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1 Introduction

We consider a stochastic approximation scheme in Rd of the type

xn+1 = xn + a(n)[h(xn) +Mn+1 +R(n)Bn+1 +D(n)Sn+1 + ζn+1], (1)

where

• h = [h1, · · · , hd]T : Rd → Rd is Lipschitz,

• Bn+1 := B̃(n+1)−B̃(n), where B̃(t), t ≥ 0, is a d-dimensional fractional
Brownian motion with Hurst parameter ν ∈ (0, 1),

• Sn+1 := S̃(n + 1) − S̃(n), where S̃(t), t ≥ 0, is a symmetric α-stable
process with 1 < α < 2,

• {ζn} is an ‘error’ process satisfying supn ‖ζn‖ ≤ K0 < ∞ a.s. and
ζn → 0 a.s.,

• {R(n)} is a bounded deterministic sequence of d× d random matrices,

• {D(n)} is a bounded sequence of d × d random matrices adapted to
{Fn}, for Fn := σ(xi, Bi,Mi, Si, ζi, i ≤ n).

• {Mn} is a martingale difference sequence w.r.t. {Fn} satisfying

E[‖Mn+1‖2|Fn] ≤ K1(1 + ‖xn‖2). (2)

• {a(n)} are positive non-increasing stepsizes which are Θ(n−κ) for some
κ ∈ (1

2
, 1]. In particular, they satisfy:∑

n

a(n) =∞,
∑
n

a(n)2 <∞, (3)

which are standard conditions for stochastic approximation. Clearly
supn a(n) <∞. We assume without loss of generality that supn a(n) ≤
1, this restriction does not affect our arguments in any essential way.

Consider the related o.d.e.:

ẋ(t) = h(x(t)). (4)
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We assume that this o.d.e. has a unique asymptotically stable equilibrium
x∗, with an associated continuously differentiable Liapunov function (whose
existence is guaranteed by the ‘smooth’ versions of converse Liapunov the-
orems – see, e.g., Theorem 3.2, p. 425, of [15]) V : Rd → R+ satisfying
lim‖x‖↑∞ V (x) = ∞ and 〈∇V, h〉(x) < 0 for x 6= x∗. In turn, existence of
such a V implies global asymptotic stability of x∗ (ibid.). Our main result
will be:

Theorem 1 Suppose

(†) K2 := supnE[‖xn‖ξ] <∞ for some ξ ∈ [1, α).

Then for 1 < ξ′ < ξ,

E[‖xn − x∗‖ξ
′
]→ 0. (5)

Here (†) is a ‘stability of iterates’ condition. A sufficient condition for
(†) is given in section 4.

The result is motivated by the several applications of stochastic approxi-
mation in communication networks. Some common scenarios are:

1. Gradient schemes: Here h = −∇F for some F : Rd → R which we
seek to minimize. Suppose F has a unique global minimizer x∗. Then
V ≡ F will serve as the Liapunov function required by our theorem.
See [6] for an example.

2. Saddle point seekers: Consider F : Rm×Rm → R which is strictly con-
vex in its first argument for each value of the second and strictly concave
in its second argument for each value of the first, with a unique saddle
point x∗ = (y∗, z∗) ∈ Rd for d = 2m. Let h(y, z) := [−∇yF (y, z) :
∇zF (y, z)]T , where ∇y,∇z denote the gradients in y and z variables,
resp. Then V (x) = ‖x − x∗‖2 serves as a Liapunov function. See [16]
for details and a specific scenario.

3. Fixed point seekers: Let h(x) = F (x) − x, i.e., h(x∗) = 0 ⇐⇒ x∗

is a fixed point of F . If −F is monotone, i.e., 〈F (x) − F (y), x −
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y〉 < 0 whenever x 6= y, and has x∗ as a fixed point, then this fixed
point is unique and V (x) := ‖x − x∗‖2 again serves as a Liapunov
function. See [7] for an instance of this. Also, if F is a contraction
w.r.t. the norm ‖ · ‖p, 1 < p < ∞, then also F has a unique fixed
point x∗ by the contraction mapping principle and ‖x− x∗‖p works as
a Liapunov function. In fact, this extends to p = ∞ if the continuous
differentiability condition on V is replaced by continuity alone and the
requirement ‘〈∇V, h〉(x) < 0 for x 6= x∗’ is replaced by the requirement:
‘V (x(t)) decreases along any nonconstant trajectory of (4)’. This is a
case of great interest in approximate dynamic programming [1].

The key contribution of this work is to consider such stochastic approx-
imation schemes with long range dependent and heavy tailed noise. In (1),
these aspects are captured by the processes {Bn} and {Sn} resp. It is well
known that the noise processes in the Internet and several other situations
arising in communications exhibit such behavior, a fact which has also been
theoretically justified through limit theorems such as [11]. That this does
introduce significant additional complications for stochastic approximation
schemes is reflected in the fact that the convergence claim in (5) is ‘in ξ′th
mean’ for 1 < ξ′ < ξ < α where α is the index of stability of the heavy tailed
part of the noise and ξ is as in (†), and not ‘a.s.’ as is usually the case [5].
(We can, however, improve the claim to ‘a.s.’ if the heavy tailed component
is missing, as we observe later in section 5.)

We follow the ‘o.d.e.’ approach to the analysis of stochastic approxima-
tion, see, e.g., [5] for the classical version. The idea is to treat (1) as a
noisy discretization of (4) and then argue that the errors due to both dis-
cretization and noise become asymptotically negligible in ξ′th mean under
the stated hypotheses. It then follows that (1) has the same asymptotic limit
in ξ′th mean as that of (4). In section 2, we use Gronwall inequality to get a
bound on the maximum deviation in norm between a certain piecewise linear
interpolation of the iterates on one hand and the solution of the differential
equation on the other, over a time window of fixed width, so that both agree
at the beginning of the window. This estimate is quite standard in the o.d.e.
approach to stochastic approximation (see, e.g., [5], Lemma 1, p. 12, also [2],
[3], [12]) and the only difference is the additional error terms on the right
hand side. Nevertheless we include it in some detail because it is key to the
development that follows. In section 3, we obtain moment estimates for the
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error terms. Whereas the heavy tailed component of the noise is responsible
for the weakening of the claim from ‘almost sure’ to ‘in ξ′th mean’ (as will
become apparent later), the error estimate for this component is in fact easy
thanks to already available estimates. It is the long range dependent compo-
nent of the noise that takes the bulk of the effort. Section 4 proves Theorem
1 and gives a sufficient condition for (†). Section 5 strengthens the conclu-
sions to ‘almost sure’ convergence for a special case. Section 6 sketches the
corresponding developments for the constant stepsize algorithms, i.e., when
a(n) ≡ a > 0. Section 7 concludes with assorted comments about general-
izations of use in applications.

Throughout this paper, C > 0 will denote a generic constant which may
differ from place to place, even within the same string of equations / inequali-
ties. ‖ · ‖ will denote the standard Euclidean norm unless otherwise specified.

2 Preliminaries

The o.d.e. approach is based on comparing with trajectories of (4) the con-
tinuous interpolation {x̄(t), t ≥ 0} of the iterates {xn} defined as follows: Let
t(0) = 0, t(n) =

∑n−1
i=0 a(i), n ≥ 1. Then t(n) ↑ ∞. Set x̄(t(n)) = xn ∀n and

interpolate linearly on [t(n), t(n+ 1)] for all n ≥ 0. For n ≥ 0, let xn(t), t ≥
t(n), denote the trajectory of (4) on [t(n),∞) with xn(t(n)) = x̄(t(n)) := xn.
Fix T > 0 and for n ≥ 0, let

m(n) := min{j ≥ n : t(j) ≥ t(n) + T}.

Since supn a(n) ≤ 1, t(m(n)) ∈ [t(n) + T, t(n) + T + 1]. We then have:

Lemma 1 For a constant K(T ) > 0 depending on T and the Lipschitz
constant of h,

sup
t∈[t(n),t(n)+T ]

‖x̄(t)− xn(t)‖

≤ K(T )
(m(n)∑
i=n

a(i)2(1 + ‖x̄(t(n))‖) + sup
n≤j≤m(n)

‖
j∑
i=n

a(i)ζi+1‖

+ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)Mi+1‖+ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖
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+ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖+ a(n)
)
. (6)

Proof We have

x̄(t(n+ k)) =

x̄(t(n)) +
k−1∑
i=0

a(n+ i)h(x̄(t(n+ i)))

+
k−1∑
i=0

a(n+ i)Mn+i+1 +
k−1∑
i=0

a(n+ i)R(n+ i)Bn+i+1

+
k−1∑
i=0

a(n+ i)D(n+ i)Sn+i+1 +
k−1∑
i=0

a(n+ i)ζn+i+1. (7)

Compare this with

xn(t(n+ k))

= x̄(t(n)) +
k−1∑
i=0

a(n+ i)h(xn(t(n+ i)))

+
k−1∑
i=0

∫ t(n+i+1)

t(n+i)
(h(xn(y))− h(xn(t(n+ i))))dy. (8)

Note that for t(`) ≤ t ≤ t(`+ 1),

xn(t)− xn(t(`)) =
∫ t

t(`)
(h(xn(s))− h(xn(t(`))))ds+

∫ t

t(`)
h(xn(t(`)))ds.

Since h is Lipschitz and therefore of linear growth,

‖xn(t)− xn(t(`))‖ ≤ C
∫ t

t(`)
‖xn(s))− xn(t(`))‖ds+ C(1 + ‖xn(t(`))‖)a(`).

By the Gronwall inequality,

sup
t∈[t(`),t(`+1)]

‖xn(t)− xn(t(`))‖ ≤ Ca(`)(1 + ‖xn(t(`))‖).

By the Lipschitz property of h,

sup
t∈[t(`),t(`+1)]

‖
∫ t

t(`)
(h(xn(s))− h(xn(t(`)))ds‖ ≤ Ca(`)2(1 + ‖xn(t(`))‖).
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On the other hand, a standard argument based on the Gronwall inequality
shows that

sup
t∈[t(n),t(m(n))]

‖xn(t)‖ ≤ C‖x̄(t(n))‖.

Thus

sup
t∈[t(`),t(`+1)]

‖
∫ t

t(`)
(h(xn(s))− h(xn(t(`)))ds‖ ≤ Ca(`)2(1 + ‖x̄(t(n))‖). (9)

Subtracting (8) from (7), using (9) and the discrete Gronwall inequality, we
have

sup
n≤i≤m(n)

‖x̄(t(i))− xn(t(i))‖

≤ C
(m(n)∑
i=n

a(i)2(1 + ‖x̄(t(n))‖) + sup
n≤j≤m(n)

‖
j∑
i=n

a(i)ζi+1‖

+ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)Mi+1‖+ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖

+ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖
)
.

The claim now follows as in [5], p. 14. 2

3 Moment estimates

We begin by analyzing the error term in (6) due to the fractional Brownian
motion. We have

E[‖B̃(t)− B̃(s)‖2] = C|t− s|2ν , t ≥ s,

and,

E[(B̃(t)− B̃(s))(B̃(u)− B̃(v))T ]

=
C

2

[
|t− v|2ν + |s− u|2ν − |t− u|2ν − |s− v|2ν

]
I, v ≤ u ≤ s ≤ t,
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where ‘I’ denotes the identity matrix. Hence, using the fact that the {R(n)}
are bounded,

E[‖
N∑
i=n

a(i)R(i)(B̃(i+ 1)− B̃(i))‖2] ≤ C
( N∑
i=n

a(i)2 +

2
∑

n≤i<k≤N
a(i)a(k)| |k − i+ 1|2ν + |k − i− 1|2ν − 2|k − i|2ν |

)
(10)

:= σ̂2(n,N).

Lemma 2 σ̂2(n,m(n)) ≤ C
(

1
nγ

)
for γ := 2κ(1−ν) > 0 for ν > 1

2
and γ := κ

for ν ≤ 1
2
.

Proof For any f , we have

|f(x+ 1) + f(x− 1)− 2f(x)| ≤ 2 max
y∈[x−1,x+1]

|f ′′(y)|.

Using f(x) = |x|2ν for ν > 1
2

and f(x) a modification of |x|2ν suitably
smoothed near x = 0 when ν ≤ 1

2
, it can be verified that

| |k −m+ 1|2ν + |k −m− 1|2ν − 2|k −m|2ν | ≤ C(|k −m|−η ∧ 1) (11)

for η := 2 − 2ν ∈ (0, 2) and k 6= m + 1, where we interpret 0−η as +∞ for
η > 0. For k = m + 1, we have the left hand side above equal to 22ν − 2.
Combining, we have (11) for all k,m. Thus

2
∑

n≤i<k≤N
a(i)a(k)| |k −m+ 1|2ν + |k −m− 1|2ν − 2|k −m|2ν |

≤ C
∑

n≤i≤k≤N
a(i)a(k)ψ(|k −m|) (12)

where ψ(x) := 1
xη
∧ 1, x ≥ 0. By the Perron–Frobenius theorem, the maxi-

mum eigenvalue of the matrix [[ψ(|k −m|)]]k,m is bounded by its maximum
row sum, which is

2
d(N−n)/2e∑

i=1

1

iη
≤ C(|N − n|1−η) for η < 1,

≤ C for η ≥ 1.
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From the definition of m(n), we have m(n) − n = Θ(nκ)3. Specifically, if
a(n) ≥ cn−κ for some c > 0, then a(n), · · · , a(2n) ≥ c2−κn−κ. So for large n,
t(n+T2κc−1nκ) ≥ t(n)+T , implying m(n)−n ≤ T2κc−1nκ, which is the de-

sired estimate. Hence
∑m(n)
i=n a(i)2 = Θ

(
1
ηκ

)
. Combining these observations,

we see that for a constant C(T ) > 0 depending on T ,

σ̂2(n,m(n)) ≤ C(T )

(
nκ(1−η)

nκ

)
for η < 1,

σ̂2(n,m(n)) ≤ C(T )

nκ
for η ≥ 1. (13)

This completes the proof. 2

In fact, the same argument shows a more general fact, which will be used
later:

Lemma 3 Let 0 ≤ s < t ≤ T + 1,mt(n) := min{n′ ≥ n :
∑n′

i=n a(i) ≥ t},
and ms(n) := min{n′ ≥ n :

∑n′

i=n a(i) ≥ s}. Then

E[‖
mt(n)∑
i=ms(n)

a(i)R(i)(B(i+ 1)−B(i))‖2] ≤ C(T )

nγ

for C(T ), γ as above. Furthermore, C(T ) can be chosen such that

lim
T↓0

C(T ) = 0.

Lemma 4 E[supn≤j≤m(n) ‖
∑j
i=n a(i)R(i)Bi+1‖2]→ 0.

Proof We first obtain a bound for

E[ sup
n≤N≤m(n)

‖
N∑
i=n

a(i)R(i)Bi+1‖2] (14)

in terms of the foregoing. Consider a continuous time process X(t), t ∈
[n,m(n)], defined by: X(n) = the zero vector in Rd and

X(t) :=
∫ t

n
R̃(s)dB̃(s), n ≤ t ≤ m(n),

3Here and elsewhere, fn = Θ(gn) will hold for the statement: both fn = O(gn) and
gn = O(fn) hold simultaneously.
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where R̃(t) := a(i)R(i) for t ∈ [i, i + 1), n ≤ i < m(n). We shall be using a
variant of Fernique’s inequality from [4], section 10.1 (see appendix for a full
statement). For this, define

φ(x) :=
1√
2π
e−

x2

2 ,

Ψ(x) :=
∫ ∞
x

φ(y)dy,

ϕn(u) := max
n≤s<t≤m(n):t−s≤u(m(n)−n)

E[‖X(t)−X(s)‖2]
1
2 ,

K :=
5

2
e2
√

2π,

Γ :=
√

5,

Qn(u) := ϕn(u) + (2 +
√

2)
∫ ∞

1
ϕn(ue−y

2

)dy, u > 0.

Both ϕn(u) and Qn(u) increase with u. By the preceding lemma, ϕn(u)
converges to 0 as u→ 0. Clearly, Qn(u) does so as well. We shall prove that
Qn(1) is o(1). By Lemma 3 and the definition of ϕn(·), we have

ϕn(u) ≤ C

nγ/2
for u ≤ 1.

Thus

Qn(1) ≤ C
( 1

nγ/2
+
∫ ∞

1
ϕn(e−y

2

)dy
)
.

Now, ϕn(u) ≤ Cnκ(ν−1)uν for u < a(m(n))/(T + 1), whereby

ϕn(e−y
2

) < Cnκ(ν−1)e−νy
2

(15)

for

y >

√√√√log

(
T + 1

a(m(n))

)
:= g(n).

Using Lemma 3 we have,∫ ∞
1

ϕn(e−y
2

)dy

=
∫ g(n)

1
ϕn(e−y

2

)dy +
∫ ∞
g(n)

ϕn(e−y
2

)dy
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≤ Cg(n)

nγ/2
+ C

∫ ∞
g(n)

nκ(ν−1)e−νy
2

dy

≤ Cg(n)

nγ/2
+ nκ(ν−1)Ce

−νg(n)2

g(n)

=
Cg(n)

nγ/2
+ nκ(ν−1) Cm(n)−νκ

g(n)(T + 1)ν

≤ Cg(n)

nγ/2
+

C

g(n)nκ
.

The first inequality follows from Lemma 2 and (15), the third inequality
follows from m(n) = Θ(n). Thus

Qn(1) ≤ G(n) :=
C

nγ/2
+
Cg(n)

nγ/2
+

C

g(n)nκ
. (16)

Note that g(n) = O(
√

log n). Thus G(n) = o(1). Let Z(u) := X(n +
u(m(n)− n)), u ∈ [0, 1]. By (10.1.9) of p. 198, [4], we have

P ( max
u∈[0,1]

‖Z(u)‖ > x) ≤ dKΨ

(
x

Qn(1)

)

for x ≥ ΓQn(1). Hence for x ≥ 0,

P ( max
t∈[n,m(n)]

‖X(t)‖ > x) = P ( max
u∈[0,1]

‖Z(u)‖ > x)

≤ dKΨ

(
x

Qn(1)

)
.

∀ x > ΓQn(1). Then, for δ > 0,

E[ sup
t∈[n,m(n)]

‖X(t)‖2]

= 2
∫ ∞

0
xP ( sup

t∈[n,m(n)]

‖X(t)‖ ≥ x)dx

≤ 2δ + 2
∫ ∞
δ

xP ( sup
t∈[n,m(n)]

‖X(t)‖ > x− δ)dx

≤ 2δC + 2
∫ ∞

0
xP ( sup

t∈[n,m(n)]
‖X(t)‖ > x)dx

= 2δC + 2
∫ ΓQn(1)

0
xP ( sup

t∈[n,m(n)]
‖X(t)‖ > x)dx
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+ 2
∫ ∞

ΓQn(1)
xP ( sup

t∈[n,m(n)]
‖X(t)‖ > x)dx

≤ 2δC + (ΓG(n))2 + 2Kd
∫ ∞

ΓQn(1)
xΨ

(
x

Qn(1)

)
dx

≤ 2δC + (ΓG(n))2 +

2Kd
∫ ∞

ΓQn(1)
x

(
Qn(1)

x

)
φ

(
x

Qn(1)

)
dx

≤ 2δC + (ΓG(n))2 + 2KdCG(n)
n↑∞→ 2δC.

Since δ > 0 was arbitrary,

E[ sup
t∈[n,m(n)]

‖X(t)‖2]→ 0,

from which the claim follows. 2

Next consider the error term supn≤j≤m(n) ‖
∑j
i=n a(i)D(i)Si+1‖.

Lemma 5 E[supn≤j≤m(n) ‖
∑j
i=n a(i)D(i)Si+1‖ξ]→ 0.

Proof Recall that {D(n)} are bounded. By the scaling property of stable

processes,
∑m(n)
i=n a(i)D(i)Si+1 has the same law as

m(n)∑
i=n

a(i)D(i)a(i)−
1
α (S̃∑i+1

k=n
a(k)
− S̃∑i

k=n
a(k)

).

By Theorem 3.2, p. 65, of [10], we then have

P

 sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖ ≥ x

 ≤ C(
∑m(n)
i=n a(i)

α2−1
α

+1)
α
α+1

xα
(17)

for x > C(
∑m(n)
i=n a(i)

α2−1
α

+1)
1

α+1 . Note that

ε(n, α) := C(
m(n)∑
i=n

a(i)
α2−1
α

+1)
1

α+1 ≤ C(T + 1)
1

α+1a(n)
α−1
α

n↑∞→ 0. (18)

Thus for 1 < ξ < α,

E[ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖ξ]
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≤ C
∫ ∞

0
xξ−1P

 sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖ ≥ x

 dx
= C

∫ ε(n,α)

0
xξ−1P

 sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖ ≥ x

 dx
+ C

∫ ∞
ε(n,α)

xξ−1P

 sup
n≤j≤m(n)

‖
j∑
i=n

a(i)D(i)Si+1‖ ≥ x

 dx
≤ Cε(n, α)ξ + C

∫ ∞
ε(n,α)

xξ−1

(
ε(n, α)α

xα
∧ 1

)
dx

≤ Cε(n, α)ξ + C
∫ ∞
ε(n,α)

xξ−1

(
ε(n, α)α

xα

)
dx

= Cε(n, α)ξ

→ 0

as n ↑ ∞. The claim follows. 2

An alternative proof can be given by using the classical Burkholder-Davis-
Gundy inequalities, but we use Joulin’s ‘concentration’ inequality as it paves
way for the analysis of finite time behavior of the scheme as in [5], sections
4.1, 4.2. We do not, however, pursue this theme here.

4 Main results

Proof of Theorem 1:

By (†), we have

E[
(
(
m(n)∑
i=n

a(i)2)(1 + ‖xn‖)
)ξ

] ≤ C(
m(n)∑
i=n

a(i)2)ξ

→ 0 as n ↑ ∞. (19)

By (2) and the inequality in the ‘Remark’ on p. 151, [13], we have

E[ sup
n≤k≤m(n)

‖
k∑
i=n

a(i)Mi+1‖ξ]
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≤ CE[(
m(n)∑
i=n

a(i)2E[‖Mi+1‖2|Fi])
ξ
2 ]

≤ CE[(
m(n)∑
i=n

a(i)2(1 + ‖xi‖)2)
ξ
2 ]

≤ CE[
m(n)∑
i=n

a(i)ξ(1 + ‖xi‖)ξ]

≤ Ca(n)ξ−1(T + 1)(1 +K2)

→ 0 (20)

because a(n)ξ−1 → 0 as n ↑ ∞. (The third inequality above follows from the
subadditivity of xa : R+ → R+ for a ∈ (0, 1).) Our conditions on {ζn} imply

E[ sup
n≤i≤m(n)

‖ζi‖ξ]→ 0. (21)

Lemma 4 in particular implies that

E[ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖ξ]→ 0. (22)

Now take the norm ‖ · ‖ξ := E[‖ · ‖ξ]
1
ξ on both sides of (6) and use (19),

(20), (21), (22) and Lemma 4 to conclude that

lim
n↑∞

E[ sup
t∈[t(n),t(n)+T ]

‖x̄(t)− xn(t)‖ξ] = 0.

With a small additional calculation – see, e.g., [5], Chapter 2, p. 14 – we can
improve this to

lim
n↑∞

E[ sup
t∈[s,s+T ]

‖x̄(t)− xs(t)‖ξ] = 0, (23)

where xs(·) is the solution to (4) on t ≥ s with xs(s) = x̄(s). Let ε > 0,M >>
0 (we choose M depending on ε later), and pick T > 0 such that for any x(·)
satisfying (4) with ‖x(0)‖ ≤M , we have ‖x(t)− x∗‖ < ε

2
∀ t ≥ T . Then for

1 < ξ′ < ξ,

E[‖x̄(s+ T )− x∗‖ξ′ ]
≤ E[‖xs(s+ T )− x∗‖ξ′I{‖x̄(s)‖ ≤M}]

+ E[ sup
t∈[s,s+T ]

‖x̄(t)− xs(t)‖ξ′I{‖x̄(s)‖ ≤M}]

+ E[‖x̄(s+ T )− x∗‖ξ′I{‖x̄(s)‖ > M}]. (24)
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The first term on the right is < ε
2

by our choice of M,T . The second is < ε
4

for s large enough, by (23). The third is < ε
4

for M large enough because

(†) and ξ′ < ξ =⇒ ‖x̄(s+ T )− x∗‖ξ′ is uniformly integrable. Thus the right
hand side can be made smaller than any ε > 0 for s + T sufficiently large.
The claim follows. 2

We show next that the stability test of [8] can be adapted to the present
scenario and implies (†) for any ξ ∈ (1, α), when E[‖x0‖ξ] <∞.

Let hc(x) := h(cx)
c

for c > 0. We assume as in [8] that

h∞(x) := lim
c↑∞

hc(x) (25)

exists. Consider the o.d.e.

ẋc(t) = hc(xc(t)) (26)

for 0 < c ≤ ∞. The key condition of [8] which we adapt here is the following:

(*) For c = ∞, (26) has the origin as the globally exponentially stable
equilibrium.

This is a stronger condition than the one used in [8], where only global
asymptotic stability was needed. See [9] for an interesting perspective on the
two notions of stability.

Note that hc, c > 0, are Lipschitz with the same Lipschitz constant as
h, therefore equicontinuous. Thus the convergence in (25) is uniform on
compacts. Using this, a simple argument based on the Gronwall inequality
as in Lemma 2, pp. 23, of [5] shows that for a fixed initial condition, xc(·)→
x∞(·) uniformly on compacts as c ↑ ∞. Fix 1 < ξ < α. For n ≥ 0, define
x̄n(t), t ≥ t(n), by:

x̄n(t(m)) =
xm

E[‖xn‖ξ]
1
ξ ∨ 1

, m ≥ n,

with linear interpolation on [t(m), t(m+1)] for m ≥ n. Also define x̃n(t), t ≥
t(n), to be the solution to (26) with c = c(n) := E[‖xn‖ξ]

1
ξ ∨1 and x̃n(t(n)) =

x̄n(t(n)).
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Lemma 6 supt∈[t(n),t(n)+T ] E[‖x̄n(t)− x̃n(t)‖ξ]→ 0 as n ↑ ∞.

Proof Follows from (21), Lemmas 1–5, and an application of the Gronwall
inequality, exactly as in the proof of Theorem 1. Note that

sup
n

sup
n≤m≤m(n)

E[‖x̄n(t(m))‖ξ] <∞ (27)

by construction, which replaces (†) in the proof of Theorem 1. 2

Theorem 2 Under above hypotheses, (†) holds.

Proof Let T > 0, which we specify later. Suppose there exists a subsequence
{n(k)} such that

E[‖xn(k)‖ξ] ↑ ∞.

Define {T`} by: T0 := 0, T`+1 := min{t(m) ≥ T` : t(m) − T` ≥ T}, ` ≥ 0. A
standard application of the discrete Gronwall inequality shows that

E[ sup
n≤i<m(n)

‖xi‖ξ] < C̃E[‖xn‖ξ], (28)

where the constant C̃ depends on T , but not on n. In particular, if {`(k)}
are such that T`(k) ≤ t(n(k)) < T`(k)+1, then we must have

∞← 1

C̃
E[‖xn(k)‖ξ] ≤ E[‖x̄(T`(k))‖ξ].

Thus we have
E[‖x̄(T`(k))‖ξ]→∞. (29)

Pick T > 0 such that ‖x∞(t)‖ < 1
8
‖x∞(0)‖ for t ≥ T . This is possible by (∗).

Then there exists c0 > 1 such that:

‖xc(t)‖ <
1

4
‖xc(0)‖ ∀ t ∈ [T, T + 1] when c ≥ c0. (30)

By (29), we may assume without any loss of generality that E[‖x̄(T`(k))‖ξ]
1
ξ >

c0 ∀k. Let n∗(`) be defined by: T` = t(n∗(`)). Note that n∗(`+1) = m(n∗(`)).
By Lemma 6, we have for any 1

4
> ε > 0 and k sufficiently large,

E[‖x̄n∗(`(k))(T`(k)+1)‖ξ]
1
ξ
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≤ E[‖x̃n∗(`(k))(T`(k)+1)‖ξ]
1
ξ + ε

≤ 1

4
E[‖x̃n∗(`(k))(T`(k))‖ξ]

1
ξ +

1

4

=
1

4
E[‖x̄n∗(`(k))(T`(k))‖ξ]

1
ξ +

1

4

=
1

2
.

Here the first inequality follows from Lemma 6 and the second from (30)
and our choice of ε. The first equality follows from the equality of x̄n(t(n))

and x̃n(t(n)), and the second from the fact that once E[‖x̄(T`)‖ξ]
1
ξ ≥ 1,

E[‖x̄n∗(`)(T`)‖ξ]
1
ξ = 1. Thus

E[‖x̄(T`(k)+1)‖ξ] ≤ 1

2
E[‖x̄(T`(k))‖ξ],

i.e.,

E[‖xn∗(`(k)+1)‖ξ] ≤
1

2
E[‖xn∗(`(k))‖ξ].

Hence for n sufficiently large, if E[‖x̄(Tn)‖ξ] > c0, then E[‖x̄(Tk)‖ξ], k ≥ n,
falls back to c0 at an exponential rate. Therefore for such n, E[‖x̄(Tn−1)‖ξ] is
either even larger than E[‖x̄(Tn)‖ξ], or is ≤ c0. Hence there is a subsequence
along which E[‖x̄(Tn)‖ξ] jumps from a value ≤ c0 to one that is increasing
to ∞. This contradicts (28), implying that supnE[‖xn‖ξ] <∞. 2

Remark: As observed in [5], Chapter 3, there is no universal scheme for
establishing boundedness of iterates even in the classical set-up (where the
desired boundedness is ‘a.s.’ as opposed to ‘in ξth mean’ here). What one
has is a family of tests, each with its own domain of utility. One expects the
same here, i.e., the above is but one way to ensure (†), not necessarily the
only or the ‘best’ one. Alternatively, one can project iterates to a large but
compact convex set A to keep them bounded by design. The set A should
be large enough to contain the desired equilibrium x∗, which implies an a
priori judgement about ‖x∗‖. The limiting o.d.e. is the projected dynamics
corresponding to (4), with a correction term at the boundary ∂A of A that
forces it to remain inside A. If h is transversal to ∂A at all points and points
inwards, this correction term is zero and the foregoing goes through. If not,
one has to allow for spurious equilibria or other attractors in ∂A created by
the projection operation. One can also ‘grow’ A very slowly to the whole
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space. See [5], section 5.4, for a discussion of these issues.

5 Almost sure convergence in the absence of

the heavy tailed noise

If D(n) ≡ 0 ∀n in the above (i.e., the noise is ‘light tailed’ albeit long range
dependent) and (∗) holds, we can improve the conclusions of Theorem 1 to
‘xn → x∗ a.s.’ To see this, proceed as follows: Let E[‖x0‖2] <∞.

• We have supnE[‖xn‖2] <∞ by arguments analogous to the ones lead-
ing to Theorem 2 above. Then in particular, by (2),∑

n

a(n)2E[‖xn‖2] <∞ =⇒
∑
n

a(n)2‖xn‖2 <∞ a.s.

=⇒
∑
n

a(n)2E[‖Mn+1‖2|Fn] <∞ a.s.

=⇒
∑
n

a(n)Mn+1 converges, a.s.

The last implication follows from Proposition VII-2-3(c) of [13], p. 149.
Thus supn≤k≤m(n) ‖

∑k
i=n a(i)Mi+1‖2 → 0 a.s.

• ζn → 0 a.s. implies that supn≤k≤m(n)

∑k
i=n a(i)‖ζi‖ → 0 a.s.

• Since for m ≥ 1,

E

 sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖m
 = m

∫ ∞
0

xm−1P

 sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖ ≥ x

 dx,
we may argue as in the proof of Lemma 4 to obtain, for 0 < δ < 1,

E[ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖m] ≤ C(δ +G(n)m).

For n large, choose δ = G(n)m to get

E[ sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖m] ≤ CG(n)m. (31)
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Since G(n) = O(n−a
′
) for some a > 0, G(n)m = O(n−ma). Pick m such

that ma > 1. A standard argument using the Borel-Cantelli lemma
then yields

sup
n≤j≤m(n)

‖
j∑
i=n

a(i)R(i)Bi+1‖ → 0 a.s.

• In view of the foregoing, the arguments of [8] go through to con-
clude that supn ‖xn‖ < ∞ a.s. (in fact, as in [8], it suffices to have
‘asymptotic stability’ in place of ‘exponential stability’ in (∗), since
initial conditions of the o.d.e. trajectories xn(·) above can be taken
to lie in a possibly sample path dependent compact set.), whence

(
∑m(n)
i=n a(i)2)(1 + ‖xn‖)→ 0 a.s.

The claim then follows from Lemma 1.

We summarize the above as:

Theorem 3 If D(n) ≡ 0 ∀n and

sup
n
‖xn‖ <∞ a.s., (32)

then xn → x∗ a.s. Also, (32) holds if the origin is the globally asymptotically
stable equilibrium for (26).

6 Constant stepsize schemes

Very often, e.g., in tracking algorithms with a slowly varying environment,
it is more convenient to use a constant small stepsize a(n) ≡ a > 0. Then,
as pointed out in section 9.1 of [5], one cannot expect a.s. convergence to
x∗, but only an asymptotic concentration of probability in a neighborhood
of x∗. Mimicking the steps on section 9.2, [5], we set t(n) = na, n ≥ 0, and
take T > 0 of the form T = Na for some N ≥ 1. Assume (†). Then setting
a(i) ≡ a in sections 2 – 4, we have the following:

1.

E[
(
(
(n+1)N∑
i=nN

a2)(1 + ‖xnN‖)
)ξ

]
1
ξ
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≤ C
( (n+1)N∑

i=nN

a2
)

= Ca. (33)

2. As in (20),

E[ sup
nN≤k≤(n+1)N

‖
k∑

i=nN

aMi+1‖ξ]
1
ξ

≤ CE[(
(n+1)N∑
i=nN

a2(1 + ‖xi‖2))
ξ
2 ]

1
ξ

≤ Ca
ξ−1
ξ (34)

3. We closely follow the steps for Lemmas 2 – 4 in section 3 with a(n) ≡ a.
We then have the following counterpart of (13):

σ̂2(nN, (n+ 1)N) ≤ Caη∧1.

where we use N = T
a
. A similar analog of Lemma 3 holds. Mimicking

the proof of Lemma 4 then leads to

E[ sup
nN≤k≤(n+1)N

‖
k∑

i=nN

aR(i)Bi+1‖ξ]
1
ξ

≤ E[ sup
nN≤k≤(n+1)N

‖
k∑

i=nN

aR(i)Bi+1‖2]
1
2

≤ Caη∧1/2 + Ca
η∧1
2

√
log((T + 1)/a) +

Ca√
log((T + 1)/a)

. (35)

4. Using (17) as before,

E[ sup
nN≤k≤(n+1)N

‖
k∑

i=nN

aD(i)Si+1‖ξ]
1
ξ

≤ Ca
α−1
α . (36)

Let χ := min( ξ−1
ξ
, η∧1

2
− ε) (since α−1

α
> ξ−1

ξ
), where ε > 0 may be chosen to

be arbitrarily small. Then (33) – (36) combined with Lemma 1 yields

E[ sup
t∈[nN,(n+1)N ]

‖x̄(t)− xnN(t)‖ξ]
1
ξ ≤ Caχ. (37)
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Now fix 1 < ξ′ < ξ. Pick M >> 1 such that for any t > s > 0,

sup
t∈[nN,(n+1)N ]

E[‖x̄(t)− x∗‖ξ′I{‖x̄(s)‖ > M}] < aχ.

This is possible by (†) and the ensuing uniform integrability of {x̄(t), ‖x̄(t)−
x∗‖ξ′ , t ≥ 0}. Now pick T = Na > 0 such that for x(·) satisfying (4),
‖x(0)‖ ≤M =⇒ ‖x(t)− x∗‖ < aχ ∀ t ≥ T . Then by (24) and the foregoing,

lim sup
n↑∞

E[‖xn − x∗‖ξ
′
]
1
ξ′ ≤ Caχ,

which gives a quantitative measure of asymptotic concentration of the iter-
ates around x∗.

Recall our hypothesis supn ‖ζn‖ ≤ K0. If K0 = O(aχ), the foregoing con-
tinues to hold even without the requirement that ζn → 0 a.s.

That (∗) implies (†) follows as before for the constant stepsize case (see,
e.g., pp. 110-111 of [5], also [8]).

7 Miscellaneous remarks

Many of the variations on the basic convergence theory of stochastic approx-
imations in the classical set-up of [5] have their counterparts in the present
framework. We sketch some of them in outline, pointing to [5] for greater
detail while making them reasonably self-contained.

1. General limit sets: One important observation is that in the more
general case when there exists a C1 Liapunov function V satisfying the
conditions lim‖x‖↑∞ V (x) = ∞ and 〈∇V (x), h(x)〉 ≤ 0, a similar argu-
ment shows that xn → {x : 〈V (x), h(x)〉 = 0} in the ξ′th mean, ξ′ < ξ.

2. Markov noise: Suppose we replace the term h(xn) on the r.h.s. of
(1) by h(xn, Yn) where {Yn} is a process taking values in a finite state
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space4 S with |S| = s, and satisfying:

P (Yn+1 = i|Fn, Ym,m ≤ n) = qxn(i|Yn) ∀ n ≥ 0,

where qx(·|·) is a transition probability on S smoothly parametrized by
x. W.l.o.g., let S = {1, · · · , s}. Thus if xn ≡ x ∀n, {Yn} would be a
Markov chain, hence the appellation ‘Markov noise’. We assume that
for each x, the corresponding Markov chain is irreducible and thus has
a unique stationary distribution mx(i), i ∈ S. Then the asymptotic
o.d.e. is

ẋ(t) =
∑
i

mx(t)(i)h(x(t), i). (38)

With this replacing (4), the theory is similar to the above. To see
this, define the process µ(t) = [µ1(t), · · · , µs(t)], t ≥ 0, taking values in
P(S) := the probability simplex on S, as follows: µi(t) := δYni, 1 ≤ i ≤
s, t ∈ [t(n), t(n+ 1)), where δjk is the Kronecker delta. Then∑

i

µi(t)h(x̄(t), i) = h(xn, Yn), t ∈ [t(n), t(n+ 1)).

Mimicking the arguments above, this suggests that we consider x̃n(t), t ≥
t(n), the solution to the o.d.e.

˙̃x
n
(t) =

∑
i

µi(t)h(x̃n(t), i), (39)

with x̃n(t(n)) = x̄(t(n)). Let xn(t), t ≥ t(n), be the solution to the
expected ‘limiting o.d.e.’ (38) with xn(t(n)) = x̄(t(n)). Let 1 < ξ < α.
Assume that supnE[‖xn‖ξ] < ∞, which by familiar Gronwall-based
arguments yields

sup
n
E[ sup

t∈[t(n),t(n)+T ]
‖x̄(t)‖ξ] <∞. (40)

Argue as in the preceding sections to claim that for ξ′ < ξ,

E[ sup
t∈[t(n),t(n)+T ]

‖x̄(t)− x̃n(t)‖ξ′ ]→ 0. (41)

We now mimic the arguments of section 6.3 of [5], pp. 73-74. Con-
sider µ(·) = [µ1(·), · · · , µs(·)] restricted to [0, T ], T > 0, as an element

4Extension to more general state spaces is possible – see [5].
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of UT := (L2[0, T ])s with the weak∗ topology and µ(·) itself as an el-
ement of the space U := {u(·) : u(·)|[0,T ] ∈ UT ∀ T > 0} with the
inductive topology. It is easy to see that this is a compact metrizable
space. A simple application of the Arzela-Ascoli theorem shows that
x̃n(t(n) + ·), n ≥ 1, is a relatively compact sequence in C([0, ,∞);Rd).
Let (x′(·), µ′(·)) denote a limit point of (x̃n(t(n) + ·), µ(t(n) + ·)) in
C([0,∞);Rd)×U as n ↑ ∞. Henceforth we consider this subsequence,
denoted by {n} again by abuse of notation. Define for 1 ≤ j ≤ s,

Zj
n :=

n∑
m=0

a(m)(I{Ym+1 = j} − p(j|xm, Ym)), n ≥ 0.

This is a square-integrable martingale with supnE[‖Zj
n‖2] ≤ C

∑
n a(n)2 <

∞. Hence it converges a.s., implying in particular that for t > s ≥ 0,

mt(n)∑
k=ms(n)

a(k)(I{Yk+1 = j} − p(j|xk, Yk))→ 0

a.s.. Dividing by
∑mt(n)
k=ms(n) a(k) ≈ t− s and letting n ↑ ∞, we get∫ t

s

∑
k

(I{k = j} − p(j|x′(r), k))µ′k(r)dr = 0.

By Lebesgue’s theorem,∑
k

(I{k = j} − p(j|x′(r), k))µ′k(r) = 0

for a.e. r, where the qualification ‘a.e.’ may be dropped by choosing a
suitable version. It follows that µ′(t) = πx′(t)∀t. Passing to the limit as
n ↑ ∞ in (39), we get (38) with x′(·) replacing x(·). It follows that

sup
t∈[t(n),t(n)+T ]

‖xn(t)− x̃n(t)‖ξ′ → 0 a.s.

By (40) and the dominated convergence theorem, we have

E[ sup
t∈[t(n),t(n)+T ]

‖xn(t)− x̃n(t)‖ξ′ ]→ 0. (42)

Combining (41) and (42), we have

E[ sup
t∈[t(n),t(n)+T ]

‖x̄(t)− x̃n(t)‖ξ′ ]→ 0.
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The rest follows as before.

See [5], sections 6.2-6.3 for a detailed treatment of the classical case,
which in particular serves as a pointer to some extensions (among them,
a more general state space and an additional ‘control’ process).

3. Asynchronous schemes: One often has to consider situations where
different components of (1) are computed by different processors, pos-
sibly not all at the same time, and with different local clocks, with the
results being transmitted to each other with random transmission de-
lays. Thus let Yn := {j ∈ {1, · · · , d} : jth component is updated at time
n}, possibly random. Also, let τij(n) denote the bounded random delay
with which the value of jth component has been received at processor i
at time n. In other words, at time n the ith processor knows xn−τij(n)(j)
but not xm(j) for m > n−τij(n). Let ν(i, n) =

∑n
m=0 I{i ∈ Ym} denote

the number of times the ith component got updated till time n, i.e.,
the ‘local clock’ at processor i. One then replaces the stepsize a(n) in
the ith component of (1) by a(ν(i, n))I{i ∈ Yn} and hi(xn) by

hi(xn−τi1(n)(1), · · · , xn−τid(n)(d)).

Assume that the iterates are bounded a.s. As in [5], Chapter 7, the
conclusion is that the limiting o.d.e. (4) gets replaced by

ẋ(t) = Λ(t)h(x(t)) (43)

where Λ(t) for each t is a diagonal matrix with nonnegative diagonal
entries. Intuitively, this reflects the differing rates at which the dif-
ferent components are getting updated. The manner in which this
factor arises is as follows. For simplicity, assume a common clock
for all processors. Recall that (1) is an iteration in Rd. Let µ′(t) =
[µ′1(t), · · · , µ′d(t)] denote a process taking values in {0, 1}d and defined
by: µ′i(t) := I{i ∈ Yn} for t ∈ [t(n), t(n + 1)). Then Λ(t), t ∈ [0, T ],
arises as a weak∗ limit point of diag(µ(t(n) + t)), t ∈ [0, T ], as n ↑ ∞.
The effect of different clocks can also be absorbed in this analysis. As
for the delays, as long as they are bounded (this can be relaxed to some
extent), their effect on the asymptotics of the algorithm can be ignored.
This is because their net effect is to contribute in (6) yet another error

24



term of the order

a(ν(i, n))
∑
j

|xn(j)− xn−τji(n)(j)|.

The jth summand can be bounded by

|
n∑

m=n−τji(n)

a(ν(i, n))I{i ∈ Yn}hi(xn−τi1(n)(1), · · · , xn−τid(n)(d))|

+ |
n∑

m=n−τji(n)

a(ν(i,m))Mm+1(i)|

+ |
n∑

m=n−τji(n)

a(ν(i, n))(R(m)Bm+1)(i)|

+ |
n∑

m=n−τji(n)

a(ν(i, n))(D(m)Sm+1)(i)|

+ |
n∑

m=n−τji(n)

a(ν(i, n))ζm+1(i)|,

where the notation is self-explanatory. The first term is bounded
by a(ν(i, n − M))KM where M > 0 is any bound on τk`(j), 1 ≤
k, ` ≤ d, j ≥ 0, and K > 0 is any (possibly random) bound on
|hi(xk−τj1(k)(1), · · · , xk−τjd(k)(d))|, 1 ≤ j ≤ d, k ≥ 0. Note that such
a bound exists a.s. by our hypothesis of bounded iterates. It follows
that this term goes to zero as n ↑ ∞ a.s.. The remaining terms ex-
cept the penultimate go to zero a.s. as well by familiar arguments, the
penultimate one does so in ξ′th mean, again by familiar arguments.

Intuitively, the time scaling n → t(n) asymptotically ‘squeezes out’
time intervals of any given width and therefore the error contributed
by delays is asymptotically negligible. The implications of (43) to con-
vergence of the algorithm are discussed in ibid. In particular, it does
not affect the convergence behavior of (1) for a few important special
cases such as gradient schemes and fixed point seekers for max-norm
contractions, as long as the diagonal terms in Λ(t) remain bounded
away from zero. However, it may affect the rate of convergence. See
[5], Chapter 7 for more details and possible generalizations (in partic-
ular, a possible relaxation on the boundedness hypothesis on delays).
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Appendix: Fernique’s inequality

Let I = [0, 1] and (Xt, t ∈ I) a zero mean scalar Gaussian process. Define
for h > 0,

ϕ(h) = max
‖t−s‖≤h, s,t∈I

E[|Xt −Xs|2]
1
2 .

Assume limh↓0 ϕ(h) = 0, so that X is stochastically continuous. Let k ≥ 2
and define

K :=
5

2
k2
√

2π,

γ :=
√

1 + 4 log(k).

Then Fernique’s inequality says that for any interval J ⊂ I of width at most
h > 0,

P
(

max
t∈J
|Xt| ≥ x

[
max
t∈J

E[X2
t ]

1
2 + (2 +

√
2)
∫ ∞

1
ϕ(hk−y

2

)dy
])
≤ KΨ(x)

(44)

∀ x ≥ γ, where Ψ(x) := (2π)−
1
2
∫∞
x e−

y2

2 dy as usual. The consequence of
important to us is the following ((10.1.9) of [4]): For

Q(t) := ϕ(t) + (2 +
√

2)
∫ ∞

1
ϕ(tk−y

2

)dy,

J as above, and t0 ∈ J ,

P
(

max
t∈J
|Xt −Xt0| > x

)
≤ KΨ

(
x

Q(h)

)
.

See pp. 197–198 of [4].
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