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Abstract—In this paper we apply the “potential function a strategy for the transmitter to reliably send the i.i.d.
method” introduced by the authors in [5] and [6] to prove an  repetitions ofL, to the receivel” and the i.i.d. repetitions of
outer bound on the admissible source region of an arbitrariy Lo to the receivef [8]. Let L, be a discrete random variable

varying general broadcast channel with arbitrarily correl ated . .
sources. We are not aware of any previous work discussing any representing the common part between and L, in the

interesting outer bounds on the admissible source region ahe ~ following sense:L satisfiesH (Lo|L1) = H(Lo|L2) = 0
general broadcast channel either when the sources are alled andH (L) is equal to its maximum possible value. Random

to be arbitrarily correlated, the channel is allowed to vary  variableL, would represent the common message that needs

arbitrarily, or both. Specializing by removing the variability 5 pe transmitted to both receivers. For the accuracy of this
of the channel and assuming independent sources, our outer . .
interpretation, see [3].

bound reduces to one that is included inside the region defige X k g .
by Liang, Kramer and Shamai, a recent outer bound on the An arbitrarily varying general broadcast channel is char-
capacity region of the traditional broadcast channel [12].We acterized by the conditional distributiof(y, z|x, s) where

don’t know if the inclusion is strict. The arbitrarily varyi ng X is the input of the transmitter to the channél,is the
channel aspect of our bound is rather superficial; the main  giate parameter of the channel (that can vary in an arbitrary
interest is in the arbitrarily correlated source part. SN
way throughout the communication) and and Z are the

outputs of the channel at the two receivers. The transmitter
is observing i.i.d. repetitions of two, possibly correthte

Broadcast channels form basic building blocks of manyandom variabled.; and L,. Roughly speaking, the source
wireless system models. A broadcast channel is a singlpair (L, L») is called admissible if there exists a strategy
input, multi-output system whose goal is to model reliabléor the transmitter to reliably send the i.i.d. repetitionfs
communication of sets of messages from a transmitter 10, to the receiverY” and the i.i.d. repetitions of., to the
different sets of receivers [1], [2]. In some practical st®os  receiver Z no matter how the state of the channel varies
the channel parameters may be unknown, imprecise, over time. The transmitted messages should be recoverable
subject to variations from one symbol transmission to thby the receivers with high probability. Depending on the
next one. An arbitrarily varying channel (AVC) models suchmodel, either an average probability of error, or a maximal
a discrete memoryless channel. It is assumed that the chanpeobability of error constraint at the receivers is impased
parameters admit no statistical description and any code owurthermore, sometimes it is assumed that there are com-
this channel must have guaranteed performance under m@n random bits shared between the transmitter and the
worst possible choice of the channel parameters. Furtheeceivers in the construction of the transmission scheme.
more, it is known that unlike the point-to-point scenario, i Depending on the choice of model, different notions of
a broadcast channel the separation of the source and charshissible source region can be defined. In this paper we
codings is not necessarily optimal [8]. In this paper weassume that shared common randomness of arbitrary length
study the limitations of joint source-channel coding €igégs is provided to the transmitter and the receivers, and that th
across arbitrarily varying broadcast channels. receivers are required to find the intended messages under

We consider only two-receiver arbitrarily varying generabn average probability of error constraint (see sectiormi| f
broadcast channels in this paper. A two-receiver broad formal definition). Clearly the same outer bounds hold
cast channel is characterized by the conditional distidbut when no such shared common randomness is provided to the
q(y, z|x) where X is the input to the channel and and transmitter and the receivers (deterministic-code abiyr
Z are the outputs of the channel at the two receivers. Warying general broadcast channels).
a general broadcast channel with correlated sources, theThe admissible source region of a broadcast channel is
transmitter is observing i.i.d. repetitions of two, po$sib not known when the channel parameters are fixed and the
correlated, random variablds, and Ls. Roughly speaking, sources are independent, except in certain special casss; |
the source pai(L;, L2) is called admissible if there exists is known when the channel parameters vary arbitrarily or
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the sources are allowed to be arbitrarily correlated. The be

. . NOTATIONS

known inner bound for the two receiver general broadcast
channel is due to Liang and Kramer [11]; it is not however[ Variable Description
known whether this bound strictly improves on the earlier RR . Reat', ﬂumbffs- .
H + on-negative real numbers.
Inne,r bounds Of_Marton [13], [2, p. 391, Problem 10(c)]), an_d q(y, z|z, s) The statistical description of an arbitrarily
Gel'fand and Pinsker [4]. Recently there has been a series varying broadcast channel.
of outer bounds on the broadcast channel (with no channelL; (i =1,2) The message intended for the' receiver.
variation and independent source messages) by Nair [14], Lo SatisfiesH (Lo|L1) = H(Lo|L2) = 0.

. . . H(Lo) is equal to its maximum possible value.
Liang, Kramer and Sha_mal [_12] and Nair and El Gamal [15]. —5— Alphabet sets of, Z,
Each of these bounds is strictly better than the outer bound v, s X, S.
of Korner-Marton [13]%, but it is not known whether any of <) The encoding function used by the transmitter)

. Iy (+) The decoding function at the receivers.
these bounds are strictly better than the rest. In sectipwél 9.0
simplify the bound proposed by Liang, Kramer and Shama E The common randomness shared among
by, in part, removing its redundant inequalities. The bes b all the parties;& is uniform on{1,2, ..., b}.
known inner bound for the two receiver general broadcas " Length of the code used.
. . A(Y) Down-set (Definition 4);

channel with correlated sources is due to Han and Costa [8]. ® Sum of two sets (Definition 3).
For arbitrarily varying general broadcast channels (AVGBC | Yp(x.s..z) | A set of probability distributions (see Definition 5)

the best known inner bound, as far as we are aware, belongs
to Jahn [10]. For the family of degraded message?setsf
and Bross [9] found a new inner bound on the capacity regicggined knowledge of the two receivers, the knowledge of
of the AVGBC under state and input constraints. We arthe transmitter, and the history of broadcast channel para-
not aware of any previous work discussing any interestingieter choices at some stage of the communication. We then
outer bounds on the admissible source region of the genei@éntify properties of a function on such distributions i
broadcast channel either when the sources are allowed would need to be satisfied in one step of the communication
be arbitrarily correlated, the channel is allowed to varyor it to give rise to an outer bound. For details see lemma
arbitrarily, or both. Han and Costa [8] provide an exampld or see [5]-[6].
of a broadcast channel with correlated messages for whichThe outline of this paper is as follows. In section II, we
the source-channel separation theorem breaks down. Thigtroduce the basic notations and definitions used in this
indicates that finding outer bounds on broadcast channglgper. In section lll, we simplify the Liang, Kramer and
with correlated sources is a more generic problem. Shamai outer bound on the broadcast channel. Section IV
In this paper, we consider the admissible source region épntains the description of the new outer bound followed by
an AVGBC when shared common randomness of arbitragection V which gives formal proofs for the results.
length is provided to the transmitter and the receiveftie

admissible source region is defined in terms of the average i )
probability of error over the source; reliable transmigsio | hroughout this paper we assume that each random vari-

of the sources needs to be achievable uniformly over tfPle takes values in a finite sét denotes the set of real
channel parameters (which can vary symbol by symbolflumbers and .. denotes the set of non-negative reals.
We apply the “potential function method” introduced by We represent an arbitrarily varying broadcast channel by
the authors in [5] and [6] to prove a new outer bound off?® conditional distributiony(y, z|x, s) meaning thatX is
the admissible source region of arbitrarily varying geherd@/king, 5 is the state of the channel, and and Z are
broadcast channels. Specializing by removing the vaiigbil liSténing. We assume thak, S, Y, Z, L, and L, take
of the channel and assuming independent sources, our ouf@fues from discrete sewx, vs, ¥y, ¥z, ¢r, andiy,
bound reduces to one that is included inside the regidi§SPectively. For any natural number (vx)", (¢s)",
defined by Liang, Kramer and Shamai [12]. We don’t know if¥v)": (¥2)", (¢¥,)" and(¢r,)" denote then-th product
the inclusion is strict. The arbitrarily varying channepast ~ SetS Ofx, ¥s, ¥y, ¥z, Yr, andyy,. N o
of our bound is rather superficial; the main interest is in the Definition 1: [see also [8]] Given the conditional distrib-
arbitrarily correlated source part. ution ¢(y, z|, s), positive reale and natural numbers and

A sketch of the “potential function method” is as follows: ?» @nd random variables, L, jointly distributed according
we consider the set of all joint distributions on productd® P(l1,12), an(n, b, ¢) code is the set of the following three
of four finite sets which represent, roughly speaking, th&apPpings.

® C : (le)n X (sz)n X {172’ ""b} - (wX)na

II. DEFINITIONS AND NOTATION

IMore specifically, Nair and El Gamal show that their boundtigty 9. - nwf1.9 hy — n
better than that of Kdrner-Marton for a certain binary skswnmetric ¢ 19?1 (Q/JY)n { ) 7"'7b} (1/1L1)n7
channel [15]. The two other bounds are no worse than the Nuair B ¢ Yz (Q/JZ) X {1a 2. } - (sz) )
Gamal bound. such that for any joint distributionp(sy, s2, ..., s,), the

2We do not consider the degraded message set restriction foera following “average distortion” condition is satisfied:

definition see [9]
30ur outer bound is however also applicable to the scenanmhich no Assume thatX™ = Q(era L’Ql, E) WhereL? stands forn

shared common randomness is provided to the transmittetheneceivers. i.i.d. repetitions of random variablé; (i = 1,2). Random



variable E stands for a uniform random variable definedcapacity region of the general broadcast channel as follows

on the set{1,2,...,b} and independent ofL?, L%), and

[12]: let o(q(y, z|z)) be the union over all joint distributions

represents the common randomness shared among the coifwg, w1, wa, u, v, z,y,2) = p(wo, wi, w2, u, v, 2)q(y, z|x)
municating parties in constructing the transmission séhemfor which Wy, W, andW, are both mutually indepen-
Random variable$™, Y™ and Z™ are defined according to dent and uniform andX is a deterministic function of

p(yn’ Zn? In? Sn7 l’f’? l;? e) =
n
pr, 13,2 e) - p(s™) [ [ avs, zilwi, s0).
i=1
We then have the following constraints:

P(0,(Y1,Ya,... Yo, E) # (L1)") <e,
P 192(21,Z2, ,Zn,E) 75 (Lg)n) S €.

Definition 2: Given  the  conditional  distribution
q(y, z|z,s), a pair of random variables(Lq,Ls) is
called an admissible sourcdf for every positive e and
sufficiently largen andb, an (n, b, €) code exists.

The capacity region of the arbitrarily varying general

broadcast channel;zc(q(y, z|z, s)), is a subset of triples
of non-negative real numbersRy, R, R2) for which an
admissible sourc€Lq, Lo) exists such that,; = (L, L)),
Ly = (Ly, LY) whereLg, L} and L}, are jointly independent
of each other, and wherR; = H(L}) (for i = 0,1, 2).
Definition 3: For any natural number and any two sets
of pointsK andL in RS, let K@ L refer to their Minkowski
sum: K @ L = {v; + vy : v1 € K,v2 € L}. For any real
numberr, letr x K = {r.v; : v; € K}. We also define&

(Wo, W1, Wo, U, V), of the region:

Ry >0,R;y >0,Ry > 0;
Ro < min{I(Wy; Y |U), I[(Wy; Z|V)};
Ry <I(Wy;;Y|U); Ry < I(Wo; Z|V);
Ro+ R <
min(I(WoW1; Y |U), I(W1; Y|WoUV)
+I(WoU; Z|V));
Ry+ Ry <
min(I(WoWa; Z|V), [(Wa; Z|WoUV)
+I(WoV;Y|U));
Ro+ R+ Ry <
min(I(Wy; Y [WoWaUV) + I(WoWaU; Z|V),
[(Wa; ZIWoWAUV) + I(WeWAV; Y |U),
[(WoVU;Y) + I(Wy; Y|WoWaUV)
FI(Wa; ZIWoU V),
I(WoUV: Z) + I(Wa: ZWoWAUV)
FI(WL Y WoUV)).

Theorem 1:The regiono(q(y, z|z)) equalse (¢(y, z|z))
defined as follows: leb; (¢(y, z|z)) be the region defined
as above except that the extra constraifWW,|1W,U)
H(Wy|W2V) =0 is imposed ori¥Vy, Wy, Wy, U andV and
the set of inequalities is simplified by replacing them with

as the set formed by shrinking through scaling each point the following apparently stronger set of inequalities:

of it by a factor.

Definition 4: For any two pointg7 andws in RS, we say
v1 > v if and only if each coordinate of; is greater than
or equal to the corresponding coordinate @t For a set
A € R¢, the down-setA(A) is defined asA(A) = {7V €
RS : W < w for somew € A}.

Definition 5: For all given finite setsyx, s, ¥y, ¥z,
let T'yywswy,0, D& the set of joint distributions
r(wo, w1, wa, u, v, x, s,y, z) defined oy, X Yw, X Pw, x
Yu X by X hx X s X Py x bz whereyx, s,y and
Yz are given, andbw, , Yw, , Yw,, Yy andwyy are arbitrary

finite sets, and such that the following three properties are

satisfied:
1) H(W0|W1U) = H(W0|W2V) = O;
2) X is a deterministic function of Wy, Wy, Wa, U, V);
3) The following Markov chain holds/ VW W, Wy X —
X —-XSYZ.

For every given distributionp(z,s,y,z) defined on
Yx, Vs, by, Yz, let Tyu .,y be the set of joint
distributions 7 (wq, w1, we,u, v, x,s,y,z) belonging to
TYx, s, vy, vz for which the marginalr(x,s,y,z) is
equal top(x, s, y, 2).

IIl. ANALYSIS OF LIANG, KRAMER AND SHAMAI'S
OUTER BOUND

Given the broadcast channgly, z|«) (no variation in the
channel is assumed here, igy, z|z, s) = q(y, z|z) for all

Ro>0,R;1 >20,R2 > 0;
Ro < min{I(Wo; Y|U), I(Wo; Z|V) };
Ro+ Ry < I(Wl;Y|U); Ro+ Ry < I(WQ;Z|V);
Ry + Ry < I(Wy; Y|WoUV) + I(WoU; Z|V);
Ry + R < I(Wo; ZIWoUV) + I(WoV; Y |U);
Ry + Ry + Ry < min(
I(W; YWoWoUV) + I(WLU; Z|V),
I(Wy; Z\WoWHhUV) + I(WHL VY |U),
IWoUV;Y) 4+ I(W; YW WLUV)
+I(Wa; ZIWoUV),
IWoUV; Z) + I(Wa; ZIWoWLUV)
+I(W1; Y|WOUV))

Remark 1:In order to get the original set of inequalities,
replace the inequalityRy + Ry < I(Wy;Y|U) with two
weaker inequalitiesk; < I(Wy;Y|U) and Ry + Ry <
I(WoW1;Y|U). Similarly, replaceRy + Ro < I(Wo; Z|V)
with Ry < I(WQ; Z|V) and Ry + Ry < I(WQWQ; Z|V)
Furthermore, weaken the first and second inequalityzgn-

R1 + R» by adding respectively termEWy; Z|W,UV') and
I(Wy; YW1 UV) to the left hand side of these inequalities.
Theorem 2:The regiong; (¢(y, z|z)) with or without the
constraint oni,, W and W, being mutually independent

and uniform is the same.

Remark 2:Relaxation of the constraint o/, W; and
Wy being mutually independent parallels a similar result
by Nair and Zizhou [16]. Nair and El Gamal in [15] had
proposed two outer bounds, defined in equation (3.1) and in

s), Liang, Kramer and Shamai define their outer bound on thEheorem 3.1 of [15], and had suspected that one is strictly



tighter than the other. Nair and Zizhou showed that this isqual toA(¢(p(y, 2, x, s)))). For any conditional distribution
not the case. q(y, z|x, s), let

V. THE NEW OUTER BOUND gy, 2|z, s) U ﬂ o(q(y, 2|z, s)q(z)q(s)).
In this section, the main claims of the paper are formally q(z) q(s)
presented as theorem 3, lemmas 1 and 2. Further assume that satisfies the following properties for

Theorem 3:Given any arbitrarily varying broadcast any p(y, z|z, ) andp(z): (please see definition 3 and 4 for
channel ¢(y, z|z,s) and an arbitrary admissible sourcey,q \\otations used)

(L1, L2), let Ly be an arbitrary random variable satisfying ., , B
H(Lo|L1) = H(Lo|Lz) = 0. Then there existp(z) such 1) Whenever p(yy', 22|z, ss') = = ply, zlo,s) x

! ! ! ! _ ! ! A A _
that for anyp(s) there existo(wo, w1, wa, u, v, x, s,y, z) in p(y 7Z,|x '8 )_’ H(X'|X) = 0 andp(y', 2", ') =
the SetYy(, - 2. sp(a)p(s) SUCh that the following inequalities gy, 2|’ s'):
are satisfied: w(p(yy', 22|z, s )p(x)p(s)p(s")) C

H(Lo) < min{I(Wo; Y|U), I(Wo; Z|V)};
H(Ly) < I(Wy;Y|U); H(Ls) < I(Wa; Z|V): @(p(y,ZkU,S)p(l‘)p(S))@
H(Ly) < I(Wy; Y |WoUV) + I(WoU; Z|V); NN
HLS) < I(Wo ZIWaUV) 1 LWV YU, e(a(y',2'[2", " )p(z")p(s"))
H(L1Ly) < IWy,; YIWoWoUV) + IWoU; Z|V); 2) Whenevemp(y =z)=1andH((Y|X) = H(Z|X) =
H(L1Ly) < IWa; ZIWoWHLUV) + I(WLV; Y |U); 0, and in additonH(X'|X) = 0, p(y/, 2|z, s') =
H(LiLs) < q(y', 2'|2', ")
WOV, Y|U) + I(Wy; Y |WWoUV
JF(I(&/Q; Z||W2)UV§; LY [WoW2UV) o(p(yy’, 22|z, s )p(z)p(s)) C
H(L1Ls) < pla(y', 2"’ s )p(x")p(s))@
+I(W1,Y|W0UV) A{HY),H(Y),...H(Y))}).

éorollaryl Given any arbitrarily varying broadcast
channelq(y, z|z, s), the following region forms an outer
bound on the capacity region of the broadcast channel:

c times

3) For any channej(y, z|z, s), input distributionspg ()
andp;(z) and X\ € (0,1), there exist,(z) such that
Claly, 2|z, s)) = for any p(s),

Un U (1= ) x ¢(q(y, 2|z, s)po()p(s)) @

p(z) p(s) plwo,wi,w2,u,v,2,8,9,2)EY g(y,z|z,s)p(z)p(s) N | ) ) ( ) c
X
Ry > 0.5 > 0.1y > 0: ¢(a(y, zlz1, s)pr(2)p(s)) €
Ro < min{I(Wo; Y|U), I(Wo; Z|V)}; ¢(a(y, 2|z, s)px(x)p(s))-
Ro+ R < I(Wl,Y|U), Ro+ Ry < I(WQ,ZlV),
Ro+ Ry < I(W,; Y|WoUV) + IWoU; Z|V);
Ro+ Ry < I(Wo; ZIWoUV) + I(WV; Y |U);
Ro+ R1+ Ry < I(Wy; Y|IWoWoUV) + I(WoU; Z|V);
Ro+ R1 + Ry < I(Wa; ZIWoWHUV) + I(WAV; Y|U);
Ro+ R1+ Ry < IWoV;Y|U) + I(Wy; Y|WoWLUV) ﬂ
+I(Wa; Z|WoUV);
Ro+ R1+ Ry < I(WQU, Z|V) + I(Wg; Z|WOW1UV)
+HI(Wy; Y |WoUV). p(IT15e)p(s1sa...5,)) C Q)

Wher_eRo denotes the common rat&; the private rate to n x ¢(q(y, 2|z, s)) ® A({(logb,logb, ..., log b)}),
receiver one, andk, the private rate to receiver two.

Remark 3:1f q(y, z|z,s) = q(y, z|z), the above outer
bound reduces to a region that is included inside that dyhere random variables\(, X3, ..., X;), (S1, Sz, ..., Sn),
Liang, Kramer and Shamai [12]. To see this weaken the la§¥1: Yz, -, Y,) and (Z1, Z3, ... Z') respectively represent
two |nequa||t|es by add|ng(U Y) to the left hand side of the InputS by the encoder at the broadcast Channel, the
the third inequality onRy + Ry + R, and I(V; Z) to the adversary’s input to the broadcast channel, the outputseat t
left hand side of the last inequality aRy + R1 + R.. We Y receiver, and the outputs at thereceiver.E is a uniform

don’t know if this bound is strictly better than that of [12]. random variable of entroplog b, representing the common
Lemma 1:Let o(p(y, z,z,s)) be a function from the randomness shared between the transmitter and the rexeiver

set of all probability distributions defined on a producin constructing the transmission scheme. Random variables
of four finite sets to down-sets iR wherec is a nat- Yy andZ; equalE with probability one.E is independent
ural number (this implies that(p(y, z,z,s)) is always Of (LT, L3).

Then, for any broadcast channgly, z|z, s), arbitrarily cor-
related random variableb; and Lo, positivee and (n, b, ¢)
code for this broadcast channel, we have (for the definition
of multiplication of a set by a real number see definition 3).

w(p(yé...y;, 20 zn |l 15 e, $182...80)

P(81,82,-:8n)

c times



Lemma 2:¢ as defined below satisfy the properties ofFor the details, see [7].

lemma 1 with the choice of = 10.

oy, 2,z,5)) =

U

P(wo,w1,w2,u,0,%,5,Y,2)ELp(y, 2 z,s)
A ({ (I(Wos YIU)I(Wos Z|V) I(Wa; Y |U)L(Wa; Z|V),

(Wi Y [WoUV) + IWoU; Z|V),
I(Wa2; Z[WoUV) + I(WoV; Y |U),
(W3 Y [WoWaUV) + I(WoWals Z|V),
[(Wa; ZIWoWLUV) + I(Wo WAV Y|U),
WV Y |U) + LWy YIWoWalUV) + [(Wa; Z|WoUV),

I(WoU; ZIV)+I(Wa; ZIWoWA UV )+1(Wy; Y [WoUV)) }> .

V. PROOFS

Proof: [Proof of Theorem 1] Clearly:(q(y, z|x)) C

]
Proof: [Proof of Theorem 2] Take an arbitrary joint
distribution

p(w07w17w27u7’07x7y5 Z) = p(wo,wl,wg,u,v,I)q(y,z|17)

for which X is a deterministic func-
tion of (Wo, Wl, Wo,U, V) and such that
(WO|W1 UL W0|W2V) = 0. We will define

(U Vv, Wo,Wl,WQ,X Y, Z) that yield the same region of
triples of (Ro, R1, R2) as in the definition of (¢(y, z|x)),
but furthermore satisfy the additional constraint that
WO, Wl, W2 are both mutually independent and uniform.
Let random variables4dy, A;, As be uniform on the
alphabet set ofV,, W, and W5 respectively (without loss
of generality assumed to bél,2,..., M/} for some M/
(¢ = 0,1,2)). Furthermore assume that,, 4;, A2 and
(Wo, W1, Ws, U, V, X,Y, Z) are mutually independent. Ran-
dom variables4s, A, and A5 are then defined as follows:

Ai+3:1+(Wi+Ai mod Mz/) 1=20,1,2.

It can be verified that As, A4, As and

o(q(y, z|z)) because we have replaced the set Wy, Wy, Ws,U,V, X,Y,Z) are mutually independent.

inequalities with a stronger one,
restricted the set of permissibléWy, Wy, Ws, U, V).

Below we will show thato(q(y, z|z)) C o01(q(y, z|x)):
Take an arbitrary (Ro,Ri,R2) €  o(q(y, z|z)).
Corresponding to (R, R1, R2), there existsp(xz) and
p(wo,wl,wg,um,x,y,Z) = p(wo,wl,wg,u,v,x)q(y,2|$)

for which Wy, W, and W, are both mutually independent

and uniform, and X is a deterministic function of
(Wo,Wl,WQ,U V), such that the inequalities in
o(q(y, z|z)) are satisfied. We will define an approprlat
(U,V,Wo,Wl,WQ,X Y.,Z) that would imply that

(Ro,R1,R2) € Ql(q(y,z|x)) (i.e. the corresponding
inequalities for (R, R1, R2) in o1(q(y, z|z)) would be

satisfied with this choice).

Let random variablesd,, A;, A> and As be uniform
on the alphabet set dfiy (without loss of generality as-
sumed to be{1,2, ..., Mj} for someM}). Let A, and A3
and (Wy, W1, W>, U, V, X, Y, Z) be mutually independent.
Random variablesly and A; are then defined as follows:

Ai=1+(Wyp+ 4,42 mod M(/)) 1 =0,1.
Let (U,V,Wo,W;,W5,X,Y,Z) be equal to
(UAg, VA, Wy, W1 Ag, W A3, X, Y, 7).
It can be verified thatp(z) = p(z). Furthermore

u,Vv, WO,W17W27X Y, Z) satisfies the requwed proper-
ties (in particularH ( WOMQU (WO|W2V) = 0). One
can use(U V Wo, W1, Wa, X, Y Z) in the definition ofp;

and have furthe

et (U, V,Wy,W1,Wy, XY Z) be equal to
(UA3A4A5,VA3A4A5,A0,A1,A2,X Y,Z).
It can be verified thatp(z) = p(z). Furthermore

U,V , Wy, Wy, Wg,gg YNZ)jatlsfies all the required prop-
erties; in particulad?y, W1, W» are both mutually indepen-
dent and uniform. For the details, see [7].
[ |
Proof: [Proof of Theorem 3] Take an arbitrafy., b, €)
code. We show that one can fimld = O(e) + O(@) (@ =
0,1,2,...,9) and p(x) for which for any p(s) there exist
p(wo, w1, w2, u,v,,8,Y,2) € Vy(y,2|z,)p()p(s) SUCh that

H(Lo) —do < I(Wo; Y|U); H(Lo) —dy < I(Wo; Z|V);
H(Ll) do <I(W1,Y|U) ( ) ds <I(W2,Z|V);
H(Ly) — dy < I(W1;Y|WoUV) + I(WoU; Z|V);
H(Lng) - dg S I(WQU, Z|V) + I(Wg; Z|WOW1UV)

whereO(v) here and elsewhere stands for a functiorvof
bounded in absolute value by a constant multiple,okhere
the constant depends only on the alphabet size,&nd L»;
the functionh(.) is the binary entropy function.

Let Ly, L%, E, (X|,X},..,X"), (S1,S%2 ...,5),
(Yo, Y, Y5,...Y)), (Z,Z,Z),...,Z]) be defined as in
lemma 1. This implies thalf (X |X) = 0 where the random
variable X is defined asX = (L}, L2, E).

Let ¢ be defined as in lemma 2. Since according to lemma
2, o(.) satisfies the properties of lemma 1, we have (for the
definition of multiplication of a set by a real number see
definition 3):

N

P(81,82,---,8n)

to show thal Ry, R1, R2) € 01 (q(y7 z|z)). More specifically,
one can verify the following inequalities:

R0>OR1>OR2>O
Ry < mln{I(WO, Y|U)
Ro+ Ry < I(Wy; Y |U);

I(Wo; ZIV)}; )

O(PWo--Yn, 2020|1115 €, 5152...5)

Ro+ Ry + Ry < I(WoUV; Z) + I(Wa; Z|Wo WA TV)
HI(Wy Y [WoUV).

P15 e)p(s152...5n)) C
n < o(q(y 2|z, s)) © A({(log b, log, ...,

logb)}).



The sketch of the rest of the proof is as follows (for(E, Ly, L}, LY, S1S5...S,). The jt* of ii.d repetitions of
the details, see [7]): The decoding rule ensures that tlrandom variablesl, and A; are then defined using thd"
Y-party and theZ-party are able to computd? = copy of L, as follows:

9, ((Y{,Ys,....Y,)), E) and Ly = 9.((Z1,Z25,...,Z}), E)
such that for any joint distributiop(sy, s2, ..., $), random
variablesf’f and Eg are respectively equal t} and L%

with probability at leastl — . It can be shown that

ﬂ go(p(elA?,elAgﬂ?lge, $182...85) 3)

A =14 (Lo,j + Aiy2; mod Mo) 1=0,1.

From this definition, it is clear thatdy, A} and
(E, Ly, LY, L%, S,55...S,) are mutually independent. Fur-
thermore,l(Ay; Ly |AY) = I(AY; L |AY) = nH(Lo).

It can be verified that the 9-tuple satisfies all the required
properties and that it implies the correctness of equation 5
p(IT15e)p(s1s2...5,)) C [ |

Proof: [Proof of Lemma 1] Using the properties of.),
for anyp(s1, s2, ..., s,,) that factorizes ag(s1)p(s2)...p(sn),
we can write:

ﬂ <p(p(y6...y;,z(')...zuli’l;e,slsg...sn)

P(81,82,:8n)

P15 e)p(s182...5n)). O(PWh--Yn, 2020|1115 €, 5152...57)

p(115e)p(s1)p(s2)...p(sn)) S (6)
<p(p(y6...y;_1, 2z 1 |1715 €, 5182...8n—1) - (115 e)-
p(s1)p(s2)---p(s0n-1)))

P(a(Wns 2|75, sn)p(a,)p(sn))

The fact that for any three random variablésB andC the
inequalityI(A; B|C)+ H(B'|BC) > I(A; B'|C) holds can
be used in proving the following:

ﬂ o(p(ell, ely|Ilye, s159...5,)

P11z e)p(s182...80)) C (4)

ﬂ (Qp(p(ez\?a6/1\51“?15678132---871)

<p(p(y6...y;l_2, 202|115 e, 5182...80—2) - p(IT15e)
p(Sl)p(Sz)---p(Snﬂ))@

O(qWn—152n-11Tp—1,8n—1)p(x7,_1)P(5n—1))®

p(Iy13e)p(s152...5n)) & A(7)>7 P(q(Yn, 2nln, sn)p(ay)p(sn)) C

where @' is a vector whose elements are of the fabr) + S

O(@). Lastly, for any joint distributiorp(sy, sz, ..., $n), @ sp(p(y6y17Zézw?lge’Sl)p(l?lge)p(sl))@
9-tuple (U, V, Wy, W1, Ws, L?LSE, S5155...5,, EL?, ELS)
iNside Yy erm iz 1713 e,51 52...50 )p(I7 13 e)p(s1 52...5,) 1S SPECified
in the following that would imply that the point

@(q(ys, 25|75, 52)p(25)p(52)) © ..

(a2 |0, 50)p(27,)p(80)) C @)
<logb+nH(L0), logb + nH(Ly), e(q(yy, 21127, s1)p(a))p(s1))®
log b+ nH(L1), logh +nH(Ls), (5) e(a(ys, 25|, s2)p(a5)p(s2)) & ...
P(a(Yn» 2n] %0, 50)P(23,)P(50)) B
A{(H(E), H(E),..., H(E))}),

belongs to the set on the left hand side of equation 4. Thig,o e in equation 6 we have used the first property because
fact together equations 3 and 2 complete the proof.

logb+nH(Ly), ... , logb—i—nH(Lng)),

The 9-tuple
(U, V,Wo, Wy, Wo, L} LY E, 5155...5,, EL}, ELY)

is taken to be

! A ! ! ! nin —
D(YoYL--Yn» 2071 2n|lT15 €, S182...8n) =
! ! ! ! ! nin
P(YOYT - Yn_1, 2021-2n_1 1115 €, $182...8n—1)

p(y;u Z’:I|I’:L? Sn)v

(Ay, AT, ELy, ELT AL, ELy A%, and furthermorep(y,,, z,, |20, sn) = q(y),, 20|Zh, sn). IN
nrn n rn equation 7 we have used the second property.

LYL} B, 518550, ELT, EL3), Take some arbitrary(s) and assume thai(s;) ~ p(s)
where (A, A7, A%, A%) is n i.i.d. repetitions of random for all i. Using the fact that the conditional distributions
variables(Ag, A1, Ay, A3) defined as follows: q(y;, #i@y, 8;) for i = 1,2,...,n are all the same, we apply

Random variablesl,, A;, Ay, A3 are uniformly distrib- the third property to conclude that
uted on the alphabet set d@f, (without loss of generality
assumed to bé1,2,3, ..., My}). Random variablesly, A%
are taken to be mutually independent of each other and of

e(q(yt, 21|27, s1)p(a))p(s1)) & ...
QP(Q(y;w Z’:L|x’/ﬂ,7 Sn)P(DC;)p(Sn))EB



A({(H(E), H(E), .. H(E))}) € quuﬂﬂm@Uvo.
n x plaly, 2|z, $)p(@)p(s)) ® A({(log b, logb, ..., log b)), o o .
Let WO =Wy = W, Wl = W1~: Wy, W2 =Wy = W,

for some_ﬁ(a_c) not depending om(s). Here H(E) isre- v/ _ vz ¢/ = ¢y, V = vV, U = UY'. The following
placed with its valuelog b. One can therefore conclude thatproperties hold:

whenevenp(s;) ~ p(s), « The Markov chairl/'V'WiW|{WjX'— X' - X'S'Y' Z'

(p(p(yé,,,y;“zé,,,z“l?lge,3152,,,5n) holds. A|SO,H(W6|W1/UI) = H(W6|WQ/VI) =0 and

n X' is a deterministic function of W, Wi, W3, U’, V).

P15 e)p(s1)p(s2).-p(sn)) C « The Markov chairl VW, W, W>X — X — X SY Z holds.

n % ¢(q(y, 2|z, s)p(x)p(s)) ® A({(log b, logh, ...,logb)}). Also, H(Wo[W1U) = H(Wo[W,V) = 0 and X is a

) o S S deterministic function of Wy, Wy, Wa, U, V).
Now, since restricting the set over which intersection is

. L
taken can not cause the intersection shrink, one can write—, "¢ ¢a" Ide]jm? points; E,w(p(y’ 2|z, s)p(x)p(s)) and
3 € ¢(q(y, 7|2, s")p(z")p(s")) using the above auxiliary

(N eWhvh 262115 e, 5152...5) random variables. It can be verified thgt+vs is coordinate
P(51,52,015n) by coordinate greater than or equal .
nn Property 2.We would like to show that for any arbitrary
p(IT15e)p(s1s2...5,)) C p(s):
N p(plyy', 22", s p(x)p(s")) S
p(s1,82,...,8n) = p(s1)p(s52)...p(sn) @(Q(ylv Z/"T/v s’)p(x’)p(s')) D A({(H(Y)v ) H(Y))})

p(si) ~ p(s) Vi . L
( ol 0 ) Take an arbitrary point inside
e (PWYo--Yns 20--2nlli g€, $152...8,
e(pyy', 22|, s )p(x)p(s")).

p(l?lge)p(sl)P(52)---p(5n))) < There exists somé&, V, Wy, W,, W, created fromX satis-
fying UVWoWi Wy — X —S8'X —YY'ZZ', H(Wo|W1U) =

ﬂ <n x o(q(y, 2|z, $)p(z)p(s))® H(Wy|W2V) = 0 and X being a detgrm!mstlc functlon of
(Wo, W1, Wo, U, V) such that the arbitrarily chosen point is

7ee) coordinatewise dominated by:

A({(logb,logh,...,logb -
({(Og , 1080, ..., 10g )})) = ?: (I(WQ,YYI|U), I(WQ,ZZI|V), I(Wl,YY/|U),

N (% olatw sl sptenton ) o

p(s)
A({(logb,logd,...,logb)}) C (8)

nx ¢(q(y, z|z, s))d
SinceY and Z are equal with probability one, one can
A({(logb, logb, .., logb)}). replaceZ with Y whenever it appears in the above mutual
where in 8, we have used the fact tipét) does not depend information terms. Using the chain rule, one can write the
on p(s). m above vector as the summation of and 75 defined as
Proof: [Proof of Lemma 2] Property 1. Take an follows:

arbitrary pointv’ inside ¢ (p(yy', 22'|z, ss')p(z)p(s)p(s')).
We would like to prove that there exists U1 = (I(W0§Y|U)'I(W0?Y|V)’ I(W3YIU), I(Wa; Y|V,
— —
U1 IS go(p(y,z|x,s)p(ac)p(s)) and v €
(p(q(y/, ZI|$I, Sl)p(xl)p(sl)) and such that;_f + ’U_2> > . I(Wl; Y|W0UV) + I(WOU; Y|V),

Since v € w(p(yy’,zz’h:,ss’)p(:c)p(s)p(s’)), there ex-
ists some U, V, Wy, W1, W, created from X satisfying
UVWOW1W2X - X - XSS/YY/ZZ/, H(W0|W1U) = I(WQU, Y|V)+I(W2, YlWQWlUV)+I(W1, Y|WOUV)> 3
H(Wy|W2V) = 0 and X being a deterministic function of

Wo, Wi, Wa, U, V) such thatv’ is coordinate by coordinate
I(esg thein o? equai to: ’ g vz = (I(Wo;Y/|UY), I(Wo; Z'IVY), I(Wy; Y'|UY),

I(WoU: ZZ'|\V) + I(Wa; ZZ'|Wo WA UV )+

I(Wy; YY’|W0UV)> .

(I(WO;YY’|U), I(Wo; ZZ'\V), I(Wy; YY'|U), ) )
I(WoU; Z'|\VY) + I(Wa; Z'|[WoeWLUVY)

v
I(WoU; ZZ'\V) + I(Wa; ZZ' |[Wo WA UV )+ HWyY |W0UVY)>'



It can be verified thaty € A{(H(Y),H(Y),..., H(Y))}. VI. ACKNOWLEDGMENT
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X has the distributionpy(xz) we started with, andS
has the distributiorp(s) we started with. It can be proved
that p(y, z|z,s) = q(y,z|z,s) and that random vari-
ables(U,V, Wy, W1, Ws, X, S, Y, Z) have joint distribution
p(uvvaw()vwlvav )p( ) (yvz|x S)
belonging toY (. -(x,s)px (z)n(s)- FUrthermore this choice of
variables gives us a point ip(q(y, z|z, s)pa(x)p(s)) that

coordinatewise dominatgsd — \)a + A . For the details,
see [7]. [ ]



