # 0 in (3) can be relaxed in some cases:

Example 3: = ¥
. (5)
Xo = U

Treat x; as virtual control and let «q(x1) = —x;  which stabilizes the

x1-subsystem, as verified with Lyapunov function V;(x;) = %x%

Then z; := x; — a1 (x7) satisfies 2, = u — &1, and
oV

. 2 2 3
U= — B—Xlxl —kpzo = —xjxp — x] — ko(x2 + x1)

achieves global asymptotic stability:

1 1 .
V=-x+-22 = V=-x"—k2
2 2
Note that we can’t conclude exponential stability due to the quartic
term x7 above (recall the Lyapunov sufficient condition for expo-

nential stability in Lecture 11, p.2). In fact, the linearization of the

3
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closed-loop system proves the lack of exponential stability:

0 0
— A2 =0, —k>.
lo —ky ] 1,2 2

Design example: Active suspension

car body
— Q Xg
Mb Xs
o 5
© |
S—
Myis = —ka(xs — xq) — ca(%s — %4)
Xq = %Q A: effective piston surface

Flow: Q = —c rQ+kgu u: current applied to the

solenoid valve (control input)

Define state variables: x; = x5, X = X5, X3 = Xz, X4 = Q:

8 ku Cy 1
X2 = —77—(X1 = X3) = 7~ (X2 =«
Mb( ) Mb( A ) ©)
) 1
x3:Zx4

X4 = —Cfxy + kfu.

This system is not in strict feedback form due to the x4 term in %,. To
overcome this problem define:

gpe Koy Gy
3 M, 3 M, A 4
T2 x3
and change variables to (x1, xp, ¥3,¢):
X1 = X2
X —k—”x — Xy + X
2 M, 1= X2t s
. ks — CaCy cakf
X3 = M, A x4+MhAu

Krsti¢ et al., Nonlinear and Adaptive
Control Design, Section 2.2.2.

4
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Two steps of backstepping starting with the virtual control law:
el (xl) = —C1X1 — klx{’

will stabilize the (x1, xp, ¥3) subsystem. Full (x1, x2, %3, &) system:

X3

X1,X2,X ; ka _
(1 2 3) _>§:_MbA§+%x3

subsystem

The ¢-subsystem is an asymptotically stable linear system driven by
%3; therefore the full system is stabilized.

The stiff nonlinearity k;x3 prevents
large excursions of x;.

5
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Input-to-State Stability

Khalil, Section 4.9
X = f(x,u) u:exogenous input

For linear systems, asymp. stability of the zero-input model ¥ = Ax
implies a bounded-input bounded-state property for * = Ax + Bu:

t
x(t) = eAMxg +/0 AT Bu(1)dr
t
= [x(1)] < [le™[|]xo] +/0 e ||| |u()|d

t
< e [xol + B sup [u(v)| [ xe
0<T<t 0

K
< ke M|x| 4+ =|B| sup |u(7)].
N—_—— 14 0<T<t
effect of

initial condition

For nonlinear systems x = f(x,u), asymp. stability of the origin for
the zero-input model ¥ = f(x,0) does not guarantee boundedness of
states under bounded inputs.

Example 1: & = —x + xu

u(t) = constant > 1 = exponential growth of x(t).

A precise formulation of the bounded-input bounded-state property
for nonlinear systems:
Definition: The system x = f(x,u), f(0,0) = 0 is said to be

if:

0<t<t

[x(8)] < B(|x(0)], ) + ( sup Iu(T)|>

for some class-KCL function B and class-K function %, called an ISS
gain function.

K

Example: For the linear system above, (s) = 1|/ B|[s.

Implications of ISS

1. X = f(x,u) ISS = % = f(x,0) globally asymptotically stable
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Proof:

Substitute u(t) = 0 in the definition above: |x(t)| < B(|x(0)], ).

2. u(t) >0ast—>o00 = x(t) > 0ast— oo.
Proof:

Need to show that for any € > 0, there exists T such that
x(t)] <e Vt>T.

Since u(t) — 0, we can find T; such that y(|u(t)|) < €/2 for all
t > T1. Choose tg = T; and apply ISS definition:

|x(t)| < B(|x(Ty)|,t —T1) +€/2 Vt>Ty.
Choose T; such that
B(|x(T1)], T2) < €/2.
Then, |x(t)| < eforallt > T+ T, = T.

A Lyapunov Characterization of ISS

The system x = f(x,u) is ISS if there exist class-Ko functions «;, i =
1,2,3,4, and a C! function V such that

a1 (fx]) < V(x) < ar(fx])

aV
oy o) < —as(|x]) + aa(fuf).
V is called an “ISS Lyapunov function.”

Sketch of the proof:

Let i1 £ sup~q [u(7)|. Then:

x| >r 2 az (ag()) = aa—‘;f(x,u(t)) <0 Vvt>0.

This implies that the level set {x : V(x) < ay(r)} is invariant and
attractive. Thus, all trajectories converge to this level set which is
enclosed in the outer ball |x| < R = (xl_l(ocz(r)).

2
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Example 2: ¥ = —x" + x°u, r: odd integer, is ISS if r > s. Take:

V(x)=zx
Vix) = —x"" x5y
Young'’s inequality (recall from homework):
AP 1
< ylP o —|z|9
v < I+ gl

forany A > 0,and p > 1,4 > 1 satisfying (p —1)(¢ — 1) = 1. Apply
to:

©ly < £|x|(5+1)p + L|u|q
TP qAT
and choose
r+1 AP 1
= =1 d A such that — = =
p sl q +p71an suc ap >
1 1
s+1 a1 = ylg
= X u§2|x| +qM|u|
. 1 1
a1 SN rFl = 1y14
= V() < x4 g+ gl
1 1
< _Z r+1 - q.
< 5l 4+ gl
—aallal) —ay(Ju))
Note:
o ¥ = —x+xu (r =s = 1) is not ISS as shown in Example 1.
e &= —x+x%u(r=1,5 = 2)is not ISS: it exhibits finite time escape

for u(t) = constant # 0, even with an exponentially decaying u(t).

o x=—x34+u(r=3,5=0)isISS.

Example 3:
X = —x1 + X3
Xo = —Xp 4+ U.
Let V(x) = 132 4+ %x4,a > 0 to be determined.? > Why not quadratic V?
V(x) = —x3 + x5 +a(—x5 + 5u)

Apply the Young Inequalities:

1 1
xlx% < Ex% + Ex%

A3 1
3 4
BUS g3t pat

4

3
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)\4/3 1
Choose A such that 3 =7

. 1 1 1 1
V(x) < —Zx3+ x5 +a (—x% + 4}\4u4>

- 2 2 2
Leta=2: 1 1 1
y 2 4 4
V(x) S _Exl — E.Xz + mu
<—a3(|x]) =ay(|ul)

for an appropriate choice of a3. Thus, the system is ISS.

Stability of Series Interconnections

X1 = f1<x1,xZ) x; € R™M
X2 = fo(x2) xp € R™

(1)

X2

X = fo(x2) ——P 1 = fi(x1,x2)

Suppose x; = 0 is globally asymptotically stable for X, = f(x2)
and x; = 0 1is globally asymptotically stable for x; = fi(x1,0). Is
(x1,x2) = 0 globally asymptotically stable for the interconnection?

Answer: No.
Example 4: X1 = —x1 + x3x
Xy = —Xp
exhibits finite time escape.

Proposition: Consider the series interconnection:

X1 = fi(x1, x2)
Xz :fz(XQ,Ll).

If the x; subsystem is ISS with x; viewed as an input, and the x
subsystem is ISS with input u, then the interconnection is ISS.

Example 3 revisited:

X1=-—-x1+ x% is ISS with respect to x

Xy = —xp+u  is ISS with input u

= the interconnection is ISS — an alternative to the proof in Ex. 3.

Corollary: (x1,x2) = 0 is globally asymptotically stable when u = 0. ‘ GAS ’—" 1SS ‘ =GAS

Note that Example 4 fails the ISS condition for the x; subsystem.
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Example: Active suspension design example in Lecture 13:

X3

(x1,X2,9?3) > é:_N’If;AgJ’_ %f:%

subsystem

The (x1, xp, X3)-subsystem globally asymptotically stabilized by back-
stepping. The {-subsystem is an asymptotically stable linear system,
therefore ISS with respect to the input x3.
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Reachable Sets and Safety Certification

Reachable sets with unit peak inputs

Ry 2 {x(T) | = f(x,u), x(0) = 0, u| <1} )

The set of points that can be reached from x(0) = 0 with inputs not
exceeding unit magnitude. Difficult to find exactly, but methods exist
to find overapproximations.

ISS gives a very conservative bound:

|x(T)| < B(|x(0)|,T) +7<Os<1t1§T|u(t)> < (1)
=0 -

A less conservative estimate with level sets:

Find positive definite V() and a constant ¢ > 0 such that
uf <1 and V(x)>c = VV(x)-f(xu)<O0.

Then, the level set Q. £ {x:V(x) < c} contains the reachable set:

Rr C Q. VT >0.

Example: Linear system # = Ax + Bu. Use V(x) = x!Px. If there
exists P = PT > 0 such that

u'u <land x"Px>1 = xT(ATP+ PA)x +xTPBu+uTBTPx <0

then the ellipsoid {x : xT Px < 1} is an overapproximation of Rr.

Rewrite the above implication as:

(BRERHER RIHE I HEE
=[] T 5 v =

Note that this statement is verified if we can find « > 0, § > 0 such
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that, for all x and u,

T
X
u

ATP+PA PB x
BTp 0

(T8 S

T - -
x ATP+PA+aP PB x
BTP —BI

or, equivalently:

u

This inequality holds for all x and u if and only if

[ ATP+PA+aP PB

I BTP _‘BI | < 0 (3)

p—a < 0. (4)

Let f = a which is the best choice to satisfy (3) without violating (4):

ATP+PA+aP PB
BTP —ar | SO )

Summary: procedure to overapproximate the reachable set

Look for P = PT > 0and « > 0 satisfying the matrix inequality
(5). This in not a linear matrix inequality (LMI) in « and P, but it is
an LMI in P if « is fixed. The resulting ellipsoid {x : xTPx < 1} isa
superset of Rt.

Additional objectives can be incorporated, such as minimizing the
volume of the ellipsoid, which is proportional to v det P~1:

minimize log(det P~!) which is convex in P.

S-procedure

The principle used to obtain (2) is known as the S-procedure in con-
trol theory. To show that:

go(¢) >0 whenever ¢;({) >0 i=12,...,p

look for 11,13, ...,Tp > 0 such that

p
q0(¢) — ;Ti%‘(‘:) > 0.

In (2), g;(-), i = 0,1, 2, are quadratic functions of ¢ = [ z ] .

2
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Reachable sets with unit enerqy inputs

T
Ry £ {x(T) | x = f(x,u), x(0) =0, / ul (Hu(t)dt <1} (6)
0
For an overapproximation, find positive definite V(-) such that

VV(x)- flx,u) <ulu.

T
%V(x(t)) <ulu = V(x(T)) - V(x(0) < / ul (Hu(t)dt <1
0
= V(x(T)) <1
Therefore, x € Ry implies V(x) < 1, i.e., the level set contains the
reachable set:

Ry C{x:V(x) <1}
Example:
¥=Ax+Bu V(x)=xTPx
Find P = PT > 0 such that
xT(ATP + PA)x + x"PBu + u"BTPx < uTu

or, written more compactly:

T r T
X ATP+PA PB x| _|x 00 x
u BTp 0 ul " |u 0 I u |
This means )
ATP4+PA P
o <o
B'P —1I

which is a LMI in P.

Safety Certification

Given an “unsafe” set U, show that
RrnU=3a.

The level set overapproximations above can be used to prove safety:

Y

AT
N <

{x[V(x) <1}

3
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Look for a V with the additional property thatx € U = V(x) > 1.
Such functions V are sometimes called “barrier functions.”

Example: Suppose the unsafe set is the half-space:
U={x:alx>1}.

Let V(x) = xT Px. From the S-procedure, if there exists T > 0 such
that
(xTPx —1) —t(aTx —1) >0, (7)

thenx e U = V(x) > 1.
Exercise: Show that (7) is equivalent to: P > aa’.

Thus, the LMIs in the previous examples can be augmented with this
additional constraint to certify safety.
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Sum of Squares Programming

Establishing nonnegativity of functions is critical in nonlinear system
analysis, e.g., a Lyapunov function V for x = f(x) must satisfy

V(x) > 0 Vx#0 (1)
~VV(x)Tf(x) > 0 Vx (2)

For f(x) = Axand V(x) = xTPx, the conditions above are simple
matrix inequalities:

P>0, —ATP—PA>0.

How can we check nonnegativity when f and V are more general
polynomials?

Sum of Squares (SOS) Polynomials
A monomial is a product of powers of variables (e.g., m(x) = x3x;)
and its degree is the sum of its exponents (e.g., 3 for m(x) = x3xy).

A polynomial is a finite linear combination of monomials and its de-
gree is the maximum degree of these monomials.

Example 1: The polynomial
q(x1,x2) = x3 — 2x1x3 + 2x7 + 2x5xp — X33 + 615 (3)
has degree 4.

Definition: A polynomial p is a sum of squares (SOS) if there exist
polynomials g1, - - - , g such that

p=Y g )
i=1

A SOS polynomial p(x) is nonnegative for all x. The converse is not
true: there exist nonnegative polynomials that are not SOS.

The polynomial q(x1, x2) in (3) is SOS because it can be rewritten as:
1 2 1 2
(x1 — x3)2 + 3 <2x% + x1x2 — 3x§) + 2 (3x1x2 + x%) . (5)

You can verify the equivalence of (3) and (5) by multiplying out terms
in (5) and matching them to those in (3).

How a SOS decomposition like (5) can be obtained is discussed next.

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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SOS Decomposition

Let z(x) be the vector of all monomials of degree < d in n variables?: > The length of this vector is [, 4 :=
z(x) £ [1,x1,x2,...,xn,x%,xlxz,...,xﬁ]T. ( n;d )
Then any polynomial with degree < 2d can be rewritten as
p(x) =2(x)"Qz(x) ©6)
where Q is a symmetric matrix.

Example 2: Let p(x1,x2) = 2x3x3 which has degree 4. With n = 2
and d = 2,
z(x) = [1, %1, x2, x3, x1%2, 23], (7)

and (6) holds with either

[0 0000 0] [0 0000 0]
000000 000000
000000 000000
Q=g 00000| “ %2 000001
000020 000000
100000 O] (00010 0]

Thus, the choice of Q is not unique.

Theorem: A polynomial p with degree < 24 is SOS if and only if
there exists Q = QT >0 satisfying (6).

Proof: (only if) If p is SOS then, by definition, p = }_7_, giz for some
polynomials g;, i =1, -+ ,r. Write g; as:
8i(x) = Ciz(x) ®)

where C; is a row vector of coefficients. Then ¢? = zI CIC;z and

(if)y Given Q = QT> 0 satisfying (6), decompose Q as Q = CTC
where C has as many rows as the rank of Q, say r. Then,

.
Q=cCclc=Y clc
i=1
where C; is the ith row. If we define g; as in (8), then zTQz = YI_, gl-z.
O

Since Q is not unique, not all Q satisfying (6) will certify SOS. In Ex-
ample 2 above, Q1 > 0 but Q; is indefinite. We need to characterize
the set of all Q satisfying (6) and search for a Q > 0 in this set.



EE C222/ME C237 - SPRING’18 - LECTURE 16 NOTES 3

Parameterization of all matrices Q satisfying (6):

Find a particular solution Qg such that
p(x) = z(x)"Qoz(x),

and find a basis of symmetric matrices N;, j = 1,2, -- , K, such that3 3 There are K —
matrices.

i ! 1
Loalga ), such

z(x)Tsz(x) =0 forall x. (9)
Then we can parameterize the set of all Q satisfying (6) as
K
Q=Q+Y AN, A€ER,
j=1

and p is SOS if and only if there exist Ay, - -, Ak such that Q > 0.

Forn =d =2, z(x) is as defined in (7) and a basis as in (9) is:

[ 00000 —1] [ 00 00 -1 0]
00000 O 0010 00

N, = 00200 0 N, — 0100 00
00000 O 0000 00
00000 O 1000 00
| -1 0000 O | 0000 0 0]
[0 0000 0] [ 000 -1 0 0]

0 0000 —1 020 000

1

N3=0000 0 N, = 000 00O
0 0000 O 100 00 0

0 0100 0 000 000
(0 -1 000 O | 000 00 0
[0 000 0 0] [0 00 00 0]
0 000 -1 0 000 00 O

1

stooo 0 0 N6:ooo 00 O
0 010 00 000 00 —1

0 -1 00 00 000 02 0
0 000 00 (000 -1 0 0

Example 1 revisited: For q(x1,x2) in (3), a suitable choice for Q is

o0 o000 0 O]
0 100 0 -1
0 000 O O
QD=1g 002 1 o
0 001 -1 0
0 -1 00 0 6
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Note that Qg 2 0, but Qp + 6Ng > 0. Moreover, Qp + 6Ng can be
decomposed as

T

01 000 -1 1 0 0 01 000 -1
0 00 21 -3 0 % 0 0 00 21 -3
0 0003 1 0 0 % 0 0003 1

which explains how the SOS form (5) was obtained.

Synthesizing SOS Polynomials

With the method above we can numerically check whether a given
polynomial function V satisfies (1)-(2). However, in practice, it is
more important to be able to search for a V satisfying (1)-(2). This is
accomplished by synthesizing V as a weighted sum of basis polyno-
mials with weights left as decision variables.

This leads to the following SOS synthesis problem:

Given basis polynomials p;, i = 0,1,--- ,m, each with degree < 2d, find
parameters ay, - - - , Ay such that po+aip1 + -+ + aypm is SOS.

To solve this problem, find a matrix Q; satisfying p; = zTQ;z for each
i=0,1,---,m. Then search for aj,--- ,a, and Ay, - - - , Ak satisfying

m K
Qo+ Y aiQi+ ) A;N;>0. (10)

i=1 j=1
This is a linear matrix inequality (LMI) and can be solved numeri-
cally with standard semidefinite program (SDP) solvers.

There are also software packages* that follow the procedures above +e.g., SOSOPT
to automatically convert SOS programs to LMIs, such as (10).

4


http://www.aem.umn.edu/~AerospaceControl/

EE C222/ME C237 - Spring’18 - Lecture 17 Notes"
Murat Arcak
March 21 2018

Review of Sum of Squares (SOS) Polynomials

Checking whether a polynomial is SOS

A polynomial p with degree < 24 is a sum of squares if and only if
there exists Q = QT > 0 s.t.

p(x) = 2(x)7Qz(x) (1)
where z(x) is the vector of all monomials of degree < d:

z(x) £ [1, xl,xz,...,xn,x%, x1x2,...,xZ]T.

Find a particular solution Qg such that
p(x) = 2(x)Quz(x),
and find a basis of symmetric matrices N;, j =1,2,--- , K, such that
z(x)Tsz(x) =0 forallx. (2)

Then p is SOS if and only if there exist reals Ay, - - - , Ag such that
K
Q=Qo+ ) AjN;>0. (3)
j=1

This is a linear matrix inequality (LMI) and can be solved numeri-
cally with standard semidefinite program (SDP) solvers.

Synthesizing SOS Polynomials

Given p;, i = 0,1, - ,m, each with degree < 24, find reals aq,- - - ,a;,
s.t. po+ai1p1 + - -+ ampm is SOS.

Find a particular Q; satisfying p; = z' Q;z for eachi = 0,1,--- ,m.
Then search for aj, - - - ,a, and Ay, - - - , Ak satisfying the LMI

m K
Qo+ ) aiQi+ ) AiN;>0. (4)
i=1 =1

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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Applications

Searching for a Lyapunov Function

Given x = f(x), f(0) = 0, where f is a vector of polynomials, search
for a Lyapunov function of the form

V(x) = po(x) +a1p1(x) + - + ampm(x) (5)

where p;,i = 0,1,---,m are basis polynomials selected ahead of
time, and a;,i = 1, - - ,m are weights to be determined.

To ensure V is positive definite, pick a positive definite polynomial ¢
(e.g., £(x) = exTx for some small €) and impose the constraint:

V(x) — £(x) is SOS. (6)
To ensure VV(x)T f(x) is negative semidef., impose the constraint:
—VV(x)Tf(x) is SOS. )

Constraints (6) and () can be brought to the LMI form (4) and feasi-
ble a;,i=1,---,m can be determined numerically (if they exist).

Overapproximating Reachable Sets

Recall from Lecture 15 that

Rp 2 {x(T) | % = f(x,u), x(0) =0, /OTuT(t)u(t)dt < 1} @®)

defines the reachable set from x(0) = 0 under unit energy inputs and,
if we can find a positive definite V such that

vV ()T f(x,u) < uTu, (9)
then we can overapproximate Rt by:

Ry C{x:V(x) <1}
This follows because, from (9),

%V(x(t)) <ulu = V(x(T)) - V(x(0)) < /OT ul (Hu(t)dt <1

= V(x(T)) <1

If f(x,u) is a vector of polynomials in x and u, we can search for a
polynomial V of the form (5), and encode (9) with the constraint:

~VV(x)Tf(x,u) +ulu is SOS in x and u. (10)

This can then be combined with (6) and brought to the LMI form (4).

2
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Certifying Safety

If unsafe set U does not intersect the overapproximation above, then
it can’t intersect the actual reachable set. Thus, we can certify safety
by proving the implication:

xeld = V(x)>1+¢ (11)

for some ¢ > 0.

Suppose the unsafe set can be expressed as
U={x:qi(x)>0,i=1,---,p}

where g; are polynomials. Then we can encode (11) with the con-

straints:
P
V(x)—(1+¢)— Zsi(x)qi(x) is SOS (12)
i=1
si(x), i=1,---,p are SOS. (13)

We can parameterize the search space for s; as we did for V in (5),
and combine (6), (10), (12)-(13) into a LML

Above we implicitly used a generalization of the S-procedure from
Lecture 15. Specifically, to prove that
go(x) >0 whenever g;(x)>0,i=12,...,p

we look for nonnegative functions sy, s, . .., s, (rather than constants
as in Lecture 15) such that

p
qo(x) — ;Si(x)qi(X) > 0.

Underapproximating the Region of Attraction

Given system X = f(x) with asymptotically stable equilibrium at the
origin x = 0, the region of attraction, denoted Ry, is the set of initial
conditions from which the trajectories converge to the origin.

Recall from Lecture 10 that, if V is positive definite and
VV(x)Tf(x) <0 whenever x # 0 and V(x) < 1, (14)
then Q, = {x: V(x) < 7} C Ra.

Let ¢ be a positive definite polynomial. If there exists a SOS polyno-
mial s such that

~[£(x) + VV(x)Tf(x)] = s(x) [y = V(x)] is SOS, (15)

R

—
-

TN
—

{x|V(x) <1}

Y

3
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then V(x) < 7 implies VV (x)T f(x) < —£(x) as stipulated in (14).

To obtain a LMI from (15), one option is to fix the Lyapunov func-

tion® V and to parameterize the search space for s. We can further 2 choose, .., a quadratic Lyapunov
maximize <y subject to (15) by incrementing -y until the the resulting funcgon for the linearized model at
X =

LMI is infeasible.

Alternatively s can be fixed and V parameterized. If we parameter-
ize both s and V, however, (15) is no longer affine in the parameters
because the term s(x)V(x) contains the products of these parameters.

Below is a procedure that alternates between first fixing V, varying
s, and next fixing s, varying V. When a new V is obtained, however,
the shape of the level set changes and it may be ambiguous whether
the new one is bigger. To remove this ambiguity we define a "shape
function" p and use its level sets to judge the size of the region of
attraction estimate.

Let Vp(x) be an initial choice for a Lyapunov function, e.g., a
quadratic function for the linearized model at the origin. Find

v*:=maxy st VV(x)T f(x) <0 whenever x # 0 and Vp(x) < 7.

To satisfy the constraint look for a SOS multiplier s;(x) that satisfies
—[6(x) + VVo(x) T f(x)] = s1.(x)[7 = Vo(x)] is SOS

where / is positive definite, e.g., £(x) := €(x? 4 x3) for some € > 0.

Let p(x) be some fixed, positive definite convex polynomial
(e.g., p(x) = x3 + x3), and let Vy(x) and 7* be as in Step 1. Find

B*:=maxp st Vy(x) <" whenever p(x) < B.
To satisfy the constraint look for a SOS multiplier s,(x) such that

[v* — Vo(x)] — s2(x) [B — p(x)] is SOS.

This means that {x : p(x) < B} is contained in {x : Vp(x) < y*}.

Given 7*,s1(x) from Step 1 and p(x),s(x) from Step 2,
search for V(x) to solve:

0 P
4th-order V(x)
subject to V(x) — £(x) is SOS
— [0(x) + VV(x)Tf(x)] = s1(x)[r* = V(x)] is SOS

[v* = V(x)] —s2(x)[B — p(x)] is SOS.
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The first constraint ensures V is positive definite. The second im-
plies that the level set {x : V(x) < 7*} is invariant, hence a valid
approximation for the region of attraction. The third constraint and
the maximization of B ensure that V is selected such that the level set
{x: V(x) < 9"} is as large as possible, as measured by function p.

To proceed, replace Vp(x) in Step 1 with the function V(x) from
Step 3, and repeat the steps above for several iterations, until the
change in §* in Step 2 is sufficiently small. The final approximation
of the ROA is the set where V(x) < 7*.
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Feedback Linearization
Sastry, Chapter 9; Khalil, Chapter 13
Today: Relative degree, input-output linearization, zero dynamics

Consider the single-input single-output (SISO) nonlinear system:

x = f(x)+g(x)u
y = h(x).

Relative degree (informal definition): Number of times we need to

(1)

take the time derivative of the output to see the input:

= W)+ M)

=: L¢h(x) =:Lgh(x)
L¢h is called the Lie derivative of h along

the vector field f
If Lgh(x) # 0 in an open set containing the equilibrium, then the rela-

tive degree is equal to 1. If L¢h(x) = 0, continue taking derivatives:

=: L}h(x)

If LgL¢h(x) # O, then relative degree is 2. If LgL¢h(x) = 0, continue.

Definition: The system (1) has relative degree r if, in a neighbourhood
of the equilibrium,

Lng:lh(x) =0 i=12...,r—1
r—1 (2)
LgL  h(x) #0.
Examples:
1 X1 = x2
Xy =—x+u (3
y=x1

has relative degree = 2.

2. SISO linear system:

¥*=Ax+Bu y=Cx
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r=1 _ CArle.

Lgh(x) = CB, LgLgh(x) = CAB, ..., LgL]

CB #0 = relative degree = 1
CB =0, CAB #0 = relative degree = 2
CB=---=CA"2B=0, CA"1B#0 = relative degree = r

The parameters CA~1B i=1,2,3,... are called Markov parameters
and are invariant under similarity transformations.

3 X1:XZ—|—X§ y=x1
Xy = X3 =% =x+13
X3=1u = %2 +3x3%3 = x3 + 3x3u

LgLsh(x) = 3x2 = 0 when x3 = 0, and # 0 elsewhere. Thus, this
system does not have a well-defined relative degree around x = 0.

Input-Output Linearization

If a system has a well-defined relative degree then it is input-output

linearizable:
ywzqmm+%qﬁmm
£0
Apply preliminary feedback:
u—1<—w(x>+v> @
Lyl h(x) f

where v is a new input to be designed. Then, y(") = v is a linear
system in the form of an integrator chain:

1=10
(=103
r=0

where {1 =1y = h(x), (o =1y = L¢h(x), ..., { =: yr=1 = L;‘lh(x).
To ensure y(t) — 0 as t — oo, apply the feedback:

v=—k1{1 —kalo — - =k Cr

= —kih(x) ~kaLgh(x) = — kL 'h(x) )

where ky,...,k, are such that s” +k,s" 1 + - - - + kps + k; has all roots
in the open left half-plane.

2
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Does the controller (4)-(5) achieve asymptotic stability of x = 0?
Not necessarily! It renders the (n — r)-dimensional manifold:

h(x) = Lsh(x) = = L}_lh(x) =0

invariant and attractive. The dynamics restricted to this manifold are
called zero dynamics and determine whether or not x = 0 is stable.

If the origin of the zero dynamics is asymptotically stable, the system
is called minimum phase. If unstable, it is called nonminimum phase.

Example: n =3, r=1

minimum phase nonminimum phase

Finding the Zero Dynamics

Sety =y = --- = y"~1) = 0 and substitute (4) with v = 0, that is:
_qr
_ L fh(x) |
LgL} 'h(x)

The remaining dynamical equations describe the zero dynamics.
Example: X1 =X

Xp = ax3+u

. (6)

X3 = PBxz—u

y=x
This system has relative degree 2. With x; = x, = 0 and u* = —ax3,

the remaining dynamical equation is

%3 = (a + B)x3.

Thus this system is minimum phase if & + < 0.

For a linear SISO system, relative degree is the difference between

the degrees of the denominator and the numerator of the transfer
function, and zeros are the roots of the numerator. The definitions of
relative degree and zero dynamics above generalize these concepts to
nonlinear systems. As an example, the transfer function for (6) is

s—(a+p)
s2(s—B) ’

which has relative degree two and a zero at s = a + 3 as expected.
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Example: Cart/Pole

: Om
%
u
—» M
QO
y . output
" 1 u 32, .
y:m %—1—9 £sinf — gsin6 cos 6
t y 7)
ézﬁ — % os0 — 20 cosfsin b + +mgsin9
L(5 +sin”0) m m

Relative degree = 2.

To find the zero dynamics, substitute y = y = 0, and

u* = —m(6*¢sinf — gsinf cos )
in the 8 equation:
6= %Sin 6.

Same as the dynamics of the pole when the cart is held still:

o Om

O O

Nonminimum phase because § = 0 is unstable for the zero dynamics.

4
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Feedback Linearization (continued)

Nonlinear Changes of Variables

T : R" — R" is called a diffeomorphism if its inverse T~! exists, and
both T and T~ ! are continuously differentiable (ch.

Examples:

1. ¢ = Tx is a diffeomorphism if T is a nonsingular matrix

2. ¢ = sinx is a local diffeomorphism around x = 0, but not global

\/Alv’lv,

3. &= x2 is not a diffeomorphism because T~!(-) isnot C' at & =0

¢

/ ‘ slope =0

How to check if § = T(x) is a local diffeomorphism?

X

Implicit Function Theorem

Suppose f : R" x R™ — R" is C! and there exists xg € R", & € R™
such that

f(XOr 50) =0.
If % (x0,&p) is nonsingular, then in a neighborhood of (xg, &),
f(x8) =0

has a unique solution x = g(¢) where g is C! at & = &.

Corollary: Let f(x,¢) = T(x) —¢. If g—z is nonsingular at xo, then T(+)

is a local diffeomorphism around xg.

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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A "Normal Form” that Explicitly Displays the Zero Dynamics

Theorem: If X = f(x) + g(x)u, y = h(x) has a well-defined relative
degree r < n, then there exist a diffeomorphism T : x — [ Z ],

z € R"7", { € R’, that transforms the system to the form:

Z= fO (Zl 5)
G=0
(1)
&r=b(z0) +a(zlu, y=0
In particular, z = fy(z,0) represents the zero dynamics. g
To obtain this form, let { = [h(x) L¢h(x) ... L;ﬁlh(x)]T, and

find n — r independent variables z such that Z does not contain u.

Note that the terms b(z,{) and a(z,{) correspond to L;(x) and

Lngflh(x) in the original coordinates.

Example: YH o= 1
Xo = axz3+u
X3 = ‘BX3 —u

y = X

Let {1 = x1, {» = xp, and note that z = x + x3 is independent of
{1, (>, and Z does not contain u. Thus, the normal form is:
z=(a+p)xs=(a+p)z—(a+p)
L1==0

(o =oax3+u=onuz—aly+u.

I/0 Linearizing Controller in the new coordinates (1):

u—a(zlé)(—b(z,éﬂ—v) (2)
v=—kil1-- =k Gy (3)

where kq, - - - , k, are such that all roots of s" + k,s" 1 + - - - + ks + k;
have negative real parts.

Theorem: If z = 0 is locally exponentially stable for the zero dynam-
ics z = fy(z,0), then (2)—(3) locally exponentially stabilizes x = 0.

Proof: Closed-loop system:

2= fo(z0)
{=AC
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where
0 1 0
0 0 1
A=
1
—ki —ko —k3 —k,

where % (0,0) is Hurwitz since z = fy(z,0) is exponentially stable
by the proposition in Lecture 11, page 1. Since A is also Hurwitz, all
eigenvalues of | have negative real parts = exponential stability.

Global asymptotic stability can be guaranteed with additional as-
sumptions on the zero dynamics, such as ISS of

Z= fO(ng)

with respect to the input ¢:

(=AL P 2= fo(z{)

Example: z=—-z++ 225 , g = —k{ Note: the z subsystem is not ISS

(z,0) = 01is locally exponentially stable, but not globally: solutions
escape in finite time for large z(0).

I/O Linearizing Controller for Tracking

For the output y(t) to track a reference signal® y;(t), replace (3) with: > assumed to be r times differentiable
0=~k (Z1— ya(t)) —ka(Go — 9a(t) - = ke(Tr — vy T (0) + 5 (1)

Letey 201 —ya(t), e2 = 0o —yalt), ..., er = 3 — ygrfl)(t). Then:

61 =¢e
6y = e3

é = Ae.
ér =10 —yy)(t) = —kie; — - —keer

Thus e(t) — 0, that is y(t) —y,(t) — 0.
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If y;(t) and its derivatives are bounded, then {(t) is bounded. If the
zero dynamics Z = fy(z, () is ISS with respect to ¢, then z(t) is also
bounded. Thus, all internal signals are bounded.
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Full-State Feedback Linearization

The system x = f(x) + g(x)u, x € R", u € R, is (full state) feedback
linearizable if a function i : R" — R exists such that the relative
degree from u to y = h(x) is n.

Since r = n, the normal form in Lecture 19 has no zero dynamics and

01 h(x)

&) L¢h(x)
X o :

o) Lot

is a diffeomorphism that transforms the system to the form:

O = 0
L = 03
Gn = Lih(x)+ LgL;Z*lh(x)u.

Then, the feedback linearizing controller

1
u—LM(_L?h(x)+U>, U:—klgl"'—kngn,

yields the closed-loop system:

0 1
0 1
{=Al where A=
1
k1 —ky —ks ... —ky
Example: X = 4223
X = x3+4+u
X3 = X1—2x3

The choice y = x3 gives relative degree r = n = 3.
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Let§1:xg,,Cz:J'cg,:xl—x3,53:553:x1—X3:x2+2x%—x1+x3.

L o= 0
o = {3
{3 = (4v—1)(x2+2x]) +x1 +u.

Feedback linearizing controller:
= — (4 —1)(x2 +2x7) — 11— kal1 — koG — k3.

Summary so far:

I/0 Linearization: ¢ suitable for tracking
e output y is an intrinsic physical variable
Full state linearization: e set point stabilization
¢ output is not intrinsic, selected to enable
a linearizing change of variables.

Remaining question:

* When is a system feedback linearizable, i.e., how do we know
whether a relative degree r = n output exists?

Basic Definitions from Differential Geometry

Definition: The Lie bracket of two vector fields f and g is a new vec-
tor field defined as:

[F,81e) = B ()~ L g,
Note:
1 [l =l fl

2 [f.f] =0,
3. If f, g are constant then [f, g] = 0.

Notation for repeated applications:
[£.1f.8ll =ad}g,  [fIf[f8)l] = adjg,
adjg(x) 2 g(x), adfg2 [fadf gl k=123, ..

Definition: Given vector fields fi, ..., f, a distribution A is defined as
A(x) = span{ fi(x),..., fr(x)}.

f € A means that there exist scalar functions «;(x) such that

fx) = ar () fi(x) + -+ o (x) fi (%)
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Definition: A is said to be nonsingular if f1(x),..., fx(x) are linearly
independent for all x.

Definition: A is said to be involutive if
SIEADEAN = [g1, ] €A
that is, A is closed under the Lie bracket operation.
Proposition: A = span{fj, ..., fx} is involutive if and only if
fi.filea 1<ij<k

Example 1: A = span{fi,..., fx} where f1,..., f are constant vec-
tors

Example 2: a single vector field f(x) is involutive since [f, f] = 0 €
A

Definition: A nonsingular k-dimensional distribution
A(x) = span{fy (x),..., fi(x)} x € R"
is said to be completely integrable if there exist n — k functions
$1(x), -+, ni(x)

such that

9pi Ca .
g.f](x)io 1—1,..,,1’1 k, ]*1,...,k

and d®;(x) := %, i=1,...,n—k, are linearly independent.

Example 3: If fi, ..., fi are linearly independent constant vectors,
then we can find n — k independent row vectors Ty, ..., T,k s.t.

Tilfr---fil = 0.
Therefore, A = span{fi, ..., fx} is completely integrable and

pi(x)=Tix, i=1,...,n—k.

Frobenius Theorem: A nonsingular distribution is completely inte-

grable if and only if it is involutive.
Example 3 above is a special case since A is involutive by Example 1.
Back to (Full State) Feedback Linearization

Recall: ¥ = f(x)+g(x)u, x € R", u € R is feedback linearizable if we
can find an output y = h(x) such that relative degree r = n.

3
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How do we determine if a relative degree r = n output exists?
Lgh(x) = LgLsh(x) = -+ = LgL
LgL;—lh(xo) # 0.

1'1*2h(x) = 0 in a nbhd of xp

Proposition:? (1)-(2) are equivalent to:
Loh(x) =L

adfg
Ladjt[—lgh(xo) # 0

h(x)=---= Lad;*Zgh(x) = 0 in a nbhd of xg

The advantage of (3) over (1) is that it has the form:

%[g(x) adfg(x) ... adjszg(x)]:O

which is amenable to the Frobenius Theorem.

(1)
()

(3)
4)

Theorem: x = f(x) + g(x)u is feedback linearizable around x if and

only if the following two conditions hold:

C1) [g(x0) adfg(xo) --. ad?_lg(xo)] has rank n

C2) A(x) = span{g(x),adsg(x),.. .,ad;leg(x)} is involutive in a

neighborhood of x.

Proof: (if) Given C1 and C2 show that there exists /(x) satisfying

(3)-(4).

A(x) is nonsingular by C1 and involutive by C2. Thus, by the Frobe-

nius Theorem, there exists 11(x) satisfying (3) and dh(x) # 0.

To prove (4) suppose, to the contrary, L, d?,lh(xo) = 0. This implies

dh(xo)[g(x0) adsg(xo) ... ad} 'g(x0)] = 0.
nonsingular by C1

Thus dh(xy) = 0, a contradiction.

(only if) Given that y = h(x) with r = n exists, that is (3)-(4) hold,

show that C1 and C2 are true.

We will use the following fact3 which holds when r = n:

; 0 ifi+j<n-2
L Lﬁch(x) = , (5)
adr8 (—1)”*1*]LgL;Z’1h(x) #£0 ifi+j=n—1
Define the matrix
dh
dLsh
M = : [ g —adsg adf:g (—1)"*1ad771g } (6)
dL"1h

f

2 follows from (5) below with j =0

3 see, e.g., Khalil, Lemma C.8

4
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and note that the (k, ¢) entry is:

My = dLE h(x) (=1) T ad| ! g(x)

f f
— (—1)5*1Lad;,1ng§*1h( x).

Then, from (5): 0 0 - %

_Jo0 C+k<n 0 o

T 40 frk=ntl .
Since the diagonal entries are nonzero, M has rank n and thus the ke e %
factor
{ g —adsg adj%g T ad?_lg

in (6) must have rank 7 as well. Thus C1 follows.

This also implies A(x) is nonsingular; thus, by the Frobenius Thm,
complete integrability = involutivity.

A(x) is completely integrable since h(x) satisfying (3) exists by as-

sumption; thus, we conclude involutivity (C2). O
Example: X1 = xp+2x7

X = x3+u

X3 = X1—x3

Feedback linearizability was shown on page 1 by inspection: ¥ = x3
gives relative degree = 3. Verify with the theorem above:

Xy +2x3 0
flx) = X3 gx)=1|1
X1 — X3 0 ]
-1 4x; |
[f.8l(x)=1] 0 [f. [f,8l](x) =
0 1

Conditions of the theorem:

0 -1 4X1
1. 1 0 0 full rank

1
2. A = span { involutive
} satisfied by h(x) = x3.

5
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Feedback Linearization Continued

Recall “strict feedback systems" discussed in Lecture 13:
x1 = filx) +g1(x1)x2

X = fo(x1,x2) + §2(x1,x2)x3

X3 = f3(x1, %2, %3) + g3(x1, X2, X3) x4 (1)

Xn = fu(x) + &n(x)u.
Such systems are feedback linearizable when g;(x1,...,x;) # 0 near
the origin, i = 1,2,---,n, because the relative degree is n with the
choice of output y = h(x) = x1:
y" = Lih(x) + g1 (x1)g2(x1, %2) - - gn (x) .
LgL;—lh(x) £0

Feedback linearizability is lost when gi(O) = 0 for some i; however,
backstepping may be applicable as the following example illustrates:

Example 1:
X1 = x%xz
X = u.
Treat x; as virtual control and let a;(x1) = —x; which stabilizes the

x1-subsystem, as verified with Lyapunov function V;(x;) = %x%

Then z; := x5 — w1 (xq) satisfies 2, = u — &7, and
Vi ,

_ _ 2 3
U= — a—}qxl —kpzo = —xixp — x] — ko (x2 + x1)

achieves global asymptotic stability:

1 1 .
V= Ex% + Ezg = V=—x*—kz.

In contrast the system is not feedback linearizable, because condition
(C1) in the theorem for feedback linearizability (Lecture 20, p.4) fails.
To see this note that

X%XZ

fm=[0],ﬁw:m,a¢aw:mww=yfy

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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thus, with n =2 and xy = 0,

[8(x0) adfg(xo) .- ad;_lg(xo)]: l(l) 8],

which is rank deficient.

Multi-Input Multi-Output Systems
Consider now a MIMO system with m inputs and m outputs:
m
io= flx)+ ) gi(x)u; @
i=1
yi = hi(x), i=1,---,m.

Let r; denote the number of times we need to differentiate y; to hit at
least one input. Then,

ygrl) L;lh] (X) Lg1 L;—l_lh] (.X') e Lgm L;l_lhl(X) u
D= : + : : ;
] L] L ) o) [

=: B(x) =: A(x)

If A(x) is nonsingular, then the feedback law
u=A(x)"1(=B(x) +v)

input/output linearizes the system, creating m decoupled chains of
integrators:
y;ri):’vl', 121,,11’[

We say that the system has vector relative degree {ry,- -,y } if the
matrix A(x) defined above is nonsingular.

Example 2: The kinematic model of a unicycle, depicted below, is

X1 COS X3 0
Xo| = |sinxg| u1+ |0f up,
X3 0 1

where u; is the speed and u; is the angular velocity.

U

X3

2
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Let y; = x1 and y» = x5, and note that

y1| _ |cosxz 0] |ug
Y2 ~ |sin x3 0] |up
N————’

=: A(x)

| S

Since A(x) is singular, the system does not have a well-defined vector
relative degree. U

The notion of zero dynamics and the normal form can be extended to
MIMO systems?. If the system has vector relative degree {r1, - , 7},
thenr:=ri+---4+ry <nand

¢ = [m(x) Lghi(x)- "L;1_1h1(x) o (x) Lehy(x) - - - L;’”_lhm(x)]T

defines a partial set of coordinates. As in normal form discussed in
Lecture 19, one can find n — r additional functions z1(x), - - -, zy—r(x)
so that x — (z,{) is a complete coordinate transformation.

Full-state feedback linearization amounts to finding m output func-
tions hy, - - -, hy, such that the system has vector relative degree

{r, -, rm} withry +--- 4+ r, = n. Necessary and sufficient con-
ditions for the existence of such functions, analogous to those in
Lecture 20 for SISO systems, are available3.

Example 3: Consider the following model of a planar vertical take-off
and landing (PVTOL) aircraft4

¥ = —sin(0)us + pcos(0)uy
z = cos(0)uyg + psin(0)uy — 1
b6 = Us,

where y is a constant that accounts for the coupling between the
rolling moment and translational acceleration, and —1 in the second
equation is the gravitational acceleration, normalized to unity by
appropriately scaling the variables.

U

Y
=

*see, e.g., Sastry, Section 9.3

3 see, e.g., Sastry, Proposition 9.16

4 Sastry, Section 10.4.2
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If we take x and z as the two outputs we get

¥ |0 i —sinf pcosf| |ug
-1 cos® usin®| [up

A(0)
where A(0) is invertible when u # 0:
1 _ —sinf cosf
A7) = L%cos() ;siHB] '

Thus the systems has vector relative degree {2,2} when p # 0, and
the input/output linearizing controller is

up| _|—sinf cosf 0 Lo
uy| %COSG %sin() 1 unl )’

The zero dynamics is obtained by substituting u; = % sin 0, needed

to maintain z at a constant value and Z at zero, in the dynamical
equation for 0:

.. 1
6 = —sin6.

The system is nonminimum phase for p > 0, since 6 = 0 is unstable.

Drift-Free Systems

Suppose f(x) = 0 for all x in (2). Such system are called drift-free and
encompass linear systems of the form

x=Bu, xeR" ueR"

Assuming the columns of the n x m matrix B are linearly indepen-
dent, we can find n — m row vectors T;,i =1, - - ,n — m, such that

T.B = 0.

This means that ¢;(x) := T;x satisfies

SOGH) =0 = gx(6) = 4i(x(0) 6

regardless of the control inputs. Since there are n — m such con-
straints, controllability is not possible in drift-free linear systems with
fewer control inputs than the state dimension (m < n).

The Frobenius Theorem (Lecture 20) implies that constraints of the
form (3), called holonomic constraints, also exist for nonlinear drift-free
systems

=Y gi(x)u (4)
i=

4
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when the distribution A = span{gi,---,¢m} is nonsingular and
involutive.

When A is non-involutive, however, controllability may be possible
with m < n — another essentially nonlinear phenomenon.

Indeed, Chow’s Theorem states that (4) is controllable if the involutive

closure5 of A = span{g1,---,gm} has dimension n. This condition 5 the smallest involutive distribution
means that the Lie brackets of g1, - - , gm span new dimensions that that containts A
are not already spanned by these basis vector fields. Drift-free sys-

tems satisfying Chow’s Theorem are called nonholonomic.

Example 4: Recall the unicycle model discussed in Example 2, where

COS X3 0 —sinx3
g1(x) = |sinxs|, g = 10|, and [g1,8](x)= | cosxs
0 1 0

A = span{gy, g2} is non-involutive, as [g1, g2] generates a new di-
rection. Taken together, g1, g2, and [g1, g»] span the entire three-
dimensional space at each point x; therefore, the system is control-
lable by Chow’s Theorem. This conclusion sheds light on how paral-
lel parking is possible despite lack of sideways actuation. O

To present an interpretation of the Lie bracket [¢1, 2], we let &' (xp)
denote the solution of the system ¥ = g;(x) at time ¢ from initial
condition xy. Then it can be shown that

D, 82(@, ¥ (DF2(F (x0)))) = 2[g1,82)(x0) + O(F),

which suggests that motion in the direction of the Lie bracket [g1, $2]
can be generated by alternating actuation of the two inputs u; and u,
with positive and negative signs, as one does in parallel parking.
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Finite Time Convergence

Systems with Lipschitz continuous dynamics converge to equilib-
rium points no faster than exponentially (Homework 10, Problem 1).
Finite-time convergence is thus possible only with non-Lipschitz or
discontinuous dynamics, as illustrated in the following examples.

Example 1: Consider the system ¥ = —x!/3, where the right-
hand side is not Lipschitz. We rearrange the differential equation
as x /3% = %%JCZ/3 = —1 for x # 0, and obtain the solution

2t

x(t)2/3 _ x(O)Z/S o

3
which holds until x(t) reaches 0 at t = 3x(0)%/3.
Example 2: Consider the system ¥ = —sgn(x) where
1 ifx>0
sgn(x):==¢ 0 ifx=0
-1 ifx<0.

The solution is x(t) = x(0) — t when x(0) > 0 and x(t) = x(0) +¢
when x(0) < 0, until x(¢) reaches zero at t = |x(0)| in each case.

The following proposition allows us to conclude finite time conver-
gence from a Lyapunov function.

Proposition: Consider the system X = f(t,x), f(¢,0) = 0 Vt. If there
exists a positive definite, continuously differentiable and radially
unbounded function V : R” — R, and constants ¢ > 0 and « € (0,1)
such that, for all ¢ and x,

V(x):=VV(x)Tf(t,x) < —cV(x)"
then all trajectories converge to the origin in finite time.
The proof follows by defining w(t) := V(x(t)), which satisfies the
differential inequality w(t) < —cw(t)*. Finite time convergence of
w(t) and, thus of x(t), can then be argued by rearranging and solving
the differential equation @ = —cw*, w(0) = w(0), as in Example 1
above, and noting that w(t) < w(t).

As an illustration, in Example 2 above V = %xz yields
V = —xsgn(x) = —|x| = —V2V,

which satisfies the proposition above with ¢ = v/2 and & = 1/2.
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Example 3: Consider the control system
x=u+d(x), xeRucER,
where J(x) is unknown, but an upper bound p(x) is available:
0(x)] < p(x).
To stabilize the origin despite the unknown é(x) we can apply
u = —(p(x) +po)sgn(x),

where py > 0 is a constant. Then V = 112 gives

V. = —(p(x) +po)|x| + x5(x)
< —(p(x) + po)|x] 4 [x][6(x)]|
= —polx| = (p(x) = [0(x)])|x]
< —polx| = —poV2V.

This implies that, in addition to dominating the uncertain term 6(x),
we achieve finite time stability of x = 0.

Sliding Mode Control

Example 3 demonstrated the ability of a discontinuous controller to
dominate uncertain terms. Sliding mode control extends this idea to
higher order systems, as illustrated in the following example.

Example 4: Consider the second order system

X =%
_ (1)
Xp = h(x) + g(x)u

where g(x) > go > 0 Vx. If we can drive the trajectories to the surface
s:=xp+ayx; =0,

where a; > 01is a design parameter, then x; is governed by %, =
—a1x1 on this surface and converges to zero along with x, = —ayx1.
To ensure s(t) — 0 note that

§ = ayxp + h(x) + g(x)u, @
and let p be a function such that

|a1xz + h(x)|

(0) < p(x). €)

2
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Then apply the controller

u = —(p(x) + po)sgn(s), po >0, 4
and note that V = %52 satisfies
Vo= slapx +h(x) — g(x)(p(x) + po)sgn(s)]
|a1x2 + h(x)|[s| — g(x)(p(x) + po)ls|
(larxz + h(x)| — g(x)p(x)) [s| — gopols|-
<0by (3)

Thus, V < —gopols| = —v/28000V"/?, and the proposition on page 1
implies s(t) — 0 in finite time.

An advantage of the controller (4) is that it does not require exact
knowledge of h and g; it relies only on the upper bound (3).

The closed-loop system evolves in two phases. In the reaching phase
the controller forces the trajectories to the surface s = 0 in finite time.
In the sliding phase the trajectories slide on this surface to the origin.

A A

X2
reaching|phase
si;ﬁ;r;g chattering
> o
s>0
s=0 s <0

In practice delays in switching lead to "chattering" around the sliding
surface, as illustrated in the figure above (right).

To mitigate chattering one idea is to divide the control into a continu-
ous part for the nominal dynamical model and a discontinuous part
for the remaining uncertain terms. With this approach the magnitude
of the discontinuity is reduced and, thus, chattering is less severe.

Example 4 revisited: Let /i and § > 0 denote nominal models for h

and g. Define
8(x) := h(x) — h(x).

and rewrite (2) as
§ = ayxp + h(x) +8(x) + g(x)u.
Then we can attempt to cancel the first two, known terms with

h
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where v is left to be designed. Because the cancelation is inexact
when ¢ # g, this results in

§= (1 - gg;) (a1x2 + h(x)) + 6(x) +g(x)v,

=: A(x)

and the task for v is to dominate the combined uncertain term A(x).
This is accomplished with the choice

v=—(r(x)+rp)sgn(s), ro>0, (6)

where r is a function satisfying

|A(x)]
el <r(x). (7)

The finite time convergence of s(t) to zero follows from a Lyapunov
analysis similar to that in Example 4 above.

The advantage of the control (5)-(6) is that the continuous part (5) ac-
counts for the nominal term /1, save for the inexact cancelation when
¢ # g. Thus, the magnitude of r in the discontinuous term (6) can be
significantly smaller than p in (4), leading to reduced chattering.

Example 5: For a specific illustration of the control design (5)-(6),
consider the model

X = X

Xy = 0x3+u,

where 6 is an uncertain parameter in the interval [0.9,1.1]. This
model is of the form (1) with /(x) = 0x2 and g(x) = 1. We let
i(x) = 23, and ¢ = g = 1, since the latter is perfectly known. Thus

8(x) == h(x) —h(x) = (6 — 1)x?

where |0 — 1| < 0.1, and we can take r(x) = 0.1x7 to satisfy (7). The
controller (5)-(6) is then

U= —ajxy —x3 — (0.1x% + ro)sgn(a;x; + x2), a; >0, rg > 0.

Note that the magnitude of the sgn function is diminished relative to
the purely discontinuous controller (4) where p must satisfy (3), e.g.,

p(x) = ar|xp| + 1.1x3.
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Sliding Mode Control Continued

We generalize the sliding mode control examples of the last lecture to
the class of systems

1= fa(n,w)

& = Fo(1,0) + 6(1,) + Gln, )i, )

where w € R?, u € R?, 7 € R""?. The uncertain terms are 4(1, w)
and the p X p matrix G(7, w), assumed to be diagonal with entries

Let ¢(17) be a virtual control law for w that stabilizes the origin of the
n-subsystem, 17 = f,(17, $(17)). To drive the trajectories to the sliding
surface w = ¢(17), we note that s := w — ¢(17) € RP satisfies

¢ = fun, ) = 5 ol 0) + 000, 0) + Gl

and let

w==6"1,0) [fitn. )~ 50 futn,w) | o

where G(7,w) is a nominal model for G(#,w), and v is to be de-
signed. Then,

= (1=G6) | futn.) = 5o, 0)| +000,0) +G (),

= Ay, w)

which means that the ith entry of s satisfies
$i=Ai(n,w) +gi(n,w)v;, i=1,---,p.

We let
vi = —(pi(1,w) +po)sgn(si),  po >0, @)

where p;(17, w) is a function such that

1A, )
sl a) =Pl

! Licensed under a Creative Commons
Attribution-NonCommercial-ShareAlike
4.0 International License.
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Then the Lyapunov function V; = %slz satisfies V; < —v/20080V/?,
which guarantees finite time convergence of s; to 0, as discussed in
Lecture 22.

Thus the trajectories reach the sliding surface w = ¢(7) in finite time
and, if the subsystem 7 = f,(1, ¢(1) + s) is ISS with respect to s, then
# remains bounded during the reaching phase and converges to zero
asymptotically during the sliding phase.

Continuous Approximation of Sliding Mode Control

To avoid the chattering phenomenon discussed in the previous lec-
ture, we can employ the continuous function

x/e when x € [—¢, €]
oe(x) := i
sgn(x) otherwise,

which approximates sgn(-) when & > 0 is a small constant.

If we implement (2) above with o (s;) instead of sgn(s;), the Lya-
punov analysis is unchanged when |s;| > ¢, where the two functions
are identical. Thus, |s;| > e implies V; < —v/2p0g0V'/? < 0, from
which we conclude that s; reaches the interval [—¢, ¢] in finite time
and remains in it thereafter. Likewise, if 7 = fa(1,¢(y7) + s) is ISS
with respect to s, then 77 converges to a residual set around 7 = 0
whose size shrinks as ¢ — 0.

Therefore, the continuous approximation eliminates chattering, but
guarantees convergence to a small set around the origin rather than
to the origin.

Example: For the system

X1 = xix
Xy = Gx%—i-u, 6] <2,
the virtual control ¢(x1) = —x? and the variable s := x; — ¢(x1) =
Xy + x% result in
X1 = —xi’ + x18,

which is ISS with respect to s. To drive s to zero we note that
§=2x3x +0xF +u
and apply the control
u=-2x3x+0,

which guarantees global asymptotic stability of the origin (x1,x3) =
(0,0) with the discontinuous feedback v = —(2x2 + pg)sgn(s).

If we apply the continuous approximation v = —(2x7 + pg)0e(s) we
achieve convergence to a set which shrinks to the origin as ¢ — 0.
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Tracking Control
Consider a model represented in the normal form for input-output
linearization:
z = fO (Z/ C)
o= o
ér—l = 0
& = b(z0)+alzu
y = G

where a(z,{) and b(z, {) are imperfectly known, but

a(z,¢) > g0 >0

with some positive constant gg. In addition we assume the zero dy-
namics subsystem z = fy(z, {) is ISS with respect to (.

This system is of the general form (1) with = [z7,Z1,--+,Z,1]" and
w = (;, and we can design a virtual control

gr = _krflgrfl - klgl (3)

with coefficients k;,, - - - k1 such that

&1 0 T - 0 01
: : 0o - : :
= _ (4)
: E 1 :
Cra1 ki o —keq| |G
= AO

is asymptotically stable.

The dynamics restricted to the sliding surface (3) consist of the sub-
system (4) driving the ISS zero dynamics; therefore the trajectories
converge to the origin. Finite time convergence to the surface is
achieved with the standard design approach discussed on page 1.

When the goal is to ensure that the output {; tracks the desired tra-

jectory y4(t), we define the tracking error variables

er =01 —yalt), e2:= o —ya(t), - er =G — v V()

3
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and rewrite the system equations as

= folze+yalt),... e +yi V(1)
e = e
1 = &

¢ = b(z,0) —]/;r)(t) +a(z,Q)u.
As the sliding surface we select
si=e tkae a1+ thke =0, (5)

where k,_1, - - - k1 are such that the matrix A defined in (4) has all
eigenvalues with negative real parts. Thus, e(t) — 0 on the sliding
surface and z(t) remains bounded by the ISS assumption, and by the
boundedness of y,(t) and its derivatives.

For the reaching phase we note that
§ = é+kp16_1+ - +kiéq
= b(z0) — v () ¥ ke + -+ kier +alz, O,

and select
"> = *a(zl, 5 [E(z, 0=y () + ke 4+ klez} Yo, (6)
This yields
6= (1= 5EH ) 11+ (bla0) ~ b 0 +az 2o
— A%, 1)
where [ -- - ] is the square bracketed term in (6), and A(z, {, t) de-

pends on t due to the derivatives of y;(t) occuring in this expression.

We then choose p(z, {,t) such that

A(z,¢,1)]
a0 <p(z01)
and complete the design (6) with
v=—(p(z,C,t) + po)sgn(s), po > 0. @)

Note that, if we set y,(t) = 0, the tracking controller (6)-(7) reduces to
a stabilizing controller for the origin (z,{) = 0.

Example: Consider the system
X1 = Xxp +sinx;
X =033+ (1+6)u (6] <2, [6,] <05, 8)

Yy =Xx1.
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To design a tracking controller we first bring the system to the nor-
mal form with the new variables {; = x1 and {» = xp + sin xq:

Li=0

: ©)
(o = (xo +sinx;) cos x1 + 017 4 (14 67)u.

Then we define the error variables e; = {1 — y4(t) and e, = o — y,(t),
which are governed by

é1 = €

&y = (xp+sinxg)cosx; —J4(t) +61x5 + (1+62)u,
and select the sliding surface
s:=ey+kieg =0, ki >0.
Thus,

§ = (xp 4 sinxy) cosxy — () + kyeo + 01x3 + (14 6,)u

and the feedback
u = —(xp+sinxy)cosxy+ija(t) —kiep + o
v = —(p(x,t)+po) po>0

results in

§ = 0y (—(x2 +sinxp) cos x1 + iz (t) — kiez) + 61x3 +(1 4 62)0.

=: A(xl, X, t)
Using the bounds |61] < 2, |62] < 0.5 we get

|A(xq,x2,1)| < 0.5](x2 4 sinxy) cos x1 — §4(t) + kyea| 4 2x3
146, - 0.5
= [(x2 + sinx1) cos x1 — §a(t) + kyea| + 4x]

and, substituting e, = {» — y4(t) = x2 + sinx; — y,(t), we select

p(x,t) = [(x2 +sinxy) cosx1 — §4(t) + ki (x2 + sinxg — y4(¢)| + 4x%.

It is important to note that sliding mode control can address only
limited forms of uncertainty. In the example (8) the uncertain terms
appear in the same equation as the control input; that is, they are
“matched" to the input. The first equation in (8) contains no uncer-
tainty, which allowed us to bring the system to the normal form (9).

5
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