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Abstract—Analysis of variable bit-rate video data has shown
that long range dependence persists across a wide variety of
codecs. While codecs are generally lossy, one may conjecture, as
a partial explanation for this fact, that there exist information
sources for which any lossless code results in a bit-rate process
that eventually dominates a long range dependent random
process. We prove this to be true for discrete time long range
dependent renewal processes under a mild technical assumption.

I. INTRODUCTION

In compressing a discrete time, finite valued, stationary,
ergodic process (Xn), viewed as a model for a source of
information, the random variables

ρn := ρn(Xn
−∞) = − logP (Xn|Xn−1

−∞ )

are of central importance. The behavior of (ρn) restricts the
minimum code length of lossless compression algorithms by
the following lemma, [1], which is also proved in [2].

Lemma 1.1 (Barron’s Lemma): Given {c(n), n ≥ 1}, posi-
tive constants with

∑
n 2−c(n) <∞, we have

Ln(Xn
1 ) ≥ − logP (Xn

1 |X0
−∞)−c(n), eventually, a.s. . (1)

Here Ln(Xn
1 ) is the code length for the first n symbols of the

source for some lossless coding algorithm that produces bit
strings. c(n) can be made logarithmic in n.

By the ergodic theorem, the limit of 1
n

∑n
i=1 ρi as n →

∞ exists a.s. and equals η := E[− logP (X1|X0
−∞)], i.e. the

entropy rate of (Xn). This implies the following well known
first order converse source coding theorem for such sources.

Theorem 1.2:

lim inf
n

1

n
Ln(Xn

1 ) ≥ η, a.s. .

Lemma 1.1 is strong enough to permit second order refine-
ments to theorem 1.2 once we know more about the process
(ρn). For example, in [2], it is shown that for certain short
range dependent classes of sources (e.g. finite state Markov
chains), (Ln − nη) satisfies a central limit theorem.

In this paper, we are interested in the case when the
source (Xn) is a stationary, long range dependent renewal
process. Our main result is a second order converse source
coding theorem, stating that the bit length process (Ln)
will eventually dominate a long range dependent process the
growth of whose variance is identical to that of (Xn), so

that, in particular, it has the same Hurst exponent as (Xn).
We prove this here under a mild technical assumption; the
statement is made precise in section II. This result provides
partial theoretical justification to existing empirical work in
the field of variable bit-rate (VBR) video traffic ([3], [4],
[5], [6] to cite a few). A conclusion resulting from this work
is that long range dependence is omnipresent in VBR video
traffic, and persists across a wide variety of codecs. Combined
with these observations, our theorem backs the intuition that
for many information sources long range dependence persists
under compression.

Our main result, theorem 3.1, is proved in section III. Most
of the work is done in proving lemma 3.8, which is itself
a novel limit theorem of purely probabilistic interest. The
implications for source coding, stated in theorem 2.4, follow
directly from Barron’s lemma.

In section IV, we provide a counter example indicating some
of the difficulties in generalizing a theorem of this sort beyond
renewal processes. We conclude by discussing some future
directions.

II. MAIN RESULT

Throughout the paper (Xn) denotes a stationary renewal
process with inter-arrival times having the law of T + 1. We
write fT (k) for P (T = k) and FT (k) for P (T ≤ k). We
will assume that fT (k) > 0, i.e. that the renewal process is
aperiodic. We let

αn := sup
k≥1

sup
A∈Fk

−∞,B∈F
∞
n+k

|P (AB)− P (A)P (B)|

denote the strong mixing coefficients of (Xn). Finally, for the
main result, we will assume that the stationary residual time
distribution of the process has finite entropy. Note that, for
any ε > 0, this is automatic if the (1 + ε) moment of T is
finite, so this is a rather mild assumption. The aperiodicity
assumption is made for convenience. The need for the finite
entropy assumption appears to be an artifact of the structure
of our proof.

Definition 2.1: A real valued, stationary, random process
(Yn) is said to be long range dependent (LRD) if
• EY 2

1 <∞, and
•

lim sup
n

var(
∑n

1 Yi)

n
=∞



Fig. 1. Construction of the Markov chain, with an example sequence showing
the correspondence with Xn

Definition 2.2: The Hurst index H , 1
2 ≤ H ≤ 1, of a real

valued, stationary random process (Yn) is defined by

H := inf

{
h : lim sup

n

var(
∑n

1 Yi)

n2h
<∞

}
The following lemma establishes some equivalent charac-

terizations of long range dependence for aperiodic stationary
renewal processes, viewed as {0, 1}-valued processes.

Lemma 2.3: The following are equivalent:
(i) (Xn) is LRD.

(ii)
∑
αn =∞.

(iii) FT has infinite variance.
Proof: We take the fact that (ii) ⇐⇒ (iii) from [7],

section 6. (i) ⇐⇒ (iii) is proved in [8].
Theorem 2.4: Let (Xn) be an aperiodic, long range depen-

dent, stationary renewal process whose stationary residual time
distribution has finite entropy. Then, there exists a long range
dependent random process (γn) such that

Ln(Xn
1 ) ≥ γn, eventually, a.s.

for all uniquely decodable source codes. Moreover, (γn) has
the same Hurst index as (Xn).

Proof: This immediately follows from Barron’s lemma
once we prove theorem 3.1 below.

III. PROOF OF THE MAIN RESULT

We now state and prove our main result.
Theorem 3.1: The ratio of var(

∑n
1 Xi) to var(

∑n
1 ρi) con-

verges to a nonzero constant as n→∞.
Proof:

For the proof, we construct the following Markov chain
(Mn) from the renewal process (Xn) (fig. 1):
• Mn ∈ {0, 1, 2, 3, . . .}
• {Mn = 0} = {Xn

n−1 = 11}
• For k ∈ {1, 2, . . .}

– {Mn = 2k − 1} =
{Xn = 0 and k zeros since last arrival in Xn}

– {Mn = 2k} =
{Xn = 1 and k zeros since last arrival in Xn}

The following definitions are from [8]:
Definition 3.2: A stationary irreducible Markov chain

(Zn) ∈ {0, 1, 2, 3, . . .} is said to be LRD, if 1(Zn = 0) is
LRD in the above defined sense.

Definition 3.3: The Hurst index of a stationary irreducible
Markov chain (Zn) ∈ {0, 1, 2, 3, . . .} is defined to be the same
as the Hurst index of 1(Zn = 0).

Lemma 3.4: (Mn) is long range dependent if and only if
(Xn) is long range dependent. Moreover, (Mn) has the same
Hurst index as (Xn).

Proof: Note that the events {Xn−1 = 1} and {Mn =
0} ∪ {Mn = 1} are identical. The claim follows from [8],
section 3, prop. 1.

An outline of the rest of the proof is as follows. We first
establish ρn = ρ(Mn) as an instantaneous function of (Mn).
This allows us to write an explicit expression for var(

∑n
1 ρi) in

terms of the transition probability matrix of (Mn), following
[8]. We need to understand the asymptotic behavior of this
expression, which requires an exchange of lim and sum;
this is done in lemma 3.8. Since 1(Xn−1 = 1) is also an
instantaneous function of (Mn), as in the proof of lemma 3.4,
we can similarly write an explicit expression of var(

∑n
1 Xi);

the asymptotics of this expression are easier to characterize,
since the function involved is of finite support. The result
follows from these two asymptotic characterizations.

We now proceed to flesh out this proof sketch.

A. ρn is L2

One can check that ρn = ρ(Mn) where:
• ρ(0) = − log fT (0) ,
• ρ(2k − 1) = − logP (T > k − 1|T ≥ k − 1) ,
• ρ(2k) = − logP (T = k|T ≥ k) .
Lemma 3.5: ρn is an L2 functional of Mn.

Proof: Let πi be the stationary distribution of (Mn). Note
that πi > 0 =⇒ ρi <∞. We need to prove that∑

ρ(i)2πi <∞ .

Note that π2k+1 = π2k−1P (T > k|T ≥ k), and π2k =
π2k−1P (T = k|T ≥ k) for k = 1, 2, . . .. This gives∑

ρ(i)2πi = π0ρ(0)2 + π1ρ(1)2

+

∞∑
k=1

π2k−1P (T = k|T ≥ k) log2 P (T = k|T ≥ k)

+

∞∑
k=1

π2k−1P (T > k|T ≥ k) log2 P (T > k|T ≥ k) ,

π0ρ(0)2 = (

∞∑
k=1

π2k)fT (0) log2 fT (0) ,

π1ρ(1)2 = (

∞∑
k=1

π2k)(1− fT (0)) log2(1− fT (0)) .

Since the p log2 p terms are bounded above by 1,
∑
ρ2iπi ≤ 4.



For future reference, also note the following,
Lemma 3.6:

∞∑
j=2k−1

ρ(j)πj ≤
∞∑
l=k

π1P (T > l)

Proof:
∞∑

j=2k−1

ρ(j)πj =

−
∞∑
l=k

π2l−1P (T = l|T ≥ l) logP (T = l|T ≥ l)

−
∞∑
l=k

π2l−1P (T > l|T ≥ l) logP (T > l|T ≥ l)

≤
∞∑
l=k

π2l−1 =
π1

P (T ≥ 1)

∞∑
l=k

P (T ≥ l)

since −p log p ≤ 1
2 .

B. Variance of the partial sums

Following [9] for the (standard) notation, for the Markov
chain (Mn), let p(n)ij , n ≥ 0, denote the probability of going
from state i to j in exactly n steps, where p(0)ij := δij , and
f
(n)
ij , n ≥ 1, the probability of going from state i to j for

the first time in exactly n steps. Subscripts to the left of
a probability indicate taboo states, e.g. 1p

(n)
ij , n ≥ 1, is the

probability of going from i to j in n steps without visiting
1 at times 1 through n − 1. mij is the mean time of getting
from i to j. We also use the following notation from [8]:

Q
(n)
ij :=

n∑
r=1

(p
(r)
ij − πj) , n ≥ 1 .

R
(n)
ij :=

n∑
r=1

Q
(r)
ij , n ≥ 1 .

From [8] and because (Xn) is aperiodic and LRD, one can
conclude that the following holds for (Mn).

lim
n→∞

Q
(n)
ij =∞ (2)

lim
n→∞

R
(n)
ij

n
=∞ (3)

lim
n→∞

R
(n)
ij /πj

R
(n)
11 /π1

= 1 (4)

(4) is eq. 8 in [8]. (2) follows from eqs. 8 and 5, [8]. (3) is
implied by (2).

Lemma 3.7: (Carpio & Daley [8], 3.13) For any L2 instan-
taneous function ψn := ψ(Mn), the following holds,

var(ψ0 + . . .+ ψn)− (n+ 1)var(ψ0)

2R
(n)
kk /πk

=

∑
i

∑
j

ψ(i)ψ(j)πiπj
R

(n)
ij /πj

R
(n)
kk /πk

(5)

For our purposes, we set k = 1, and we want to consider both
the instantaneous functions ρn and 1(Mn ∈ {0, 1}). Using (4)
for fixed i and j, when ψ has finite support, as in the latter
case, we can conclude, as in [8], that the limit of the left hand
side of equation (5) is

∑
i

∑
j ψ(i)ψ(j)πiπj . For the former

case we would like to show:
Lemma 3.8:

lim
n→∞

var(ρ0 + . . .+ ρn)

2R
(n)
11 /π1

=
∑
i

∑
j

ρ(i)ρ(j)πiπj

Proof: Unfortunately, the convergence in (4) is far from
uniform in i and j. Thus, there is a difficulty in exchanging the

limit in n with the infinite sum. For this we bound
R

(n)
ij
/πj

R
(n)
11 /π1

from above and below and use the dominated convergence
theorem. Before getting into the details, note that the proof of
lemma 3.8 will complete the proof of theorem 3.1, as discussed
in the earlier proof sketch.

1) Upper bound: We will deal with even and odd states
differently. Also, the states 0 and 1 are special, and need to
be treated separately. We cover all these cases below. The
cases {i = 0, j = 0}, {i = 0, j = 1}, {i = 1, j = 0} and

{i = 1, j = 1} need not be considered, since we know
R

(n)
ij
/πj

R
(n)
11 /π1

is bounded in n for fixed i and j by (4).
• {Case i > 1, j = 1}: For this case, we sim-

ply have
∑n
r=1 p

(r)
i1 =

∑n
r=1

∑r
m=1 f

(m)
i1 p

(r−m)
11 =∑n

m=1 f
(m)
i1

∑n
r=m p

(r−m)
11 =

∑n
m=1 f

(m)
i1

∑n−m
r=0 p

(r)
11 ≤∑n

r=1 p
(r)
11 + 1.

• {Case i > 1, j = 0}: Note that for any state i, p(r)i0 =
fT (0)

1−fT (0)p
(r)
i1 = π0

π1
p
(r)
i1 . Therefore we get

∑n
r=1 p

(r)
i0 =

π0

π1

∑n
r=1 p

(r)
i1 ≤

π0

π1

∑n
r=1 p

(r)
11 + π0

π1
.

For the rest, we write,
n∑
r=1

p
(r)
ij =

n∑
r=1

1p
(r)
ij +

n∑
r=1

r∑
m=1

f
(m)
i1

r−m∑
l=1

p
(r−m−l)
11 1f

(l)
1j .

(6)
• {Case i = 0, j > 1}: Since it is impossible to go to
j from 0 without going through 1,

∑n
r=1 1p

(r)
0j = 0.

Also, there is only a single path to go from state 1

to state j (say in l′ steps), and 1f
(l′)
1j =

πj

π1
. Now (6)

becomes
∑n
r=1 p

(r)
0j =

πj

π1

∑n
r=1

∑r−l′
m=1 f

(m)
01 p

(r−m−l′)
11

=
πj

π1

∑n−l′
m=1 f

(m)
01

∑n
r=m+l′ p

(r−m−l′)
11 =

πj

π1

∑n−l′
m=1 f

(m)
01

∑n−m−l′
r=0 p

(r)
11 ≤

πj

π1

∑n
r=1 p

(r)
11 +

πj

π1
.

• {Case i = 2k − 1, j > 1} (k = 1, 2, . . .):
Going to j from i without passing 1 is only
possible if j > i, with probability πj

πi
. Therefore

we have
∑n
r=1 1p

(r)
ij =

πj

πi
1(j > i) for

all sufficiently large n. Also, following the
first case,

∑r
m=1 f

(m)
i1

∑r−m
l=1 p

(r−m−l)
11 1f

(l)
1j =

πj

π1

∑r−l′
m=1 f

(m)
i1 p

(r−m−l′)
11 . The bound be-

comes
∑n
r=1 p

(r)
ij ≤ πj

πi
1(j > i) +

πj

π1

∑n
r=1

∑r−l′
m=1 f

(m)
i1 p

(r−m−l′)
11 ≤ πj

πi
1(j >

i) +
πj

π1

∑n
r=1 p

(r)
11 +

πj

π1
.



• {Case i = 2k, j > 1} (k = 1, 2, . . .): Here
∑n
r=1 1p

(r)
ij =

0. Everything else is identical to the last case, so∑n
r=1 p

(r)
ij ≤

πj

π1

∑n
r=1 p

(r)
11 +

πj

π1
.

To summarize, for (i, j) 6= (0, 0), (0, 1), (1, 0), (1, 1),

n∑
r=1

p
(r)
ij ≤

πj
πi

1(j > i, i odd) +
πj
π1

+
πj
π1

n∑
r=1

p
(r)
11 . (7)

Subtracting nπj from both sides and dividing by
πj

π1

∑
(p

(r)
11 − π1) (using (2) take n large enough s.t. this term

is positive),∑n
r=1(p

(r)
ij − πj)/πj∑n

r=1(p
(r)
11 − π1)/π1

≤
π1

πi
1(j > i, i odd) + 1∑n
r=1(p

(r)
11 − π1)

+ 1 . (8)

Note that we derived a bound for
Q

(n)
ij
/πj

Q
(n)
11 /π1

. However, since
the denominator is positive for sufficiently large n, the same

bound holds for
R

(n)
ij
/πj

R
(n)
11 /π1

.

We substitute this bound into lemma 3.7, to verify that it
yields a finite sum ( assume n large enough s.t. Q(n)

11 > 1).
Here C denotes a sufficiently large constant, which can change
from line to line.∑

i

∑
j

ρ(i)ρ(j)πiπj
R

(n)
ij /πj

R
(n)
11 /π1

≤ (9)

∑
i

∑
j

ρ(i)ρ(j)πiπj(
π1

πi
1(j > i, i odd) + 1∑n
r=1(p

(r)
11 − π1)

+ 1) + C

(10)

=

∞∑
k=1

∞∑
j=2k−1

ρ(2k − 1)ρ(j)πj
π1∑n

r=1(p
(r)
11 − π1)

(11)

+
∑
i

∑
j

ρ(i)ρ(j)πiπj(1 +
1∑

(p
(r)
11 − π1)

) + C (12)

= C

∞∑
k=1

ρ(2k − 1)

∞∑
j=2k−1

ρ(j)πj + C , (13)

≤ C
∞∑
k=1

ρ(2k − 1)

∞∑
l=k

P (T ≥ l) + C (14)

= C

∞∑
l=0

P (T > l)

l∑
k=1

ρ(2k − 1) + C (15)

= C

∞∑
l=0

−P (T > l) logP (T > l) + C , (16)

and the right hand side is finite by the assumption of finite
entropy for the stationary residual time. The step from (13) to
(14) used lemma (3.6).

2) Lower bound: The upper bound implies a uniform
integrability condition,

∑
{i>M}∪{j>M}

πiπjρ(i)ρ(j)

[
R

(n)
ij /πj

R
(n)
11 /π1

]
+

→ 0, as M →∞

uniformly in n. Define ρM (i) = ρ(i)1(i ≤ M) and ρM (i) =

ρ(i)− ρM (i). From lemma 3.7 we have

var(
∑n
t=0 ρt)− (n+ 1)var(ρ0)

2R
(n)
11 /π1

−
var(

∑n
t=0 ρ̄

M
t )− (n+ 1)var(ρ̄M0 )

2R
(n)
11 /π1

=
∑
i,j

ρ(i)ρ(j)πiπj
R

(n)
ij /πj

R
(n)
11 /π1

−
∑
i,j≤M

ρ(i)ρ(j)πiπj
R

(n)
ij /πj

R
(n)
11 /π1

=
∑

{i>M}∪{j>M}

πiπjρ(i)ρ(j)
R

(n)
ij /πj

R
(n)
11 /π1

(17)

Briefly adopt the shorthand notation:

φn :=
(ρ0 + . . .+ ρn)− (n+ 1)Eρ0√

2R
(n)
11 /π1

φ
M

n :=
(ρ̄M0 + . . .+ ρ̄Mn )− (n+ 1)EρM0√

2R
(n)
11 /π1

φM
n

:= φn − φ
M

n

In this notation (17) gives∣∣∣∣∣∣
∑

{i>M}∪{j>M}

πiπjρ(i)ρ(j)
R

(n)
ij /πj

R
(n)
11 /π1

∣∣∣∣∣∣ < |var(φn)−var(φ
M

n )|

(18)

+
π1(n+ 1)

2Rn11
|var(ρ0)− var(ρ̄M0 )|

Then by the Cauchy-Schwartz inequality,

(var(φn)− var(φ
M

n ))2 = (E(φn − φ
M

n )(φn + φ
M

n ))2 (19)

≤ var(φM
n

)var(φn + φ
M

n ).

We know by the upper bound that var(φn + φ
M

n ) is bounded
above by a constant. Also, since n

Rn
11

is bounded and we have

var(φM
n

) =
(n+ 1)var(ρM

0
)

2R
(n)
11 /π1

+
∑
i,j>M

πiπjρ(i)ρ(j)
R

(n)
ij /πj

R
(n)
11 /π1

we have var(φM
n

) → 0 as M → ∞ uniformly in n, again
by the upper bound.

We have, by definition

∑
{i>M}∪{j>M}

πiπjρ(i)ρ(j)

[
R

(n)
ij /πj

R
(n)
11 /π1

]
+

−
∑

{i>M}∪{j>M}

πiπjρ(i)ρ(j)

[
R

(n)
ij /πj

R
(n)
11 /π1

]
−

=

∑
{i>M}∪{j>M}

πiπjρ(i)ρ(j)
R

(n)
ij /πj

R
(n)
11 /π1

.



Thus,

∑
{i>M}∪{j>M}

πiπjρ(i)ρ(j)

[
R

(n)
ij /πj

R
(n)
11 /π1

]
−

<
∑

{i>M}∪{j>M}

πiπjρ(i)ρ(j)

[
R

(n)
ij /πj

R
(n)
11 /π1

]
+

+C1

√
var(φM

n
) + C2|var(ρ0)− var(ρ̄M0 )| .

All three terms on the right hand side go to zero as M →∞,
uniformly in n.

This concludes the proof of theorem 3.1.

IV. GENERALIZATIONS: A COUNTER-EXAMPLE

Fix 1 < p < 2. One might hope for a general result like:
Conjecture 4.1: Let (Xn) be a finite real valued, aperiodic,

stationary, ergodic process with mixing coefficients αn. Then∑
np−2αn =∞ =⇒ (ρn) is LRD with H ≥ 1

2
(3− p)

The conjectured relation between H and p is motivated by
theorem 6.1 of [7], theorem 1 of [10] and our theorem 3.1
above. The following counterexample kills this conjecture.

Let Xn ∈ {A1, A2, B1, B2}. Define events at each n,

enab = {A transition occurs between {A1, A2}, {B1, B2} at n}

en12 = {A transition occurs between {A1, B1}, {A2, B2} at n}

Fix 1 < p < 2 and construct (Xn) such that Rn =
1(Xn ∈ {A1, A2}) defines a LRD renewal process with
Hurst exponent strictly bigger 1

2 (3 − p). This defines the
events enab. Theorem 6.1 of [7], theorem 1 of [10] imply
that the mixing coefficients of (Rn) satisfy the hypothesis
of the conjecture, hence the mixing coefficients of (Xn)
(which is to be constructed) must also satisfy this hypothe-
sis, by inheritance of strong mixing, see e.g. [11]. We will
define en12 to be independent of enab given Xn−1

−∞ . Moreover,
set P (en12|Xn−1

−∞ ) = h−1(1 − E[− logP (enab|X
n−1
−∞ )|Xn−1

−∞ ]).
Here h−1(η) is the inverse of h(p) = −p log p−(1−p) log(1−
p) on p ∈ [0, 0.5]. Then E[− logP (enab|X

n−1
−∞ )|Xn−1

−∞ ] +
E[− logP (en12|Xn−1

−∞ )|Xn−1
−∞ ] = 1. Thus, we have forced

(ρn − 1) to be a martingale difference sequence. Therefore
the conclusion of the conjecture cannot hold.

In this example, we have constructed (Xn) from two LRD
processes, coupled in such a way that their effect on the
entropy rate balance each other. Clearly, this is a contrived
example. For many useful models such a construction ought
not to be possible. For example, we expect our theorem to ex-
tend to semi-Markov and generalized semi-Markov processes.

V. CONCLUSION

We have shown for the class of long range dependent
renewal sources, under a mild technical assumption, that the
bit-rate process of every source code must dominate a long
range dependent random process.

Our proof can be thought of as a counterpart to the
numerous results in the probability literature which show
that a random process derived from a short range dependent
process must itself exhibit short range dependence. Therefore,
it would be of considerable interest to generalize our results
further to complement those already existing. To this end, we
have argued that an analogous result in full generality might
not exist, but extensions to many other important classes of
stochastic models should be possible.

Clearly, our result would not extend to codes with distortion
without qualification. An interesting problem would be to
analyze the LRD bit-rate vs. LRD distortion trade-off in this
setting, in some suitably defined sense, i.e. to quantify “how
much” of the long range dependence must persist under lossy
coding, as a function of the target distortion.
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