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Abstract—A class of combinatorial structures, called absorbing
sets, strongly influences the performance of low-density parity-
check (LDPC) decoders at low error rates. Past experiments have
shown that a class of (8,8) absorbing sets determines the error
floor performance of the (2048,1723) Reed-Solomon based LDPC
code (RS-LDPC). A postprocessing approach is formulated to
exploit the structure of the absorbing set by biasing the reliabili-
ties of selected messages in a message-passing decoder. The ap-
proach converges quickly and can be efficiently implemented
with minimal overhead. Hardware emulation of the decoder with
postprocessing shows more than two orders of magnitude im-
provement in the very low bit error rate performance and error-
floor-free operation below a BER of 1072

I. INTRODUCTION

Low-density parity-check (LDPC) codes have been demon-
strated to perform very close to the Shannon limit when de-
coded iteratively [1]. Sometimes, excellent performance is
only observed up until a moderate bit error rate (BER), be-
cause at lower BER the waterfall curve changes slope, leading
to a so-called error floor [2]. Error floors are a major factor in
limiting the deployment of LDPC codes in high-throughput
applications, such as data storage and high-speed data com-
munications.

In previous work [3], [4], we have developed an FPGA-
based emulation system to investigate the causes of error
floors. We showed that a class of combinatorial structures
known as absorbing sets determines the error floor perfor-
mance of LDPC codes and are due to the code construction.
We also explored alternative quantization and decoder imple-
mentations that mitigate the effects of certain low-weight ab-
sorbing sets and lower the error floor [3], [5]. Nonetheless, the
ultimate low error rate performance of an improved decoder is
still dominated by absorbing sets.

This paper presents a general postprocessing approach that
utilizes the graph-theoretic structure of absorbing sets. It care-
fully adjusts the appropriate messages in the iterative decoding
once the decoder enters and remains in the absorbing set of
interest. Compared to related work [6] — [8], we directly tackle
the combinatorial structure of the absorbing set while mini-
mizing the side effects. We are motivated by the work of Han
and Ryan [9], but note that the proposed bi-mode syndrome-
erasure decoding algorithm falls short of resolving the absorb-
ing sets in some codes, where erasure decoding runs into stop-
ping sets (which are defined in [10]) with high probability.
Our proposed postprocessing approach is based on a message-
passing algorithm with selectively biased messages. As a re-
sult, it can be seamlessly integrated with minimal overhead.

Hardware emulation results show significant performance
improvement at low error rates after postprocessing.

In Section II, we provide background on the decoding algo-
rithm, a definition of absorbing sets, and results from Reed-
Solomon based LDPC (RS-LDPC) decoder emulations. We
then analyze a postprocessing approach capable of leaving the
convergent state described by the absorbing set and converg-
ing to the right codeword. The results are presented in Section
III. Section IV concludes the paper and considers directions
for future work.

II. BACKGROUND
A. Decoding Algorithm and Approximation

A low-density parity-check code is defined by a sparse m x
n parity check matrix H where n represents the number of bits
in the code block and m represents the number of parity
checks. The H matrix of an LDPC code can be illustrated
graphically using a factor graph, where each bit is represented
by a variable node and each check is represented by a factor
(check) node. An edge exists between the variable node i and
the check node j if and only if H(j, i) = 1.

Low-density parity-check codes are commonly iteratively
decoded using the sum-product algorithm [1]. The algorithm
operates on a factor graph, where soft messages are exchanged
between variable nodes and check nodes. For suitably de-
signed codes, convergence can usually be achieved within a
small number of iterations. As an example, assume a binary
phase-shift keying (BPSK) modulation and an additive white
Gaussian noise (AWGN) channel. The binary values 0 and 1
are mapped into 1 and —1, respectively. In the first step of the
algorithm, variable nodes x; are initialized with the prior log-
likelihood ratios (LLR) defined in (1) using the channel out-

puts y;:

Lpr(x,-)=10g Pr(xi =0|y1) =iy,-,

Pr(x, =1]y,) o’ M

where ¢” represents the channel noise variance.
Sum-product algorithm

Using a sum-product message-passing algorithm, the varia-
ble nodes send messages to the check nodes along the edges
defined by the factor graph. The LLRs are recomputed based
on the parity constraints at each check node and returned to
the neighboring variable nodes. Each variable node then up-
dates its decision based on the channel output and the extrinsic
information received from all the neighboring check nodes.
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The marginalized posterior information is used as the variable-
to-check message in the next iteration. Variable-to-check and
check-to-variable messages are computed using equations (2),
(3), and (4).
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The messages g; and 7; refer to the variable-to-check and
check-to-variable messages, respectively, that are passed be-
tween the i" variable node and the ;" check node. In
representing the connectivity of the factor graph, Col[i] refers
to the set of all the check nodes adjacent to the i" variable
node and Row][/] refers to the set of all the variable nodes ad-
jacent the /" check node.

The posterior LLR is computed in each iteration using (5)
and (6). A hard decision is made based on the posterior LLR
as in (7).

()= Y L), (5)
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The iterative decoding algorithm is allowed to run until the
hard decisions satisfy all the parity check equations or when
an upper limit on the iteration number is reached, whichever
occurs earlier.

Approximate sum-product algorithm

Equation (3) can be simplified by observing that the magni-
tude of L(r;) is usually dominated by the minimum |L(g;;)|
term. The update (3) can be approximated as

L= min |Lq.)| [Tsenlte,)) @
i'e Row[ j1\i

The magnitude of L(r;) computed using (8) is usually overes-

timated and correction terms are introduced to reduce the ap-

proximation error. The correction can be either in the form of

a normalization factor or an offset shown as £ in (9) [11].

i'eRowl[ j\i

B. Absorbing Sets

Absorbing sets have been introduced in our previous work
[3], [12], [13] to provide a characterization of certain types of
decoding failure. An absorbing set is a particular kind of trap-
ping set [2], with a precise combinatorial definition. Let G =
(V, F, E) be the bipartite graph associated with a parity check
matrix H, such that the set /' corresponds to the columns of H,
the set F' corresponds to the rows of H, and E = {e(i, j) | H(j, i)
= 1}. Such a graph G, is commonly referred to as the Tanner
or factor graph of the parity check matrix H of a code. For a
subset D of V, let E(D) (resp. O(D)) be the set of neighboring
vertices of D in F with even (resp. odd) degree with respect to
D. With this setup we have the following:

Given an integer pair (a,b), an (a,b) absorbing set is a sub-
set D of 'V of size a, with O(D) of size b, and with the property
that each element of D has strictly fewer neighbors in O(D)
than in F\O(D). We say that an (a,b) absorbing set D is an
(a,b) fully absorbing set, if in addition, all variable nodes in
V\D have strictly more neighbors in F\O(D) than in O(D).

A fully absorbing set, as defined above, can be understood
as a special type of near-codeword [14] or trapping set [2], one
which is stable under bit-flipping operations. An example of
an (a,b) fully absorbing set with ¢ = 3 and b = 3 is given in
Fig. 1.

C. RS-LDPC Code and Emulation Results

Reed-Solomon based LDPC (RS-LDPC) codes [15] are
regular, structured LDPC codes, with the girth being at least 6.
The parity check matrix of this code family can be viewed as
consisting of a two-dimensional array of permutation subma-
trices of equal size.

The focus of this paper is the (2048,1723) RS-LDPC code,
which has column degree 6, row degree 32, and each compo-
nent permutation submatrix is of size 64 x 64. This particular
RS-LDPC has been adopted in the IEEE 802.3an 10GBASET
standard [16]. The standard supports 10 Gb/s Ethernet over
100 meters of CAT-6a UTP (unshielded twisted-pair) cable.
The high data rate is severely impaired by insertion loss,
crosstalk, and interferences. The (2048, 1723) RS-LDPC code
is selected specifically to provide sufficient coding gain to
allow for a bit error rate (BER) performance of 10™'* or better
[16].

N(D): neighborhood set

D: absorbing set

E(D): falsely
satisfied checks

S(D): satisfied checks

O(D): unsatisfied
checks

Figure 1. Illustration of a (3,3) fully absorbing set.
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[ 8] satisfied check
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Figure 2. Illustration of a (8,8) absorbing set using the subgraph induced by
the bits of the absorbing set.

We used high-throughput hardware emulation to explore the
low error rate performance of the RS-LDPC code by analyzing
the error traces. In well-designed decoders, we observed that a
class of (8,8) fully absorbing set dominates the error floors.
An illustration of the (8,8) absorbing set is shown in Fig. 2.
Though only a subgraph induced by the variable nodes in the
absorbing set is shown, all the (8,8) sets are indeed fully ab-
sorbing.

Even though this special (8,8) configuration is intrinsic to
the code, and hence implementation-independent, its effect on
BER is highly implementation-dependent. In particular, when
the wordlength is finite, the effect of the absorbing sets can be
exacerbated due to numerical saturation of messages. The ap-
proximate sum-product algorithm has a numerical advantage
over the conventional sum-product algorithm because it elimi-
nates message saturation caused by log-tanh estimations as in
).

The performance comparison of different decoders is shown
in Fig. 3 for a 6-bit Q4.2 (4 bits for integer and 2 bits for frac-
tion) uniform-quantized sum-product decoder, along with a 4-
bit Q4.0 approximate sum-product decoder and one with offset
correction. The results are obtained using 20 decoding itera-
tions. Despite a short 4-bit wordlength, the offset-corrected
approximate sum-product decoder performs the best in the
waterfall region. The error floor emerges at 10 ', which still
renders the implementation unacceptable for the 802.3an stan-
dard. In both the sum-product decoder and the approximate
sum-product decoder, the (8,8) fully absorbing sets dominate
the error floors.

FER/BER
3

uncoded BPSK

[| —e— Q4.2 SPA

—— Q4.0 ASPA

—*— Q4.0 offset ASPA
n n

i i
25 3 3.5 4.5 5 55

4
Eb/No (dB)

Figure 3. BER (solid line) and FER (dotted line) performance of a Q4.2 sum-
product (SPA) decoder, a Q4.0 approximate sum-product (ASPA) decoder,
and an ASPA decoder with offset correction for the (2048,1723) RS-LDPC

code.

III. POSTPROCESSING BY SELECTIVE BIASING

In this section, we describe a postprocessing method, based
on the combinatorial structure of the (8,8) absorbing set, that
dramatically lowers the error floor. The solution we provide is
generally applicable to other absorbing sets, as demonstrated
by resolving the (7,12) and the (11,6) absorbing sets. In the
following discussion, we assume that the all-zeros codeword is
used in transmission. Using the LLR definition in (1) and the
hard decision rule in (7), the prior LLRs are nonnegative if
received correctly, and the posterior LLRs are nonnegative if
decoded correctly.

A. Selective Biasing

In an (8,8) absorbing set shown in Fig. 2, each bit in the ab-
sorbing set is connected to five satisfied checks (these checks
are falsely satisfied because their neighboring bits are not all
correct) and one unsatisfied check. The message from the un-
satisfied check attempts to correct the wrong bit decision, as
opposed to the messages from five falsely satisfied checks that
reinforce the wrong bit decision. In a finite-wordlength decod-
er implementation, messages are easily saturated after several
iterations. Consequently, soft decoding degenerates to a type
of hard-decision decoding, in which the decisions are entirely
based on majority counting, thus exacerbating the effects of
absorbing sets.

An intuitive way in which to escape this absorbing state is
to perform the following type of postprocessing: reduce the
reliability of the messages from falsely satisfied checks, and
increase the reliability of the message from the unsatisfied
check. This selective biasing method alleviates the joint effect
of a large number of incorrect messages.

As an illustration, consider a subgraph of Fig. 1, showing
variable node v7 (v7 € D) connected to falsely satisfied
checks c4 and ¢5 (c4, ¢5 € E(D)), as well as unsatisfied check
c7 (c7 € O(D)). We selectively bias messages r.4,7 and r.s,7 by
reducing their reliabilities and bias the message r.,; by in-
creasing its reliablity, so that r.,; reduces (or overcomes) the
joint effect of 74,7 and 7.s,7, thus reversing the wrong decision
at v7. The messages are labeled in Fig. 4(a) by using “+” and
“~” to indicate an increase in reliability (magnitude) and a
decrease in reliability (magnitude), respectively.

Vi v6
N
\
\
- |- \+ - - \+
Feavi| Tesvr ’c7v}‘\ Teave/ Feove| Feon
\
\
c4 c5 c7@ 3 c6 9
(a) (b)

Figure 4. A subgraph of the (3,3) absorbing set showing the connectivity of
(a) a bit in the absorbing set D and (b) a bit in the set N(D)\D.
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Despite the simplicity of this approach, its exact form is not
implementable because the falsely satisfied checks cannot be
separated from the correctly satisfied checks in a message-
passing decoding process, and the post-processor needs to be
further refined.

B. Relaxed Selectivity

Following the definition in Section II.B, let the neighbor-
hood set N(D) be the set of neighboring variable nodes to the
unsatisfied checks in O(D). Let S(D) be the set of neighboring
satisfied check nodes to the variable nodes in N(D). Then S(D)
is composed of both the set of falsely satisfied checks E(D)
and the set of correctly satisfied checks. The example (3,3)
absorbing set is annotated and shown in Fig. 1.

The set of unsatisfied checks O(D) can be identified in each
iteration of message-passing decoding, but no knowledge of
the absorbing set D can be inferred besides that D is a subset
of N(D). Thus we relax the selectivity and increase the relia-
bilities of all messages from check nodes in O(D) to variable
nodes in V(D) and decrease the reliabilities of all messages
from check nodes in S(D) to variable nodes in N(D). As a re-
sult, in the (3,3) absorbing set illustrated in Fig. 1, each bit in
D receives two weak messages from falsely satisfied checks
and one strong message from the unsatisfied check, easing the
absorbing state as expected. However, the relaxed selectivity
causes each (correct) bit in N(D)\D to receive one strong mes-
sage from the unsatisfied check and two weak messages from
the satisfied checks as shown in Fig. 1 and the subgraph Fig.
4(b). The side effect is undesired, as it can cause the correct
bits to reverse their values.

The biasing of the reliabilities needs to be carefully tuned,
so that the incorrect bits within the absorbing set can be cor-
rected, while the negative side effects are minimized. Two
scenarios are depicted: Fig. 4(a) for a bit in an absorbing set
(v1 € D), and Fig. 4(b) for a bit in the neighborhood set but
outside of the absorbing set (v6 € N(D)\D). The posterior
LLRs of bits v7 and v6 are computed as in (10) and (11). The
“+” and “-” signs indicate strengthened and weakened relia-
bilities. Assume uniform strengthening and weakening, refer-
ring to uniformly increase reliabilities to a fixed level, Ly,
in performing strengthening, and uniformly reduce reliabilities
to a fixed level, L., when performing weakening. Then the
sum of extrinsic messages received at v7 and v6 are equal in
magnitude but opposite in sign, as shown in (10) and (11).

LPS (V7) = L_ (rc4v7) + L_ (r05v7) + L+ (rc7v7) + LP" (V7)

(10)
=(L -2L, )+ L")

strong

L7 (v6) = L (r,3,6) + L (1.56) + L (T9y6) + L™ (v6) (a0
= _(L - 2Lweak) + LP" (V6)

strong

Let Lyyong — 2Lyear = €. Selecting a larger positive offset £
helps recovering the bits in the absorbing set, but also spreads
more errors to the correct bits in the neighborhood set. An
optimal selection of the & value should be preferably small
enough to control the spreading of errors to the correct bits

while still capable of correcting the absorbing set errors. The
selection criteria can be determined based on the prior LLRs.

In the following, we reformulate the above analysis for the
(8,8) absorbing set that dominates the error floor performance
of the (2048,1723) RS-LDPC code. The cardinality of the
neighborhood set N(D) is 256. Each bit in N(D) is connected
to five satisfied checks and one unsatisfied check. We perform
the following decoding steps:

1. Regular message-passing decoding
Run for a fixed number of iterations. If decoding fails
to converge, continue with the next step.

2. Postprocessing
a. Message biasing: apply uniform strengthening to all
messages from check nodes in O(D) to variable nodes
in N(D) and uniform weakening to all messages from
check nodes in S(D) to variable nodes in N(D).

b. Follow up with a small number of iterations of regu-
lar message-passing decoding until postprocessing con-
verges or declare failure.

The offset £ can be redefined as € = Lyong — 5Lyeqr With re-
spect to the (8,8) absorbing set. By using hardware emulation
114 (8,8) absorbing set errors have been recorded together
with the associated prior LLRs at an SNR level of 4.8 dB. The
prior LLR distribution of bits belonging to the absorbing set D
and bits belonging to the set N(D)\D are shown in Fig. 5(a)
and (b).

Normalized Frequency

0
<=87 6 -5 4-3-2-10 12 3 4 5 6 >7
Prior LLR

(2)

Normalized Frequency
3

<=87 6 -5 -4-3-2-1 01 2 3 4 5 6 >7
Prior LLR

(b)

Figure 5. Prior LLR distribution of (a) the bits in the absorbing set D, and (b)
the bits in the set N(D)\D. Results are based on 114 (8,8) absorbing set error
traces of a (2048,1723) RS-LDPC decoder at an SNR level of 4.8 dB.
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Based on Fig. 5(a), the prior LLRs of over half of the bits in
the (8,8) absorbing sets are greater than —1; thus setting £= 1,
for instance, solves at least half of the errors and weakens the
rest. Fig. 5(b) shows that the prior LLRs of the overwhelming
majority of the bits in M(D)\D are very positive. Setting €= 1
causes only 2.2% of the bits in N(D)\D (5 to 6 bits on average)
to reverse their values and the remaining bits in N(D)\D are
stable. Therefore, it is possible to select a small offset value &
to correct at least a reasonable fraction of the incorrect bits in
the absorbing set, and affect negatively only a few correct bits.

After message biasing is applied, we follow up with a few
more iterations of regular message-passing decoding to further
break up the absorbing set and recover the few incorrectly
flipped bits. An absorbing set usually collapses quickly after a
fraction of bits in the absorbing set are corrected and the rest
of the bits are weakened — the reinforcements between the bits
of the absorbing set are significantly reduced and the absorb-
ing set structure is resolved in a domino fashion.

C. Implementation and Results

We implemented the message biasing scheme through post-
processing in a Q4.0 approximate sum-product decoder for the
RS-LDPC code. The waterfall curve is free of error floor
down to the BER level of 107", which is as low as we can ob-
tain using the BEE2 hardware emulation platform [17] with an
average decoding throughput of 260 Mbps for ten days. The
post-processor requires minimal overhead: the 4-bit wor-
dlength is maintained and the approximate sum-product algo-
rithm is unchanged. A small block of logic is added to perform
weakening and strengthening operations on the corresponding
messages after the decoder stalls.

The error count and weight statistics are shown in Table 1.
The average number of bitwise decoding errors per decoding
failure converges to 8 at higher SNR levels, signifying the
effect of (8,8) absorbing sets in determining the error floor
performance. The post-processor is very effective in improv-
ing the error rate performance as seen in Fig. 6. The average
error weight is larger after postprocessing, because the lower
weight (8,8) absorbing sets are resolved and only the higher
weight errors remain. In addition to (8,8) absorbing sets, the
message biasing scheme successfully resolved (7,12) and
(11,6) absorbing sets, which demonstrates the general applica-
bility of the solution. In fact, we observe unresolved errors at
4.8 dB of SNR due to codewords of weights 14 and 16, which
are undetected errors that even the optimal (albeit of high
complexity) maximum likelihood decoding scheme would not
be able to correct.

The average number of iterations for postprocessing is listed
in Table II, showing approximately 3 iterations are required
for the message biasing scheme to finally converge. The extra
iterations for postprocessing can be easily accommodated due
to faster convergence rates at a higher SNR level and infre-
quent invocation of the post-processor.

FER/BER

uncoded BPSK
—6— Q4.0 offset ASPA
—<— w/ post processing

i i
25 3 3.5 4.5 5 55

4
Eb/No (dB)

Figure 6. BER (solid line) and FER (dotted line) performance of a Q4.0 ap-
proximate sum-product decoder after postprocessing.

TABLEI
ERROR COUNTS AND WEIGHTS BEFORE AND AFTER POSTPROCESSING

SNR Number of Average Number of frame Average
(dB) frame errors weight errors after' post- weight
processing
4.6 928 10.75 102 26.31
4.7 1271 8.60 32 26.38
4.8 733 8.02 2 15.00
5.0 196 8.01 0 -
TABLE II

AVERAGE NUMBER OF ITERATIONS FOR POSTPROCESSING

SNR Average number of itera-
(dB) tions for postprocessing
4.6 2.89

4.7 3.01

4.8 2.69

5.0 247

IV. CONCLUSIONS AND FUTURE WORK

Absorbing sets define a class of combinatorial structure that
ultimately determines the error floor performance of some
LDPC codes. The well-defined structure of absorbing sets
allows us to design a post-processor to tackle them using the
message-passing algorithm. The proposed message biasing
scheme boosts the reliabilities of messages from unsatisfied
checks and weakens the reliabilities of messages from the sa-
tisfied checks, so that the bits of the absorbing set can reverse
the wrong values. The offset value £ is set small enough to
minimize the negative impact on correct bits. The results show
that an excellent low error rate decoding performance can be
achieved with postprocessing due to the elimination of the
absorbing set errors. The postprocessing algorithm converges
quickly, usually within 3 or 4 iterations. The efficient imple-
mentation of this scheme allows us to easily pad it on an exist-
ing decoder with no change to the scheduling and only a minor
fix to the decoding algorithm.
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