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Abstract—We develop a prefixing method for correcting any to repetitions. Section Il contains several number-thdor
prescribed number r of repetition errors in an arbitrary binary  results. Based on these results, in Section IV we show how to
block code. The proposed method constructs a prefix for each yansform a given binary block code so each codeword results

codeword such that the resulting strings are all of the same . - . . . .
length and despite anyr repetitions in the concatenation of N & string of fixed length of the type described in Section II.

the prefix and the codeword, the original codeword can be This is done by attaching a prefix to each codeword in the
recovered. Further, the prefix length scales logarithmically with original code. As a result, despite amyrepetitions in the

the blocklength of the original code, so the added redundancy is concatenation of the prefix and the codeword, the original
asymptotically negligible. codeword can be recovered. The length of the prefix scales
I. INTRODUCTION logarithmically with the codeword length, so the additibna

In traditional communication systems the input messa eredundancy is asymptotically negligible. Section V' briefly
: . tion sy P 89€ jiscusses suitable decoding algorithms for this scheme.
is encoded using a substitution error correcting code into a

coded message = C'(x). The coded messageis modulated  Il. REPETITION ERRORCORRECTINGSETS OFBINARY
and then transmitted over a channel, which typically intices STRINGS

gdditive noise. The result.ing wayeforsftt) seen at the recei\./er. Let T, be then x n — 1 binary matrix, satisfying
is then sampled at certain locations determined by the ¢gimin o

recovery process. This sampled sequence is the input to the T, (i,5) = { L, ifi= D0+ 1 1)
decoder which then produces the estimatecofor x). In ’ 0, otherwise.

analyzing the performance of codes, it is traditionallyuassd Gijven a binary string: of lengthn let & = ¢T,. A repetition
that the timing recovery process is sufficiently accura® thin ¢ in positiont corresponds to the insertion of ‘0’ in position
there is one well positioned sample per symbol interval. 1 in & Both c and its bitwise complement map into the
Ensuring this is increasingly problematic: as data rateeise  same string undef,,. Suppose one could construct a subset of
and the power constraints on chip designs become m@jigary strings of lengtn — 1 immune tor insertions of ‘0’ in
stringent, timing recovery becomes increasingly expensiv the sense that no two strings in this set give rise to the same
terms of power consumption and allocated chip area. string afterr insertions of ‘0’. Taking the inverse image of
To circumvent this cost, particularly in high speed systemgych a set undéF,, one gets a collection of strings of length
it could be worthwhile to implement a poorer timing recoverymmune tor repetitions. The following construction of subsets
scheme, while oversampling the received waveform to attemy pinary strings immune te ‘0-insertions generalizes one
to ensure that no information is lost. As a result, the wawefo that was presented in [3], [4].
s(t) instead of being sampled at the proper instark®s+ 7 Fix m > 1, 7 > 1, andp a prime. Forl < w < m,
might be sampled at instances rougfilyapart, for?" < Ts, a = (ay,...,a,) an integer vector, anfl = (f1,..., fut1)

whereT denotes the symbol interval. In the idealized infinitgn integer vector such thdt mod p # f; mod p for i # j,
SNR limit of a PAM system, this situation can be viewed as &t the setS(m,w,a, f,p) be defined as:

some symbols are sampled more than once. As a result, instead
of creatingn samples froms(t), wheren is the codeword — S(m,w,a,f,p) ={s = (s1,52,...5m) € {0,1}" :

length,n + r samples are produced, where> 0 denotes the vo = 0,041 =m + 1, i _
total number of repetitions Motivated by this scenario, in this vi is the position of the™ 1 ins for 1 <i < w,
paper we present a general method for improving the immunity bi = Vi~ Vi-1— lfor1<i<w+1,
to r repetition errors of an arbitrary binary block code, while Dim18i =W,
. . . .. . w+1 _
incurring asymptotically negligible additional redundsn > i—1 fibi = a1 modp,
In Section Il we briefly present a variant of our construction S (f:)%b; = a2 mod p,

first presented in [3], of subsets of binary strings immune

+1 . _
1We think of  as being fixed, but in practice one could think of it as an Zz;ﬂzl (fi)rbi = a, modp }

overestimate on the number of repetitions. (2)



The stringss in this set all have lengthh and weightw. Here 1 < ¢ < P — 1. Then the equation’ = ¢ mod P hasi
b, denotes the size of thith “bin” of zeros ins and f; is the distinct solutions, and we may call them through ;. The

weight assigned to that bin. sum> ;_ 2, =0 mod P for1<j<i-—1.

The set S(m,0,0,0,p), by convention, contains Proof: This is a standard fact in number theory [1]. N
just the all-zeros string. Letag = 0. Given For a prime numbefP for which ¢|(P — 1), and2 < i <
D1y Py ay,...,am, and f1,....fm, let P-—1,letQ;(P) be the set of distincith power residues mod
S’(m, (a1, f1,p1), (a2, f2,p2), ..., (Am, fm,pm)) be defined P. We also state the following convenient result.
asUy, S(m, k, ax, fi, pr). We have: Lemma 4: For a primeP such thati|(P — 1) andi > 2,

Lemma 1: If eachp, is a prime andp, > maxr, k), each residueu mod P can be expressed as a sum of two
the setS (m, (ay,f1,p1), (az,f2,p2), ..., (@m, fm,pm)) is - distinct elements of);(P) in at least P/(2i%) — v/P/2 — 3
insertions of zeros correcting. ways.

_Proof: It suffices to show that each non-empty seProof: The result follows from Theorem Il in [5] which states
S(m, k,ay, fix,pr) is r-insertions of zeros correcting. Thethat overGF(P) the equationz® + y° = a, wherex,y,a €
proof follows verbatim from Lemma 3 in [3] with the sub-GF(P) and nonzero, and < i < P — 1, has at least

stitutions of f; for i. [ ] (P—1)? 5
As in [4] one can also show that the cardinality of this set S - P2 (14 (i - 1)PY?) )
IS ;N'tg'n a constant of the best known upper bound for sugly, sions. Rearrange the terms in (3) to conclude that the
sets [6]. equationz’ + y* = a has at least
I1l. SOME NUMBER THEORETIC CONSTRUCTIONS . ,
P—(z—l)Z\/ﬁ—Q(z—l)—Q—i—%—ﬁ (4)

Given r > 1 let P be a prime number such that _ _ o .
lem(2,3,..7)|(P—1). Then, in the residue setmod P, there solutions. Noting that distinct values of: result in the same

are =1 elements that aréth power residues and each has «°, accounting for the symmetry of andy, and omitting the

distinct roots, [1]. For convenience, lét = [log,(P)]. caser’ = y* we obtain a lower bound on the number of ways
For eachi, 1 < i < r, we will construct, forP large & residue can be expressed as a sum of two distingtower
enough, a subset; of the ith power residues mod P, of residues to beP/(2i?) — vVP/2 — 3. u

size that is logarithmic inP, such that all other residues can We now continue with the introduction of some convenient

be expressed as a sum of a subset of elemerits he set of notation. Forr; ; anith power residue define the séf ; (x;,1)

the ith roots of the elements of the st will be denotedr; to be

and will be made disjoint across dll Thus, F; will also have ik G

size logarithmic inP. The elements of\/ = (J;_, F; U {0} Air(@in) = {[2%2ia]pl0 < k < ij} : ®)

will _be resgrved for the weightg; of. the bins of zeros of t.he Let z;.» andz; 5 be distinctith power residues such thags +

prefix part in the transformed version of the concatenatibn O . ="92,, mod P. Likewise, for eactelz; | for 1 < | <

the prefix and the codeword, where the transform is that givgﬁ 1 Jet x: 2 and; o1, be diétinctz’th powgr residues such

by (1).' Note thatM 9'50 has slze _that is logarithmic iR, thatz; o + ;2141 = 2'w;, 1 mod P. These residues generate

and since each bin in the prefix will have at most one Zer e setsA. (z121) and A; (s ) where

the length of the prefix is also logarithmic iR. The setsV; B2 L2124

will serve to satisfy theth congruency constraint of the type

given in (2) for the transformed domain version of the string

consisting of the concatenation of the prefix and the codéwor ik G-l

as explai?]ed in Section IV. The specigl weighin the setM Aizrrr(Tizi) = {27 waen]pl0 <k < LTJ}' )

wiII_ serve to ensu_re that for. each godewqrd the concatematio By introducing setsd; ;(z; ;) we have effectively decom-

of it with the prefix res_ult; in a string of fixed length. posed all residues of the tyﬁeik-i-lxi e, 0 <ik+1<G,
We also prove that if: is large enough” can be chosen | ;| ~ ; _ 1, into a sum of tv(/oith power residues,

in an interval whose end points depend linearlyrgnso the na;]ew[z_ikxi 2] p and (2% 2, 4 41] p. For each set; ;(x; ),

constructed prefix will have length logarithmic in 1< <2 7’1’ we let Bi.j(@,j) be the set of allth poWer

) G -1
Aj (i) = {[2%2; 2] p0 < k < LTJ} and  (6)

Let [x]p indicate the residue mof congruent tar . roots of elements oft; ;(z; ;)

Lemma 2: For an integeP, each residue: mod P can be R
expressed as a sum of a subset of elements of thE set= Bij(x;;) = {[Qkyl(?]PKyEt;)i =2,; mod P,
{[2]p. [22]p, [2%2] P, ..y [2C 2] p} WhereG = |log, P, and Y (®)
is an arbitrary non zero residue mo#. 1<t<i0<ks|= J} :

Proof: To see this forl; p, consider the binary expansion
of w. The proof forT, p follows by multiplying throughout
by z. n . G—14] . A
Lemma 3: Suppos® is a prime number such that(P — 272 mod P for 1 <, js < |=—=2] for ji # js imphes
1). Suppose the equation’ = a mod P has a solution, z; ;29! # x; ;2172 mod P. Thus,|A;;(z; ;)| = | £ | 41

K3

First note that all elements in; ;(z, ;) areith power residues
by construction. Moreover, they are all distinct siré



and since theth power roots of distincith power residues of positive:, each subsequent level poses a lower bound’on
are themselves distinctB,; (z; )| = i 16=lad) 4 ). that subsumes all previous ones. It is thus sufficient to have

i 2 iven i
Lemma 5: Suppose is a prime number such that(P — £~ 1> (G+r)(G+r—1)(r—1)% as given in the statement
of the Lemma.

1). Letz; ; be anith power residue. Supposg ; for 2 < j < . o .
2i—1 are ith power residues such thaz; | = 2; o427 os1 Consider z; o _and x; 3 as distinctith power residues
! y ’ mod P that satisfyx; » + ;3 = 2x;,; mod P for a pre-

mod P fOf 1<k< (’L — 1). Let A@j(l‘@j) = {[Zill‘i,j]p‘o < K _ . ‘ A . .
i ) ] viously chosenz; ;. We require thatz; » and z; 5 give rise
1< %= for 1< <2i—1andG = [log, PJ. If the ’ = i
= i =)=« _ = Log £ 1T to sets B;»(z;2) and B;3(z;3) that are disjoint and that
sets A4; ;(z; ;) are disjoint forl < j < 2i — 1, each residue ., disjoint from each ofBy,(z,) for 1 < k < 4,
u mod P can be expressed as a sum of a subset of elemepQ j < 2k —1 and from B 1(967 1. By construction. if
2=l ) = J = b S
of the SetLZ’P - Uj:1 Al’] (xl’]) where z denOtesxl’l'. the SetSBi,l(.’L‘i_l), BZ"Q(I'»L"Q), and Bi’g(mi’g) are dlS]Olnt,
Proof: The statement follows from Lemma 2 by observing thafhen SO are setsl. (@i1)s Ajo(wi2), and A; 5(zi5). Since

W|th z-denotlngxi,l, the element$_2 z]p in the setT, p for Bio(zi2)] = |Bis(zis)] = |1 +1 < €H=L and
which 1 k are each decomposed into a sum of two component G-|1] Gtk ) §
elements such that all component elements are distinct frof.i (Zk.j)| = [7=%==] +1 < ==, constraints based on the

one another and distinct frof*z] > for which i|k. m previously encountereg!’) for 1 < k < i1 <j<2k-1,
Fori > 2, let W;(u) denote the number of ways a residue 1 < t < k prevent at mos(%)(%) choices for each
mod P can be expressed as a sum of two distinct non #ro of z, , anda; 3, for eachy’) . Combined with the restriction
power residues mod P. A universal lower bound ofV;(u) on the disjointness wittB; ;(z,,) and the requirement that
that holds for all residues will be referred to adV;. One B, ,(x; ;) and B; 3(x;,3) be nonintersecting, it follows that
such bound was given in Lemma 4. A condition dq; is not _ - _ _ o,
needed as there is no need to decompose residues into a'urr 2 (=) { v (2k — Dk(SEE) + (%)} + (Gt
of two other residues for the= 1 level. (11)
Lemma 6: For a given integet, suppose a prime numbé& is sufficient for the paiz; 2, z; 3) to exist.
satisfiesem (2,3, ...7)|(P —1). LetG = [log, P|. If P—1 > Likewise, for z; 5 and z; 241 to be distinctith power
(G+r)(GH+r—1)(r—1)2 andW; > 2i(G+i)(G+i—1), for residues mod P that satisfyr; o;+x;2141 = 2lx; 1 mod P,
eachi in the range2 < i < r, there exist subsetd;;(x; ;) of that give rise to disjoint setB; » (z; 1) and B; o141 (i 2141)
the type given if5), (6) and (7) and B;;(z; ;) of the type given and that are also disjoint from all previously constructet s
in (8) such that for fixed subsetsd;; (z; ;) for 1 < j < 2i—1 By (zk,;), it suffices that
are disjoint, and forl < ¢ <r, 1 < j < 2¢{—1 all subsets o i .
Bij(xi,]J’) are disjoint. ’ Wi> 2S5 [ b1 (2 = DR(SEE) + (20 - 1) (G;H)]

Proof: We inductively build the setsi;;(z; ;) and B;;(z; ;) + (%)2
for1 <i<randl < j < 2i—1, starting with the level = 1. . o (12)
Letz;, be an arbitrary residuemod P, and letd, ;(z,,) = for the pair(z; 2, zi2+1) to exist. Since at each levelwe

{[kal’l]Pm <k< G}. Letz =z, andyﬁ = 1, SO that cpnstructz’— 1. pairs?r;@gl andxi,21+1, gnd singe the r'ig'ht hand
Brr(o1) is simply Ara (1), Al clements B, (=) are side of (12) is an increasing function &f it is sufficient to

distinct and|By 1 (z1)| = (G + 1). upper bound the expression in (12) foe i — 1,
Suppose the disjoint se8;, ;(zx;) for 1 < k < i, 1 < . - 2(CEH=L) [(i — 1)2(G + 1) + 2=3(G + 1)) + (G+;’—1)2'
j < 2k —1 are already successfully constructed. Considar ! ! (13)

anith power residue mod P with the property that the set ggme simplification of (13) yields

Bi1(zi1) is disjoint from all of By ;(zy ;) for 1 < k < 4, _ _ .

1<j<2%—1. W; > 2i(G+i)(G+i—1) (14)
These constraints on disjointness prevent no more thag a sufficient condition for the disjoint s ;(; ;) to exist

(SH)(ZEE) choices fora;,; for eachy,(cf) wherel < k < that are also disjoint from all se8y, ;(x,;) for k < i. Thus,

i—1,1<j<2k—1,and1 <t <k, since|B;1(z;1)| = with the appropriate lower bounds dhandWV;’s, it is possible
1C] +1 < €, and By j(z)] = [G%%JJ +1 < Gfk  to construct disjoin; .setgi_j(xi,j). [ |
Summing over all choices it follows that at most When the conditions of Lemma 6 hold, note that all

o ‘ residues mod P can be expressed as a sum of a subset of
(F) Shmi 2k = Dk (FF) < (G +14) (“5=2) (i = 1)*  elements ofV; := (J>," 4; ;(x,;) by Lemma 5 for each
(9) 4,1 < i < r. Also note that|V;| scales adog,(P), since
ith power residues cannot be chosen 49 . Since there are A _ 1 G-11] L 21
. L - ’ ij(ig)| === ]+ 1. For Fy :={J;_, Bij(wij), |[Fi
£=1 jth power residues, it is sufficient that i @ig)l = 1557 . Uit GiElJJ) I
also scales abg,(P), since|B; ;(x; ;)| =1 (L%J +1).
P—1>(G+i)(G+i—1)(i—1)° (10)  We now discuss how large prim needs to be so that the
for suchz; ; to exist. Note that since the expression on th%Ondltlcms of Lemma 6 hold. Namely we require

right hand side of the inequality (10) is an increasing fiorct P—1>@—1D%*G+7r)(G+r—1) (15)




and number of bins of zeros dof.. Let

Wi >2i(G+i)(G+i—1) for2<i<r. (16) a/1 = Zf+LN1bf1 modP
1 — 2
Using Lemma 4 it follows that it is sufficient that @y = L 141 bifi mod P (20)
3 2 2 :
P> 4r3(G+7)(G+r—1)+r*VP+6r for r >2 (17) dr = YN bfr mod P

for (16) to hold. Moreover, if (17) holds, it implies (15). Fo where, is the size of theith bin of zeros int,, and f; in
r = 1, the requirement i” > 1. Since the elements ¥/ (20) are chosen in the increasing order from the Rpt\ M
= U=, Fi {0} are to be reserved for the indices of bins ofor R, the set of all residuesmod P. By the choice ofP,
zeros of the prefix in the transformed domain we also requifige setRp \ M is large enough to accommodate sufls.
that P —n > |M|, since the total number of bins of zeros taye may think ofa’; throughd’, as the contribution of the
be used is at most (from the original string) | (from (transformed) original string to the overall congruencjuea
the prefix), and each bin receives a distinct index. SiAce=  since theith bin of zeros int, for L +1 < i < L + N is the
USS! Bij(wiy) and|B; j(x; ;)| =i (LG G-lal) 4 1) whereby jth bin of zeros in¢ (where¢ = cT,,) for j =i — L, since no
i (S71) < |By ()] < i (), it follows that run spans bottpe ande. . .
We now show that it is always possible to achieve

M| <> (20— 1)(G+14)+1<r*(G+r)+1and

_ L+N
% . . ap = ;7 bifi modP,
M| >>0 (2 —1)(G—i)+1>r*(G—r)+1. 0 = ZL+Nbf2 mod P,
(18) 1)
The top inequality in (18) along with the constraiRt— n > 5
|M| yields a sufficient requirement on how largeneeds to 0 = ZL+N bif7 mod P,

be in terms ofn,
for arbitrary but fixed values; througha,. irrespective of the
P>n+r%(logy,(P)+7)+1. (19) valuesda’; throughda’,, whereb; is either0 or 1 for 1 < i <
L—1, and wheref;, = 0. By Lemma 2 and letting, = P for
We thus seek a prim& which satisfies (17) and (19), satisfies|| weightsk;, this set of congruential constraints is sufficient
lem(2,3,...,7)|(P — 1) and lies in the interval that linearly to ensure the immunity to insertions of zeros, and in fact to
depends om. This can be done using known estimates on th@cover the original codeword despite anjnsertions of zero
prime counting function for arithmetic progressions [&].[ in ¢..
The details are suppressed for lack of space. For the detailsthe encoding procedure is recursive and proceeds as fol-
see [9]. lows. Let! be theith level of recursion foi = 1to ! = r.
Thelth level ensures that tHéh congruency constraint in (21)
V. PREFIXING ALGORITHM is satisfied without altering the previods- 1 levels. At each

Wi how how t tively transt IIevell starting with! = 1 and whilel < r:
e now show how to injectively transform a given co i

lection C of binary strings of lengthn (i.e. a code) into 1) Select z? Subséfllof Fll__1 U Buy(wy) such that
another collectiorf’(C) of binary strings of equal length, such ZkeTl K=a—ad -, diy mod P, and such that

that the collectionl'(C) is guaranteed to be immune to the  if anelemeny, y' =z mod P of By ;(x;) is selected,
prescribed number of repetition errors. The procedure takes ~ then so are all othet — 1 ith roots of z (which are
an elementc of C and produces a string. = [pe c], such also elements OBl.,j(xl,j) by construction). Fot = 1,

that t. after the transformation (1) (of appropriate length)  Y_ker, ¥ = a1 —a’t mod P.

into t. satisfies the conditions of the form given by (2). 2) Letdi; =35, k7 mod Pfori+1<j<r.

We will choosep, so that in the concatenatidip. c], the ~ 3) For eachi, 1 < i < |Fj|, for which f; € T; we set
last bit of pe is the complement of the first bit of; this b; = 1, and for each, for which f; ¢ T; we setb; = 0.
prevents interference between the prefix from the original4) Proceed to level + 1.

codeword when going through the transformation (1). Pet  After the levelr is completed, leb, = >",_, (|Fi| — |T3]).

be a prime number for whickem(2, 3, ...,7)|(P — 1), which  The purpose of this bin with weight zero is to ensure that
lies in an interval that scales linearly with and satisfies the the overall stringt. has the same length irrespective of the
conditions of Lemma 6. Sufficient conditions for the existen structure of the starting string

of such P were discussed in the previous section. Recall thatThe existence ofl};,7; C F; in Step 1) follows from
M = {J;_, F; U {0} denotes the set of indices of bins ofLemmas in Section IIl. In particular, recall that each resid
zeros reserved for the prefix, wheré = UQl 'B B; j(z;;), mod P can be expressed as a sum of a subbgtof
and B, ;(x; ;) are given in (8), and are constructed such thgjm " Ay ;(x1;), by Lemma 5. We then léf; consist of allith

all setsB; ;(z;;) for 1 < ¢ < r, 1 < j < 2 —1 are power roots of elements if;. By construction]; is the union
nonintersecting. Letl = |M| and letL + N be the total of appropriate subsets of sei ;(z; ;), whoselth powers are



precisely the elements df;, and these subsets are disjoint byiewed as providing side information about the run length
construction. structure of the original codeword at the decoder. We are
Recall that the setB; ;(z; ;) are constructed such that if ancurrently working on developing message passing algosthm
Ith power root of a residug belongs toB; ;(x; ;) then alll to recover the original codeword from its post-noise post-
power roots ofy also belong taB; ;(z; ;). Then, by Lemma 3 repetition version while using such side information poad
the contribution to each congruency sum for levelhrough by the prefix and expect to have results to report along these
I — 1 of the elements off; is zero. Hence, once the targetines at the time of the conference.
congruency value is reached for a particular level, it wit n
be altered by establishing congruencies at subsequers.leve
As a result, each string. satisfies the congruency constraints We presented a general method for providing immunity to
given in (2). any fixed number of repetition errors to any binary block code
As for the actual string that is transmitted, it is the uniqu&his scheme relies on introducing a prefix for each original
one of the two preimages df. under the transformation of binary string such that the resulting strings belong to a set
type (1) which equals the codeword in the lastits. The previously shown to be immune to repetition errors. The prefi
set of all such strings constructed frafnin this manner is length is only logarithmic in the size of the original codeda
the setT'(C). This set of strings is immune to repetitions, thus produces asymptotically negligible additional rethmcy.
and the additional redundancy introduced by the prefix isAbility to recover the original codeword despite any patter

VI. CONCLUSION

asymptotically negligible. of the designed number of repetitions is guaranteed in thie hi
SNR regime which motivated the repetitions model. In practi
V. DECODING ALGORITHM a codeword together with its prefix would be transmitted over

In the infinite SNR regime that motivated the repetitiond noisy channel, so the effects of poor timing recovery would
model the construction allows one to recover the origin€ seen on the corrupted extended string rather than directl
codeword despite any repetitions, since one can just solveédn the extended string. In such a scenario, protecting tfexpr
for the bin locations of the corresponding insertions ofoser involves asymptotically negligible additional cost antbwats
in the transformed domain version of the concatenation f tRne to treat the prefix as providing side information at the
prefix and the codeword. In practice, however, a codewofi§coder about the run length structure of the codeword. We
together with its prefix would be transmitted over a nois§'e developing message passing based decoding algorithms t
channel, so the effects of poor timing recovery would be seé@code the post-noise post-repetition codewords whiléoéxp
on the corrupted extended string rather than directly on tHtg such side information.
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