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Abstract—We define a class of problems in the theory of function of the AWGN channel. In section Il we recall the cor-
Euclidean point processes, motivated by the study of the error responding facts for the AWGN channel without restrictions,

exponent (reliability function) for additive noise channels. For the and the connections between this channel and the usual AWGN
case of Gaussian noise this gives an interesting perspective on the

Poltyrev exponent. It also suggests an approach to attack the long channel. Our stationary point process viewpoint is developed

standing gap between the best known lower and upper bounds on in the case of additive Gaussian noise in sections V and VI,
the reliability function of the traditional AWGN channel, using more general additive noise is discussed in section VIl. Some
techniques from point process theory. thoughts regarding how one might develop this viewpoint are
in section VIII.

B, (z,r) will denote the ball with center and radius- in

In this paper we define a class of problems in the theory atdimensional Euclidean spad®®, with its volume denoted
Euclidean point processes, motivated by the study of the erggr v/, () = % S™~1(r) will denote the sphere of radius
exponent (reliability function) for additive noise channels. in R™ centered at the origind,,_, will denote the area of
We are given a sequence of stationary ergodic marked pogit-1(1): 4, | = nV, (1) = rm;n/i . Cubey(a) will denote
processes in Euclidean spad®’, one for each dimension o cube of side length ce (5+1)
n > 1. The mark of a point is a pair comprised of &#-
valued vector and a measurable subsek®of For eachn > 1,
the subsets associated to the various points of the process form Il. THE AWGN CHANNEL

a decomposition ofR™. The canonical example to keep inA. AWGN channel model

mind is when the vectors associated to the individual points of\ya recall the AWGN channel model in a rather abstract way.
the process are independent and identically distributed (i.i-gg; the relation to the underlying physically relevant waveform
mean zero Gaussian random vectors each with i.i.d. coordiannel model, see the text of Gallager [6]. Consider commu-
nates and independent of the points, and the set associateg{Qion over the AWGN channel with noise varianee per

a point is its Voronoi cell in the realization of the process. degree of freedom using codewords of block lengtsubject
Each point of the process is thought of as being perturbggli,e power constrainp.

by its associated vector. We propose to study the asymptotic§ye write A2 for the signal-to-noise ratia?/o2. A codeis a
in dimension of theerror probability, i.e. the Palm stationary finite subset’ of points inS”~1(v/nP). Elements of the code
probability that a point is perturbed outside its associatefle calleccodewordsWe callR(C) = L1 In | C | therate of the
set. Thus the set associated to a point may be thought8fje Consider the Voronoi decompositionRsf determined
as adecoding region This problem formulation is directly by the codewords. For each codeword, the probability that
motivated by the study of error exponents for additive noisg gaussian random vector R" centered at the codeword
channels in information theory. . with independent coordinates each having variamtdands
Studying this point process formulation, we are able igytside the corresponding Voronoi cell is called the associated
recover and to give a new perspective on the Poltyrev eXpO”%ﬂSbability of error. By the average probability of error of
[10]. In partigular, it appears expligitly as corresponding tghe code, denoted”.(C), we mean the average over the
the well studied class of Matn | point processes. However,codewords of the corresponding probability of error. Given
the main value of presenting this work, as we see it, is {9 this only depends on the signal-to-noise ratid. One of
suggest new ideas to attack the long standing gap between{{ie central problems of coding for the AWGN channel is that

best known lower and upper bounds on the reliability functioge understanding, for each fixed > 0, the set of achievable
of the traditional AWGN channel. The viewpoint we Proposgairs (R(C), P.(C)), as one varies.

raises the possibility of bringing techniques from point process

theory to bear on this problem. Some thoughts along theBe Shannon capacity of the AWGN channel

lines are sketched in section VIII. For fixed A > 0, given R > 0, we may ask whether there
The structure of this paper is as follows. In section Il wexists a sequence of codés in R", n > 1, having rate at

recall the basic facts about the capacity and the reliabilitlgastR, asymptotically ast — oo, and such thaP.(C,,) — 0

I. INTRODUCTION

ntered at the origin iR™. The
cardinality of a finite setS will be denoted by S |.



asn — oo. As proved by Shannon, this is possibleRf < is called the average probability of error 8 The problem
11In(1 4+ A?) and not possible ifR > 1In(1 + A?). Thus of coding for an AWGN channel without restrictions, in the
%ln(l—&—AQ) may be called the Shannon capacity of the AWGNense of [10], is that of understanding the set of achievable
channel. pairs (p(S), A(S)) over the choice of.

C. The reliability function of the AWGN channel A. The Poltyrev capacity of the AWGN channel without re-

Let A >0 and0 < R < L1n(1 + A?). Let P. ,s(n, R, A) Strictions
denote the infimum of.(C) over all codes inR™ of rate at Fix ¢ > 0. Given p > 0, we may ask whether there

leastR when the signal-to-noise ratio i4%. We write exists a sequence of countable s8fsin R, n > 1, having
1 normalized logarithmic density at leagt asymptotically as

E(n, R, A) = n log P opt (12, R, A) . n — oo, and such that(S,,) — 0 asn — oco. As proved in

B [10], this is possible ifp < % In(5;-) and not possible if
Let E(R,A) = limsupE(n,R,A), and p > 3In(372=3). Thus3 In(5-==) may be called the Poltyrev

capacity of the AWGN channel without restrictions when the
noise variance per coordinate d$.

Assuming these are identical, we denote this common lini{ The reliability function of the AWGN channel without
by E(R,A). For fixed A > 0 the functionR — E(R,A) (estrictions

is called thereliability function or the error exponentof the
AWGN channel when the signal-to-noise ratioAs.

The best currently known upper and lower bounds for t
reliability function are given in [1], to which we refer the
reader! We write R — Esc (R, A) for the best known lower
bound, since it is due to Shannon [11] and Gallager [6]. We
write R — FEapr(R,A) for the best known upper bound,
since it is due to Ashikhmin, Barg and Litsyn [1]. These

E(R,A) = liminf E(n,R,A).

Fix o > 0and0 < p < 1In(5-1>). Let Agpi(n, p,0?)
enote the infimum oA(S) over all countable setS in R"
of normalized logarithmic density at leagtwhen the noise

variance per coordinate is>. We write

1
77(”707 02) = 75 log)‘opt(nvpvaz) :

bounds coincide, and thus(R, A) is known, for Let  7(p,0®) = limnsupn(mm o?), and
1.1 A 1 A2 1 n(p,0?) = liminfny(n,p,o?).
ln(= 4 4= T VY<R<Z 2 = n
21n(2+4+2 1—i-4)_R_21n(1—&-A)7

i Assuming these are identical, we denote this common limit by
but there is a gap between these bounds for all lower rateshm o2). The functionp — n(p,?) is called thereliability

I1l. THE AWGN CHANNEL WITHOUT RESTRICTIONS functionor the error exponenif the AWGN channel without

Motivated by the observation that many proposed practicStrictions when noise variance perQCoordlr;ath%s
constructions of codes for the AWGN channel were derived P07 @y a > 0, if we replaces™ by a“c”, we may

from lattices in Euclidean space (which may be thought of 58/ anys to one whose normalized logarithmic density

countable codes whose codewords are not subject to a pofan9es by addition ol in order to get a geometrically

constraint) Poltyrev [10] formulated a problem of coding fold€ntical situation from 2the point of view of error probabzility
an AWGN channel without restrictions (i.e. without a powefalculations. Thus)(p,o=) depends only orfZ-. We leta

2 . . .
constraint). LetS denote a countable collection of points irﬂenOte{;Te;z and, abusing terminology and notation, denote
R". The quantity the functiona — n(3In 51—, 0?), defined fora > 1, by

1 . | S A Cuben(a) | a — n(a) and call this thereliability function or the error
p(8)=—In(limsup ——F—
n

- exponenbf the AWGN channel without restrictiorfs
a— 00 a

is called thenormalized logarithmic densityf S. Consider the C- The Poltyrev exponent

Voronoi decomposition oR™ determined byS. Giveneo > 0, Upper and lower bounds for the reliability function of the
for each points € S, the corresponding probability of error, AWGN channel without restrictions were proved in [10]. The
A(s), is defined as the probability that a Gaussian rando@wer bound of [10] is normally called theoltyrev exponent
vector inR™ centered at with independent coordinates eachrhis is the functiony — 7 (a) defined fora > 1 by

X . 5 . .
gﬁ:r?t?tyva”ancej lands outside the Voronoi cell of. The %2 B % e fl<a<yz
) m(a)=4 :-Im2+ha fvV2<a<2

A(S) = limsup —————— Z A(s) %2 if a>2.

a—oo | SN Cubey(a) | Pt

s€SNCuben (a) See eqgns. (32) and (36) of [10]. It is proved in [10] thét) >
10ur ideas are more directly related to the Poltyrev exponent, so thereﬁga) for all o > 1.

no direct benefit from reproducing the expressions of the AWGN reliability

function bounds here. Note that the upper bounds ar&’0R, A) and the 2More precisely, we definer — 7j(a) anda +— n(a) and assume they

lower bounds are oiZ(R, A). are identical. B



The following upper bound for all > 1 is also proved in  Each pointZ}* of 4™ may be thought of as a codeword.

[10]: ) When this codeword is transmitted, the channel adds to it
i(a) < a1 o the displacement vectoX}, so that the received signal is
-2 2 T3 + X;'. We would want the received signal to land in the

The upper and lower bounds coincide for< o < /2, and correct decoding region. With this interpretation, we define the
son(a) is known in this range. For alk > /2 there is a gap Probability of erroras
between the upper and lower bounds of [10]. _ Dok Lrrepow)lrpixpeor

The upper bound of [10] comes from a naive sphere packing Pe(n) = W :
bound, and can be immediately improved for largeby . ) .
appealing to the path breaking work of Kabatyanskii anbn€Probability of succests defined ap.(n) = 1—pe(n). The
Levenshtein [7] on Euclidean sphere packing, as mentiond@it in (1) exists almost surely from the assumption that the
in the next subsection. In this connection, see also the pap@@rked point procesa™ with marks (X;?, Cy) is stationary

of Cohn and Elkies [2], [3]. and ergodic.
Let P? denote the Palm probability @f*. Likewise,E de-

D. Connections with error exponents for the AWGN channglotes Palm expectation far". The pointwise ergodic theorem
Given A > 0 and« > 1, considerE(3 In 1392 ,A), where implies that
the functionR — E(R, A) is defined in subsection II-C. Then pe(n) =P, (Xg ¢ C) -

one can show, for allv > 1, that

1)

>k Lrkeno,w)

V. ADDITIVE GAUSSIAN NOISE CAPACITY OF A

) 1, 1+ A2 STATIONARY POINT PROCESS
lim E(;In——5—,A) =n(a) . ) ) _ )
A—oo 2 @ Let us restrict attention to the case where we start with point
One also has, for allv > 1: processeg.™ of intensity \,, in R™, where the displacement
9 vectors are independent of the points, each displacement vector
. 1. 144 X . e X .
lim Esg(zIn——,A) =7(a) . being Gaussian with i.i.d. coordinates having mean zero and
A—oo 2 O(Q . 2 . . . ..
variances“ and with the displacement vectors being i.i.d. from
If one takes point to point. Further(C? is the Voronoi cell of T} in the
lim E 1 | 1+ A2 A point configurationu™. Write \,, ase™». Then we can prove:
AL ABL(§ P ) Theorem 1 For any subsequence, — oo such that

_1

.. 1
llm lnfkaoo Rnk > 2 ln 2meo??

one gets an upper bound en — 7(a) that improves the we havelimy_co pe(ni) = 1.

upper bound proved in [10]. Indeed, the upper bound of [ﬂ Further, we can prove:

is derived by using techniques inspired by [7]. One can ba&r}eorem 2 Let 4" be a Poisson process of intensity, —
the upper bound of [10] more crudely by directly appealin Rn. For any subsequenes, — oo, if limsup;,_. Ry <

to results in [7]. LetA,, denote thanaximum packing densit ¢
[7] P 9 Y1 L, we havelimy .. pe(ny) = 0. O

of spheres imR™ (for the definition see [2]). From Cor. 2 of 2 ! omeg?
[7] one has the estimata,, < (0.663)", valid for largen. Together these theorems are the analog of the Poltyrev

From this it is easy to conclude thata) is bounded above capacity theorem for stationary ergodic point process in the
by 1(0.663)2a2 / case of Gaussian noise. Theorem 2 is a consequence of the
5 (0. .

The main point of this subsection is that improvements l1=r:]valuat|0n of the reliability exponent of Poisson processes

the gap between the upper and lower bounds for the functioh addlt_|ve Gaussian noise, which is sketched in the next
o — n(a) will lead to improvements in the gap betwee ubsection. We now sketch a proof of Theorem 1. The Palm

the upper and lower bounds for the reliability function of th‘g}:atlonary expectation of the volume of the Voronoi cell of

N o ST : CnR,

AWGN channel, at least for large signal-to-noise ratios. Thrsei c;nglrI], If.et.h]Eni[rYtOln(ci;O )],Ulnsd prr(?,[ﬁlselye m ti, ;e' tthher i

observation motivates our main theme, to which we turn nex ciprocal of the intensity. er the assumptions, there s
someos > 2c¢ > 0 such that, for all sufficiently largé, with

IV. STATIONARY POINT PROCESSES n = ng, we have

For basic facts regarding stationary point processes see, for E2 [Vol(CJ)] < o In2me(0—20)*
instance, the book of Daley and Vere-Jones [5].

Let 4" be a sequence of stationary ergodic marked poiR€nce
processes. We assume that for all 4" is a simple point 0 n 2In2re(c—0)?y o (9= 2¢\"
process iR™. Let \,, denote the intensity of the point process Pa(Vol(Cg) > e )< '

p". We denote by{T;'} the points ofu”. The mark of the PO (X7 ¢ Cy) is at least as big as the probability that

g%'ntsz;’: rlnsezsparlg(ljlfek gcés)étv]gperiﬁé (':‘Z a:tgslczogc;lrlﬂjct'i:dof X¢ lands outside the ball centered at the origin with volume
k! u u : u : Vol(CY). The volume of the ball of radius/n is

sets{C}'} is assumed to form a decomposition Bf'. We
call X} the displa_\cemen_t vectoa_ssociated to the poirk;” Vi (or/7) = (no?)™/2qn/2 _ & (n(zrea?)+o(1)
andC} the decoding regiorassociated to the poirft]’. r'g+1)

g—cC



Hence We observe that exponent of the integrand & of the form

. ) , , o — 920\ "G (V) +b(v), where
P(Xy ¢ Cl)>P X3(k) > (o— 1-—
G 08 2 B X0 2 oot 1 (55 ] Cto) = (e 1"
which tends tol asn — oo, by the strong law of large Czarrying out the minimization ovev of G(v) + b(v) gives
numbers. 0O 2 —I-lhawhenl<a<+v2and}—In2+Ina when
If X(1),...,X(n) are iid. Gaussian random vari-a > /2. The lower bound ta)(«) comprised of these two

ables with mean zero and variane€’, the density of portions is called the random coding error exponent, see [10].
VX2 + -+ X(n)? atris g5(r) = Lg*(£), where

B. Reliability of the Ma&rn | process in white Gaussian noise
gl(r) = 1r>oe”2/22n%7’"’1 - 2 oy A Matérn | point process is created by dropping points from

(n/2) a Poisson process as follows. Choose some positive radius.

The proof of Theorem 1 was quite straightforward. If wény point in the initial Poisson process that has another point
want to do a more careful analysis of the probability of errawithin this fixed radius of it is dropped. For an information

we will need to start with the formula theorist, this should be reminiscent of expurgation. A variant
o) m . 9o (r) . is the Maérn Il processes, created from a Poisson processes

ps(n) = / / P (u"(B(rv,r)) = O)A 1d”d’“ - (@  as follows. Mark each point of the initial Poisson process
r>0 gesn—1 " with an independent real number chosen uniformly over the

unit interval. Choose some positive radius. Every point of the
original Poisson process examines the ball around it of this
radius and will survive only if its associated mark is strictly
larger than the marks of all the other points in this ball
ese processes were introduced by &fat[9].
Fix ¢ > 0. Consider a sequence of Mah | processes

i 12fea‘ e th v in th ™ constructed by first starting with a sequence of Poisson
im, .o —z Inpe(n) (i.e. the error exponent) in the case o rocesses of rates, — ¢ whereR — %ln 1 fora>

i H H H A 2mea?o?

mde_pendent G_aussuan dlsplz_acemen_ts and the Voronol dec r,nand then only retaining the points in the Poisson process that
position associated to the points, exists and equalsatigom have no other points in a ball of radits — ¢)o/n around
codingpart of the Poltyrev exponent (see [10] for a definition)(h

We th id f Kiat | point ith em. We think ofe as being arbitrarily small. Irrespective
e then consider sequences o POINt Processes WIth ¢ oy small e is, the intensity of the process of surviving

parameters as in the Poisson case and show that the €b8hts is en(B+o() pecause the Palm probability (relative
exponent in this case equals the Poltyrev exponent. to the original Poisson process) that any point is dropped is
A. Reliability of Poisson processes in white Gaussian nois@symptotically vanishing. When one considers the formula (2)
)}o compute the error probability, one has to work with the
Palm probability in the Marn process, i.e. with respect to
- the surviving points. But around any surviving point there
Pe(n) :/ (1_6—An\/n(r)) g% (r)dr. is no point within a radius of(a — €)oy/n. This brings
0 in the following phenomena, in the limit as — 0: (i) if
This is because Slyvniak’s theorem tells us that for < § then the contribution from the probability that there

VI. ADDITIVE GAUSSIAN NOISE RELIABILITY OF A
STATIONARY POINT PROCESS

In this section we will show how the point process view
point recovers the Poltyrev exponent. We consider first
sequence of Poisson procesgésof rates)\, = e™* where
R = fIng—— for « > 1. We show that the limit

From (2), if 4™ is a Poisson point process with intensit
An, then

Poisson processes we haw (u"(B(rv,r)) = 0) = Iis a point in the ball of radiuso\/n around a point at
P(u™(B(rv,r)) = 0) = e AnVn(r) distancevo+/n from the origin becomeso (at the level of
We have the exponent, i.e. where we uséda — Inv in the Poisson
, 7n<Lflfln('u)+o(1)) process calculation, we can now .repl.ace itdayfor suchv);
gn(vayn) =e "\7 2 : and (ii) for § < v < % the contributionin — Inv can be
With )\, = e3 In2mea®e® \yhereq > 1, we have replaced byln v — £ In(v? — (v — 3—3)2). This is because we

can replace the volume of the ball of radius\/n around

A Viu(voyn) _ _—n((Ina—Inwv t40(1 ! X .
1—e (o) — el S the point at distancec+/n from the origin (along some ray)

We may therefore write the probability of error as by the volume of the portion of this ball that is cut out by a
o hyperplane perpendicular to the ray and at a distdncgn
pe(n) = / efn(éféflnv+(lna71nv)*+o(1))dv . from it (i.e. a distangce ofv + b)o+/n along this ray from the
0 origin) whereb = 5 — v by elementary geometry. Actually

For anya > 1, we need to consider the minimum over allve only need the volume of the portion of this set that is
v > 0 of the corresponding contribution (i.e. from points abot in the sphere of radiuscs+/n around the origin, but our
voy/n). Let , generosity won't affect the asymptotics. The probability of
v 1
b(v) = 9 9~ In(v) . 3The Magrn Il process will not be analyzed in this document.



finding a surviving point in this set is being bounded abowepecifically those having a repulsive structure between the
by the probability of finding any point at all in this set. Thigpoints, one would attempt to describe the Palm stationary
again won't affect the asymptotics, because the thinning psobability of finding a point at distaneer/n from the origin
irrelevant on a logarithmic scale. by a functionG(v) at the level of the exponent. To attack
With these observations, one recovers the Poltyrev exponghg lower bound, the aim would be to construct examples,
which can be thought of as resulting from adding the functidh possible, where the exponent for the Palm probability of
G(v) given by finding a point in a ball of radiuso./n around a point at
distancevo/n from the origin gives a better minimum over

. 20 2o .|fa0 SUS 2 v of G(v) + b(v) for some value ofx — of course, this can
Gv) = Ina —5n(v* = (v - 57)%) '_f 2 <UV< 5 only happen, if at all, forx > /2, since the true exponent is
Ina—1Inv if 5 <v<a already known forl < o < /2. To attack the upper bound,

0 otherwise, one would attempt to exclude the existence of such sequences

, of processes withG(v) for which the minimum over of
to the “basic” functiorb(v) = %4 — 5 —Inv (which comes from G(v) + b(v) for some value oty exceeds a given value. This
the Gaussian), and then minimizing overfor eacha > 1. research program appears to offer a novel viewpoint to attack
The G(v) above comes from the Matn | process, replacing a classical problem in information theory.

(Ina — Inw)™, which came from the Poisson process.
IX. CONCLUDING REMARKS

VII. ADDITIVE NOISE CAPACITY AND RELIABILITY OF A We defined a class of asymptotic problems in high dimen-
STATIONARY POINT PROCESS sional point process theory directly motivated by the study of
Starting with point processeg™ of rate \, = e"f» jn  €ITOr exponents in information theory. We are able to recover
R", with the displacement vectors independent of the poinfd to give an interesting perspective on the Poltyrev exponent.
each displacement vector having i.i.d. coordinates having sofAlr viewpoint also suggests a research program for an attack
density with differential entropy:, the displacement vectorsOn the gap that exists between the best known upper and lower
being i.i.d. from point to point’ we can prove the fo"owing: bounds on the re“abl“ty function of additive noise channels.
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