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Abstract

A positive recurrent, aperiodic Markov chain is said to be long range dependent
(LRD) when the indicator function of a particular state is LRD. This happens
if and only if the return time distribution for that state has infinite variance.
We investigate the question of whether other instantaneous functions of the
Markov chain also inherit this property. We provide conditions under which
the function has the same degree of long range dependence as the chain itself.
We illustrate our results through three examples in diverse fields: queuing
networks, source compression, and finance.
Keywords: Markov chain; long range dependence; Hurst index
2010 Mathematics Subject Classification: Primary 60J10

Secondary 68M20;68P30;91G70

1. Introduction

A stationary random process (X,) with E[X2] < oo is said to be long range

dependent (LRD) if

limsuchov(Xer) = 00.
n—o00 —1

The degree of long range dependence is measured by the Hurst index H (

" Xo, Xr
Tiacon) )

n2h—1

<H<1).

H :=inf {h : lim sup

n—oo
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Equivalently, we can write

¢
H .= inf{h : limsup% < oo}.

n—00 n2h

Take (M,,), a positive-recurrent, aperiodic, discrete time, countable state Markov
chain with state space N, where N denotes the set of natural numbers. The chain is in
stationarity with stationary distribution 7. The indicator function 1(M,, = i) of state
i of this chain is LRD if and only if indicator functions of every state is LRD [4]. When
this is true, (M) is said to be an LRD Markov chain. Moreover, the Hurst index of
these functions is also a class property [4]. The common Hurst index H is said to be
the Hurst index of the chain.

In [4] it is proved that a Markov chain is LRD if and only if the return time
distribution of any state has infinite variance. It is also argued that finite weighted sums
of indicator functions on this chain also inherit this property. It is natural to conjecture
that this might be true for all functions of the chain. However, this conjecture is easily
disproved, most easily by considering a constant function (also see the two counter
examples in [4]). It is then of considerable interest to find which functions of an LRD
Markov chain are also LRD.

Let p, = p(M,) be an Ly function of M,. In this paper, we provide conditions
under which one can infer the long range dependence of (p,,) from that of (M,,).

Our main result, given in section 4, provides a technical condition under which the
rate of growth of YI"_, cov(Xo, X, ) is identical for X,, = p, and X,, = 1(M,, =1). We
set up the proof with a collection of lemmas presented in section 3. For convenience,
most of the notation is collected together in section 2.

There are many interesting scenarios where the results of this paper might be useful.
In the second half of the paper, we collect three such examples. Section 5 discusses
a simple queuing network of two parallel queues. One queue is driven by an LRD
process, whereas the other one is driven by a short range dependent process. We
model the inputs and queue lengths by countable state Markov chains, and show that
under longest queue first scheduling both queues are LRD.

A particularly novel example is given in section 6, where we re-prove a recent result
in the source coding of LRD sequences [13]. We show that the code length process of

any lossless encoder which is compressing an LRD renewal process must dominate an
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LRD process with the same Hurst index as the source process.
The last example is about long range dependence in financial series. We discuss how
our model can explain the LRD behavior observed in some instantaneous functions of

the absolute returns of some asset.

2. Notation and setup

(M,,) is a positive-recurrent, discrete time, countable state Markov chain with state
space N and stationary distribution 7;, ¢ € N. Most of the notation we use is borrowed
from [5].

p: N — Ris such that >, p(i)?m; < oo.

pn = p(Mn).

pi=>, p(i)m;, is the mean of p.

p = P(M,, = j|My = i),n > 0.

ks == P(M,, = j; My # k,0 < I < n|My =1i),n > 0.

kD = Yot kpz('?)'

wps) = P(M, = j; My ¢ H,0 <1 < n|My = i),n > 0.

bl = 3wl

fi(f) = »pl(-;l),n > 0.

Q) =7 () —7;).n > 0.

R =3, Q) n>0.

T; :=inf {t > 0: M, = j}.

mij = Ei[T}].

H :=inf {h s limsup,,_, Var(z%ll;(MFl)) < oo}, the Hurst index of (M,,).

H,:=inf {h :limsup,,_, o w < oo}, the Hurst index of (py,).

3. Lemmas

We will rely on several lemmas, most of which are already known.

Lemma 3.1. Chung [5], chapter 11, Corollary 1 For p > 0,
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Lemma 3.2. Let (ay,) be an arbitrary sequence and b, — co. ¢ is a finite real number.

If

then
Do Or
> br

Proof. Pick N large enough such that |3 —c[ <€, Vn > N. Pick M large enough
such that ‘E

— C.

< € (always possible since b, — 00). Then

>lfeand’ZT 19r

1‘17

€
—c <e+?(1+|c\).

Zr 1 ar
1
r 1 n

Lemma 3.3. For an LRD Markov chain,

lim Q( 00, (1)
n—oQ
R™
lim —2 = oo, (2)
n—oo N
(”)
i QT 3)

n—o0 Q(l’rll)/ﬂl
Proof. (3) is eq. 8 in [4]. (1) follows from eqgs. 8 and 5 of [4]. (2) follows from (1).

We will assume henceforth that n is large enough s.t. Qg?), (n) > 1.

Lemma 3.4. (i)

cov(po, pr) Z sz(r) — 1) (p(j) — )

(i)
> cov(po, pr) ZP WzQ
r=1

(iii)
~(n+1 =23 p(i)p(j)mR.}
var(po + ...+ pn) — (n+ 1)var(po) p(0)p(j)miR;;”.
1,3
Proof. (i) is a simple expansion. (ii) is derived from (i), and (iii) can be found in

[4], section 3.
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Lemma 3.5. eq. (1) in Chung [5], theorem 9.1
py =1 + Z P, >
Lemma 3.6. (Carpio & Daley [4], 2.12)

11 (1) Emlnun E f

s=u+1

oo min(u,n) oo

=mPys > > A

Lemma 3.7.

Proof.

Z U Z 1p(r) Z Z U 1p(T)

r=1 1,j
_a ZZT(ZZ]CL({)
sy L Zf

rlur
n oo

:@ZZhﬁﬁjlzh

m
r=1u=r rlurll

n oo 1

T ILCELE B Ir

m
r=1u=r 1

1 (n)
~ 7Q =
w2myy M

Qn
1

since 35, Pi(Th > r) < my; and by lemma (3.6). Here (a) uses 3, 1p§;) =

s=u+1

>
s=u+1

(r)

?

i1 s

which are equivalent ways of expressing the probability of going from 7 to any other

state without going to 1 in r steps. This expression also appears chapter 9 of [5] (proof

of thm. 6). (b) uses the fact Pr(Ty = r) = 2021 where Ty is the first return time

mi1

to 1 at stationarity.
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Lemma 3.8. Let M > 0 be a finite number,
1 (r) _
lim Z e Z 1D = 0.
e Q /771 {i<M}u{j<M} r=1
Proof. Pick m s.t. 1p§2n) > 0, then

1P§T)1pfj <ipiy; =7/

Thus, there exists a finite constant C'ys s.t. 17 < Cuj for all ¢ < M. Conclude

Z 7712119( D < O Z mmy < Cr.

i<M,j r=1 i<M,j

Similarly, there exists a finite constant Dy s.t. 1pj; <1+ 1pj; < Dy for all j < M.

> Wiznjlpz(';) <Dy Y m <MDy

ij<M  r=1 ij<M

Using (1) we conclude the proof.

Lemma 3.9. ([4], pg 1051)
‘ QITJL)/T[-J
Qll /771

Lemma 3.10.

ZZm\p )py ZZWJP Dlp) | < (M +1)Cr S mims|p(i) ()],

r=1 4,5 r=1 1,5 @]
where H is any non-empty set with a finite number of states and Cyy is a constant that

depends only on H.

Proof. Let H' = HU{k}, k € H. We will argue by induction. We write

Z'pr_""‘pw ZP r=7 M € H,1 <l <r;M; =k, for some 1<I<r|My=1)

n
=> Z Wi u p,;; "

r=1m=1
n—1 n
_ } : (m) (r—m)
= H' Dk Z HDPk;
1 r=m-+1

() E)
m=1 r=1

C HPZj
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C1 is bounded above by 1 since

o0 (oo}
STl <3 i =1
m=1 m=1

Let h € H. m is s.t. hp%?) > 0.

hp%)HPZj < wPhj = T/ Th

Thus ypy; < WJ/(hPhk ™) = Cyr.

Zzﬂ'z‘p |7—£p” ZZM\P |7—l’p j) < CH’ Zﬂ-zﬂ-ﬂp ) ( )l

r=1 14,5 r=1 14,5 i,]

Therefore adding or subtracting a state from the set H (as long as the resulting set
is non-empty) only affects the sum in question by a bounded amount. As a result,
replacing H by {1} can change the sum by at most (1 + [H|)Cy >_,; ; mim;|p(i)p(j)|-
(Add state 1 if it is not already in set H. Then subtract all other states until only
state 1 is left.)

4. Main results

Theorem 4.1. Let

(condition 1)

n

hmggjng: 7i(p(i) — €)(p() — up) = 0
n—o0o Q /7'('1 r=1 4,j

for some constant ¢, and non-empty, finite set H.
(condition 2)

hmhmsup@ S S w0 > L o) > D)) = 0

L—o
nTreo 11 T r=1 i,j

Then,
i TS0
n— 00 RlTll /71.1

Moreover, if ¢ # u, then H, = H.

= (n—o)*.

Proof. By (1) and lemma (3.10) the conditions are equivalent to
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(condition 1)

n

tim 33 m(pli) ~ ) (o(G) — hplf) =0

n—»o00 Q(”)/ m S5

for some constant ¢, and

(condition 2)

S S mle e o) > Dapl]) =0,

r=1 1,j

hm hrnsup )
L—oo pnooo 11 /7'(1

Define
p(i) i< M
c a>M
M = E[pM], pM(i) = p(i) — pM (i), and pM = E[Bf:[] We adopt the shorthand

notation:
(po+---+pn) —(n+1p

\/Qqu)/ﬂ'l
3 = (" + -+ pp") — (n+ DM
R} /mi
—M
oM =6 — b, -

(,an =

We will be referring to the reverse triangle inequality for random variables:

‘ Vvar(¢,) — \/var(¢ ‘ var(¢ (5)

Using lemma 3.5, write 3.4(i) as

- covlpopr) = D milpli) = m)(pl) =) D 105+ ©)

Z 7SS ™ (600 — 1) — 1)

r=1m=1

The second term can be rewritten

n r—1

Zmz Sl (o) = ) (p(G) — ) =

r=1m=1

Zﬂ'iZIP Z 5" (i) = m)(p(G) = 1)

%] m=1 r=m+1
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= Z ST m ™ = 1) (p() — 1) (p(G) — )+

m=1 r=m+1 4,5

S0 3w (p) — w)(p() - p)

r=m-+1 ,j

0

= Z S wan QU™ (i) — 1) (o) — )-

m=1 4,5

Dividing by Qﬁ)/m we get

m) Q:(Ln m)/ﬂ'J . .
—ZZWH g () = 1) =)

By lemma 3.9 we have

QY™ fmy
ZMWHM — )| < oo

i 11 1

We also know >, m; > 11 1p 1(11”)( (i) — ) = 0. Therefore

n— ’ITL
(7n) Ql] /7TJ N N o
lim Z > miaph T e (p(1) = ) (p(j) — 1) = 0.
m=1 4,5 11
(Dominated convergence) The result has the interpretation that the sum of the
covariances between py and p, on the event that the chain visits state 1 at least once

before time n, is negligible compared to QY{).

We want to use these results to conclude Var((b ) — 0. For this we write eq. 6 for

BM , ¢ = 0. The first term in eq. 6 reads after a little manipulation

D_mle™ @M G) = M (oM (@) + M (7)) + W Y o (7)

Now assume p is bounded. After dividing by Qg?) /71, the second and third terms
are O(HM) as HM — 0 by lemma 3.7. Since EM — 0 with M, these terms go to 0 as

M — oo uniformly in n.
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For the first term in (7), write condition 1 as follows for comparison:

lim S5 ml) - el) - )

n)
" QR /m \iZ 14<M,j<M

£ Y o) -t — i)

r=1i<M,j>M

+3° 3 mlpl) = ) (pl) - )ipl)

r=1i>M,j<M
3> wlpld) —)pli) — oy | =0.

r=1i>M,j>M
The first three sums have limit 0 because p are assumed to be bounded, and by
lemma 3.8. The last sum is identical to the first term in (7). Therefore divid-
ing eq. 6 by ng) /m1 and applying lemma 3.2 while observing lemma 3.4 (i) and
(iii), we conclude that limps_, oo limy, o0 Var@i\f) = 0, and by eq. (5), also that
lim pz— oo limy, — oo var(ai/[) = limy, o0 var(eéy,).

To calculate var(aiw), rewrite eq. 6 for pM
2wl (@) = )M () — &) = (@ = ) (3" (5) + M () - 2¢) + Z 1

The first two sums will go to zero when dividing by QYP /71, by the boundedness of p
and lemma 3.8 because of truncation. The last term will read

(M - Zﬂ'zZm” —¢)?,n— oo

Qﬁ)/ﬁl ij r=1
by lemma 3.7. By lemma 3.4 (ii) and (iii), and lemma 3.2 this concludes the proof
when (p;,) is bounded.
When (p,,) is not bounded, we truncate by value, i.e. p=(i) = p(i)1(p(i) < L),
it = Elpf], pt(i) = p(i) — p*(i), and p" = E[p}]. Also define

G = (P + -+ pp) = (n+ D"
R} /m

@bn* n

We can express » ._, cov(p(’;‘,pf) as in eq. 6, and argue as there that the second

term has limit 0 as n — oo when divided by ng) /71. The first term also has limit 0
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due to the assumed condition 2. We appeal again to lemma 3.4 (ii) and (iii), and
lemma 3.2 to argue that limy_, . lim, V&f(?ﬁ) = 0. By eq. (5), we also get
limy, o0 limy, 500 var(éﬁ) = limy, o0 var(¢, ). We conclude

lim var(Qr—1 i) _ = lim lim var(¢L) = lim (i —¢)? = (u — )%

n— oo Rﬁl)/ﬂ'l L—00 n—00 L—oo

The claim about the Hurst indices can be argued as follows. Consider the ex-
pression in lemma 3.4 (ii) for p, = 1(M,, = 1). Dividing by Q(ﬁ)/m, we see that
the right hand side has limit 72 > 0. From the above argument it follows that
(> cov(1(My =1),1(M, =1)))/ (>r_; cov(po, pr)) has a finite, non-zero limit if
1 # c. It is easily seen from the definition of H that p has the same Hurst index as
the indicator function 1(M,, = 1).

Some remarks about the conditions are in order.

1. They fail to hold if lim; p(7) exists and is not c.

2. They will hold whenever lim;(p(i) — ¢) = 0. Specifically when (p(i) — ¢) = 0 for
1 greater than some value.

Both of these can be seen as direct consequences of lemma 3.7.

3. They are implied by the considerably stronger condition

ZZ i) —cllp(j) — clpll) =0

/7T1T 1 4,5

The following theorem extends the usefulness of the preceding theorem considerably.
It describes the case, when the state space of the Markov chain is divided into a
finite number of subsets, with communication between the sets happening almost only

through state 1.

Theorem 4.2. Let {Ai}, 1 < k < K, be a finite partition of the state space N.
(condition 1) Let H be a non-empty finite set, and

n

1 . . )
A ST 0N milpl) - ulle(G) — plupl) =0, Yk #L
Q /71'1 r=1i€Ay,jeA

= Y .

LIEAL "= exists Vk. Let there exist constants
AR
30 i Dy 1Py

Also suppose T = limy, 00

cx, 1 <k < K, such that
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(condition 2)

(IR S IR

)
oo Ql /7T1 r=14,j€AL
and

(condition 3)

lim lim sup Z Z ;| p(4)

L—oo pnoo Qll /71-1 Tl jeAx

Then,

lim 7UGT(Z:=1 pi

n—00 qu)/ﬂ.l

Barlas Oguz, Venkat Anantharam

—ar)(p(d) — Ck)?-[pz(;) =0 Vk,

Dp@)] > L 1p()| > Lyupl) =0 V.

Z T (= Ck

Moreover, if 1% (cx — i) # 0 for some k, then H, = H.

Remark. If c, = ¢; for a pair of subsets Ay, Ay, then condition 1 is not needed for

this particular pair.

Proof. By (1) and lemma (3.10) the conditions are equivalent to

(condition 1)

i > Y

)
oo Ql /7T1 r=1i€Ay,jEA,

(condition 2)

1 n

7Tl|p(Z) _/’[’”p( ) |1ng 07

Yk £ 1,

finm S 3 mlol) — o) — enp) =0, vk,

A
nree Q /7T1 r=14,5€A

(condition 3)

lim limsup ————

L— ")
0 nooe Q[T = 14, jEA

We truncate as follows

MMM@M

oMM, , and ¢"

>3 ol

HUp()], [p(G)] > Lrply) =0, k.

i< M

yi>Mie A

are defined as before.
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The first sum in eq. 6 can be decomposed as

> milei) - Z ) =
Z,]K
SN mlol) — ) Z o

k=14i,j€A

+ > 3 m(p(i)—m(p(j)—mzllpgf (8)

kle{l,....K},kAli€AL,JEA,

The first condition ensures that the cross terms on the right are insignificant. Therefore
we can work with each subset separately. We will argue as in the proof of theorem 4.1

to show Var(qb ) — 0. The analogue of eq. 7 for each of the remaining sums reads
>- mleM @M () — 1M (0" 6) + oM () + M1 Y unl)-
. r=1

Assume p is bounded. After dividing by Yf)/ﬁa the second and third terms are
O(p™) as p™ — 0 by lemma 3.7. Since p™ — 0 as M — oo, these terms tend to 0 as
M — oo uniformly in n.

For the first term, we argue exactly as in the proof of theorem 4.1 that condition 1,
together with lemma 3.8 implies that this term, when divided by Qg?) /71 goes to 0 as
n — 0o. Applying lemma 3.2 while observing lemma 3.4 (ii) and (iii), we conclude that
lim s 00 limy, o0 var(gfy) =0, and by eq. (5), also that limps e limy, 00 var@f) =
lim,, o var(ey,).

—M . _ . .
To calculate var(¢,, ), rewrite eq. 6 for ™. We again omit the cross sums:

> ml@M (@) —er) (P () =) = (@ —er) (P (0)+5™ () —2cr)+ (B —cx) Z 1P
i,JEAL
The first two sums will go to zero due to truncation, boundedness of p, and by lemma
3.8, when dividing by ng)/m. The last term will read

M

_ 1
g Yol - ar

1,jEAL r=1

by lemma 3.7 and the definition of 7% . This concludes the proof when (p,,) is bounded.
When (p,,) is not bounded, we truncate by value, i.e. p=(i) = p(i)1(p(i) < L),
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it = BI5E], p* () = pli) — (i), and i = Epk]. Also define

gb = PO+ p) — (D"
n )

\/ 2R§?)/7T1

L L
Pn = bn — Oy

We also parition pf as Zlegﬁl(gﬁ € Ag). Define

L P6L(pG € Ar) + .+ prl(pr € Ax) — (n+ DE(pi1(pf € Ak))

kPn =
\/QRYlL)/ﬂj

We can express Y, cov(pf 1(p§ € Ar), pE1(pF € Ax)) by writing eq. 6 for p”(i)1(p" (i) €
Ay), and argue as there that the second term has limit 0 as n — oo when divided by
ng)/m. The first term also has limit 0 due to the assumed condition 3. We appeal
again to lemma 3.4 (ii) and (iii), and lemma 3.2 to argue that limy,_, o lim, o0 var(kéﬁ) =
0. Applying eq. (5), we conclude that

K
lim lim var(¢Z) = lim lim var (Z k?ﬁ) =0.

L— o0 n—oo ~ L— o0 n—o0 Pt

One more application of eq. (5) gives limy,_, o lim,, oo var(qE,LL) = lim,,—, o0 var(¢,). We
conclude

K K
. Var(Zfﬂ pl) _ . . —M _a . § oo (—M 2 E o 2
i W =l () = a k=1 A B e = k=1 T e

where (a) follows from the bounded version of the theorem proved above.

To prove the remark, consider Ay UA; as one subset. We can safely ignore the cross
terms in eq. 8, without needing to use condition 1 for the pair Ay, A;. We do not use
condition 1 in the remaining part of the proof.

All that remains is to note

_ 1 = _
@ =l g X mY ) = o  —)?
L seAnuA, =1

where TAUA, = Ta, T T2

Now we illustrate the use of these tools with some examples. The first one uses

theorem 4.1 directly, while the last two examples use theorem 4.2.
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5. Example 1: Longest queue first with mixed heavy and light tailed

inputs

This example replicates the conclusion in [12] that long range dependence might
spread under LQF scheduling in a parallel queue setting, using a general technique
based on the theorems of the preceding section.

There is a single server of rate R € N with 2 parallel queues. The queues are fed
by independent random processes, each modeled by a discrete time, countable state
Markov chain. As an example, we investigate the scenario where X is i.i.d. with heavy
tailed (var(X;) = oo) arrival distribution on N. X, € N is either an i.i.d. process with
light tailed (var(Xs) < oo) arrivals or X» can be a finite state N-valued Markov chain
in stationarity. We assume E[X1(0)] + E[X2(0)] < R.

Let Q1(n),Q2(n) be the stationary queue lengths. We assume that the queue is
work conserving, and moreover the scheduling decision at time n (number of packets
to be served from each queue at time slot n) is a function of (Q1(n),Q2(n)), the
queue sizes at time m. Given such a scheduling strategy, it is easily verified that

(X1(n), X2(n),Q1(n),Q2(n)) is a countable state Markov chain.
Lemma 5.1. (X;(n), X2(n),Q1(n),Q2(n)) is positive recurrent.

Proof. E[X1(0)] + E[X2(0)] < R implies that the queue process (Q1(n), @2(n)) is
positive recurrent. Pick M; > 0 and define the set S; = {Q1(n) + Q2(n) < M;}. The
return times to this set have finite mean (say v). Also define Sy = {X1(n) + Xa(n) <
Ms} (or in the case X» is a finite state chain, S = {X1(n) < Ms}) where My is large
enough such that S5 is nonempty. S; N S is a nonempty compact set. We claim the
return times to this set have a finite mean. Since 1,(S2) is i.i.d, there is a positive
probability (say at least p) of visiting So each time there is a visit to S; (independent

of previous visits). It is easily seen that the mean return time to S; NS is at most

v/p.

We will look at long range dependence through the Hurst indices of the busy-idle
processes of the queues. Let (X7, @}) be the Markov chain if all the capacity were to be
allocated to queue 1. Denote by 1(Q’(n) = 0), the busy-idle process of this queue. We
know that the busy periods of @} have infinite variance (see e.g. [3] theorem 8.10.3).
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Therefore both the Markov chain (X1, Q) and the function 1(Q;(n) = 0) are LRD

(see the introduction). (X2, @5), similarly defined, is a short range dependent chain.
Lemma 5.2. (X;(n), X2(n),Q1(n),Q2(n)) is LRD.

Proof. Consider the chain (X;(n), Q) (n), Xa(n), @5(n)). This chain is LRD because
it is a combination of two independent chains (X1, Q}) and (X3, Q%), one of which
we assume to be LRD. Let ¢; be the return time to a nonempty compact set S; =
{X1(n),Q1(n), X2(n),Q2(n) < M}. Similarly t5 is the return time to the set Sz =
{X2(n), Q4 (n), Xa(n), Q4(n) < M}. Since Q{(n) < Qu(n) and Q(n) < Qa(n), 1
stochastically dominates to, and therefore (X;(n), X2(n), Q1(n), @2(n)) is also LRD.

The question we want to ask then is whether 1(Q2(n) = 0), the busy-idle process of

the second queue (fed by short range dependent traffic), is also long range dependent.

pn = 1(Q2(n) = 0) is an Lo function of the chain (X;(n), X2(n), @1(n), Q2(n)).
Take ¢ = 0 in theorem 4.1. H = {X;(n), X2(n), Q1(n), Q2(n) < R}. Condition 2 holds

trivially for bounded functions. Thus we are left with having to check the condition

. 1 n .
nh~>ngo ET Z uri Zypgj) =0.

/T ,j:Q2,;=0,Q2,,=0 r=1

To see why this is true, note that Zi’j:Qz’j:OQu:O T Doy le(-;) is bounded above
by 1 plus the stationary time spent in the states {Q2 = 0} before the chain visits H.
Note that the length of an idle period for Q2 has finite expectation. Also note, if an
idle period begins at time n + 1, this implies due to the LQF policy that @Q1(n) < R,
Q2(n) < R, X;1(n) < R, and X3(n) < R. Thus between successive idle periods of
@2, the chain must visit H. The stationary expected time spent in {Q2 = 0} without
visiting H is therefore finite. Since Qy{) — 00 (1), the above limit holds. Using

theorem 4.1, we conclude that 1(Q2(n) = 0) has the same Hurst index as the chain
(X1(n), X2(n), Q1(n), Q2(n)).

The advantage of this approach is that in general the input processes need not be
i.i.d. Dependencies can easily be modeled, as long as the sources can be represented

as countable state Markov.
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6. Example 2: Compressing a long range dependent renewal process

This section provides an alternative proof for the result in [13].
Let (X,,) be a discrete, stationary, ergodic renewal process. We begin by introducing
the function

Pn(X2so) = —log P(Xn| X2,

which is of central importance to coding theory. The behavior of (p,) restricts the
minimum code length of lossless compression algorithms by the following lemma, [1],

which is also proved in [10].

Lemma 6.1. (Barron’s Lemma.) Given {c(n),n > 1}, positive constants with Y, 27" <

00, we have
L,(X1) > —log P(X]X° ) — c(n), eventually, a.s. . (9)

Here L, (X7') is the code length for the first n symbols of the source for some lossless
coding algorithm that produces bit strings. ¢(n) can be made logarithmic in n.

By the ergodic theorem, the limit of %E?:l pi as n — oo exists a.s. and equals
n := E[—log P(X1|X% )], i.e. the entropy rate of (X,). This implies the following

well known first order converse source coding theorem for such sources.

Theorem 6.1.

1
liminf —L,(X7) > 7, as. .
n n

Lemma 6.1 is strong enough to permit second order refinements to theorem 6.1 once
we know more about the process (p,). For example, in [10], it is shown that for
certain short range dependent classes of sources (e.g. finite state Markov chains), and
appropriate coding schemes (e.g. Lempel-Ziv coding), (L,, —nn) satisfies a central limit
theorem.

Here, we will prove a second order converse source coding theorem, stating that the
bit length process (L,) will eventually dominate a long range dependent process the
growth of whose variance is identical to that of (X,,), so that, in particular, it has
the same Hurst exponent as (X,,). The proof relies on our general theorem 4.2. This
result provides partial theoretical justification to existing empirical work in the field of

variable bit-rate (VBR) video traffic ([2, 8, 14, 7] to cite a few). A conclusion resulting
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from this work is that long range dependence is omnipresent in VBR, video traffic, and
persists across a wide variety of codecs. Combined with these observations, the result
backs the intuition that for many information sources long range dependence persists

under compression.

Theorem 6.2. Let (X,,) be an aperiodic, long range dependent, stationary, ergodic
renewal process. Then, there exists a long range dependent random process (vn) such

that

L, (XT7) > vn, eventually, a.s.

for all uniquely decodable source codes. Moreover, (v,) has the same Hurst indezx as

(Xn)-

Proof. This immediately follows from Barron’s lemma once we show (p,) are LRD
with the same Hurst index as (X,,). This will follow from theorem 4.2 if we can set up

(pn) as a function of a Markov chain.

We construct the following Markov chain (M,,) from the renewal process (X,,) (fig.

1):

o M, €{0,1,2,3,...}.
o {M, =0}={X"_, =11}

e Forke{1,2,...}

o {M,=2k—-1} =
{X,, =0 and k zeros since last arrival },
o {M, =2k} =

{X, =1 and k zeros since last arrival in X, }.
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FicUure 1: Construction of the Markov chain, with an example sequence showing the

correspondence with X,

We establish some notation:

(X,), stationary renewal process,

interval-arrival lengths having the law of T+ 1;

fr(k) == P(T = k);
Fr(k) == P(T < k);
(X0 ) = —logP(Xn|ngo1);

n:= Ellog P(X;|X° )]

One can easily check p, = p(M,,), with

* p(0) = —log fr(0),
o p(2k—1)=—log P(T > k—1|T >k —1),

o p(2k) = —log P(T = k|T > k).
We verify:

Lemma 6.2. p, is an Ly function of M,.

Proof. Let m; be the stationary distribution of (M,,). Note that m; > 0 = p; < 0.
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We want to prove
Zp(i)Qm < 0.

Note that mor41 = 7T2k,1P(T > k|T > k), and mop = 7T2k,1P(T = k?|T > ]{3) for
k=1,2,.... This gives

> p(i)*mi = mop(0)* + mip(1)?

+ Y mop 1 P(T = k|T > k)log® P(T = k|T > k)
k=1

+ Y w1 P(T > k|T > k) log® P(T > k|T > k),
k=1

mop(0)? = (Z k) fr(0) log? fr(0),
k=1

mp(1)? = (Y mar)(1 = fr(0))log*(1 = f7(0)).
k=1

Since the plog? p terms are bounded above by 1, 3 pim < 4.

Now, to apply theorem 4.2 we partition into 3 sets as follows: A; = {i > 0: 4 even},
Az = {0} U {iodd : p(i) < —log(l —€)}, and Az = {i odd : p(i) > —log(1 — &)}
Here we will will chose ¢; | 0 later. Take ¢; = c; = ¢c3 =0 and H = 1 in that theorem.
By the remark to the theorem, we don’t need condition 1. We will check conditions 2

and 3 of theorem 4.2 for each of the sets.

When i,j € A; notice 1p§;) = 0, so both conditions hold automatically. For i,j €
As, condition 2 holds due to remark no. 2 because the limit of p(i) as i — oo is
zero, and condition 3 holds because p is bounded on this set. Thus we focus on

i,j € As. Define p(i) =: —log(1 — ¢;). Let subsequence {iy} = A3. We have €;, > ¢;, .
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i, <M Hle(l — &), and > ° 1p(»7")-_ =7, /7, . We have

ikl

PIOLDIOD IR
k J
< TT0-a)(-tog — &) 3- ~los(t &) [] (1-é)
k 1=1 j>k I=k+1

—&)log(1—&,)1-¢&)log(1—&,) J[ 1-&)

k< 1=1,1#k,j

j J

J
<2 d]l-a).

j :
We can easily choose ¢; | 0 such that this is finite. Dividing by Q(ﬁ), both conditions

in theorem 4.2 will be satisfied.

7. Example 3: Long range dependence in financial time series

Let (P,,—00 < n < o0) be the price of some financial asset, and X,, = log P,,. It
is an established assumption that the log returns, r, = X,, — X,,_1 is well modeled
by a martingale difference process. Such a model accounts for the fact that the log
returns exhibit little correlation. Nevertheless, it is also a widely observed fact that
some instantaneous functions of the log returns, such as |r,|¢, exhibit long memory.
(see e.g. [6])

The popular approach to modeling this behavior has been to explicitly write the
dependence of the absolute log returns into the statistical description of the model.
The result is the various long-memory autoregressive conditional heteroskedasticity
(ARCH) process models of financial time series. ([9] for an example)

We want to show in this example that, given a martingale difference sequence
(rn,) that can be represented as a function of a long range dependent Markov chain,
the outcome that |r,|? will exhibit long range dependence should not be considered
suprising.

We want to illustrate this with a very simple example based on Mandelbrot’s model
for wheat prices ([11]). We should note that this simple model is for purposes of
illustration only, and does not account for all known properties of financial time series.

For instance, it has been observed in many situations that (r,) has a finite variance,
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despite having a polynomially decaying marginal distribution. The (r,,) in this example
has infinite variance. Nevertheless, the proof scheme used here to establish the long
range dependence of |r,|¢ should be applicable much more generally.

Let (W,,) be a stationary random process which models the weather. (W,,) can take
on 3 values: good, bad, and neutral {g,b,n}. The length of a good period, T, (number
of consecutive good days) has the same distribution as the length of a bad, or a neutral
period. Let P(T > t) = ¢~ “. T has finite mean but infinite variance (i.e. 1 < a < 2).
A good or bad period is followed necessarily by a neutral period. A neutral period is
followed by a good or bad period with equal probabilities.

Let X, be the fundamental (log) price of the asset (which can be thought of as
summarizing exogenous variables that affect the real price). X, varies as follows:
increases by 1 for every good day, decreases by 1 for every bad day, and stays the
same for every neutral day. The market calculates the real (log) price by projecting
the expected future fundamental price: X,, = lim;_, o E[Xn+t\)zﬁoo].

By construction, (r,) itself is a martingale difference sequence. We will now show
that p, = |r,|? is LRD with Hurst index 1(3 — ). (0 < d < /2 for var(pg) to be
finite.)

It can be verified that (also see the calculations in Mandelbrot’s original paper [11])
X, changes as follows: jumps by E[T] on the first good day. Jumps by —FE[T] on the
first bad day. Increases by E[T|T >t] — E[T|T >t — 1] on the t*"* good day (t > 2).
Decreases by E[T|T > t]— E[T|T > t—1] on the t!" bad day. The first neutral following
t good days decreases X,, by E[T|T > t] —t. The first neutral following ¢ bad days
increases X,, by E[T|T > t] —t.

Let J, = 1(there is a transition at time n). Let T, := infy{t > 0 : W,_,_1 #
W —t—2} be the number of days since the last transition (0 on the first day following).

Then M,, = (W, Jn,T,) is a countable state, long range dependent Markov chain,

with Hurst index (3 — a). Moreover, p, = |r,|? is a function of M,:
o p({g.b},0,t) = (E[T|T >t +2] - E[T|T >t + 1))
e p({n},0,)=0
o p({g.0}.1,-) = (E[T])

(

o p({n},1,t) = (B[T|T >t +1] - (t+ 1))
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Lemma 7.1.

E[T|T2t+2]—E[T|T2t+1]—>%, t — o0.
Proof.
P(T23|th)=‘;—a, s>t
ETT>t+1]—E[TT>t]= Y P(T>sT>t+1)—P(T>sT >t)
s=t+1
«
TIT>t+ TIT > #] = ((t+ 1)* — ) 5%
BT > 1 41] ~ BT > ] = ((t +1)° 2; o

since ((t+1)* —1*) /t*7' = a and g (t+2)"F = [T, 57%ds < 32,5 <
j;o_:l s % s = ﬁ(t + 1)t

Lemma 7.2.

t
[T|T>t]—t<71

Proof.

o0 —a 0o ¢
E[T|T2t]—t=2;—a§/ sds = —.
t a—

s=t
We will utilize theorem 4.2 with A; = ({g,b},0,-), A2 = ({n},0,-), A3 = ({g,b},1,"), Ay =
d
({n},1,). 1 =cy = (L) yea=c3=0. H=(-,-,0). We have

a—1

var(po) < Epg = > mip(i)?

i
— < 2d

.Zmp —&-Zmp C+Z —P(T Oz—l) < 00

1€ Ay 1€A,
by lemma 7.2. As p(i) is bounded when ¢ ¢ Ay, the contribution to the sum is a
constant C. We also used the fact that if i = ({n},1,¢ — 1), then m; = P(W_; =
n)P(T =t) = $P(T = t).

We need to first show that condition 1 holds:
Jm n) Z S° 0 milp@) = plle() — plaply =0 VE#L
11 r=licAy,jEA,

By inspection, the following transitions require visiting #: (k,1) or (I, k) = (1,2),(1,3), (2,4), (3,4).
The sum is zero for these pairs. For (k,1) or (I,k) = (1,4), (2, 3), the condition is not

needed due to the remark to theorem 4.2.
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Condition 2 reads

1 , , ~
Jm o D2 o) =)o) — ) o wrl =0 V.
11,5 A r=1
For k = 3,4, Hpg-) = 0 because these states must go to H in one step. For k = 1,2,
we have chosen ¢ such that (p(i) — ¢x) — 0 by lemma 7.1. The condition holds by

remark no. 2.

Condition 3 also holds for A;, A, and A3z because p is bounded on these sets. On

Ay, it holds because 3,p!"

;;, = 0 as argued earlier. We finally have the conclusion:

i iy cov(lrol,

n—o0 Q(lflb)/7r1

) &
= Zﬂ',ﬁo(,u —cp)? > 0.
k=1

8. Conclusion

We have provided conditions under which the growth rate of the variance of a
function of a Markov chain is identical to that of the chain itself. Although our results
simplify certain proofs greatly, there is still considerable art in using them. One needs
to first construct a suitable Markov chain for the problem. One also needs to choose
the parameters in the theorems carefully. Although the answer will ultimately be the
same, picking state 1, the partition {Ax} and {c;} appropriately can greatly reduce
the amount of calculation required.

We don’t have an answer for the case where p(i) grows without bound as ¢ — co. In
these cases (p,) might possibly have a higher Hurst index than the chain. The proof
of theorem 4.1 can provide insights for solving these questions.

The usefulness of the theorem was demonstrated by various examples in three diverse
fields. Many more can be contemplated in areas like queue analysis in stochastic

networks and agent based models in finance.
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