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Abstract— In this paper we apply the “potential function
method” introduced by the authors in [5] and [6] to prove an
outer bound on the admissible source region of an arbitrarily
varying general broadcast channel with arbitrarily correl ated
sources. We are not aware of any previous work discussing any
interesting outer bounds on the admissible source region ofthe
general broadcast channel either when the sources are allowed
to be arbitrarily correlated, the channel is allowed to vary
arbitrarily, or both. Specializing by removing the variabi lity
of the channel and assuming independent sources, our outer
bound reduces to one that is included inside the region defined
by Liang, Kramer and Shamai, a recent outer bound on the
capacity region of the traditional broadcast channel [12].We
don’t know if the inclusion is strict. The arbitrarily varyi ng
channel aspect of our bound is rather superficial; the main
interest is in the arbitrarily correlated source part.

I. I NTRODUCTION

Broadcast channels form basic building blocks of many
wireless system models. A broadcast channel is a single-
input, multi-output system whose goal is to model reliable
communication of sets of messages from a transmitter to
different sets of receivers [1], [2]. In some practical scenarios
the channel parameters may be unknown, imprecise, or
subject to variations from one symbol transmission to the
next one. An arbitrarily varying channel (AVC) models such
a discrete memoryless channel. It is assumed that the channel
parameters admit no statistical description and any code over
this channel must have guaranteed performance under the
worst possible choice of the channel parameters. Further-
more, it is known that unlike the point-to-point scenario, in
a broadcast channel the separation of the source and channel
codings is not necessarily optimal [8]. In this paper we
study the limitations of joint source-channel coding strategies
across arbitrarily varying broadcast channels.

We consider only two-receiver arbitrarily varying general
broadcast channels in this paper. A two-receiver broad-
cast channel is characterized by the conditional distribution
q(y, z|x) whereX is the input to the channel andY and
Z are the outputs of the channel at the two receivers. In
a general broadcast channel with correlated sources, the
transmitter is observing i.i.d. repetitions of two, possibly
correlated, random variablesL1 andL2. Roughly speaking,
the source pair(L1, L2) is called admissible if there exists

a strategy for the transmitter to reliably send the i.i.d.
repetitions ofL1 to the receiverY and the i.i.d. repetitions of
L2 to the receiverZ [8]. LetL0 be a discrete random variable
representing the common part betweenL1 and L2 in the
following sense:L0 satisfiesH(L0|L1) = H(L0|L2) = 0
andH(L0) is equal to its maximum possible value. Random
variableL0 would represent the common message that needs
to be transmitted to both receivers. For the accuracy of this
interpretation, see [3].

An arbitrarily varying general broadcast channel is char-
acterized by the conditional distributionq(y, z|x, s) where
X is the input of the transmitter to the channel,S is the
state parameter of the channel (that can vary in an arbitrary
way throughout the communication) andY andZ are the
outputs of the channel at the two receivers. The transmitter
is observing i.i.d. repetitions of two, possibly correlated,
random variablesL1 andL2. Roughly speaking, the source
pair (L1, L2) is called admissible if there exists a strategy
for the transmitter to reliably send the i.i.d. repetitionsof
L1 to the receiverY and the i.i.d. repetitions ofL2 to the
receiverZ no matter how the state of the channel varies
over time. The transmitted messages should be recoverable
by the receivers with high probability. Depending on the
model, either an average probability of error, or a maximal
probability of error constraint at the receivers is imposed.
Furthermore, sometimes it is assumed that there are com-
mon random bits shared between the transmitter and the
receivers in the construction of the transmission scheme.
Depending on the choice of model, different notions of
admissible source region can be defined. In this paper we
assume that shared common randomness of arbitrary length
is provided to the transmitter and the receivers, and that the
receivers are required to find the intended messages under
an average probability of error constraint (see section II for
a formal definition). Clearly the same outer bounds hold
when no such shared common randomness is provided to the
transmitter and the receivers (deterministic-code arbitrarily
varying general broadcast channels).

The admissible source region of a broadcast channel is
not known when the channel parameters are fixed and the
sources are independent, except in certain special cases; less
is known when the channel parameters vary arbitrarily or



the sources are allowed to be arbitrarily correlated. The best
known inner bound for the two receiver general broadcast
channel is due to Liang and Kramer [11]; it is not however
known whether this bound strictly improves on the earlier
inner bounds of Marton [13], [2, p. 391, Problem 10(c)]), and
Gel’fand and Pinsker [4]. Recently there has been a series
of outer bounds on the broadcast channel (with no channel
variation and independent source messages) by Nair [14],
Liang, Kramer and Shamai [12] and Nair and El Gamal [15].
Each of these bounds is strictly better than the outer bound
of Körner-Marton [13]1, but it is not known whether any of
these bounds are strictly better than the rest. In section III, we
simplify the bound proposed by Liang, Kramer and Shamai
by, in part, removing its redundant inequalities. The best
known inner bound for the two receiver general broadcast
channel with correlated sources is due to Han and Costa [8].
For arbitrarily varying general broadcast channels (AVGBC),
the best known inner bound, as far as we are aware, belongs
to Jahn [10]. For the family of degraded message sets2, Hof
and Bross [9] found a new inner bound on the capacity region
of the AVGBC under state and input constraints. We are
not aware of any previous work discussing any interesting
outer bounds on the admissible source region of the general
broadcast channel either when the sources are allowed to
be arbitrarily correlated, the channel is allowed to vary
arbitrarily, or both. Han and Costa [8] provide an example
of a broadcast channel with correlated messages for which
the source−channel separation theorem breaks down. This
indicates that finding outer bounds on broadcast channels
with correlated sources is a more generic problem.

In this paper, we consider the admissible source region of
an AVGBC when shared common randomness of arbitrary
length is provided to the transmitter and the receivers.3 The
admissible source region is defined in terms of the average
probability of error over the source; reliable transmission
of the sources needs to be achievable uniformly over the
channel parameters (which can vary symbol by symbol).
We apply the “potential function method” introduced by
the authors in [5] and [6] to prove a new outer bound on
the admissible source region of arbitrarily varying general
broadcast channels. Specializing by removing the variability
of the channel and assuming independent sources, our outer
bound reduces to one that is included inside the region
defined by Liang, Kramer and Shamai [12]. We don’t know if
the inclusion is strict. The arbitrarily varying channel aspect
of our bound is rather superficial; the main interest is in the
arbitrarily correlated source part.

A sketch of the “potential function method” is as follows:
we consider the set of all joint distributions on products
of four finite sets which represent, roughly speaking, the

1More specifically, Nair and El Gamal show that their bound is strictly
better than that of Körner-Marton for a certain binary skew-symmetric
channel [15]. The two other bounds are no worse than the Nair and El
Gamal bound.

2We do not consider the degraded message set restriction here; for a
definition see [9]

3Our outer bound is however also applicable to the scenario inwhich no
shared common randomness is provided to the transmitter andthe receivers.

TABLE I

NOTATIONS

Variable Description
R Real numbers.

R+ Non-negative real numbers.
q(y, z|x, s) The statistical description of an arbitrarily

varying broadcast channel.
Li (i = 1, 2) The message intended for theith receiver.

L0 SatisfiesH(L0|L1) = H(L0|L2) = 0.
H(L0) is equal to its maximum possible value.

ψY , ψZ , Alphabet sets ofY , Z,
ψX , ψS X, S.
ζ(·) The encoding function used by the transmitter.
ϑy(·) The decoding function at the receivers.
ϑz(·)
E The common randomness shared among
b all the parties;E is uniform on{1, 2, ..., b}.
n Length of the code used.

∆(·) Down-set (Definition 4);
⊕ Sum of two sets (Definition 3).

Υp(x,s,y,z) A set of probability distributions (see Definition 5)

gained knowledge of the two receivers, the knowledge of
the transmitter, and the history of broadcast channel para-
meter choices at some stage of the communication. We then
identify properties of a function on such distributions which
would need to be satisfied in one step of the communication
for it to give rise to an outer bound. For details see lemma
1 or see [5]-[6].

The outline of this paper is as follows. In section II, we
introduce the basic notations and definitions used in this
paper. In section III, we simplify the Liang, Kramer and
Shamai outer bound on the broadcast channel. Section IV
contains the description of the new outer bound followed by
section V which gives formal proofs for the results.

II. D EFINITIONS AND NOTATION

Throughout this paper we assume that each random vari-
able takes values in a finite set.R denotes the set of real
numbers andR+ denotes the set of non-negative reals.

We represent an arbitrarily varying broadcast channel by
the conditional distributionq(y, z|x, s) meaning thatX is
talking, S is the state of the channel, andY and Z are
listening. We assume thatX , S, Y , Z, L1 and L2 take
values from discrete setsψX , ψS , ψY , ψZ , ψL1 and ψL2

respectively. For any natural numbern, (ψX)n, (ψS)n,
(ψY )n, (ψZ)n, (ψL1)

n and (ψL2)
n denote then-th product

sets ofψX , ψS , ψY , ψZ , ψL1 andψL2 .
Definition 1: [see also [8]] Given the conditional distrib-

ution q(y, z|x, s), positive realǫ and natural numbersn and
b, and random variablesL1, L2 jointly distributed according
to p(l1, l2), an (n, b, ǫ) code is the set of the following three
mappings:

• ζ : (ψL1)
n × (ψL2)

n × {1, 2, ..., b} −→ (ψX)n,
• ϑy : (ψY )n × {1, 2, ..., b} −→ (ψL1)

n,

• ϑz : (ψZ)n × {1, 2, ..., b} −→ (ψL2)
n,

such that for any joint distributionp(s1, s2, ..., sn), the
following “average distortion” condition is satisfied:

Assume thatXn = ζ(Ln1 , L
n
2 , E) whereLni stands forn

i.i.d. repetitions of random variableLi (i = 1, 2). Random



variableE stands for a uniform random variable defined
on the set{1, 2, ..., b} and independent of(Ln1 , L

n
2 ), and

represents the common randomness shared among the com-
municating parties in constructing the transmission scheme.
Random variablesSn, Y n andZn are defined according to

p(yn, zn, xn, sn, ln1 , l
n
2 , e) =

p(ln1 , l
n
2 , x

n, e) · p(sn)

n∏

i=1

q(yi, zi|xi, si).

We then have the following constraints:

P
(
ϑy

(
Y1, Y2, ..., Yn, E

)
6= (L1)

n
)
≤ ǫ,

P
(
ϑz

(
Z1, Z2, ..., Zn, E

)
6= (L2)

n
)
≤ ǫ.

Definition 2: Given the conditional distribution
q(y, z|x, s), a pair of random variables(L1, L2) is
called an admissible sourceif for every positive ǫ and
sufficiently largen andb, an (n, b, ǫ) code exists.

The capacity region of the arbitrarily varying general
broadcast channel,CBC(q(y, z|x, s)), is a subset of triples
of non-negative real numbers(R0, R1, R2) for which an
admissible source(L1, L2) exists such thatL1 = (L′

0, L
′
1),

L2 = (L′
0, L

′
2) whereL′

0, L′
1 andL′

2 are jointly independent
of each other, and whereRi = H(L′

i) (for i = 0, 1, 2).
Definition 3: For any natural numberc and any two sets

of pointsK andL in R
c
+, letK⊕L refer to their Minkowski

sum:K ⊕ L = {v1 + v2 : v1 ∈ K, v2 ∈ L}. For any real
numberr, let r ×K = {r.v1 : v1 ∈ K}. We also defineK

r

as the set formed by shrinkingK through scaling each point
of it by a factor 1

r
.

Definition 4: For any two points−→v1 and−→v2 in R
c
+, we say

−→v1 ≥ −→v2 if and only if each coordinate of−→v1 is greater than
or equal to the corresponding coordinate of−→v2 . For a set
A ∈ R

c
+, the down-set∆(A) is defined as:∆(A) = {−→v ∈

R
c
+ : −→v ≤ −→w for some−→w ∈ A}.
Definition 5: For all given finite setsψX , ψS , ψY , ψZ ,

let ΓψX ,ψS ,ψY ,ψZ
be the set of joint distributions

r(w0, w1, w2, u, v, x, s, y, z) defined onψW0 ×ψW1 ×ψW2×
ψU × ψV × ψX × ψS × ψY × ψZ whereψX , ψS , ψY and
ψZ are given, andψW0 , ψW1 , ψW2 , ψU andψV are arbitrary
finite sets, and such that the following three properties are
satisfied:

1) H(W0|W1U) = H(W0|W2V ) = 0;
2) X is a deterministic function of(W0,W1,W2, U, V );
3) The following Markov chain holds:UVW0W1W2X−

X −XSY Z.

For every given distribution p(x, s, y, z) defined on
ψX , ψS , ψY , ψZ , let Υp(x,s,y,z) be the set of joint
distributions r(w0, w1, w2, u, v, x, s, y, z) belonging to
ΓψX , ψS , ψY , ψZ for which the marginalr(x, s, y, z) is
equal top(x, s, y, z).

III. A NALYSIS OF L IANG , KRAMER AND SHAMAI ’ S

OUTER BOUND

Given the broadcast channelq(y, z|x) (no variation in the
channel is assumed here, i.e.q(y, z|x, s) = q(y, z|x) for all
s), Liang, Kramer and Shamai define their outer bound on the

capacity region of the general broadcast channel as follows
[12]: let ̺(q(y, z|x)) be the union over all joint distributions
p(w0, w1, w2, u, v, x, y, z) = p(w0, w1, w2, u, v, x)q(y, z|x)
for which W0,W1 andW2 are both mutually indepen-
dent and uniform andX is a deterministic function of
(W0,W1,W2, U, V ), of the region:





R0 ≥ 0, R1 ≥ 0, R2 ≥ 0;
R0 ≤ min{I(W0;Y |U), I(W0;Z|V )};
R1 ≤ I(W1;Y |U); R2 ≤ I(W2;Z|V );
R0 +R1 ≤

min(I(W0W1;Y |U), I(W1;Y |W0UV )
+I(W0U ;Z|V ));

R0 +R2 ≤
min(I(W0W2;Z|V ), I(W2;Z|W0UV )

+I(W0V ;Y |U));
R0 +R1 +R2 ≤

min(I(W1;Y |W0W2UV ) + I(W0W2U ;Z|V ),
I(W2;Z|W0W1UV ) + I(W0W1V ;Y |U),
I(W0V U ;Y ) + I(W1;Y |W0W2UV )

+I(W2;Z|W0UV ),
I(W0UV ;Z) + I(W2;Z|W0W1UV )

+I(W1;Y |W0UV )).

Theorem 1:The region̺(q(y, z|x)) equals̺1(q(y, z|x))
defined as follows: let̺ 1(q(y, z|x)) be the region defined
as above except that the extra constraintH(W0|W1U) =
H(W0|W2V ) = 0 is imposed onW0,W1,W2, U andV and
the set of inequalities is simplified by replacing them with
the following apparently stronger set of inequalities:




R0 ≥ 0, R1 ≥ 0, R2 ≥ 0;
R0 ≤ min{I(W0;Y |U), I(W0;Z|V )};
R0 +R1 ≤ I(W1;Y |U); R0 +R2 ≤ I(W2;Z|V );
R0 +R1 ≤ I(W1;Y |W0UV ) + I(W0U ;Z|V );
R0 +R2 ≤ I(W2;Z|W0UV ) + I(W0V ;Y |U);
R0 +R1 + R2 ≤ min(
I(W1;Y |W0W2UV ) + I(W2U ;Z|V ),
I(W2;Z|W0W1UV ) + I(W1V ;Y |U),
I(W0UV ;Y ) + I(W1;Y |W0W2UV )

+I(W2;Z|W0UV ),
I(W0UV ;Z) + I(W2;Z|W0W1UV )

+I(W1;Y |W0UV )).
Remark 1: In order to get the original set of inequalities,

replace the inequalityR0 + R1 ≤ I(W1;Y |U) with two
weaker inequalitiesR1 ≤ I(W1;Y |U) and R0 + R1 ≤
I(W0W1;Y |U). Similarly, replaceR0 + R2 ≤ I(W2;Z|V )
with R2 ≤ I(W2;Z|V ) andR0 + R2 ≤ I(W0W2;Z|V ).
Furthermore, weaken the first and second inequality onR0+
R1 +R2 by adding respectively termsI(W0;Z|W2UV ) and
I(W0;Y |W1UV ) to the left hand side of these inequalities.

Theorem 2:The region̺1(q(y, z|x)) with or without the
constraint onW0, W1 andW2 being mutually independent
and uniform is the same.

Remark 2:Relaxation of the constraint onW0, W1 and
W2 being mutually independent parallels a similar result
by Nair and Zizhou [16]. Nair and El Gamal in [15] had
proposed two outer bounds, defined in equation (3.1) and in
Theorem 3.1 of [15], and had suspected that one is strictly



tighter than the other. Nair and Zizhou showed that this is
not the case.

IV. T HE NEW OUTER BOUND

In this section, the main claims of the paper are formally
presented as theorem 3, lemmas 1 and 2.

Theorem 3:Given any arbitrarily varying broadcast
channel q(y, z|x, s) and an arbitrary admissible source
(L1, L2), let L0 be an arbitrary random variable satisfying
H(L0|L1) = H(L0|L2) = 0. Then there existsp(x) such
that for anyp(s) there existsp(w0, w1, w2, u, v, x, s, y, z) in
the setΥq(y,z|x,s)p(x)p(s) such that the following inequalities
are satisfied:




H(L0) ≤ min{I(W0;Y |U), I(W0;Z|V )};
H(L1) ≤ I(W1;Y |U); H(L2) ≤ I(W2;Z|V );
H(L1) ≤ I(W1;Y |W0UV ) + I(W0U ;Z|V );
H(L2) ≤ I(W2;Z|W0UV ) + I(W0V ;Y |U);
H(L1L2) ≤ I(W1;Y |W0W2UV ) + I(W2U ;Z|V );
H(L1L2) ≤ I(W2;Z|W0W1UV ) + I(W1V ;Y |U);
H(L1L2) ≤
I(W0V ;Y |U) + I(W1;Y |W0W2UV )
+I(W2;Z|W0UV );

H(L1L2) ≤
I(W0U ;Z|V ) + I(W2;Z|W0W1UV )
+I(W1;Y |W0UV ).

Corollary 1: Given any arbitrarily varying broadcast
channelq(y, z|x, s), the following region forms an outer
bound on the capacity region of the broadcast channel:

ζ(q(y, z|x, s)) =
⋃

p(x)

⋂

p(s)

⋃

p(w0,w1,w2,u,v,x,s,y,z)∈Υq(y,z|x,s)p(x)p(s)





R0 ≥ 0, R1 ≥ 0, R2 ≥ 0;
R0 ≤ min{I(W0;Y |U), I(W0;Z|V )};
R0 +R1 ≤ I(W1;Y |U); R0 +R2 ≤ I(W2;Z|V );
R0 +R1 ≤ I(W1;Y |W0UV ) + I(W0U ;Z|V );
R0 +R2 ≤ I(W2;Z|W0UV ) + I(W0V ;Y |U);
R0 +R1 +R2 ≤ I(W1;Y |W0W2UV ) + I(W2U ;Z|V );
R0 +R1 +R2 ≤ I(W2;Z|W0W1UV ) + I(W1V ;Y |U);
R0 +R1 +R2 ≤ I(W0V ;Y |U) + I(W1;Y |W0W2UV )

+I(W2;Z|W0UV );
R0 +R1 +R2 ≤ I(W0U ;Z|V ) + I(W2;Z|W0W1UV )

+I(W1;Y |W0UV ).

whereR0 denotes the common rate,R1 the private rate to
receiver one, andR2 the private rate to receiver two.

Remark 3: If q(y, z|x, s) = q(y, z|x), the above outer
bound reduces to a region that is included inside that of
Liang, Kramer and Shamai [12]. To see this weaken the last
two inequalities by addingI(U ;Y ) to the left hand side of
the third inequality onR0 + R1 + R2, and I(V ;Z) to the
left hand side of the last inequality onR0 + R1 + R2. We
don’t know if this bound is strictly better than that of [12].

Lemma 1:Let ϕ(p(y, z, x, s)) be a function from the
set of all probability distributions defined on a product
of four finite sets to down-sets inRc+ where c is a nat-
ural number (this implies thatϕ(p(y, z, x, s)) is always

equal to∆(ϕ(p(y, z, x, s)))). For any conditional distribution
q(y, z|x, s), let

φ(q(y, z|x, s)) =
⋃

q(x)

⋂

q(s)

ϕ(q(y, z|x, s)q(x)q(s)).

Further assume thatϕ satisfies the following properties for
any p(y, z|x, s) andp(x): (please see definition 3 and 4 for
the notations used)

1) Whenever p(yy′, zz′|x, ss′) = p(y, z|x, s) ×
p(y′, z′|x′, s′), H(X ′|X) = 0 and p(y′, z′|x′, s′) =
q(y′, z′|x′, s′):

ϕ(p(yy′, zz′|x, ss′)p(x)p(s)p(s′)) ⊆

ϕ(p(y, z|x, s)p(x)p(s))⊕

ϕ(q(y′, z′|x′, s′)p(x′)p(s′)).

2) Wheneverp(y = z) = 1 andH(Y |X) = H(Z|X) =
0, and in additionH(X ′|X) = 0, p(y′, z′|x, s′) =
q(y′, z′|x′, s′):

ϕ(p(yy′, zz′|x, s′)p(x)p(s′)) ⊆

ϕ(q(y′, z′|x′, s′)p(x′)p(s′))⊕

∆({(H(Y ), H(Y ), ..., H(Y )︸ ︷︷ ︸
c times

)}).

3) For any channelq(y, z|x, s), input distributionsp0(x)
andp1(x) andλ ∈ (0, 1), there existspλ(x) such that
for any p(s),

(1 − λ) × ϕ
(
q(y, z|x, s)p0(x)p(s)

)
⊕

λ× ϕ
(
q(y, z|x1, s)p1(x)p(s)

)
⊆

ϕ
(
q(y, z|x, s)pλ(x)p(s)

)
.

Then, for any broadcast channelq(y, z|x, s), arbitrarily cor-
related random variablesL1 andL2, positiveǫ and (n, b, ǫ)
code for this broadcast channel, we have (for the definition
of multiplication of a set by a real number see definition 3).

⋂

p(s1,s2,...,sn)

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1s2...sn)

)
⊆ (1)

n× φ(q(y, z|x, s)) ⊕ ∆({(log b, log b, ..., log b︸ ︷︷ ︸
c times

)}),

where random variables (X ′
1, X ′

2, ...,X ′
n), (S1, S2, ..., Sn),

(Y ′
1 , Y

′
2 , ..., Y

′
n) and (Z ′

1, Z
′
2, ..., Z

′
n) respectively represent

the inputs by the encoder at the broadcast channel, the
adversary’s input to the broadcast channel, the outputs at the
Y receiver, and the outputs at theZ receiver.E is a uniform
random variable of entropylog b, representing the common
randomness shared between the transmitter and the receivers
in constructing the transmission scheme. Random variables
Y ′

0 andZ ′
0 equalE with probability one.E is independent

of (Ln1 , L
n
2 ).



Lemma 2:ϕ as defined below satisfy the properties of
lemma 1 with the choice ofc = 10.

ϕ(p(y, z, x, s)) =
⋃

p(w0,w1,w2,u,v,x,s,y,z)∈Υp(y,z,x,s)

∆

({(
I(W0;Y |U),I(W0;Z|V ),I(W1;Y |U),I(W2;Z|V ),

I(W1;Y |W0UV ) + I(W0U ;Z|V ),

I(W2;Z|W0UV ) + I(W0V ;Y |U),

I(W1;Y |W0W2UV ) + I(W0W2U ;Z|V ),

I(W2;Z|W0W1UV ) + I(W0W1V ;Y |U),

I(W0V ;Y |U) + I(W1;Y |W0W2UV ) + I(W2;Z|W0UV ),

I(W0U ;Z|V )+I(W2;Z|W0W1UV )+I(W1;Y |W0UV )
)})

.

V. PROOFS

Proof: [Proof of Theorem 1] Clearly̺ 1(q(y, z|x)) ⊆
̺(q(y, z|x)) because we have replaced the set of
inequalities with a stronger one, and have further
restricted the set of permissible(W0,W1,W2, U, V ).
Below we will show that̺(q(y, z|x)) ⊆ ̺1(q(y, z|x)):
Take an arbitrary (R0, R1, R2) ∈ ̺(q(y, z|x)).
Corresponding to (R0, R1, R2), there exists p(x) and
p(w0, w1, w2, u, v, x, y, z) = p(w0, w1, w2, u, v, x)q(y, z|x)
for which W0,W1 andW2 are both mutually independent
and uniform, and X is a deterministic function of
(W0,W1,W2, U, V ), such that the inequalities in
̺(q(y, z|x)) are satisfied. We will define an appropriate
(Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) that would imply that
(R0, R1, R2) ∈ ̺1(q(y, z|x)) (i.e. the corresponding
inequalities for (R0, R1, R2) in ̺1(q(y, z|x)) would be
satisfied with this choice).

Let random variablesA0, A1, A2 and A3 be uniform
on the alphabet set ofW0 (without loss of generality as-
sumed to be{1, 2, ...,M ′

0} for someM ′
0). Let A2 andA3

and (W0,W1,W2, U, V,X, Y, Z) be mutually independent.
Random variablesA0 andA1 are then defined as follows:

Ai = 1 + (W0 +Ai+2 mod M ′
0) i = 0, 1.

Let (Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) be equal to
(UA0, V A1,W0,W1A2,W2A3, X, Y, Z).

It can be verified thatp(x̃) = p(x). Furthermore
(Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) satisfies the required proper-
ties (in particularH(W̃0|W̃1Ũ) = H(W̃0|W̃2Ṽ ) = 0). One
can use(Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) in the definition of̺ 1

to show that(R0, R1, R2) ∈ ̺1(q(y, z|x)). More specifically,
one can verify the following inequalities:




R0 ≥ 0, R1 ≥ 0, R2 ≥ 0;

R0 ≤ min{I(W̃0; Ỹ |Ũ), I(W̃0; Z̃|Ṽ )};

R0 +R1 ≤ I(W̃1; Ỹ |Ũ);
...

R0 +R1 +R2 ≤ I(W̃0Ũ Ṽ ; Z̃) + I(W̃2; Z̃|W̃0W̃1Ũ Ṽ )

+I(W̃1; Ỹ |W̃0Ũ Ṽ ).

For the details, see [7].
Proof: [Proof of Theorem 2] Take an arbitrary joint

distribution
p(w0, w1, w2, u, v, x, y, z) = p(w0, w1, w2, u, v, x)q(y, z|x)
for which X is a deterministic func-
tion of (W0,W1,W2, U, V ) and such that
H(W0|W1U) = H(W0|W2V ) = 0. We will define
(Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) that yield the same region of
triples of (R0, R1, R2) as in the definition of̺ 1(q(y, z|x)),
but furthermore satisfy the additional constraint that
W̃0, W̃1, W̃2 are both mutually independent and uniform.

Let random variablesA0, A1, A2 be uniform on the
alphabet set ofW0, W1 andW2 respectively (without loss
of generality assumed to be{1, 2, ...,M ′

i} for someM ′
i

(i = 0, 1, 2)). Furthermore assume thatA0, A1, A2 and
(W0,W1,W2, U, V,X, Y, Z) are mutually independent. Ran-
dom variablesA3, A4 andA5 are then defined as follows:

Ai+3 = 1 + (Wi +Ai mod M ′
i) i = 0, 1, 2.

It can be verified that A3, A4, A5 and
(W0,W1,W2, U, V,X, Y, Z) are mutually independent.
Let (Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) be equal to
(UA3A4A5, V A3A4A5, A0, A1, A2, X, Y, Z).

It can be verified thatp(x̃) = p(x). Furthermore
(Ũ , Ṽ , W̃0, W̃1, W̃2, X̃, Ỹ , Z̃) satisfies all the required prop-
erties; in particularW̃0, W̃1, W̃2 are both mutually indepen-
dent and uniform. For the details, see [7].

Proof: [Proof of Theorem 3] Take an arbitrary(n, b, ǫ)
code. We show that one can finddi = O(ǫ) +O(h(ǫ)

n
) (i =

0, 1, 2, ..., 9) and p(x) for which for any p(s) there exist
p(w0, w1, w2, u, v, x, s, y, z) ∈ Υq(y,z|x,s)p(x)p(s) such that

H(L0) − d0 ≤ I(W0;Y |U); H(L0) − d1 ≤ I(W0;Z|V );
H(L1) − d2 ≤ I(W1;Y |U); H(L2) − d3 ≤ I(W2;Z|V );
H(L1) − d4 ≤ I(W1;Y |W0UV ) + I(W0U ;Z|V );
...

H(L1L2) − d9 ≤ I(W0U ;Z|V ) + I(W2;Z|W0W1UV )
+I(W1;Y |W0UV ),

whereO(ν) here and elsewhere stands for a function ofν

bounded in absolute value by a constant multiple ofν, where
the constant depends only on the alphabet size ofL1 andL2;
the functionh(.) is the binary entropy function.

Let Ln1 , Ln2 , E, (X ′
1, X

′
2, ..., X

′
n), (S1, S2, ..., Sn),

(Y ′
0 , Y

′
1 , Y

′
2 , ..., Y

′
n), (Z ′

0, Z
′
1, Z

′
2, ..., Z

′
n) be defined as in

lemma 1. This implies thatH(X ′
i|X̃) = 0 where the random

variableX̃ is defined asX̃ = (Ln1 , L
n
2 , E).

Let ϕ be defined as in lemma 2. Since according to lemma
2, ϕ(.) satisfies the properties of lemma 1, we have (for the
definition of multiplication of a set by a real number see
definition 3):

⋂

p(s1,s2,...,sn)

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn) (2)

p(ln1 l
n
2 e)p(s1s2...sn)

)
⊆

n× φ(q(y, z|x, s)) ⊕ ∆({(log b, log b, ..., log b)}).



The sketch of the rest of the proof is as follows (for
the details, see [7]): The decoding rule ensures that the
Y -party and theZ-party are able to computêLn1 =
ϑy((Y

′
1 , Y

′
2 , ..., Y

′
n), E) and L̂n2 = ϑz((Z

′
1, Z

′
2, ..., Z

′
n), E)

such that for any joint distributionp(s1, s2, ..., sn), random
variablesL̂n1 and L̂n2 are respectively equal toLn1 andLn2
with probability at least1 − ǫ. It can be shown that

⋂

p(s1,s2,...,sn)

ϕ
(
p(el̂n1 , el̂

n
2 |l

n
1 l
n
2 e, s1s2...sn) (3)

p(ln1 l
n
2 e)p(s1s2...sn)

)
⊆

⋂

p(s1,s2,...,sn)

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1s2...sn)

)
.

The fact that for any three random variablesA,B andC the
inequalityI(A;B|C)+H(B′|BC) ≥ I(A;B′|C) holds can
be used in proving the following:

⋂

p(s1,s2,...,sn)

ϕ
(
p(eln1 , el

n
2 |l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1s2...sn)

)
⊆ (4)

⋂

p(s1,s2,...,sn)

(
ϕ
(
p(el̂n1 , el̂

n
2 |l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1s2...sn)

)
⊕ ∆(−→v )

)
,

where−→v is a vector whose elements are of the formO(ǫ)+

O(h(ǫ)
n

). Lastly, for any joint distributionp(s1, s2, ..., sn), a
9-tuple (U, V,W0,W1,W2, L

n
1L

n
2E,S1S2...Sn, EL

n
1 , EL

n
2 )

insideΥp(eln1 ,el
n
2 |ln1 l

n
2 e,s1s2...sn)p(ln1 l

n
2 e)p(s1s2...sn) is specified

in the following that would imply that the point
(

log b+ nH(L0), log b+ nH(L0),

log b+ nH(L1), log b+ nH(L2), (5)

log b+ nH(L1), ... , log b+ nH(L1L2)

)
,

belongs to the set on the left hand side of equation 4. This
fact together equations 3 and 2 complete the proof.

The 9-tuple

(U, V,W0,W1,W2, L
n
1L

n
2E,S1S2...Sn, EL

n
1 , EL

n
2 )

is taken to be

(An0 , A
n
1 , EL

n
0 , EL

n
1A

n
2 , EL

n
2A

n
3 ,

Ln1L
n
2E,S1S2...Sn, EL

n
1 , EL

n
2 ),

where (An0 , A
n
1 , A

n
2 , A

n
3 ) is n i.i.d. repetitions of random

variables(A0, A1, A2, A3) defined as follows:
Random variablesA0, A1, A2, A3 are uniformly distrib-

uted on the alphabet set ofL0 (without loss of generality
assumed to be{1, 2, 3, ...,M0}). Random variablesAn2 , An3
are taken to be mutually independent of each other and of

(E,Ln0 , L
n
1 , L

n
2 , S1S2...Sn). The jth of i.i.d repetitions of

random variablesA0 andA1 are then defined using thejth

copy ofL0 as follows:

Ai,j = 1 + (L0,j +Ai+2,j mod M0) i = 0, 1.

From this definition, it is clear thatAn0 , An1 and
(E,Ln0 , L

n
1 , L

n
2 , S1S2...Sn) are mutually independent. Fur-

thermore,I(An0 ;Ln0 |A
n
2 ) = I(An1 ;Ln0 |A

n
3 ) = nH(L0).

It can be verified that the 9-tuple satisfies all the required
properties and that it implies the correctness of equation 5.

Proof: [Proof of Lemma 1] Using the properties ofϕ(.),
for anyp(s1, s2, ..., sn) that factorizes asp(s1)p(s2)...p(sn),
we can write:

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1)p(s2)...p(sn)

)
⊆ (6)

ϕ
(
p(y′0...y

′
n−1, z

′
0...z

′
n−1|l

n
1 l
n
2 e, s1s2...sn−1) · p(l

n
1 l
n
2 e)·

p(s1)p(s2)...p(sn−1))
)
⊕

ϕ(q(y′n, z
′
n|x

′
n, sn)p(x

′
n)p(sn)) ⊆

ϕ
(
p(y′0...y

′
n−2, z

′
0...z

′
n−2|l

n
1 l
n
2 e, s1s2...sn−2) · p(l

n
1 l
n
2 e)

p(s1)p(s2)...p(sn−2)
)
⊕

ϕ(q(y′n−1, z
′
n−1|x

′
n−1, sn−1)p(x

′
n−1)p(sn−1))⊕

ϕ(q(y′n, z
′
n|x

′
n, sn)p(x

′
n)p(sn)) ⊆

... ⊆

ϕ
(
p(y′0y

′
1, z

′
0z

′
1|l
n
1 l
n
2 e, s1)p(l

n
1 l
n
2 e)p(s1)

)
⊕

ϕ(q(y′2, z
′
2|x

′
2, s2)p(x

′
2)p(s2)) ⊕ ...

ϕ(q(y′n, z
′
n|x

′
n, sn)p(x

′
n)p(sn)) ⊆ (7)

ϕ(q(y′1, z
′
1|x

′
1, s1)p(x

′
1)p(s1))⊕

ϕ(q(y′2, z
′
2|x

′
2, s2)p(x

′
2)p(s2)) ⊕ ...

ϕ(q(y′n, z
′
n|x

′
n, sn)p(x

′
n)p(sn))⊕

∆({(H(E), H(E), ..., H(E))}),

where in equation 6 we have used the first property because

p(y′0y
′
1...y

′
n, z

′
0z

′
1...z

′
n|l

n
1 l
n
2 e, s1s2...sn) =

p(y′0y
′
1...y

′
n−1, z

′
0z

′
1...z

′
n−1|l

n
1 l
n
2 e, s1s2...sn−1)·

·p(y′n, z
′
n|x

′
n, sn),

and furthermorep(y′n, z
′
n|x

′
n, sn) = q(y′n, z

′
n|x

′
n, sn). In

equation 7 we have used the second property.
Take some arbitraryp(s) and assume thatp(si) ∼ p(s)

for all i. Using the fact that the conditional distributions
q(y′i, z

′
i|x

′
i, si) for i = 1, 2, ..., n are all the same, we apply

the third property to conclude that

ϕ(q(y′1, z
′
1|x

′
1, s1)p(x

′
1)p(s1)) ⊕ ...

ϕ(q(y′n, z
′
n|x

′
n, sn)p(x

′
n)p(sn))⊕



∆({(H(E), H(E), ..., H(E))}) ⊆

n× ϕ(q(y, z|x, s)p̃(x)p(s)) ⊕ ∆({(log b, log b, ..., log b)},

for some p̃(x) not depending onp(s). HereH(E) is re-
placed with its value,log b. One can therefore conclude that
wheneverp(si) ∼ p(s),

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1)p(s2)...p(sn)

)
⊆

n× ϕ(q(y, z|x, s)p̃(x)p(s)) ⊕ ∆({(log b, log b, ..., log b)}).

Now, since restricting the set over which intersection is
taken can not cause the intersection shrink, one can write:

⋂

p(s1,s2,...,sn)

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1s2...sn)

)
⊆

⋂

p(s1, s2, ..., sn) = p(s1)p(s2)...p(sn)
p(si) ∼ p(s) ∀i

(

ϕ
(
p(y′0...y

′
n, z

′
0...z

′
n|l

n
1 l
n
2 e, s1s2...sn)

p(ln1 l
n
2 e)p(s1)p(s2)...p(sn)

))
⊆

⋂

p(s)

(
n× ϕ(q(y, z|x, s)p̃(x)p(s))⊕

∆({(log b, log b, ..., log b)})

)
⊆

⋂

p(s)

(
n× ϕ(q(y, z|x, s)p̃(x)p(s))

)
⊕

∆({(log b, log b, ..., log b)}) ⊆ (8)

n× φ(q(y, z|x, s))⊕

∆({(log b, log b, ..., log b)}),

where in 8, we have used the fact thatp̃(x) does not depend
on p(s).

Proof: [Proof of Lemma 2] Property 1. Take an
arbitrary point−→v insideϕ

(
p(yy′, zz′|x, ss′)p(x)p(s)p(s′)

)
.

We would like to prove that there exists
−→v1 ∈ ϕ

(
p(y, z|x, s)p(x)p(s)

)
and −→v2 ∈

ϕ
(
q(y′, z′|x′, s′)p(x′)p(s′)

)
and such that−→v1 + −→v2 ≥ −→v .

Since−→v ∈ ϕ
(
p(yy′, zz′|x, ss′)p(x)p(s)p(s′)

)
, there ex-

ists someU, V,W0,W1,W2 created fromX satisfying
UVW0W1W2X − X − XSS′Y Y ′ZZ ′, H(W0|W1U) =
H(W0|W2V ) = 0 andX being a deterministic function of
(W0,W1,W2, U, V ) such that−→v is coordinate by coordinate
less than or equal to:

(
I(W0;Y Y

′|U), I(W0;ZZ
′|V ), I(W1;Y Y

′|U),

...

I(W0U ;ZZ ′|V ) + I(W2;ZZ
′|W0W1UV )+

I(W1;Y Y
′|W0UV )

)
.

Let W ′
0 = W̃0 = W0, W ′

1 = W̃1 = W1, W ′
2 = W̃2 = W2,

V ′ = V Z, U ′ = U , Ṽ = V , Ũ = UY ′. The following
properties hold:

• The Markov chainU ′V ′W ′
0W

′
1W

′
2X

′−X ′−X ′S′Y ′Z ′

holds. Also,H(W ′
0|W

′
1U

′) = H(W ′
0|W

′
2V

′) = 0 and
X ′ is a deterministic function of(W ′

0,W
′
1,W

′
2, U

′, V ′).
• The Markov chaiñUṼ W̃0W̃1W̃2X−X−XSYZ holds.

Also, H(W̃0|W̃1Ũ) = H(W̃0|W̃2Ṽ ) = 0 andX is a
deterministic function of(W̃0, W̃1, W̃2, Ũ , Ṽ ).

We can define points−→v1 ∈ ϕ
(
p(y, z|x, s)p(x)p(s)

)
and

−→v2 ∈ ϕ
(
q(y′, z′|x′, s′)p(x′)p(s′)

)
using the above auxiliary

random variables. It can be verified that−→v1 +−→v2 is coordinate
by coordinate greater than or equal to−→v .

Property 2.We would like to show that for any arbitrary
p(s′):

ϕ
(
p(yy′, zz′|x, s′)p(x)p(s′)

)
⊆

ϕ
(
q(y′, z′|x′, s′)p(x′)p(s′)

)
⊕ ∆({(H(Y ), ..., H(Y ))}).

Take an arbitrary point inside

ϕ
(
p(yy′, zz′|x, s′)p(x)p(s′)

)
.

There exists someU, V,W0,W1,W2 created fromX satis-
fying UVW0W1W2−X−S′X−Y Y ′ZZ ′, H(W0|W1U) =
H(W0|W2V ) = 0 andX being a deterministic function of
(W0,W1,W2, U, V ) such that the arbitrarily chosen point is
coordinatewise dominated by:

−→v =

(
I(W0;Y Y

′|U), I(W0;ZZ
′|V ), I(W1;Y Y

′|U),

...

I(W0U ;ZZ ′|V ) + I(W2;ZZ
′|W0W1UV )+

I(W1;Y Y
′|W0UV )

)
.

SinceY andZ are equal with probability one, one can
replaceZ with Y whenever it appears in the above mutual
information terms. Using the chain rule, one can write the
above vector as the summation of−→v1 and −→v2 defined as
follows:

−→v1 =

(
I(W0;Y |U), I(W0;Y |V ), I(W1;Y |U), I(W2;Y |V ),

I(W1;Y |W0UV ) + I(W0U ;Y |V ),

...

I(W0U ;Y |V )+I(W2;Y |W0W1UV )+I(W1;Y |W0UV )

)
;

−→v2 =

(
I(W0;Y

′|UY ), I(W0;Z
′|V Y ), I(W1;Y

′|UY ),

...

I(W0U ;Z ′|V Y ) + I(W2;Z
′|W0W1UV Y )

+I(W1;Y
′|W0UV Y )

)
.



It can be verified that−→v1 ∈ ∆{(H(Y ), H(Y ), ..., H(Y ))}.
We finish the proof by showing that−→v2 ∈
ϕ
(
q(y′, z′|x′, s′)p(x′)p(s′)

)
.

Let (Ŵ0, Ŵ1, Ŵ2, Û , V̂ , X̂, Ŝ, Ŷ , Ẑ) be equal to
(W0,W1,W2, UY, V Y,X

′, S′, Y ′, Z ′). It can be shown that
X ′ is a deterministic function of(W0,W1,W2, UY, V Y ),
H(Ŵ0|Ŵ1Û) = H(Ŵ0|Ŵ2V̂ ) = 0. Furthermore the
Markov chain(UY )(V Y )W0W1W2 − X ′ − S′X ′ − Y ′Z ′

holds (for the details, see [7]). This completes the proof of
−→v2 belonging toϕ

(
q(y′, z′|x′, s′)p(x′)p(s′)

)
.

Property 3.Let pλ(x) = (1−λ)·p0(x)+λ·p1(x). We will
show that for anyp(s), whenever−→a = (a0, a1, a2, ..., a9) ∈

ϕ
(
q(y, z|x, s)p0(x)p(s)

)
and

−→
b = (b0, b1, b2, ..., b9) ∈

ϕ
(
q(y, z|x, s)p1(x)p(s)

)
,

(1 − λ)−→a + λ
−→
b ∈ ϕ

(
q(y, z|x, s)pλ(x)p(s)

)
.

Since−→a is insideϕ
(
q(y, z|x, s)p0(x)p(s)

)
, there exists a

distribution

p(uavaw0aw1aw2axa)p(sa)q(ya, za|xa, sa) ∈

Υp(xa)p(sa)q(ya,za|xa,sa),

where p(sa) ∼ p(s) and p(xa) ∼ p0(x) for which the
following inequalities are satisfied:

• a0 ≤ I(W0a;Ya|Ua);
• a1 ≤ I(W0a, Za|Va);
• ...

• a9 ≤ I(W0aUaVa;Za) + I(W2a;Za|W0aW1aUaVa) +
I(W1a;Ya|W0aUaVa).

A similar statement holds for(b0, b1, ..., b9) involving ran-
dom variables(Ub, Vb,W0b,W1b,W2b, Xb, Sb, Yb, Zb).

Without loss of generality, one can assume that
(Ua, Va,W0a,W1a,W2a, Xa, Sa, Ya, Za) is independent of
(Ub, Vb,W0b,W1b,W2b, Xb, Sb, Yb, Zb).

Take a binary random variableT on {0, 1} satisfying
p(T = 1) = λ that is independent of all the above men-
tioned random variables. Let(U, V,W0,W1,W2, X, S, Y, Z)
be equal to

(TUa, TVa, TW0a,W1a,W2a, Xa, Sa, Ya, Za)

if T = 0, and be equal to

(TUb, TVb, TW0b,W1b,W2b, Xb, Sb, Yb, Zb)

if T = 1.
X has the distributionpλ(x) we started with, andS

has the distributionp(s) we started with. It can be proved
that p(y, z|x, s) = q(y, z|x, s) and that random vari-
ables(U, V,W0,W1,W2, X, S, Y, Z) have joint distribution
p(u, v, w0, w1, w2, x)p(s)q(y, z|x, s)
belonging toΥq(y,z|x,s)pλ(x)p(s). Furthermore this choice of
variables gives us a point inϕ

(
q(y, z|x, s)pλ(x)p(s)

)
that

coordinatewise dominates(1 − λ)−→a + λ
−→
b . For the details,

see [7].
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