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Abstract— We develop a prefixing method for correcting any
prescribed number r of repetition errors in an arbitrary binary
block code. The proposed method constructs a prefix for each
codeword such that the resulting strings are all of the same
length and despite any r repetitions in the concatenation of
the prefix and the codeword, the original codeword can be
recovered. Further, the prefix length scales logarithmically with
the blocklength of the original code, so the added redundancy is
asymptotically negligible.

I. I NTRODUCTION

In traditional communication systems the input messagex

is encoded using a substitution error correcting code into a
coded messagec = C(x). The coded messagec is modulated
and then transmitted over a channel, which typically introduces
additive noise. The resulting waveforms(t) seen at the receiver
is then sampled at certain locations determined by the timing
recovery process. This sampled sequence is the input to the
decoder which then produces the estimate ofc (or x). In
analyzing the performance of codes, it is traditionally assumed
that the timing recovery process is sufficiently accurate that
there is one well positioned sample per symbol interval.
Ensuring this is increasingly problematic: as data rates increase
and the power constraints on chip designs become more
stringent, timing recovery becomes increasingly expensive in
terms of power consumption and allocated chip area.

To circumvent this cost, particularly in high speed systems,
it could be worthwhile to implement a poorer timing recovery
scheme, while oversampling the received waveform to attempt
to ensure that no information is lost. As a result, the waveform
s(t) instead of being sampled at the proper instanceskTs +τk

might be sampled at instances roughlyT apart, forT < Ts,
whereTs denotes the symbol interval. In the idealized infinite
SNR limit of a PAM system, this situation can be viewed as if
some symbols are sampled more than once. As a result, instead
of creatingn samples froms(t), where n is the codeword
length,n + r samples are produced, wherer ≥ 0 denotes the
total number of repetitions1. Motivated by this scenario, in this
paper we present a general method for improving the immunity
to r repetition errors of an arbitrary binary block code, while
incurring asymptotically negligible additional redundancy.

In Section II we briefly present a variant of our construction,
first presented in [3], of subsets of binary strings immune

1We think of r as being fixed, but in practice one could think of it as an
overestimate on the number of repetitions.

to repetitions. Section III contains several number-theoretic
results. Based on these results, in Section IV we show how to
transform a given binary block code so each codeword results
in a string of fixed length of the type described in Section II.
This is done by attaching a prefix to each codeword in the
original code. As a result, despite anyr repetitions in the
concatenation of the prefix and the codeword, the original
codeword can be recovered. The length of the prefix scales
logarithmically with the codeword length, so the additional
redundancy is asymptotically negligible. Section V briefly
discusses suitable decoding algorithms for this scheme.

II. REPETITION ERRORCORRECTINGSETS OFBINARY

STRINGS

Let Tn be then × n − 1 binary matrix, satisfying

Tn(i, j) =

{

1, if i = j, j + 1
0, otherwise.

(1)

Given a binary stringc of lengthn let c̃ = cTn. A repetition
in c in positiont corresponds to the insertion of ‘0’ in position
t − 1 in c̃. Both c and its bitwise complement map into the
same string underTn. Suppose one could construct a subset of
binary strings of lengthn−1 immune tor insertions of ‘0’ in
the sense that no two strings in this set give rise to the same
string afterr insertions of ‘0’. Taking the inverse image of
such a set underTn, one gets a collection of strings of lengthn
immune tor repetitions. The following construction of subsets
of binary strings immune tor ‘0’-insertions generalizes one
that was presented in [3], [4].

Fix m ≥ 1, r ≥ 1, and p a prime. For1 ≤ w ≤ m,
a = (a1, . . . , ar) an integer vector, andf = (f1, . . . , fw+1)
an integer vector such thatfi mod p 6= fj mod p for i 6= j,
let the setS̃(m,w,a, f , p) be defined as:

S̃(m,w,a, f , p) = {s = (s1, s2, ...sm) ∈ {0, 1}m :
v0 = 0, vw+1 = m + 1,
vi is the position of theith 1 in s for 1 ≤ i ≤ w,
bi = vi − vi−1 − 1 for 1 ≤ i ≤ w + 1,
∑m

i=1 si = w,
∑w+1

i=1 fibi ≡ a1 mod p,
∑w+1

i=1 (fi)
2bi ≡ a2 mod p,

...
∑w+1

i=1 (fi)
rbi ≡ ar mod p }.

(2)



The stringss in this set all have lengthm and weightw. Here
bi denotes the size of theith “bin” of zeros ins andfi is the
weight assigned to that bin.

The set S̃(m, 0,0,0, p), by convention, contains
just the all-zeros string. Let a0 = 0. Given
p1, . . . , pm, a1, . . . ,am, and f1, . . . , fm, let
S̃ (m, (a1, f1, p1), (a2, f2, p2), ..., (am, fm, pm)) be defined
as

⋃m
k=0 S̃(m, k,ak, fk, pk). We have:

Lemma 1: If eachpk is a prime andpk > max(r, k),
the setS̃ (m, (a1, f1, p1), (a2, f2, p2), ..., (am, fm, pm)) is r-
insertions of zeros correcting.

Proof: It suffices to show that each non-empty set
S̃(m, k,ak, fk, pk) is r-insertions of zeros correcting. The
proof follows verbatim from Lemma 3 in [3] with the sub-
stitutions offi for i. �

As in [4] one can also show that the cardinality of this set
is within a constant of the best known upper bound for such
sets [6].

III. SOME NUMBER THEORETIC CONSTRUCTIONS

Given r ≥ 1 let P be a prime number such that
lcm(2, 3, ..r)|(P −1). Then, in the residue setmod P , there
are P−1

i elements that areith power residues and each hasi
distinct roots, [1]. For convenience, letG = ⌊log2(P )⌋.

For eachi, 1 ≤ i ≤ r, we will construct, forP large
enough, a subsetVi of the ith power residues mod P , of
size that is logarithmic inP , such that all other residues can
be expressed as a sum of a subset of elements ofVi. The set of
the ith roots of the elements of the setVi will be denotedFi

and will be made disjoint across alli. Thus,Fi will also have
size logarithmic inP . The elements ofM =

⋃r
i=1 Fi ∪ {0}

will be reserved for the weightsfi of the bins of zeros of the
prefix part in the transformed version of the concatenation of
the prefix and the codeword, where the transform is that given
by (1). Note thatM also has size that is logarithmic inP ,
and since each bin in the prefix will have at most one zero,
the length of the prefix is also logarithmic inP . The setsVi

will serve to satisfy theith congruency constraint of the type
given in (2) for the transformed domain version of the string
consisting of the concatenation of the prefix and the codeword,
as explained in Section IV. The special weight0 in the setM
will serve to ensure that for each codeword the concatenation
of it with the prefix results in a string of fixed length.

We also prove that ifn is large enoughP can be chosen
in an interval whose end points depend linearly onn, so the
constructed prefix will have length logarithmic inn.

Let [x]P indicate the residue modP congruent tox .
Lemma 2: For an integerP , each residueu modP can be

expressed as a sum of a subset of elements of the setTz,P =
{[z]P , [2z]P , [22z]P , ..., [2Gz]P } whereG = ⌊log2 P ⌋, and z
is an arbitrary non zero residue modP .

Proof: To see this forT1,P , consider the binary expansion
of u. The proof forTz,P follows by multiplying throughout
by z. �

Lemma 3: SupposeP is a prime number such thati|(P −
1). Suppose the equationxi ≡ a mod P has a solution,

1 ≤ a ≤ P − 1. Then the equationxi ≡ a mod P has i
distinct solutions, and we may call themx1 through xi. The
sum

∑i
k=1 xj

k ≡ 0 mod P for 1 ≤ j ≤ i − 1.
Proof: This is a standard fact in number theory [1]. �

For a prime numberP for which i|(P − 1), and2 ≤ i <
P −1, let Qi(P ) be the set of distinctith power residues mod
P . We also state the following convenient result.

Lemma 4: For a primeP such thati|(P − 1) and i ≥ 2,
each residueu mod P can be expressed as a sum of two
distinct elements ofQi(P ) in at leastP/(2i2) −

√
P/2 − 3

ways.
Proof: The result follows from Theorem II in [5] which states
that overGF (P ) the equationxi + yi = a, wherex, y, a ∈
GF (P ) and nonzero, and0 < i < P − 1, has at least

(P−1)2

P − P−1/2
(

1 + (i − 1)P 1/2
)2 (3)

solutions. Rearrange the terms in (3) to conclude that the
equationxi + yi = a has at least

P − (i − 1)2
√

P − 2(i − 1) − 2 + 1
P − 1√

P
(4)

solutions. Noting thati distinct values ofx result in the same
xi, accounting for the symmetry ofx andy, and omitting the
casexi = yi we obtain a lower bound on the number of ways
a residue can be expressed as a sum of two distinctith power
residues to beP/(2i2) −

√
P/2 − 3. �

We now continue with the introduction of some convenient
notation. Forxi,1 anith power residue define the setAi,1(xi,1)
to be

Ai,1(xi,1) = {[2ikxi,1]P |0 ≤ k ≤ ⌊G

i
⌋} . (5)

Let xi,2 andxi,3 be distinctith power residues such thatxi,2+
xi,3 ≡ 2xi,1 mod P . Likewise, for each2lxi,1 for 1 ≤ l ≤
i − 1 let xi,2l andxi,2l+1 be distinctith power residues such
that xi,2l + xi,2l+1 ≡ 2lxi,1 mod P . These residues generate
the setsAi,2l(xi,2l) andAi,2l+1(xi,2l+1) where

Ai,2l(xi,2l) = {[2ikxi,2l]P |0 ≤ k ≤ ⌊G − l

i
⌋} and (6)

Ai,2l+1(xi,2l+1) = {[2ikxi,2l+1]P |0 ≤ k ≤ ⌊G − l

i
⌋}. (7)

By introducing setsAi,j(xi,j) we have effectively decom-
posed all residues of the type[2ik+lxi,1]P , 0 ≤ ik + l ≤ G,
1 ≤ l ≤ i − 1, into a sum of twoith power residues,
namely[2ikxi,2l]P and [2ikxi,2l+1]P . For each setAi,j(xi,j),
1 ≤ j ≤ 2i − 1, we let Bi,j(xi,j) be the set of allith power
roots of elements ofAi,j(xi,j),

Bi,j(xi,j) =
{

[2ky
(t)
i,j ]P |(y(t)

i,j )i ≡ xi,j mod P,

1 ≤ t ≤ i, 0 ≤ k ≤ ⌊G−⌊ j

2
⌋

i ⌋
}

.
(8)

First note that all elements inAi,j(xi,j) areith power residues
by construction. Moreover, they are all distinct since2ij1 6=
2ij2 mod P for 1 ≤ j1, j2 ≤ ⌊G−⌊ j

2
⌋

i ⌋ for j1 6= j2 implies

xi,j2
ij1 6= xi,j2

ij2 mod P . Thus,|Aij(xi,j)| = ⌊G−⌊ j

2
⌋

i ⌋+1



and since theith power roots of distinctith power residues

are themselves distinct,|Bij(xi,j)| = i
(

⌊G−⌊ j

2
⌋

i ⌋ + 1
)

.

Lemma 5: SupposeP is a prime number such thati|(P −
1). Letxi,1 be anith power residue. Supposexi,j for 2 ≤ j ≤
2i−1 are ith power residues such that2kxi,1 ≡ xi,2k+xi,2k+1

mod P for 1 ≤ k ≤ (i − 1). Let Ai,j(xi,j) = {[2ilxi,j ]P |0 ≤
l ≤ ⌊G−⌊ j

2
⌋

i ⌋} for 1 ≤ j ≤ 2i − 1 and G = ⌊log2 P ⌋. If the
setsAi,j(xi,j) are disjoint for 1 ≤ j ≤ 2i − 1, each residue
u modP can be expressed as a sum of a subset of elements
of the setLz,P =

⋃2i−1
j=1 Ai,j(xi,j) wherez denotesxi,1.

Proof: The statement follows from Lemma 2 by observing that,
with z denotingxi,1, the elements[2kz]P in the setTz,P for
which i ∤ k are each decomposed into a sum of two component
elements such that all component elements are distinct from
one another and distinct from[2kz]P for which i|k. �

For i ≥ 2, let Wi(u) denote the number of ways a residueu
mod P can be expressed as a sum of two distinct non zeroith
power residues mod P . A universal lower bound onWi(u)
that holds for all residuesu will be referred to asWi. One
such bound was given in Lemma 4. A condition onW1 is not
needed as there is no need to decompose residues into a sum
of two other residues for thei = 1 level.

Lemma 6: For a given integerr, suppose a prime numberP
satisfieslcm(2, 3, ...r)|(P −1). Let G = ⌊log2 P ⌋. If P −1 >
(G+r)(G+r−1)(r−1)2 andWi > 2i(G+i)(G+i−1), for
eachi in the range2 ≤ i ≤ r, there exist subsetsAij(xi,j) of
the type given in(5), (6) and(7) andBij(xi,j) of the type given
in (8) such that for fixedi subsetsAij(xi,j) for 1 ≤ j ≤ 2i−1
are disjoint, and for1 ≤ i ≤ r, 1 ≤ j ≤ 2i − 1 all subsets
Bij(xi,j) are disjoint.
Proof: We inductively build the setsAij(xi,j) and Bij(xi,j)
for 1 ≤ i ≤ r and1 ≤ j ≤ 2i−1, starting with the leveli = 1.
Let x1,1 be an arbitrary residuemod P , and letA1,1(x1,1) =
{

[2kx1,1]P |0 ≤ k ≤ G
}

. Let z1 = x1,1 andy
(1)
1,1 = x1,1 so that

B1,1(z1) is simply A1,1(x1,1). All elements inB1,1(z1) are
distinct and|B1,1(z1)| = (G + 1).

Suppose the disjoint setsBk,j(xk,j) for 1 ≤ k < i, 1 ≤
j ≤ 2k−1 are already successfully constructed. Considerxi,1

an ith power residue mod P with the property that the set
Bi,1(xi,1) is disjoint from all of Bk,j(xk,j) for 1 ≤ k < i,
1 ≤ j ≤ 2k − 1.

These constraints on disjointness prevent no more than
(G+i

i )(G+k
k ) choices forxi,1 for eachy

(t)
k,j where1 ≤ k ≤

i − 1, 1 ≤ j ≤ 2k − 1, and1 ≤ t ≤ k, since|Bi,1(xi,1)| =

⌊G
i ⌋ + 1 ≤ G+i

i , and |Bk,j(xk,j)| = ⌊G−⌊ j

2
⌋

k ⌋ + 1 ≤ G+k
k .

Summing over all choices it follows that at most
(

G+i
i

)
∑i−1

k=1(2k − 1)k
(

G+k
k

)

≤ (G + i)
(

G+i−1
i

)

(i − 1)2

(9)
ith power residues cannot be chosen forxi,1. Since there are
P−1

i ith power residues, it is sufficient that

P − 1 > (G + i)(G + i − 1)(i − 1)2 (10)

for suchxi,1 to exist. Note that since the expression on the
right hand side of the inequality (10) is an increasing function

of positivei, each subsequent level poses a lower bound onP
that subsumes all previous ones. It is thus sufficient to have
P −1 > (G+r)(G+r−1)(r−1)2, as given in the statement
of the Lemma.

Consider xi,2 and xi,3 as distinct ith power residues
mod P that satisfyxi,2 + xi,3 ≡ 2xi,1 mod P for a pre-
viously chosenxi,1. We require thatxi,2 and xi,3 give rise
to setsBi,2(xi,2) and Bi,3(xi,3) that are disjoint and that
are disjoint from each ofBk,j(xk,j) for 1 ≤ k < i,
1 ≤ j ≤ 2k − 1 and from Bi,1(xi,1). By construction, if
the setsBi,1(xi,1), Bi,2(xi,2), and Bi,3(xi,3) are disjoint,
then so are setsAi,1(xi,1), Ai,2(xi,2), and Ai,3(xi,3). Since
|Bi,2(xi,2)| = |Bi,3(xi,3)| = ⌊G−1

i ⌋ + 1 ≤ G+i−1
i , and

|Bk,j(xk,j)| = ⌊G−⌊ j

2
⌋

k ⌋+ 1 ≤ G+k
k , constraints based on the

previously encounteredy(t)
j,k for 1 ≤ k < i, 1 ≤ j ≤ 2k − 1,

1 ≤ t ≤ k prevent at most(G+i−1
i )(G+j

j ) choices for each

of xi,2 andxi,3, for eachy
(t)
j,k . Combined with the restriction

on the disjointness withBi,1(xi,1) and the requirement that
Bi,2(xi,2) andBi,3(xi,3) be nonintersecting, it follows that

Wi > 2
(

G+i−1
i

)

[

∑i−1
k=1(2k − 1)k(G+k

k ) +
(

G+i
i

)

]

+
(

G+i−1
i

)2

(11)
is sufficient for the pair(xi,2, xi,3) to exist.

Likewise, for xi,2l and xi,2l+1 to be distinct ith power
residues mod P that satisfyxi,2l+xi,2l+1 ≡ 2lxi,1 mod P ,
that give rise to disjoint setsBi,2l(xi,2l) andBi,2l+1(xi,2l+1)
and that are also disjoint from all previously constructed set
Bk,j(xk,j), it suffices that

Wi > 2(G+i−1
i )

[

∑i−1
k=1(2k − 1)k(G+k

k ) + (2l − 1)
(

G+i
i

)

]

+
(

G+i−1
i

)2

(12)
for the pair(xi,2l, xi,2l+1) to exist. Since at each leveli we
constructi−1 pairsxi,2l andxi,2l+1, and since the right hand
side of (12) is an increasing function ofl, it is sufficient to
upper bound the expression in (12) forl = i − 1,

Wi > 2(G+i−1
i )

[

(i − 1)2(G + i) + 2i−3
i (G + i)

]

+
(

G+i−1
i

)2
.

(13)
Some simplification of (13) yields

Wi > 2i(G + i)(G + i − 1) (14)

as a sufficient condition for the disjoint setsBi,j(xi,j) to exist
that are also disjoint from all setsBk,l(xk,l) for k < i. Thus,
with the appropriate lower bounds onP andWi’s, it is possible
to construct disjoint setsBi,j(xi,j). �

When the conditions of Lemma 6 hold, note that all
residues mod P can be expressed as a sum of a subset of
elements ofVi : =

⋃2i−1
j=1 Ai,j(xi,j) by Lemma 5 for each

i, 1 ≤ i ≤ r. Also note that|Vi| scales aslog2(P ), since

|Ai,j(xi,j)| = ⌊G−⌊ j

2
⌋

i ⌋ + 1. For Fi : =
⋃2i−1

j=1 Bij(xi,j), |Fi|
also scales aslog2(P ), since|Bi,j(xi,j)| = i

(

⌊G−⌊ j

2
⌋

i ⌋ + 1
)

.
We now discuss how large primeP needs to be so that the

conditions of Lemma 6 hold. Namely we require

P − 1 > (r − 1)2(G + r)(G + r − 1) (15)



and

Wi > 2i(G + i)(G + i − 1) for 2 ≤ i ≤ r . (16)

Using Lemma 4 it follows that it is sufficient that

P > 4r3(G + r)(G + r − 1) + r2
√

P + 6r2 , for r ≥ 2 (17)

for (16) to hold. Moreover, if (17) holds, it implies (15). For
r = 1, the requirement isP > 1. Since the elements ofM
: =

⋃r
i=1 Fi

⋃{0} are to be reserved for the indices of bins of
zeros of the prefix in the transformed domain we also require
that P − n > |M |, since the total number of bins of zeros to
be used is at mostn (from the original string) +|M | (from
the prefix), and each bin receives a distinct index. SinceFi =
⋃2i−1

j=1 Bi,j(xi,j) and|Bi,j(xi,j)| =i
(

⌊G−⌊ j

2
⌋

i ⌋ + 1
)

, whereby

i
(

G−i
i

)

≤ |Bi,j(xi,j)| ≤ i
(

G+i
i

)

, it follows that

|M | ≤ ∑r
i=1(2i − 1)(G + i) + 1 ≤ r2(G + r) + 1 and

|M | ≥
∑r

i=1(2i − 1)(G − i) + 1 ≥ r2(G − r) + 1 .
(18)

The top inequality in (18) along with the constraintP − n >
|M | yields a sufficient requirement on how largeP needs to
be in terms ofn,

P > n + r2(log2(P ) + r) + 1 . (19)

We thus seek a primeP which satisfies (17) and (19), satisfies
lcm(2, 3, ..., r)|(P − 1) and lies in the interval that linearly
depends onn. This can be done using known estimates on the
prime counting function for arithmetic progressions [7], [8].
The details are suppressed for lack of space. For the details,
see [9].

IV. PREFIXING ALGORITHM

We now show how to injectively transform a given col-
lection C of binary strings of lengthn (i.e. a code) into
another collectionT (C) of binary strings of equal length, such
that the collectionT (C) is guaranteed to be immune to the
prescribed numberr of repetition errors. The procedure takes
an elementc of C and produces a stringtc = [pc c], such
that tc after the transformation (1) (of appropriate length)
into t̃c satisfies the conditions of the form given by (2).
We will choosepc so that in the concatenation[pc c], the
last bit of pc is the complement of the first bit ofc; this
prevents interference between the prefix from the original
codeword when going through the transformation (1). LetP
be a prime number for whichlcm(2, 3, ..., r)|(P − 1), which
lies in an interval that scales linearly withn, and satisfies the
conditions of Lemma 6. Sufficient conditions for the existence
of suchP were discussed in the previous section. Recall that
M =

⋃r
i=1 Fi ∪ {0} denotes the set of indices of bins of

zeros reserved for the prefix, whereFi =
⋃2i−1

j=1 Bi,j(xi,j),
andBi,j(xi,j) are given in (8), and are constructed such that
all sets Bi,j(xi,j) for 1 ≤ i ≤ r, 1 ≤ j ≤ 2i − 1 are
nonintersecting. LetL = |M | and let L + N be the total

number of bins of zeros of̃tc. Let

a′
1 ≡

∑L+N
i=L+1 bifi mod P,

a′
2 ≡ ∑L+N

i=L+1 bif
2
i mod P

...
a′

r ≡
∑L+N

i=L+1 bif
r
i mod P

(20)

where bi is the size of theith bin of zeros int̃s, and fi in
(20) are chosen in the increasing order from the setRP \ M
for RP the set of all residuesmod P . By the choice ofP ,
the setRP \ M is large enough to accommodate suchfi’s.
We may think ofa′

1 througha′
r as the contribution of the

(transformed) original string to the overall congruency value,
since theith bin of zeros iñtc for L + 1 ≤ i ≤ L + N is the
jth bin of zeros iñc (wherec̃ = cTn) for j = i−L, since no
run spans bothpc andc.

We now show that it is always possible to achieve

a1 ≡
∑L+N

i=1 bifi mod P,

a2 ≡ ∑L+N
i=1 bif

2
i mod P,

...
ar ≡ ∑L+N

i=1 bif
r
i mod P,

(21)

for arbitrary but fixed valuesa1 throughar irrespective of the
valuesa′

1 througha′
r, wherebi is either0 or 1 for 1 ≤ i ≤

L−1, and wherefL = 0. By Lemma 2 and lettingpk = P for
all weightsk, this set of congruential constraints is sufficient
to ensure the immunity tor insertions of zeros, and in fact to
recover the original codeword despite anyr insertions of zero
in t̃c.

The encoding procedure is recursive and proceeds as fol-
lows. Let l be thelth level of recursion forl = 1 to l = r.
The lth level ensures that thelth congruency constraint in (21)
is satisfied without altering the previousl − 1 levels. At each
level l, starting withl = 1 and whilel ≤ r:

1) Select a subsetTl of Fl =
⋃2l−1

j=1 Bl,j(xl,j) such that
∑

k∈Tl
kl ≡ al−a′

l−
∑l−1

i=1 di,l mod P , and such that
if an elementy, yl ≡ z mod P of Bl,j(xl,j) is selected,
then so are all otherl − 1 lth roots of z (which are
also elements ofBl,j(xl,j) by construction). Forl = 1,
∑

k∈T1
k ≡ a1 − a′

1 mod P .
2) Let dl,j ≡ ∑

k∈Tl
kj mod P for l + 1 ≤ j ≤ r.

3) For eachi, 1 ≤ i ≤ |Fl|, for which fi ∈ Tl we set
bi = 1, and for eachi, for which fi /∈ Tl we setbi = 0.

4) Proceed to levell + 1.

After the levelr is completed, letbL =
∑r

l=1(|Fl| − |Tl|).
The purpose of this bin with weight zero is to ensure that
the overall stringtc has the same length irrespective of the
structure of the starting stringc.

The existence ofTl, Tl ⊆ Fl in Step 1) follows from
Lemmas in Section III. In particular, recall that each residue
mod P can be expressed as a sum of a subsetLl of
⋃2l−1

j=1 Al,j(xl,j), by Lemma 5. We then letTl consist of alllth
power roots of elements inLl. By construction,Tl is the union
of appropriate subsets of setsBl,j(xl,j), whoselth powers are



precisely the elements ofLl, and these subsets are disjoint by
construction.

Recall that the setsBl,j(xl,j) are constructed such that if an
lth power root of a residuey belongs toBl,j(xl,j) then all l
power roots ofy also belong toBl,j(xl,j). Then, by Lemma 3
the contribution to each congruency sum for levels1 through
l − 1 of the elements ofFl is zero. Hence, once the target
congruency value is reached for a particular level, it will not
be altered by establishing congruencies at subsequent levels.
As a result, each string̃tc satisfies the congruency constraints
given in (2).

As for the actual string that is transmitted, it is the unique
one of the two preimages of̃tc under the transformation of
type (1) which equals the codeword in the lastn bits. The
set of all such strings constructed fromC in this manner is
the setT (C). This set of strings is immune tor repetitions,
and the additional redundancy introduced by the prefix is
asymptotically negligible.

V. DECODING ALGORITHM

In the infinite SNR regime that motivated the repetitions
model the construction allows one to recover the original
codeword despite anyr repetitions, since one can just solve
for the bin locations of the corresponding insertions of zeros
in the transformed domain version of the concatenation of the
prefix and the codeword. In practice, however, a codeword
together with its prefix would be transmitted over a noisy
channel, so the effects of poor timing recovery would be seen
on the corrupted extended string rather than directly on the
extended string. Since the proposed approach will first put
the prefix in place and then put the extended string through
the noisy channel, immunity to repetitions in the transmitted
concatenated string does not a priori guarantee good repetition
immunity for repetitions in the post-noise string. This is to be
contrasted with the situation in the construction for providing
immunity to repetition in array-based codes that we presented
in [3]: there the idea was tothin the original code, so
that the transmitted strings are codewords in the original
code, and we presented a modified message passing algorithm
for decoding the thinned code over a channel allowing for
repetitions that showed good performance. The construction
in [3] intimately exploited algebraic properties specific to the
array-based codes, which are not available for arbitrary binary
block codes.

In the doctoral thesis [2] a modified message passing
algorithm for decoding from the post-noise and post-repetition
version of the transmitted string (the concatenation of the
prefix and the codeword) was proposed for the current con-
struction. This algorithm is also available in [9]. Preliminary
simulation results with that algorithm are not satisfactory. This
is to be expected, since the present construction is not very
robust to noise in the prefix part.

Since the prefix is of negligible length in comparison
with the length of the codeword, one can protect the prefix
from noise and repetitions while still having asymptotically
negligible additional redundancy, so that the prefix can be

viewed as providing side information about the run length
structure of the original codeword at the decoder. We are
currently working on developing message passing algorithms
to recover the original codeword from its post-noise post-
repetition version while using such side information provided
by the prefix and expect to have results to report along these
lines at the time of the conference.

VI. CONCLUSION

We presented a general method for providing immunity to
any fixed number of repetition errors to any binary block code.
This scheme relies on introducing a prefix for each original
binary string such that the resulting strings belong to a set
previously shown to be immune to repetition errors. The prefix
length is only logarithmic in the size of the original code, and
thus produces asymptotically negligible additional redundancy.

Ability to recover the original codeword despite any pattern
of the designed number of repetitions is guaranteed in the high
SNR regime which motivated the repetitions model. In practice
a codeword together with its prefix would be transmitted over
a noisy channel, so the effects of poor timing recovery would
be seen on the corrupted extended string rather than directly
on the extended string. In such a scenario, protecting the prefix
involves asymptotically negligible additional cost and allows
one to treat the prefix as providing side information at the
decoder about the run length structure of the codeword. We
are developing message passing based decoding algorithms to
decode the post-noise post-repetition codewords while exploit-
ing such side information.
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