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1 Introduction

LDPC codes are (with Turbo Codes) class of codes that approaches the Shannon limit on
capacity.
They were invented by Gallager ([5]) in the early1960′s and were almost ignored for
about two decades before Tanner [10] provided a graphical interpretation of LDPC codes
in 1981. Then started another period of ”ignorance about LDPC” codes. It was only in the
late1990′s that Mc Kay [9], and Wiberg [11], have at the same time ”rediscovered” them
again. Since then , LDPC codes have gained a lot of interest.

LDPC codes are known to provide very good decoding performance. Chunget al. [1] have
given a family of LDPC codes that come within 0.0045 dB of the capacity of the channel.
Belief propagation is the most commonly used decoder for LDPC codes. In this algorithm,
messages are iteratively sent across a factor graph modeling the structure of the code.
Analysis of thismessage passing algorithmconsider the asymptotical case where the
block length of the code approaches infinity. However, the behavior of this algorithm for
the case of finite length code is at present not well understood. Nevertheless, in some
cases, techniques have been provided to analysis the performance of finite length LPDC
codes. In [3], Diet al. analyze the case of the binary Erasure channel (BEC) and show
that the performance of the message passing algorithm is tightly related to the presence of
stopping setsin the factor graph. Wiberg, in [11], developed a finite length analysis based
oncomputation treeandpseudo-codewords.

Recently, a new algorithm, based on the method oflinear programming (LP) relaxation,
for decoding not only LDPC but an arbitrary linear code, was introduced [4]. In this paper,
Wainwirght et al. design a polytope that contains all valid codewords, and an objective
function for which the maximum-likelihood (ML) codeword is the optimum point with
integral coordinates. The ML decoding is equivalent to running a linear program on the
codeword polytope. It has been reported that experiments on LDPC codes shows that the
performance of LP decoding is better than the usual min-sum algorithm.
LP relaxation leads to the notion of pseudo-codeword. This notion was earlier used by
Wiberg in [11]. Koeter and Vontobel [7] showed that the performance of iterative decoding
is largely dominated not by the minimum distance considerations but by the minimum
weight of the pseudo-codeword. In both [4] and [7], it was observed that for the BEC,
pseudo-codewords are essentially stopping sets, therefore the minimal pseudo-codeword
weight is equal to the minimal stopping set size.
Hence, analyzing iterative message passing algorithm for finite length code is equivalent
to analyzing the properties of the pseudo-codewords. One way to completely describe the
properties of the (pseu)-codewords of a given code if to compute its weight enumerator
function (WEF). In this project, we aim to study the properties of pseudo-codewords with
hope to derive results about the WEF.

In this very first step of the project, we will review the basic idea behind LP decoding
and present the pseudo-codeword concept. As our goal is to determine the weight
enumerator function (WEF) of these pseudo-codewords we will present some result
about known WEF and the techniques used to derived them. We will then state a certain
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Figure 1: WEF of random rate 1/2 code, Hamming(7,4) code, and extended Hamming(8,4)
code

number of questions we would like to answer and give some motivation for these questions.

This report is organized as follow. Section 2 gives a brief introduction on linear codes and
their weight enumerator function. In Section 3, we present Gallager’s derivation of the
WEF for a certain family of LDPC codes. The LP decoding algorithm and the notion of
pseudo-codeword are presented in section 4. In section 5 we give some motivation on WEF
of pseudo-codeword and conclude this report by a certain number of questions we would
like to answer.

2 Linear Code and the WEF

Theweight enumerator function (WEF)A(W ) is the number of codewordsc of weightW .
It is a powerful tool to study the structure of error-correcting codes. Note that for linear
code, the WEF is, for any code, the number of codewords at distanceW . To explain how
the WEF can help to understand the structure of a code, let’s consider some simple exam-
ples.
Figure 1 shows the WEF for the random rate1

2
code, the Hamming(7,4) code, and the ex-

tended Hamming(8,4) code. Note that for the random code, we have plotted the normalized
log WEF. Observing the WEF of Hamming (8,4) and (7,4) codes, one can can see that most
of the codewords have weight 3 or 4 (i.e. concentrated around what is called minimum dis-
tance of the code). In particular for the Hamming(8,4) code, besides the all-zero and the
all-one codewords, all codewords have wight 4. This is a feature we can find in all efficient
codes. The ’gap’ in the weight distribution corresponds to the zones where, for most of
the codes, there will not be any codeword (or the average number of codeword vanishes
as the length of the code goes to infinity). The bigger the gap is, the better the code is.
An optimal decoder will select the codeword which is nearest to the received vector. If we
assume that the all-zero codeword was sent (which has been shown to be reasonable if the
code is linear), we clearly see that the amount of acceptable noise will be proportional to
the size of the gap.
In the general case, the errors of any error-correcting code depend on the properties of
the wight enumerator function. Also the WEF determines entirely the probability of an
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undetected for a codeCj via the formula:

Pu(E|Cj) =
n∑

i=1

Aijp
i(1− p)n−i (1)

Theoretically, we can compute the weight enumerator of an(n, k) linear code by examining
its 2k codewords or by examining the2n−k codewords of its dual code and then applying
the MacWilliams identity ([8] pp-92). However this computation becomes practically im-
possible ifn,k, andn − k are large. Other techniques for computing the WEF have been
presented in the literature. Gallager’s method of compute the average WEF of LDPC code
is presented in section 3. The weight distribution of the dual and triple-error correcting
primitive BCH codes have been completely determined by Kasami [6]. This was done by
first computing the WEF of the dual code, and then applying McWilliams identity.
For convolutional codes, the modified state diagram and the Masson’s formula provide a
complete description of the weight enumerator function.

3 Gallager Method ∗

This method was originally presented in [5].

We will derive the average of the weight enumerator functionA(w). We restrict ourself to
the ensemble of LDPC codes defined as follow:

H =




H1

H2
...

HJ




Where H anM ×N parity-check matrix,H1 is an N
K
×N matrix of the form:

H1 =




1111 0000 · · · 0000

0000 1111
. . . 0000

...
.. . . . . 0000

0000 · · · 0000 1111




Where the length of each block of ones or zeros isK. The matricesH2 to HJ are obtained
by random permutation of the columns ofH1. The resulting matrix is anM × N matrix
with K ones per rows andJ ones per column.
Let’s first compute the numberA1(W ) of sequences of lengthW that satisfies any one of
theJ block of N

K
parity-checks. Since each column inA1 has only one1, no two rows (in

any block) have common1 in the same column. Thus theN
K

parity-checks in each block are
mutually exclusive and exhaust all the digits. Consider now the set of sequence of length
K containing an even number of ones and construct an ensembleE1 from these sequences
by assigning the same probability to each. The total number of sequences in this ensemble

∗Source: [2]
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is 2K−1, and the probability of a sequence containingk bits (k even), is

(
K
k

)
21−K . The

moment generating function for the number of (even) ones in a sequence is given by:

g(s) =
∑
ieven

(
K
k

)
21−Kesi (2)

= 2−k
[
(1 + es)k + (1− es)k

]
(3)

To go from 2 to 3, we use the binomial expansion and observe that the odd terms cancel.

Now from an new ensembleE2 of N -length sequence in the following way. For each of the
N
K

parity-check sets, the corresponding bits (in theN -length sequence) are equal to those
of a randomly and independently chosenK-length sequence fromE1. E2 is an ensemble
of equiprobableN -length sequences, each satisfying theN

K
parity checks. The number

of ones in each sequence inE2 is equal to the sum ofN
K

independent random variables
each having moment generating functiong(s) in the equation 3. Consequently the moment
generating function of the number of ones in an element ofE2 is (g(s))

N
K . We will now

use this quantity to derive an upper bound for the probabilityQ(W ) that a sequence hasW
ones. By definition,

(g(s))
N
K =

N∑
W=0

esW Q(W ) (4)

≥ esW Q(W ) (5)

Where equation 5 holds for anys andW .
Thus,

Q(W ) ≤ exp(
N

K
µ(s)− sW ) (6)

Where

µ(s) = ln(2−k
[
(1 + es)k + (1− es)k

]
) (7)

Finally, A1(W ) equalsQ(W ) times the number of sequences inE2. Since there are2(K −
1) sequences inE1, and each element inE2 is composed withN

K
randomly chosen elements

of E1 (with repetition allowed),|E2| = 2
N(K−1)

K . So that:

A1(W ) ≤ exp(
N

K
µ(s)− sW +

N(K − 1)

K
ln(2)) (8)

When we set the derivative of the exponential in equation 8 to zero, we getW = N
K

µ′(s),
and we obtain the following equation:

A1(
N

K
µ′(s)) ≤ exp(

N

K
(µ(s)− sµ′(s) + (K − 1)ln(2))) (9)

Now we can use this result to find the probabilityP (W ) of the set of codes for which
some particular sequence of weightW is a codeword. Since all permutation of a code
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are equally likely, P(W) is independent of the particularW -length sequence chosen. If we
choose aW -length at random, then for any code in the ensemble (of code havingH as
parity check matrix) the probability isA1(w)0@ K

k

1A that the chosen sequence will satisfy any

particular block ofN
K

parity-checks. Since allJ blocks have to be satisfied and the block
are chosen independently (random permutation ofH1),

P (W ) =




A1(w)(
K
k

)




J

(10)

Since we have

(
K
k

)
different codewords of lengthW , we have:

〈A(w)〉 ≤
(

N
wN

)
P (W ) =

(
N

wN

)1−J

(A1(W ))J (11)

Finally we obtained:

1

N
log2(〈A(w)〉) ≈ −(J − 1)H(w) +

J

K(µ(s)− sµ′(s) + (K − 1)ln2)
(12)

Where

w =
µ′(s)
K

(13)

andµ(s) is given in equation 7.

Figure 2 shows plots of the the expected weight enumerator function of different codes.

4 LP decoding of LPDC and Pseudo-codewords

In this section we present the LP decoding algorithm and the notion of pseudo-codewords.
We also present the notion of pseudo-codeword as it was defined in [4] and in [7].
Let’s start by briefly recalling the ML decoding problem and show how it can be solved by
linear programming (LP). This was shown in [4].

4.1 For ML decoding to LP decoding

The basic communication problem is to transmit an information (i.e. a codeword of length
n from an alphabetχ) y through a noisy channel, and the decoding process consists to
”recover” the sent information from a noisy observation of the channel outputŷ. The ML
decoding problem is to find the codewordyml that maximizesPr[y|ŷ] for all y in χ. If we
consider discrete memoryless channel and assume that all codewords are equally likelya
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Figure 2: Expected WEF for different Gallager (LDPC) code at rate 1/2. Here we plot
1
N

log2(〈A(w)〉) against the normalized weightw. Curves: solid (red) K=6, J=3; dots
(green) K=8, J=4; dash-dot K=10, J=5; dashed-dot random

priori , yml can be written as:

yml = arg max
y∈χ

Pr[y|ŷ] (14)

= arg max
y∈χ

Pr[ŷ|y] (15)

= arg max
y∈χ

n∏
i=1

Pr[yi|ŷi] (16)

Where we go from equation 14 to equation 15 by using the equally likelya priori assump-
tion and Bayes’s rule. The memoryless assumption explains the next step.
Now yml is the sequence that minimizes the cost function

∑n
i=1 γiyi

† where

γi = log(
Pr[ŷi|yi = 0]

Pr[ŷi|yi = 1]
) (17)

In other words, our ML problem consists now to minimize a cost function subject to the
constraint that the variable is a codeword in some alphabet. This is ”almost” the definition
of a linear programming. To make it ”exact” all we need is to formulate the constraints
in the way of linear programming. For that let’s define, for a given code, thecodeword
polytopeas theconvexhull of all possible codewords

poly(C) =

{∑
y∈C

λyy : λy ≥ 0,
∑
y∈C

λy = 1

}
(18)

Figure 3 shows the codeword polytope of the parity-check code of length 3.
†Details of this can be found in [4]
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Figure 3: Codeword polytope for the parity-check code of length 3

This polytope is contained within the then-hypercube[0, 1]n, and the vertices correspond
to the codewords inC. A key factor is that any linear program attains its optimum at a
vertex of the polytope. Thus the ML decoding is now ”exactly” equivalent to the problem
of minimizing the cost function

∑n
i=1 γiyi subject to the constraint that the codeword

y = (y1, . . . , yn) ∈ Poly(C).

4.2 LP relaxation and pseudo-codewords

Recall that in the previous section, we have reduced the ML problem into the problem of
solving an LP problem over the codeword polytope. However this does note simplify the
problem. In fact the NP-completeness of the ML problem has just ”changed its hat”. In
the LP decoding described, the number of constraints (y = (y1, . . . , yn) ∈ Poly(C)) is
exponential in the code lengthn. Therefore, one still needs to find an efficient algorithm
for the LP decoding. One possible solution is to define arelaxedpolytope that contains all
the codewords, but has a more manageable representation.
In relaxation strategy proposed in [4] is based on the factor graph of the code and works as
follow. Each check node defines alocal codewhich is the set of binary vectors that satisfy
the check relation (i.e. the bits that correspond to that check must have even weight). The
global code corresponds to the intersection of all local codes. In LP terminology, each
check node define a local codeword polytope and the global relaxation polytope will be the
intersection of all these polytopes.
The relaxed polytopeis again contained within then-hyperplane. However, this polytope
contains not only the codewords in the underlying code (which correspond to those vertex
points in the polytope that have integer values [[4], prop1] calledintegral point), but also
other (non-integer) vertex points. These points introduce sequences that satisfy some check
relations and violate others. Note that a codeword satisfies all check relations in the factor
graph. Since the linear program can attain its optimum at any vertex point, LP decoding
over the ”relaxed polytope” is no longer equivalent to ML decoding. However, if we ignore
non-integral solutions, we obtain an algorithm that will either output the ML solution or
acknowledge an error. This is called the MLcertificate property.

Now let’s go back to our ”relaxed polytope” and present two different definitions of the
concept of pseudo-codewords. The definition in [7] by Koetteret al. was inspired by graph
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covering while the one given in [4] by Wainwrightet al. was inspired by the LP relaxation.

Koetter-Vontobel’s definition

Source [7].

Let a graphG = (V, E) be given with vertex setV = (v0, v1, . . . , vl−1) and edge setE.
A finite m-cover of G is a graphĜ with vertex setV̂ = ∪l−1

i=0V̂i where each set̂Vi =
(vi,0, vi,1, . . . , vi,m−1) contains exactlym copies of the vertexvi. The edge set̂E of Ĝ is
chosen as follow.
For eachvi andvj that are connected in G, connect one copy ofvi to one copy ofvj

• each copy ofvi has the same degree asvi

• the neighborhood of each copy ofvi contains exactly on copy thevj

If G is a Tanner graph for a codeC of length n,Ĝ is a Tanner graph a codêC of length
nm. The codewords in̂C are of two kinds:

• all those codewords obtained by assigning the value of a particular variable node in
G to all its replicates in̂G

• all othermn-length sequences that satisfy the checks relations

For each variable nodevi ∈ G and for each codeword̂c ∈ C, let’s definewi(ĉ) as the
fraction of times a replicate ofvi assumes the value one. We have:

wi(ĉ) =
|l : vi,l = 1|

m
(19)

The vectorw(ĉ)(w0(ĉ), w1(ĉ), . . . , wn(ĉ)) is called a pseudo-codeword ofC.
Note that any codeword ofC is a pseudo-codeword. However there are pseudo-codewords
that are not codeword inG.
Figure 4 illustrates this with a trivial codeC = 000. We see that the 3-cover of the Tanner
graph generates a pseudo-codeword (2/3,2/3,2/3) which is not a codeword inC. A key point
in graph covering is that any locally operating decoding algorithm (e.g max-product) cannot
distinguish if it is operating on a Tanner graph or on any finite cover of this graph. Thus
any locally operating algorithm will automatically take into account all possible codewords
in all possible covers (i.e. all possible pseudo-codewords)

Feldman-Wainwright’s definition

Source [4].

Let’s first give a definition of a codeword motivates the notion of a pseudo-codeword. Let
Ej be the set of non-empty even-sized subsets of the neighborhood of check nodej. Let
h be a vector in(0, 1)n, and letu be a setting of nonnegative integer weights, one weight

9



Figure 4: Graph cover illustration

uj,S for each checkj andS ∈ Ej. We say that(h, u) is a codeword if, for all edges(i, j)
in the factor graphG, hi =

∑
S∈Ej ,i∈S uj,i.

We obtain the definition of a pseudo-codeword by removing the restrictionhi ∈ 0, 1, and
instead allowing eachhi to take on arbitrary nonnegative integer values. In other words, a
pseudo-codeword is a vectorh = (h1, . . . , hn) of nonnegative integers such that, for every
parity checkj ∈ J , the neighborhoodhi : i ∈ N(j) is a sum of local codewords (incidence
vectors of even-sized sets in ). HereN(j) is the set of all neighbors ifj.
With this definition, any codeword is (trivially) a pseudo-codeword. However, there are
pseudo-codewords that do not correspond to codewords in the original code.

5 Conclusion and Future work

The LP solution of the ML problem proposed in [4] has been reviewed. For the iterative
decoding of finite length LDPC code, it was shown [[7] that [4]], the performance of the
decoding scheme is dominated by the presence of pseudo-codewords. Hence, understand-
ing the properties of the pseudo-codewords is crucial for the analysis of the performance
of iterative decoding of LDPC codes. For this project we have set theambitiousgoal to
compute the weight enumerator function of the pseudo-codewords. However, before being
able to compute this WEF, one should answer several questions. We list some of them in
the next sections.

What are the typical properties of a pseudo-codeword?

In answering this question, we are trying to find any non evident structure of the pseudo-
codewords. For example, we are trying to answer the following question: does the pseudo-
codewords set have any group (ring, field) structure, linear space? For what operation? This
can be helpful for the analysis. For example a linear space of pseudo-codewords suggests
that there is a generator matrix.
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Figure 5: Example of code whose pseudo-codewords are generated by a finite cover

Is there any ”optimal” relaxation strategy?

The presence of pseudo-codewords reduces a lot the probability of decoding. A relaxation
method that minimizes the number of pseudo-codewords will definitely provide better de-
coding performance. However, it seems that there is a tradeoff here because the optimal
strategy would not do any relaxation and we are back to the ML decoding problem which
is NP-hard.

Is there an m-cover that generate all possible pseudo-codewords?

It was shown in [7] that if G is a Tanner graph for a codeC of lengthn, anm-coverĜ
is a Tanner graph of a codêC. Thus if all possible codewords are generated by a certain
m-cover, we can base our study in such cover. One example is the Tanner graph given in
figure 5. In this case a we can compute all the possible pseudo-codewords (0,1,1,0; 1,0,1,1;
1,1,0,1; 0,1,1,0; 0,1/2,1/2,1; 1,1/2,1/2,0). There exists a 2-cover of the graph that generate
all possible pseudo-codewords. Does this hold for the general case? This is question is still
open.
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