ISIT 2008, Toronto, Canada, July 6 - 11, 2008
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Abstract— We define a class of problems in the theory of
Euclidean point processes, motivated by the study of the error
exponent (reliability function) for additive noise channels. For the
case of Gaussian noise this gives an interesting perspective on the
Poltyrev exponent. It also suggests an approach to attack the long
standing gap between the best known upper and lower bounds on
the reliability function of the traditional AWGN channel, using
techniques from point process theory.

[. INTRODUCTION

In this paper we define a class of problems in the theory of
Euclidean point processes, motivated by the study of the error
exponent (reliability function) for additive noise channels.
We are given a sequence of stationary ergodic marked point
processes in Euclidean space R", one for each dimension
n > 1. The mark of a point is a pair comprised of an R"-
valued vector and a measurable subset of R™. For each n > 1,
the subsets associated to the various points of the process form
a decomposition of R™. The canonical example to keep in
mind is when the vectors associated to the individual points of
the process are independent and identically distributed (i.i.d.)
mean zero Gaussian random vectors each with i.i.d. coordi-
nates and independent of the points, and the set associated to
a point is its Voronoi cell in the realization of the process.

Each point of the process is thought of as being perturbed
by its associated vector. We propose to study the asymptotics
in dimension of the error probability, i.e. the Palm stationary
probability that a point is perturbed outside its associated
set. Thus the set associated to a point may be thought of
as a decoding region. This problem formulation is directly
motivated by the study of error exponents for additive noise
channels in information theory.

Studying this point process formulation, we are able to
recover and to give a new perspective on the Poltyrev exponent
[10]. In particular, it appears explicitly as corresponding to a
well-studied class of Matérn point processes. However, the
main value of presenting this work, as we see it, is to suggest
new ideas to attack the long standing gap between the best
known upper and lower bounds on the reliability function
of the traditional AWGN channel. The viewpoint we propose
raises the possibility of bringing techniques from point process
theory to bear on this problem. Some thoughts along these
lines are sketched in section VIII.

The structure of this paper is as follows. In section II we
recall the basic facts about the capacity and the reliability
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function of the AWGN channel. In section III we recall the cor-
responding facts for the AWGN channel without restrictions,
and the connections between this channel and the usual AWGN
channel. Our stationary point process viewpoint is developed
in the case of additive Gaussian noise in sections V and VI;
more general additive noise is discussed in section VII. Some
thoughts regarding how one might develop this viewpoint are
in section VIIL.

B, (z,r) will denote the ball with center z and radius r in
n-dimensional Euclidean space R™, with its volume denoted
by V,.(r) = % S"~1(r) will denote the sphere of radius
r in R™ centered at the origin. A, _; will denote the area of
S"(1): Apoy = nVa(1) = 2255 Cuben(a) will denote
the cube of side length a centered at the origin in R™. The
cardinality of a finite set S will be denoted by | S |.

II. THE AWGN CHANNEL
A. AWGN channel model

We recall the AWGN channel model in a rather abstract way.
For the relation to the underlying physically relevant waveform
channel model, see the text of Gallager [6]. Consider commu-
nication over the AWGN channel with noise variance o2 per
degree of freedom using codewords of block length n subject
to the power constraint P.

We write A? for the signal-to-noise ratio P/o?. A code is a
finite subset C of points in S”~'(v/nP). Elements of the code
are called codewords. We call R(C) = L1n | C | the rate of the
code. Consider the Voronoi decomposition of R™ determined
by the codewords. For each codeword, the probability that
a Gaussian random vector in R™ centered at the codeword
with independent coordinates each having variance o2 lands
outside the corresponding Voronoi cell is called the associated
probability of error. By the average probability of error of
the code, denoted P.(C), we mean the average over the
codewords of the corresponding probability of error. Given
C, this only depends on the signal-to-noise ratio A%. One of
the central problems of coding for the AWGN channel is that
of understanding, for each fixed A > 0, the set of achievable
pairs (R(C), P.(C)), as one varies C.

B. Shannon capacity of the AWGN channel

For fixed A > 0, given R > 0, we may ask whether there
exists a sequence of codes C,, in R™, n > 1, having rate at
least R, asymptotically as n — oo, and such that P.(C,,) — 0
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as n — oo. As proved by Shannon, this is possible if R <
LIn(1 4+ A?) and not possible if R > 1In(1 + A?). Thus
% 5 In(14A?) may be called the Shannon capaCIty of the AWGN
channel.

C. The reliability function of the AWGN channel

Let A>0and 0 < R < In(1+ A?). Let P. ops(n, R, A)
denote the infimum of P.(C) over all codes in R™ of rate at
least R when the signal-to-noise ratio is A2. We write

1
E(n,R,A) = ——log Pe opt(n, R, A) .
n
Let E(R,A) = limsupE(n, R, A), and
E(R,A) = liminf E(n, R, A).

Assuming these are identical, we denote this common limit
by E(R,A). For fixed A > 0 the function R — E(R,A)
is called the reliability function or the error exponent of the
AWGN channel when the signal-to-noise ratio is A2

The best currently known upper and lower bounds for the
reliability function are given in [1], to which we refer the
reader. | We write R — Esc (R, A) for the best known lower
bound, since it is due to Shannon [11] and Gallager [6]. We
write R — FEapr(R,A) for the best known upper bound,
since it is due to Ashikhmin, Barg and Litsyn [1]. These
bounds coincide, and thus F(R, A) is known, for

A 1 A2

1
1 41+ )< R< ZIn(l+ A2
(+4+2 +4)_R_2n(+ ),

but there is a gap between these bounds for all lower rates.

III. THE AWGN CHANNEL WITHOUT RESTRICTIONS

Motivated by the observation that many proposed practical
constructions of codes for the AWGN channel were derived
from lattices in Euclidean space (which may be thought of as
countable codes whose codewords are not subject to a power
constraint) Poltyrev [10] formulated a problem of coding for
an AWGN channel without restrictions (i.e. without a power
constraint). Let S denote a countable collection of points in
R™. The quantity

p(S) = %m <lim sup MW)

a—oo a”

is called the normalized logarithmic density of S. Consider the
Voronoi decomposition of R™ determined by S. Given o > 0,
for each point s € S, the corresponding probability of error,
A(s), is defined as the probability that a Gaussian random
vector in R™ centered at s with independent coordinates each
having variance o2 lands outside the Voronoi cell of s. The
quantity

A(S) = limsup

a— 00

1
SN Cube,(a) | 2. A

seSNCubey (a)

'Our ideas are more directly related to the Poltyrev exponent, so there is
no direct benefit from reproducing the expressions of the AWGN reliability
function bounds here. Note that the upper bounds are on E(R, A) and the
lower bounds are on E(R, A).

is called the average probability of error of S. The problem
of coding for an AWGN channel without restrictions, in the
sense of [10], is that of understanding the set of achievable
pairs (p(S), A(S)) over the choice of S.

A. The Poltyrev capacity of the AWGN channel without re-
strictions

Fix ¢ > 0. Given p > 0, we may ask whether there
exists a sequence of countable sets S,, in R, n > 1, having
normalized logarithmic density at least p, asymptotically as
n — oo, and such that )\(Sn) — 0 as n — oo. As proved in
[10], this is possible if p < 1In(z-L-) and not possible if
p> 3In(5z1>). Thus ln(%wz) may be called the Poltyrev
capamty of the AWGN channel without restrictions when the

noise variance per coordinate is o2

B. The reliability function of the AWGN channel without
restrictions

Fix 0 > 0 and 0 < p < 3In(5-23). Let Aop(n, p,02)
denote the infimum of A(S) over all countable sets S in R™
of normalized logarithmic density at least p when the noise
variance per coordinate is o2. We write

1
T](napa 02) = 7510g )‘Opt(nvp7 02) .
Let 7(p,0?) = limsupn(n,p,o?), and
n
n(p,0®) = liminfn(n,p,0?).
- n

Assuming these are identical, we denote this common limit by
n(p,02). The function p — n(p,c?) is called the reliability
function or the error exponent of the AWGN channel without
restrictions when noise variance per coordinate is o.
For any a > 0, if we replace 02 by a?0?, we may
scale any & to one whose normalized logarithmic density
changes by addition of In« in order to get a geometrically
identical situation from the point of view of error probability
calculations. Thus n(p,c?) depends only on 6;2” We let o?
denote 267 7 and, abusmg termlnology and notation, denote
the function a — (3 In 5—1,—, 0'?), defined for a > 1, by
a — n(a) and call this the reliability function or the error

exponent of the AWGN channel without restrictions 2

C. The Poltyrev exponent

Upper and lower bounds for the reliability function of the
AWGN channel without restrictions were proved in [10]. The
lower bound of [10] is normally called the Poltyrev exponent.
This is the function « — 7(«) defined for a > 1 by

2

©—1-lha ifl<a<y2
m(a) = %—111224—111@ ifvV2<a<2
e ifa>2.

8

See eqns. (32) and (36) of [10]. Tt is proved in [10] that n(a) >
m(a) for all a > 1.

2More precisely, we define o — 7j(a) and o — n(c) and assume they
are identical.
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The following upper bound for all & > 1 is also proved in
[10]:

a? 1

7(a) < ?fﬁflna.

The upper and lower bounds coincide for 1 < a < V2, and
s0 7(c) is known in this range. For all & > /2 there is a gap
between the upper and lower bounds of [10].

The upper bound of [10] comes from a naive sphere packing
bound, and can be immediately improved for large o by
appealing to the path breaking work of Kabatyanskii and
Levenshtein [7] on Euclidean sphere packing, as mentioned
in the next subsection. In this connection, see also the papers
of Cohn and Elkies [2], [3].

D. Connections with error exponents for the AWGN channel

Given A > 0 and a > 1, consider E(3 In 1Z§2 , A), where
the function R +— F(R, A) is defined in subsection II-C. Then
one can show, for all o > 1, that

14 A?
7714) =n(a) .

1
lim E(=1In
A—oo 2
One also has, for all o > 1:
. 1, 1+ A2
e

If one takes

one gets an upper bound on o — n(«) that improves the
upper bound proved in [10]. Indeed, the upper bound of [1]
is derived by using techniques inspired by [7]. One can beat
the upper bound of [10] more crudely by directly appealing
to results in [7]. Let A,, denote the maximum packing density
of spheres in R™ (for the definition see [2]). From Cor. 2 of
[7] one has the estimate A,, < (0.663)™, valid for large n.
From this it is easy to conclude that n(c) is bounded above
by 3(0.663)%a?.

The main point of this subsection is that improvements in
the gap between the upper and lower bounds for the function
a — n(a) will lead to improvements in the gap between
the upper and lower bounds for the reliability function of the
AWGN channel, at least for large signal-to-noise ratios. This
observation motivates our main theme, to which we turn next.

IV. STATIONARY POINT PROCESSES

For basic facts regarding stationary point processes see, for
instance, the book of Daley and Vere-Jones [5].

Let p™ be a sequence of stationary ergodic marked point
processes. We assume that for all n, p™ is a simple point
process in R™. Let \,, denote the intensity of the point process
w". We denote by {T}*} the points of u™. The mark of the
point 77" is a pair (X!, C}), where X is an vector in R” and
C} is a measurable subset of R™. The countable collection of
sets {C}'} is assumed to form a decomposition of R™. We
call X} the displacement vector associated to the point 77}
and C7' the decoding region associated to the point 77"

Each point 77" of p™ may be thought of as a codeword.
When this codeword is transmitted, the channel adds to it
the displacement vector X', so that the received signal is
T + X}}. We would want the received signal to land in the
correct decoding region. With this interpretation, we define the
probability of error as

lim >k LrreBow)lrpsxrgor
W —o0

pe(n) = (D

>k Yrkepo,w)
The probability of success is defined as ps(n) = 1—p.(n). The
limit in (1) exists almost surely from the assumption that the
marked point process p” with marks (X}, C}) is stationary
and ergodic.

Let PO denote the Palm probability of 1", Likewise, E? de-
notes Palm expectation for ™. The pointwise ergodic theorem
implies that

pe(n) = BY, (X7 ¢ CF) .

V. ADDITIVE GAUSSIAN NOISE CAPACITY OF A
STATIONARY POINT PROCESS

Let us restrict attention to the case where we start with point
processes p™ of intensity A, in R™, where the displacement
vectors are independent of the points, each displacement vector
being Gaussian with i.i.d. coordinates having mean zero and
variance o2 and with the displacement vectors being i.i.d. from
point to point. Further, C}' is the Voronoi cell of T} in the
point configuration p™. Write \,, as e™». Then we can prove:
Theorem 1 For any subsequence ny — oo such that

liminfy oo Ry, > 3 In5-1, we have limy_.o pe(ny) = 1.

2mwec??

]

Further, we can prove:
Theorem 2 Let ™ be a Poisson process of intensity A,
e™f» For any subsequence nj — oo, if lim SUPL 0o Fon
%ln ﬁ, we have limy_, o pe(ng) = 0.

Together these theorems are the analog of the Poltyrev
capacity theorem for stationary ergodic point process in the
case of Gaussian noise. Theorem 2 is a consequence of the
evaluation of the reliability exponent of Poisson processes
in additive Gaussian noise, which is sketched in the next
subsection. We now sketch a proof of Theorem 1. The Palm
stationary expectation of the volume of the Voronoi cell of
the origin, i.e. EO[Vol(Cy)], is precisely e~"f, ie. the
reciprocal of the intensity. Under the assumptions, there is
some o > 2¢ > 0 such that, for all sufficiently large k, with
n = ny, we have

E%[VOl(CSL)] < e%anwe(a—Zc)2 )

L <
O

Hence

n > —2c\"
]P)(,)L(VOZ(C(SL) > 651n27re(afc) ) < (0' C) .
o—c
Now, PY (X ¢ CF) is at least as big as the probability that
X{ lands outside the ball centered at the origin with volume
Vol(Cf). The volume of the ball of radius ov/n is

(no.2)n/27rn/2 _ e%(ln(2ﬂ'€0'2)+0(1)) .
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Hence

g —¢cC

XS  C) 2 B X002 (r-0) [1 - (2]

which tends to 1 as n — oo, by the strong law of large
numbers. O

If X(1),...,X(n) are iid. Gaussian random vari-
ables with mean zero and variance o2, the density of

VX(1)2 “+X(n)2atris g(r) = 191( ), where
2 1 2
1 _ 17‘ —r</2 nfli.
9n(r) = L0 G T o)

The proof of Theorem 1 was quite straightforward. If we
want to do a more careful analysis of the probability of error
we will need to start with the formula

- [ [ wors

r>0gesn—1

r,r)) = O)ZL(T)dﬁ’dr )

n—1

VI. ADDITIVE GAUSSIAN NOISE RELIABILITY OF A
STATIONARY POINT PROCESS

In this section we will show how the point process view-
point recovers the Poltyrev exponent. We consider first a
sequence of Poisson processes u" of rates )\, = "% where
R = Ing—— for @« > 1. We show that the limit
limy, — o0 —% Inp.(n) (i.e. the error exponent) in the case of
independent Gaussian displacements and the Voronoi decom-
position associated to the points, exists and equals the random
coding part of the Poltyrev exponent (see [10] for a definition).
We then consider sequences of Matérn I point processes with
parameters as in the Poisson case and show that the error
exponent in this case equals the Poltyrev exponent.

A. Reliability of Poisson processes in white Gaussian noise
From (2), if pu™

An, then
pem) = [ (1= 0 g oy
0

This is because Slyvniak’s theorem tells us that for
Poisson processes we have PO (u"(B(rv,r)) = 0) =
P (B(rd, 7)) = 0) = e~ Vel

We have

is a Poisson point process with intensity

42 (voym) = e~ (F 3 wre)

n 2
—e2 In2mwec?a?

With A,
1— e—)\nVn(vo\/ﬁ) — e

, where o > 1, we have

n((ln a—In ’U)++O(1)) )

We may therefore write the probability of error as
- v 1 inv4(Ina—Inv)t+o(l
0

For any a > 1, we need to consider the minimum over all
v > 0 of the corresponding contribution (i.e. from points at

voy/n). Let
b(v) =

—In(v) .

N —

il
2

We observe that exponent of the integrand at v is of the form
G(v) + b(v), where

Gv) =

(Ina —Inv)™

Carrylng out the minimization over v of G(v) + b(v) gives
%—7 In o when1<a<\/§and —In2 + In o when
« > /2. The lower bound to 7(«) cornprised of these two

portions is called the random coding error exponent, see [10].

B. Reliability of a Matérn process in white Gaussian noise

A Matérn point process can be created by dropping points
from a Poisson process as follows. Choose some positive
radius. If a point is within this fixed radius of another point,
it is dropped. For an information theorist, this should be remi-
niscent of expurgation. A generalization, also called a Matérn
process, is created from a Poisson processes as follows. Mark
each point of the initial Poisson process with an independent
real number chosen uniformly over the unit interval. Choose
some positive radius. Every point of the original Poisson
process examines the ball around it of this radius and will
survive only if its associated mark is strictly larger than the
marks of all the other points in this ball 3. These processes
were introduced by Matérn [9].

Fix € > 0. Consider a sequence of Matérn processes p" con-
structed by first starting with a sequence of Poisson processes
of rates \,, = e"f where R = 1In5—1— for a > 1, and
then only retaining the points in the Poisson process that have
no other points in a ball of radius (a—e€)o+/n around them. We
think of € as being arbitrarily small. Irrespective of how small e
is, the intensity of the process of surviving points is e”(F+o(1)
because the Palm probability (relative to the original Poisson
process) that any point is dropped is asymptotically vanishing.
When one considers the formula (2) to compute the error
probability, one has to work with the Palm probability in the
Matérn process, i.e. with respect to the surviving points. But
around any surviving point there is no point within a radius
of (o — €)o+/n. This brings in the following phenomena, in
the limit as € — 0: (i) if v < § then the contribution from
the probability that there is a point in the ball of radius vo\/n
around a point at distance vo+/n from the origin becomes oo
(at the level of the exponent, i.e. where we used Ina — Inwv
in the Poisson process calculation, we can now replace it by
oo for such v); and (ii) for § < v < % the contribution
Ina — Inv can be replaced by Ina — £ In(v? — (v — 3—2)2)
This is because we can replace the volume of the ball of radius
voy/n around the point at distance voy/n from the origin
(along some ray) by the volume of the portion of this ball that
is cut out by a hyperplane perpendicular to the ray and at a
distance boy/n from it (i.e. a distance of (v + b)o\/n along
this ray from the origin) where b = g—j — v by elementary
geometry. Actually we only need the volume of the portion of
this set that is not in the sphere of radius aoy/n around the
origin, but our generosity won’t affect the asymptotics. The

3This generalization will not be analyzed in this document, but is mentioned
because it is interesting.
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probability of finding a surviving point in this set is being
bounded above by the probability of finding any point at all
in this set. This again won’t affect the asymptotics, because
the thinning is irrelevant on a logarithmic scale.

With these observations, one recovers the Poltyrev exponent,
which can be thought of as resulting from adding the function
G(v) given by

o0 ifo<v<g
Gw) lna—%ln(UQ—(v—g—j)Q) if§ <v<
V) =
Ina—Inwv if%<v<a
0 otherwise ,

to the “basic” function b(v) = g—%—lnv (which comes from
the Gaussian), and then minimizing over v for each o > 1.
The G(v) above comes from the Matérn I process, replacing

(Ina — Inw) ™, which came from the Poisson process.

VII. ADDITIVE NOISE CAPACITY AND RELIABILITY OF A
STATIONARY POINT PROCESS

Starting with point processes u™ of rate A, = e™* in

R™, with the displacement vectors independent of the points,
each displacement vector having i.i.d. coordinates having some
density with differential entropy h, the displacement vectors
being i.i.d. from point to point, we can prove the following:

Theorem 3 For any subsequence ny — oo such that
liminfy_,o Ry, +h > 0, and any choice C} for the points T}
of the process (that are subsets of R™ jointly stationary with
the points and the displacements, forming a decomposition of
R™), we have limy_, oo pe(ng) = 1. O

Further, we can prove:

Theorem 4 Let u” be a Poisson process of intensity A, =
e™Bn_ For any subsequence ny — oo, if limsup,_, . Rn, +
h < 0, it is possible to choose C}' for the points T}’ of
the process (that are subsets of R"™ jointly stationary with the
points and the displacements, forming a decomposition of R™),
such that limg_ o pe(ng) = 0. ]

The proofs of both theorems rely on the asymptotic equipar-
tition property for random variables having a density, see e.g.
the text of Cover and Thomas [4]. The proof of Theorem 3 is
quite similar to that of Theorem 1, based on volume estimates.
In the proof of Theorem 4, the marks C¥ are constructed to
capture the typical sequences, and the only issue is to show
that they can be chosen to form a decomposition of R™. The
details are omitted due to lack of space.

Together these results give a kind of capacity theorem for
stationary point process perturbed by additive noise. This
result is closely related to the concept of information theoretic
sphere packing coined by Loeliger [8].

VIII. SUGGESTIONS FOR FURTHER WORK

The viewpoint described here suggests an approach to
attack the gap between the best currently known upper and
lower bounds on the error exponent of the AWGN channel.
For sequences of stationary point processes p™ in R™ with
intensity A, = ¢"# for fixed R =  In2nea’s?, with a > 1,

specifically those having a repulsive structure between the
points, one would attempt to describe the Palm stationary
probability of finding a point at distance vo\/n from the origin
by a function G(v) at the level of the exponent. To attack
the lower bound, the aim would be to construct examples,
if possible, where the exponent for the Palm probability of
finding a point in a ball of radius voy/n around a point at
distance vo+/n from the origin gives a better minimum over
v of G(v) 4 b(v) for some value of o — of course, this can
only happen, if at all, for o > /2, since the true exponent is
already known for 1 < a < /2. To attack the upper bound,
one would attempt to exclude the existence of such sequences
of processes with G(v) for which the minimum over v of
G(v) + b(v) for some value of o exceeds a given value. This
research program appears to offer a novel viewpoint to attack
a classical problem in information theory.

IX. CONCLUDING REMARKS

We defined a class of asymptotic problems in high dimen-
sional point process theory directly motivated by the study of
error exponents in information theory. We are able to recover
and to give an interesting perspective on the Poltyrev exponent.
Our viewpoint also suggests a research program for an attack
on the gap that exists between the best known upper and lower
bounds on the reliability function of additive noise channels.
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