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Abstract—In this paper, we generalize the well known cut- existing works show the possibility and benefit of function

set bound (see for example [1, p. 444]) to the problem of lossy computation during the communication (see for instance [3]
transmission of functions of arbitrarily correlated sources over 6], [7]).

a discrete memoryless multiterminal network.

|. INTRODUCTION A main contribution of this paper is its proof technique

! . ) _ - which is based on the “potential function method” introdiice

A gengrali multiterminal network is a model for reliabl n [8] and [9]. Instead of taking an arbitrary network and
communication of sets of messages among the nOdeSp?J)ving the desired outer bound while keeping the network

a network, and has been extensively used in modeling ﬁ%Ied throughout, we consider a function from the set of all

W|reles_s s_ystems. It is known that unllke_the po'nt'to'po'%-inputlm-outputdiscrete memoryless networks to subsets of
scenario, in a network scenario the separation of the samde

o . ) . RS, whereR¢ is the set of alk-tuples of non-negative reals.
channel codings is not necessarily optimal [4]. In this pape e then identify properties of such a function which would
study the limitations of joint source-channel coding stgats

o . : need to be satisfied in one step of the communication for it
for lossy transmission across multiterminal networks. to give rise to an outer bound. The generalized cut-set bound
A discrete. memoryless general multiterminal networf yhen proved by a verification argument. Properties thel su

(GMN) is characterized by the conditional distribution a function would need to satisfy are identified, intuitively
(1)’y(2)’.“’y(m)|x(1)7x(2)7.“’x(m))’ speaking, as follows: take an arbitrary code of length say
n over a multiterminal network. During the simulation of
where X and Y (1 < i < m) are respectively the the code, the information of the parties begins from itfe
input and the output of the channel at ti#é party. In a party having the i.i.d. repetitions of the random varialilé?;
general multiterminal channel with correlated source® tlyradually evolves over time with the usage of the network;
m nodes are observing i.i.d. repetitions wf, possibly cor- and eventually aften stages of communication reaches its
related, random variable® ) for 1 < i < m. The i final state where the parties know enough to estimate their
party (I < ¢ < m) has access to the i.i.d. repetitions obbjectives within the desired average distortion. The idea
W@, and wants to reconstruct, within a given distortiorto quantify this gradual evolution of informatiobpund the
the i.i.d. repetitions of a function of all the observatipnslerivative of the information growth at each stagem above
ie. fOWM W wim) for some function f()(-). by showing that one step of communication can buy us at most
If this is asymptotically possible within a given distorio a certain amount; and conclude that at the final stage, ie. th
(see section Il for a formal definition), we call the source!” stage, the system can not reach an information state better
(WO w@ W) admissible. In some applicationsthann times the outer bound on the derivative of information
each party may be interested in recovering i.i.d. repeistiof growth. An implementation of this idea requires quantifimat
functions of the observations made at different nodes. is ttof the information of them parties at a given stage of the
case the functionf@ (WM W@ W) takes the spe- process. To that end, we evaluate the function we started
cial form of (fGV(WW), fEW®), ., fGm(Wm))  with at avirtual channelwhose inputs and outputs represent,
for some functiongf (9 (.). roughly speaking, the initial and the gained knowledge ef th
The admissible source region of a general multiterminphrties at the given stage of the communication. See Lemma
network is not known when the sources are independent excépif section Il and the proof of Theorem 1 of section IV for
in certain special cases; less is known when the sour@$ormal formulation.
are allowed to be arbitrarily correlated. It is known tha¢ th
source-channel separation theorem in a network scenarioThe outline of this paper is as follows. In section Il, we
breaks down [4]. In this paper, we prove a hew outer bound artroduce the basic notations and definitions used in thiepa
the admissible source region of GMNs that as a special c&ection Il contains the main results of this paper folloviagd
reduces to the well known cut-set bound. Other extensionssafction IV that sketches the proofs. For the full proofs, see
cut-set bound can be found in [2] and [5]. Furthermore sonj0].
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Il. DEFINITIONS AND NOTATION and that X\ = ¢ (W), and for any2 < k < n,
Throughout this paper we assume that each random variadlg’ = ¢\’ (W, v, ). Random variablest” andY;”
takes values in a finite seR denotes the set of real numbersire representing the input and outputs of tHeparty at the
andR, denotes the set of non-negative reals. For any natuk4f time instance and satisfy the following Markov chains:

numberk, let [k] = {1,2,3,...,k}. For a setS C [k], let S¢
denote its compliment, that {&] — S. The context will make
the ambient space & clear.

We represent a GMN by the conditional distribution

Q(y(l) Y y(2)7 ] y(m) |x(1)7 x(2)7 R I(m))

meaning that the input by th&" party isX () and the output at
thest" party isY (). We assume that th&" party (I < i < m)

1 m 1 m % % 7
Wl(:'rz"'Wl(:n)Yl<:k)71"'Yl(:kll - Wl(:'r)Lyl(:k)'fl - Xli )7

(1) (m)y,(1) (m) (1) (m) (1) (m)
w wmy Dy x®  x ) y )y

We then have the following constraint for anyg [m]:

B[ Al (90 (v v 012 ) | < 9+ e

WhereM,gi) = f(i)(W,El), W;f), - ;Em))-

has access to i.i.d. repetitionsdf("). The message that needs Definition 2: Given positive realsD”, a source marginal

to be delivered (in a possibly lossy manner) to iHe party
is taken to beM ) = fOWO W W) for some
function f)(.). We assume that for any € [m], random

variablesX®, Y@ W& and M (® take values from discrete
setsX(®), YO W and M) respectively. For any natural

numbern, let (X@), (Y@ (W@ and (M) denote
the n-th product sets oft, Y, W@ and M©). We use
Y'Y to denote(y,”, v, .., v{").

For anyi € [m], let the distortion functionA(® be
a function A® : M® x MO [0,00) satisfying
A (MmO m@y = 0 for all m® € MO, For any
natural numbern and vectors (my),mg“, ...,mﬁf)) and
(mll(l),m;(z), D) from (M), let

A (mi, ) = £ 550 AO mf? m 7).
Roughly speaking, we require the i.i.d. repetitions of @nd
variable M/ (") to be reconstructed, by thé&" party, within the
average distortion oD,

Definition 1: Given natural numben, an (n)-codeis the

following set of mappings: for all € [m], andk € [n] — {1}
G WOy — X0,
G s W (VOYR-L — xO);
9@ . (W(i))n X (y(i))n N (M(i))n,

Intuitively speakingg,j) is the encoding function of thé"
party at thek'” time instance, and(¥ is the decoding function
of the i*" party.

Given positive reals and D" (1 < i < m), and a source
marginal distributionp(w™,w® ..., w(™), an (n)-code is
said to satisfy the average distortion interva) (for all i €
[m]) over the channej(y™, @, ...,y |z 22 . 2(m)
if the following “average distortion” condition is satisfie

Assume that random variabIéB’(f,)l for i € [m] aren i.i.d.
repetition of random variableéW%”,W(Q), ., WY with

—

joint distribution p(w™,w®, ... w(™)). Random variables

distribution p(w®,w®, ..., w(™) is called anadmissible
sourceover the channel

q(y(l)’ y(2)’ A y(m) |'T(1)7 x(2)7 A :L'(m))

if for every positivee and sufficiently largen, an (n)-code
satisfying the average distortiaR(?), exists.

The “independent messages zero distortion capacity re-
gion” of the GMN is a subset ofn2-tuples of non-negative
numbers R(»7) for i,j € [m] defined as follows: con-
sider the set of all setsyV™ W@ . W) functions
fOWO W, wim) (1 < i < m) having the special
form of

(FED W), fED @) plm) gy m))

the distortion functionsA® (m® m'®) (for 1 < i < m)
being equal to the indicator functioim( # m'®], D®
being set to be zero for all < ¢ < m and admissible sources
(wM,w® ... w™) for which f09)(W))'s are mutually
independent of each other. The capacity region is then taken
to be the set of all achievablB("/) = H () (W ®)) (for
i,j € [m]) given the above constraints. Intuitively speaking,
RU-7) is the communication rate front" party to thejt"
party.

Definition 3: For any natural numberand any two sets of
points K and L in RS, let K & L refer to their Minkowski
sum: K @& L = {v1 +v2 : v1 € K,vo € L}. For any real
numberr, letr x K = {r-v; : v; € K}. We also define&
as the set formed by shrinking through scaling each point
of it by a factor.

Definition 4: For any two points; andws in RS, we say
v > v if and only if each coordinate of; is greater than
or equal to the corresponding coordinatezgf For any two
sets of points4 and B in RS, we sayA < B if and only if

for any point@ € A, there exists a poinﬁ € B such that
@ < b.Forasetd € RS, the down-sefl(A) is defined as:

X" and Y (k € [n], i € [m]) are defined according toII(4) = {7 € RS : ¥ < u for somew € A}.

the following constraints:

1 2 m 1 1 2
p(wl, wit), o wi ey yi, e ul) =
1 2 m
szlp(wl(C )711),(C ) ...7w,<C )) X
n 1 2 m 1 2 m
Hk:lq(yl(c )7%(@):73112 )|:E,1((,)7"E,1((/)77:Z:§(; ))X

| i | p(‘rl(:) |w§L3w yffifl);

Definition 5: Given a specific network architecture
gy, y@ oy 222y and  the source
marginal distribution p(w™,w®, .. w(™), it may be
possible to find properties that the inputs to the multiteahi
network throughout the communication satisfy. For instanc
in an interference channel or a multiple access channel



with no output feedback, if the transmitters obserwahere T} is defined as follows: there arg”™ subsets of
independent messages, the random variables represenfing take an arbitrary ordering of these sets and tdke
their information stay independent of each other throughoio be thek! subset in that ordering. Next, to any channel
the communication. This is because the transmitters rreithgy"),y?), ..., y(™ |z 22 . 20™)) and a set of permissi-
interact nor receive any feedback from the outputs. Othkle input distributions, we assign a region by taking thevesn
constraints on the inputs to the network might come frommull of the union over all permissible input distributions,
practical requirements such as a maximum instantanedhs region associated to the channel and the varying input
power used up by one or a group of nodes in each stagjstribution. A channel is said to be weaker than another
of the communication. Given a multiterminal networlchannelif the region associated to the first channel is aueda
gy, y@ oy 22 (m)) and assuming that in the region associated to the second channel.

X (i € [m]) is the setX ) is taking value from, let be a Intuitively speaking, given a communication task one can
set of joint distributions o) x X2 x ¥®3) x .. x X(™) for consider a virtual channel whose inputs and outputs rep-
which the following guarantee exists: for any communiaatioresent, roughly speaking, the raw and acceptable infor-
protocol, the inputs to the multiterminal network at eacheti mation objectives at then parties. Furthermore, let the
stage have a joint distribution belonging to the $etSuch only permissible input distribution for this virtual chan-
a set will be called germissible sebf input distributions. nel to be one given by the statistical description of the
Some of the results below will be stated in terms of thismw information of the parties. More specifically, given
nebulously defined regiod. To get explicit results, simply any p(m® m® .. ;0™ w® w® . w™) such that
replace ¥ by the set of all probability distributions on A® (A7) A/(®) < D@ holds, consider the virtual chan-

XD 5 @ 5 X6 % ox xm), nel p(m®, m®, .m0 |w® v . w™) and the in-
put distribution p(w®,w®, ..., w™)). The inputs of this
IIl. STATEMENT OF THE RESULTS virtual channel, i.e W™ W® W and its outputs,
Theorem 1:Given any GMN ie. MM M® . M™, can be understood as the raw
@) @) (m)1 (1) (2) (m) information and acceptable information objectives at the
ay"™,y sy e, m parties. The region associated to the virtual channel

p(m®, m® )™ w® | w™) and the input dis-
tribution p(w™, w®, ..., w(™)) would be the down-set of a
vector inR2” whosek!" coordinate is defined as

a sequence of non-negative real numhBfé (i € [m]), an
arbitrary admissible sourdd’ (¥ (i € [m]), and a permissible
set of input distributions of the netwonk, there exists
« joint distribution ¢(z™"), z®, ..., z(™) 2) where size of (W9 ieT ; MO . jeTeiwd . je T°).
the alphabet set ofZ is 2™ — 1 and furthermore
q(z®, 2@ . z(m)|2) belongs toW for any valuez that Theorem 1 is basically saying that this region associated to

the random variable might take; this virtual channel and the corresponding input distidmut

« joint distribution p(m®, m® .. (™ M . w0m) should be included inside the region associated to the efann
where the average distortion between g(y™M,y®), . y™]a®, 2@, 2(M). Here the complexity

_ _ of transmission of functions of correlated messages is ef-
MO = fOwm W wm) fectively translated into the performance region of a wrtu

4 70 s | h | toD® i channel at a given input distribution. This virtual chanatghe
Zn(i) ) M\'i.) e<SSD(i) an or equal to 18 given input distribution must be, in the above mentionedeen
( ’ ) < ' weaker than any physical channel fit for the communication
such that for any arbitrary” C [m] the following inequality problem.
holds: Remark 1:This bound reduces to the traditional cut-set
WD ieT - M9 ieTlwd . iere) < boqnd for the “m_dgpendent messages zero distortion dgpaci
(W®ziel ; JETIWD :jeT*) < region,” (see Definition 2) whel is taken to be the set of all

I(XW:ieT ; YO jeT|XV):jeTe 2), input distributions, and (X : i€ T ; Y@ 14 e T¢| X .
where Y,y @) y(m) x() x® _ x0 and z are ©€ 1% %) is bounded from above by
jointly distributed according to I(X(i) ieT ; Y9 jerxW.je T°).
1 m 1 m 1 m
gy, y ™M 2™ g (@™ 2 2)., This bound is sometimes tight; for instance it is tight for a

Discussion 1:The fact that the expressions on both Sideps"lultiple access channel with independent source messages
of the above inequality are of the same form is suggesti\}.g.hen \Ij IS taken to be the set of all mutually independent
To any given channel(y(), 5@, ...,y |z 2 0m)) Input distributions.
and input distributiory(z("), (), ..., (™)), assign the down-

m _ : : A. The Main Lemma
set of a vector ifR2" whosek'" coordinate is defined as

During the simulation of the code, the information of the
I(XD:ieT, ; YO jeTgxV):jeTy), parties begins from thé&” party havingi") and gradually



evolves over time with the usage of the network. At the 3) Assume that
jt" stage, theit" party has Wll)Y(l) We represent the 1) (m) (1) (M) (1) (m)y _
p(zH 2 Ly WDy | () m)) =

information state of the whole system at tﬁé stage by the ) (m) (1) (m)y T

virtual channelp(wllr)ly&), y | wi . w™) and P,y M) T p(zilye)-

the input d|str|but|ortp(w1;31, ...,wgm)). In order to quantify Then we require that for any input distribution

the information state, we map the information state to aetubs q(z1, T2, ... Tm),

of RS (c is a natural number) using a functigr.). A formal m m

definﬁtion of ¢ and the properties we requirzﬁit)to satisfy are ¢(p(z(1)’ ey 2, 20), g2, ""xm)}) =

as follows: o(ply™, .,y [z 2 {q(xr, . 2m)}).
Let o(p(y"), ...y |z, .., 2(™), ¥) be a function that  Tpe first condition is intuitively saying that additionaleus

takes as input an arbitrary-input/m-output GMN and a ¢ the channel

subset of probability distributions on the inputs of thiswark

and returns a subset & wherec is a natural number(.)

is thus a function from the set of all conditional probalgilit

distributions defined on finite sets and a corresponding fset o

input distributions, to subsets &f . d(ply M,y @,y ™M’ D @ )y ),
Assume that the function(.) satisfies the following three

properties. The intuitive description of the propertiepis-

vided after their formal statement. Please see Definitioausd3

4 for the notations used.

p(y,(1)7 y,(2)7 ] y,(m)|x,(1)7 I,(2)7 ) I,(m))

can expandb(.) by at most

The second condition is intuitively saying thaf.) vanishes
if the parties are unable to communicate, that is each party
receives exactly what it puts at the input of the channel.
N _ .. The third condition is basically saying that making a chdnne
1) Assume that the pond|t|onal distributionesker at each party can not causie) expand.
p(y_(l)_y W, yPy (2)3 gy MW 2@ 2 tm) Lemma 1:For any functiony(.) satisfying the above three
satisfies the following properties, and for any multiterminal network

p(yWy' D,y @y @ gty () |1 (m)) aly®,y @,y |z @) )
= py @,y @,y M|z 2@ 4wy

3

N ; ;T , distortions D) and arbitrary admissible sourd® (¥ (i €

ply W,y @y )| M) @) g m)y, [m]), positive e and (n)-code satisfying the distortion con-
straints and a permissible s&tof input distributions, we have
where X' is a deterministic function ofy(©) (i.e. (for the definition of multiplication of a set by a real number
H(X'@y®) =0 (i € [m])). Random variableX ()  see Definition 3):

for ¢ € is assumed to take value from s&t(®. ~a _(m), (1 m 1 m

gl'ake an[ a]r)bltrary input distributio(z1, z2, ..., Zm). Py ooy T (W0 s 0IT), AP (WL, o i) €

This input distribution, together with the conditional-dis  n x Convex Hull{¢( (D, .y ™M 2M™), W),

tribution p(y™), y?), y(m)|x D, 23 x(m)), im- ()

pose a joint d|str|but|onq(x ‘(1) :z:<2) L2 ™) on whereW," (i € [m]) are the messages observed at the nodes;

(X' W, X" @ . X'(m) Then the fo||0W|ng constraint Ml('n. (i € [m]) are the reconstructions by the parties at the

needs to be satisfied for any arbitrary setof joint end of the communication satisfying

distributions on¥’ (1) x '@ x ... x x'(m) that contains

oo o, ) (a0 (@0,mi2,)| < 00+
¢(p(y(1)y/(1)7 ey gy (D) L (m)) for anyi € [m].
IV. PROOFs
7{q(m1,...7mm)}) c : (i) (i)
Proof of Lemma 1:Let random variables(,”’ andY),
o(p(y™, .y ™z ® 2™ {g(x1, ooy Tm)}) (k € [n], i € [m]) respectively represent the inputs to the
"y @) m) (1) " (m) multiterminal network and the outputs at the nodes of the
®o(ply ™y, ey M ), U). network. We have:
2) Assume that o(p(msL), oSl oo W), p(wil), w0} C (D)
o, )~ TLapg =gy, P 0wl 02wl
i=1 c 2

Then we require that for any input distributions(p(w!)y() | . w(™y™ Jwih) | w™), {p(wl), . wi™)})

q(r1,29,....,2m), the set m
( m) & $(ayD, gD 2l), ) €

(b(p(y(l)a e y(m)|x(1)a e x(m))v {q('rlv ,Im)}) ... C

contains only the origin iRe. d(p(wl), s w{™ ) w™), {p(w) .y wT)Y)



@ d(q”, ™2V, 2™ ) hand side is by definition the down-set of a vector of length
2™ — 2 whosek*" coordinate is equal to

® ol ™ el ey™), W) @ ; —0 |
IWD ieTy ; MY :je ()W) je (T)e).

®© Ga(uD, oy 2, ), W) @) e | ot this vectar S
nondn fTmoa st )y B = The next step is to show that this vector is coordinate-wise
S(ay?, y™ 2D 2™ W) greater than or equal t(LtEe vector whaddé element equals
m m -1 W(l) L€ Ty M\(j)l j T CWU)Z j Tk
® (a0 stV ol 2l W) @ AW S € MW <5 € (),

4) for some W@ and M® (i € [m]) such that the joint

® ¢q(us”, -yl 2lM), W) C ar :
distribution of W (i € [m]) is the same as that g (")

n x Convex Hull{¢(q(y", ..,y |2V, .., 2™), w)}, (i € [m]), and that the average distortion betwekH? =
where in equation 1 we have used property (3); in equations2) (1) W@ W) and M is less than or equal to
we have used property (1) because D@ + . In the next step of the proof, we perturb random

Dy ™y ey = variables) () (for i € [m]) and define random variablég’ ()
I:indlin 1in J1:n lin lin f " hth tf . th d t t
m)_ (m m or such that for ever , the average distortion
Py w0, ) (for'i & [m] such that for every & o
Py D gy between)M' () and M (") is less than or equal t(*) (rather

@) 1o (@) o (0) than D@ + ¢ as in the case ol ()) and also for every,
and furthermoreH (X, |Wy,,Y7.,_1) = 0 for all i € [m],

and that (Wi e TM'0) 2 j e (T) W9+ j € (Th)°) = O(r(e))
Pyl a) = ql, Ly ). <SIWD i€y ; MO :je(T) W9 :j e (Th)°),

The definition of permissible sets implies that the joint-disvherer(.) is a real-valued function that satisfies the property
tribution p(x;”,x;?),..,,x;m)) is in ¥; in equation 3 we thatr(¢) — 0 ase — 0. The proof continues by recalling
have used property (2). In equation 4, we first note thite definition of the sets involved in equation 5 and letting
the conditional distributiong(y'"), ..., 5™z, ..., 2{™) for ~converge zero. m

i = 1,2,..,n are all the same. We then observe that ACKNOWLEDGEMENT
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