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Using Reed–Muller RM (1; m) Codes Over Channels
With Synchronization and Substitution Errors

Lara Dolecek, Student Member, IEEE, and Venkat Anantharam, Fellow, IEEE

Abstract—We analyze the performance of a Reed–Muller
RM (1; m) code over a channel that, in addition to substitution
errors, permits either the repetition of a single bit or the deletion
of a single bit; the latter feature is used to model synchronization
errors. We first analyze the run-length structure of this code.
We enumerate all pairs of codewords that can result in the same
sequence after the deletion of a single bit, and propose a simple
way to prune the code by dropping one information bit such that
the resulting linear subcode has good post-deletion and post-repe-
tition minimum distance. A bounded distance decoding algorithm
is provided for the use of this pruned code over the channel. This
algorithm has the same order of complexity as the usual fast
Hadamard transform based decoder for the RM (1;m) code.

Index Terms—Deletion, Hadamard transform, insertion, Reed–
Muller codes, synchronization.

I. INTRODUCTION

I N a typical communication system, a binary input message
is encoded at the transmitter, using a substitution-error cor-

recting code , into a coded sequence , which we
will assume is also a binary sequence. The modulated version
of this sequence may be modeled as being corrupted by additive
noise, so the received waveform after matched filtering can be
written as

(1)

where is the th bit of is convolution of the modulating
pulse and the matched filter, and represents the noise intro-
duced by the channel.

The receiver samples at time instances , and
the sequence of samples is fed into the decoder which decides
on the most likely input message. Accurate synchronization of
the sampling instants, i.e., that be equal to and that each
be ideal, is critical for the full utilization of the coding gain of
the substitution-error correcting code. As the operating require-
ments under which timing recovery must be performed become
more stringent, because of higher data rates and/or longer delays
in the decision feedback loop that adjusts the sampling instants,
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Fig. 1. An example of oversampling.

such synchronization is becoming harder to achieve. Several au-
thors have studied the problem of accurate timing recovery. Pro-
posed solutions include building a more sophisticated timing re-
covery block [16], multiple hypothesis analysis of the sampling
instances [13], and for the intersymbol interference (ISI) chan-
nels in particular, a soft-output detector for both ISI and timing
errors [24], and an iterative timing recovery approach that in-
corporates timing recovery in turbo equalization [1].

As an alternative to more complex and more expensive timing
recovery schemes, we propose to shift the emphasis away from
the timing recovery block and instead modify the decoding pro-
cedure and the code itself to compensate for inadequate syn-
chronization. By analyzing the robustness of a substitution-error
correction code to synchronization errors, one could use a sub-
code of the original code that would have good minimum dis-
tance under both substitution and sampling errors. The tradeoff
would be between the incurred rate loss associated with the code
modification versus the increased complexity and latency asso-
ciated with the existing approaches mentioned above. The chal-
lenge of the proposed approach lies in determining the synchro-
nization error correction capabilities of individual codes of in-
terest, and in determining as large as possible a subcode with
the desired properties.

To illustrate the issues that arise when adequate timing re-
covery is missing, assume (for purposes of argument) that
is a rectangular pulse of duration and unit amplitude and
that we are operating in the infinite signal-to-noise ratio (SNR)
regime where the effect of is negligible. Then simply
becomes

(2)

If samples were taken in the middle of each pulse, the sampled
version of would be precisely . Now suppose that inade-
quate timing recovery causes the sampling to occur at time in-
stants .

As an example, consider a sequence
that results in the waveform shown in Fig. 1. The sampling
points are marked in the figure by . In this example,
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causes oversampling, and the sampled version of
contains a repeated bit (here the fourth bit is sampled twice).
Analogously, when , undersampling can cause the sepa-
ration between two consecutive samples to be so large that some
bit is not sampled at all. Therefore, without adequate timing re-
covery the sampled version of results in a sequence ob-
tained by repeating or deleting some bits in .

A codeword can in general give rise to a whole set of re-
ceived sampled versions of . The possible set of such se-
quences depends on how good the timing recovery scheme is.
When two distinct codewords and can result in the same
sampled sequence, it is no longer possible to uniquely deter-
mine the coded sequence or its pre-image from the received
sequence, even in the noise-free environment. We then say that
the substitution-error correcting code has an identification
problem. We also say that the pair of codewords and has
an identification problem.

More generally, two distinct codewords and could re-
sult in sampled sequences with poor Hamming distance. This
would result in poor performance over a channel that permits
substitution errors. In this case we say that the substitution-error
correcting code has poor identification. We also say that the
pair of codewords and has poor identification.

In this paper, we adopt a set-theoretic model for the synchro-
nization errors, in which a codeword gives rise to a set of pos-
sible received sampled sequences, which depends on how many
bits are allowed to be repeated or deleted. In this context, our
goal is to ensure that we have good identification by restricting
attention to a large linear subcode for which each pair of distinct
codewords has good post-synchronization error Hamming dis-
tance. Further, we would like to analyze the performance of this
subcode when used over a channel that introduces both substi-
tution and synchronization errors. In this paper we address such
questions for the RM code.

It should be mentioned that several authors have studied
codes immune to insertions and deletions of bits. For example,
the so-called Varshamov–Tenengolts code proposed in [23] and
popularized by Levenshtein in [14] has been further studied by
Ferreira et al., [11], Levenshtein [15], Sloane [19], and Tenen-
golts [21]. Related constructions were proposed in [3], [4], [7],
[12], and [22]. Even though these constructions result in codes
that are immune to a given number of insertions and deletions
of bits, they have a limited guarantee for other desirable prop-
erties of standard substitution-error correcting codes (such as
linearity and a good minimum Hamming distance). Several
other authors have proposed concatenated codes that correct
synchronization errors, such as in [5], [6], and [8]. These have a
significant incurred rate loss penalty. In contrast to these works,
our approach is to start with known substitution-error correcting
codes and propose how to modify them with only a small loss
in the rate in order to continue to provide good performance
under synchronization errors, which are themselves modeled
as a certain number of repetitions or deletions of bits. A related
problem of a code construction for frame synchronization was
studied in [20] and [2].

We study RM codes in this paper. In Section II, we
prove several structural properties of the run-lengths of such a
code. Using these properties, in Section III we systematically

analyze the identification problem for such codes for single
deletion errors. We propose a simple way to prune an RM
code to obtain a linear subcode that does not suffer from the
identification problem for a single deletion. This subcode is also
shown to have good post-deletion and post-repetition minimum
distance. In Section IV, we discuss how to decode the pruned
code over channels in which substitution errors are present in
addition to possibly the deletion of a single bit or the repeti-
tion of a single bit. We present a bounded distance decoding
algorithm that is a variant of the fast Hadamard matrix based
decoding which is traditionally used to decode the RM
codes. The complexity of this algorithm is of the same order as
that of the traditional decoder. Finally, Section V concludes the
paper and proposes future extensions of this work.

II. RUN LENGTH PROPERTIES OF THE RM CODES

The first-order Reed–Muller codes RM are linear
substitution-error correcting codes [17]. They

have good minimum distance, equal to , simple encoding,
and a relatively low complexity maximum-likelihood decoding
algorithm ( for ). On the negative side, they
have low rate.

From now on, let denote the RM code. The code
may be described by an generator matrix

given by

were denotes the binary string of length with all entries
equal to , and the by submatrix consists of lexi-
cographically decreasing binary columns of length . Observe
that the th row of , for , consists of
alternating runs of ones and zeros, and that each run is of length

.
For future reference, we recall that every codeword in
is either the concatenation of a codeword in with it-

self or the concatenation of a codeword in with its bit-
wise complement [17, Theorem 2, p. 374]. The concatenation
of two binary strings and will be written as . If is a
codeword in it is straightforward to check that its bitwise
complement, denoted , is also a codeword in . Further,
its reversal, i.e., the binary string achieved by reading from its
end to its beginning, denoted , is also a codeword in .
Since the operations of bitwise complementation and reversal
commute, we may unambiguously denote the complement of
the reversal of as .

The purpose of this section is to prove several properties of
the run length structure of the codes . These properties
will be used in the subsequent sections. They may also be of
independent interest.
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Lemma 1: The codewords in can be parti-
tioned into distinct nonempty groups ,
for . Here is comprised of those
codewords in that have runs of ones. is
comprised of exactly one codeword, namely, the all-zero
codeword. This codeword will be denoted . There
are four distinct codewords in each group , for

. These codewords may be uniquely identified
by their first and last bit. They may thus be unambiguously
denoted as and respectively.
There are three distinct codewords in the group .
These codewords may also be uniquely identified by their
first and last bit and may be unambiguously denoted as

and respectively.
Proof: The proof is by induction on . For and

, the statement can be verified by inspection. Suppose
the assertion holds for all .

Let us first consider the group for
. By assumption, it contains four codewords, un-

ambiguously denoted as
and respectively. Out of the eight possible
concatenations of each such codeword with either it-
self or its complement, three result in codewords in

(these are , ,
and ), four result in codewords in

(these are , ,
, and ), and one results

in the codeword in . By varying
from to , inclusive, we thus describe three

codewords in , four codewords in each for
, and one codeword in such that no

two codewords that belong to the same group agree in
both the first and the last bit.

Now consider the group . By assumption it has three
codewords unambiguously denoted as
and respectively. There are six possibilities arising
from concatenations of such a codeword with itself or its
complement. Of these, three result in codewords in
(these are
and ) and the remaining three result
in the codewords of . Note that none of the latter three
concatenations has both outer bits equal to “ .” Note that we
have now described a total of four codewords in the group

, no two agree in both first and last bit, and we have
also described three codewords in the the group of the
desired form.

The concatenation of the all-zero codeword in with
the all-ones codeword yields the fourth codeword in ,
and its concatenation with itself yields the only codeword in

.
We have therefore described

codewords in , which is precisely the cardinality
of this code, and we showed that the proposed statement holds
for it.

By exploiting the result in Lemma 1, it is easy to verify the
following, which may also of course be seen more directly.

Lemma 2: For each , in there are exactly
two codewords which have a total of runs, and they are bitwise
complements of each other.

Proof: The complementary codewords and
each have runs. Letting run from through

gives such complementary pairs of codewords.
The complementary codewords and each have

runs. Letting run from to gives another
such complementary pairs of codewords. This completes the
proof.

Lemma 3: Consider a codeword in . Either has all its
runs of the same length, which is a power of , or the runs in are
of two different lengths, and these two lengths are consecutive
powers of . In addition, if there are runs of two different lengths
in , the outer runs (i.e., the leftmost run and the rightmost run)
in are of the smaller length.

Proof: The proof is by induction on . It is straight-
forward to check the truth of the statement for and

. Suppose now that the given statement is true for all
. For a codeword in , let and

denote the codewords in that are the concatenation
of with itself and the concatenation of with its complement,
respectively.

Suppose first that has all its runs of the same length, equal
to for some . If has the same starting and ending bits
then in the concatenation all runs have the same length ,
so the statement of the lemma holds. In the concatenation
all runs except the run at the point of concatenation (if there are
any such runs) have length and the run at the point of concate-
nation has length . The proposed statement continues to be
true both in the case in which there are some runs other than the
one at point of concatenation and in the case when there are no
such runs. If starts and ends with different bits, we may repeat
the previous argument mutatis mutandis.

Now suppose that has runs of different lengths, which are
two consecutive powers of , say and . By assumption,
the outer runs are of length each, and there is at least one
run of length . As before, if starts and ends in the same
bit, the concatenation will have all its runs of lengths
either or . Further, the outer runs in have the
same length as the ones in , i.e., they are of length each,
so the statement of the lemma is valid. In the concatenation

, the last run in the left copy of and the first run in
the right copy of are merged together, and all other runs are
unchanged in length. By assumption, the outer runs in have
length each, so their merger results in a run in of
length . Thus, all runs in have length either

or . Since the outer runs in are of the same length
as the outer runs in , they have length , as required. For
starting and ending in different bits, we repeat this argument
mutatis mutandis.

Since each codeword in can be written as a con-
catenation of a codeword in either with itself or with its
complement, the proof of the Lemma is complete.

For the analysis in subsequent sections we also need to
record some properties of the runs of runs in the codewords of
RM .
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Definition 1: For a codeword let be
the string whose entries are the lengths of consecutive runs in ,
read from left to right. Let ,
so that represents the collection of all possible sequences of
run lengths associated with the codewords of .

As an example, consider a codeword “ ”
where . Then, the associated is “ ”

We now state several results about such sequences of run
lengths, which we will prove together.

Lemma 4 [mirror-symmetry]: , the string
possesses the mirror-symmetry property, i.e., the entry in

position in , denoted by , is the same as the entry in
position , denoted by , where represents
the length of string .

Lemma 5: If all entries in are either or , with
at least one entry being and one being , then the following
holds.

1) The leftmost entry equal to must be in position , for
some .

2) Each run of ’s in is of length , for some .
3) Each inner run of ’s (where the inner run denotes a run

with neighboring runs on each side) in is of length ,
for some .
Proof: We prove these statements by induction. We first

directly verify them for small values of . The codewords in
are “ ,” “ ,” “ ,” and “ ,” so “ ” “ ” .

The truth of the statements can be directly verified in
this case. The codewords in are “ ,” “ ,”
“ ,” “ ,” “ ,” “ ,” “ ,” and “ ,” so

“ ” “ ” “ ” “ ” , and again the proposed
statements can be verified. Similarly, the set associated with

is

“ ” “ ” “ ” “ ” “ ”

“ ” “ ” “ ”

and the statements hold. In particular, Lemmas 5.1 and 5.2 are
applicable for the strings “ ,” “ ,” and “ ,”
and Lemma 5.3 is applicable for the string “ .”

Suppose now that the proposed Lemmas hold for all elements
of for . For a codeword in let

and , and let , and
.

First consider the case when the outermost bits in are com-
plements of each other. Then, in constructing from , no runs
are altered and the statements in Lemmas 4 and 5 which by as-
sumption hold for , continue to hold for . In par-
ticular, if has length has length . The entry , for

is the same as , by assumption, which
is the same as . Thus,
the mirror-symmetry property is preserved. The leftmost entry
equal to in , if there is one, is in the same position as the
leftmost entry equal to in and Lemma 5.1 holds trivially. If

has only entries equal to or , and has at least one entry of
each kind, the outermost runs in and therefore in must be
1-bit runs by Lemma 3. As an easy consequence, Lemma 5.2
continues to hold for . By assumption, the leftmost in is in

position for some , so that the leftmost run of ’s in is of
length . The rightmost run of ’s in is also by the
mirror symmetry assumption. At the point of concatenation of
with itself, two sequences of 1-bit runs each of length are
concatenated, and as a result, an inner run of ’s in of length

is created. All other runs in are of the
same length as the runs in , and Lemma 5.3 follows.

We now focus on and its . All runs in remain the
same as in , except that the two innermost entries
(which are the same by the mirror-symmetry property of ) are
replaced by a single entry of their sum. For of length
has length . The entry for is the
same as , which is also the same as

. For , the entry in the
first position in is the same as both the first and the last entry
in , which is itself equal to the last entry in . Therefore, the
mirror-symmetry property (Lemma 4) continues to hold for .

If has at least one entry equal to , its leftmost is in the
same position as the leftmost in , and Lemma 5.1 remains
to hold. If has all entries equal to , then the length of is

and has a single in the middle position, which is then
a power of , and both Lemmas 5.1 and 5.2 hold.

By Lemma 3, if has both 1- and 2-bit runs, the outermost
runs must be 1-bit runs. If the outermost 1-bit runs in are neigh-
bored by another 1-bit runs, the innermost run of ’s in is then
of length . If the outermost 1-bit runs in are neighbored by a
sequence of consecutive 2-bit runs, which each by assumption
and the symmetry property of must contain consecu-
tive 2-bit runs, then the innermost run of ’s (at the point of con-
catenation in ) in is of length .
Since all other runs in remain unaltered we can conclude that
Lemma 5.2 holds as well. Finally, Lemma 5.3 continues to hold
trivially since all inner runs of ’s in already existed as inner
runs of ’s in two copies of .

If the outermost bits in are the same, we can mimic the
above proof by simply exchanging and . As discussed be-
fore, since each codeword in is either a concate-
nation of a codeword in with itself or with its comple-
ment, we can conclude that Lemmas 4 and 5 continue to hold
for .

Another useful observation is given in the following:

Lemma 6: If and , for
( ) and , are such that they have and

entries, respectively, and all their entries are or , then in
the first leftmost position in which they differ, call it , the entry
is in and is in , and .

Proof: Let be the largest power of that divides . By
assumption . By Lemma 2, there exists a codeword in

, call it , that has runs and has the
same leftmost bit as . In particular, if is itself a power of

, has a single run of length . By the existence of
in with runs, is strictly less than , and thus,

. Consider a codeword in that has
runs, and the same leftmost bit as , and call it . Since is
odd, and exists by Lemma 2.

Let be a codeword in that has
runs and the same leftmost bit as (since , the code
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and its codeword exist). If starts and ends in
the same bit, which corresponds to odd , we consider
the codewords and in ,
and associate and to them. Note that

, where indicates the length of string
. Moreover, the middle entry (in position ) in

is the sum of two innermost entries in (which span positions
and , and are equal to each other by

Lemma 4), and all other entries in these two strings are the same.
If starts and ends in complementary bits, which happens

for even , instead let and ,
and associate and with them. Observe
that as well as that is the same as
except for the two innermost entries in , which are replaced
by their sum to yield the middle entry of . By the uniqueness
of a codeword in having runs and starting with
a particular bit (that being the leftmost bit of ), established in
Lemma 2, we conclude that , and similarly .

Therefore, the first leftmost position in which
(same as ) and (same as ) differ is their

th position, such that the entry in that position in is twice
its counterpart in . By assumption on the entries of and
being at most , it further follows that the entry is in and
in .

By constructing a sequence of codewords , for
, starting from , and where

is the result of concatenation of either with itself
or with its complement (former if the outermost bits in
are different and latter if they are the same), we arrive at . In
particular, the associated have length , and
for the last term in the sequence is of length ,
which is precisely the length of .

Similarly, we construct a sequence of codewords , for
, starting from . Now

is the result of concatenation of with itself if the
outermost bits in are the same, otherwise it is the result
of concatenation of with its complement. The associated

have length , so that the last term in
the sequence has runs, which is precisely the
length of . Thus, in starting from , by a series of
concatenations in which the runs at the point of concatenation
are always merged, we arrive at . Since the first leftmost entry
in which and differ are in their th leftmost
positions, the first position in which and differ are still in
their th leftmost positions. Since is at least ,

, for . If is “ ”
and is “ .” For , which
exceeds the requirement on the entries of being at most .

III. THE IDENTIFICATION PROBLEM FOR RM CODES

A. Model

We recall the discussion of synchronization errors from Sec-
tion I. We adopt the following model in the infinite SNR limit.
Suppose is an linear block code. A codeword
is modulated using pulse-amplitude modulation (PAM), and the
received waveform is sampled noise free. Let be the sam-
pled version of of length bits. We assume that the location

of the first and the last bit of in the received string of data
is known, so that the codewords can be analyzed in isolation.
Then, from we would know the difference between the number
of repetitions and the number of deletions that occurred over the
channel. For instance, if the channel model permits one repeti-
tion, then if we know that the sampled version of
equals , while if the sampled version of is but
with one bit repeated. Similarly, if the channel model permits
one deletion, then if we know that the sampled version of

equals , while if the sampled version of is
with one bit deleted. These are the two channel models that we
consider in this paper. Note that in these examples the location
of the repeated (respectively, deleted) bit is not known.

In general, in the infinite SNR limit, a channel with syn-
chronization errors could be modeled as introducing a certain
number of repetitions and deletions in the transmitted codeword.
Assuming, as above, that the location of the first and the last
bit in the received string of data is known, codewords could be
analyzed in isolation, and we would learn the difference
between the number of repetitions and the number of deletions
that occurred over the channel. However, we would not know
the location of the repetitions and/or the deletions. This more
general kind of model is not analyzed here.

This paper is concerned with use of RM codes over
channels permitting substitution and synchronization errors
under the two kinds of synchronization error models discussed
in the first paragraph: the single repetition model and the single
deletion model. In this section, we analyze the identification
problem for codewords of the RM codes over channels
permitting a single deletion. Before doing so, we first deal with
the much simpler case of channels permitting only (an arbitrary
number of) repetition errors.

B. The Case of Repetition Errors

We have the following simple result:

Theorem 1: In , no two codewords can result in the
same string when they experience repetitions.

Proof: For the case of one, or any number of repetitions,
two codewords in resulting in the same string must
have the same number of runs, and the same sequence of
runs. By Lemma 2, there are exactly two codewords with the
same number of runs. However, these two codewords are also
complements of each other and therefore cannot have the same
sequence of runs. We can conclude that is immune to
repetition errors.

It should be noted, nevertheless, that even single repetitions
can result in pairs of codewords of the RM code having
poor identification. For instance, the codeword and
its complement have a post-repetition Hamming dis-
tance of .

C. The Case of a Single Deletion

The analysis of the identification problem for RM
codes over channels permitting a single deletion is considerably
more interesting, see Theorem 2. Before proceeding to the main
theorem, we first make a couple of simple remarks.
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Remark 3.1 [Complementarity]: Consider two distinct code-
words and in . If and can give rise to the same
string after experiencing one deletion each, the same is true for
their bitwise complements and .

Remark 3.2 [Reversibility]: Consider two distinct codewords
and in , If and can give rise to the same string

after experiencing one deletion each the same is true for their
reversals and .

Here is a description of the pairs of codewords in RM
which suffer from the identification problem over channels with
a single deletion, for small values of :

Remark 3.3: For we can show by inspection the
following.

: The only codewords are “ ” and “ ” and they can
both result in an empty string.

: The codewords are “ ,” “ ,” “ ,” and “ .” The
codewords “ ,” “ ,” and “ ” can all result in “ ,” and the
codewords “ ,” “ ,” and “ ” can all result in “ .”

: The codewords are “ ,” “ ,” “ ,” “ ,”
“ ,” “ ,” “ ,” and “ ,” The codeword “ ” and
any one of “ ,” “ ,” and “ ” can result in the same
string. Similarly, the codeword “ ” and any one of “ ,”
“ ,” and “ ” can result in the same string. The same is
true for “ ,” and any one of “ ” and “ ” as well as
for “ ” and any one of “ ” and “ .” Also, “ ”
and “ ” can result in the same string.

We may now complete the analysis of the identification
problem for RM codes over channels permitting a single
deletion:

Theorem 2: Let and . For , there
is a total of 11 pairs of distinct codewords in that result
in the same string when each experiences a deletion. These are

1. and Group 1

2. and
3. and
4. and
5. and

Group 2

6. and
7. and
8. and
9. and

Group 3

10. and
11. and

Group 4

Proof: Observe that we have already established this result
for in the previous remark. In the rest of the proof, we
will assume that .

Note that it is sufficient to assume that the deletion occurs at
the end of a run, since the string resulting from a deletion of a bit
in some codeword is the same irrespective of where the deleted
bit was located within the run it belonged to.

Suppose and are distinct codewords in which
result in the same string when each experiences one deletion.
Let and be as defined in Definition

1. We first observe that during a deletion, the total number of
runs in the codeword stays the same, decreases by one, or by
two. Suppose a codeword experiences a deletion in a run of
length at least . Then the length of remains unchanged. If
experiences a deletion in a run of length , the neighboring runs
(if any) will merge and the total number of runs will decrease.
In particular, if this deleted run of length is an outermost run,
the length of decreases by . If this deleted run of length is
located somewhere else in , the length of decreases by . It
is therefore sufficient to consider the cases when the lengths of

and differ by and . Without loss of generality, assume
that . We treat the cases
and separately.

Case 1: .
By Lemma 2, it must be that and are complements of

each other, and consequently, . Either both and
experience deletions in runs of length at least each, or both
experience deletions in different outermost runs of length each
or in inner runs of length each.

Since and differ in their leftmost bits, a deletion must
occur in the leftmost bits in either or . Without loss of gen-
erality, we can assume that the leftmost bit in is deleted. If
this bit belonged to a run of length at least , itself would start
with a run of length at least , but then it would be impossible
to obtain the same string from and when each experiences
exactly one deletion. Therefore, the leftmost run in is a run
of length , and by Lemma 3, all runs in (and ) must be
of length or . Since decreases by , the same must be
true for , so that experiences a deletion in its outermost bit,
which then must be its rightmost bit. Then
for (here and in the remainder denotes the bit
in the th leftmost position of ), and by using the fact that
and are complements of each other, it follows that and
consist of alternating bits. Thus, is either or
for , and is its complement. This codeword pair is
listed under and is labeled Group 1.

Case 2:
Suppose a deletion occurs in position in , and in position
in (we assume that the deletion occurs at the end of a run),

where we index the bits in the codewords with through ,
from left to right. It must be that either: a) experiences a
deletion in an outermost run of length , while experiences
a deletion in a run of length at least , or b) experiences a
deletion in an inner run of length and experiences a deletion
in an outermost run of length .

Subcase 2-1: is even. We view as the result of
concatenation applied to the same codeword ,
whereby if has opposite outermost bits, and

if the outermost bits in are the same.
In either case a) or b) there exists at least one entry in

equal to . Then, by Lemma 3, the outermost runs in and
are all of length . By mirror-symmetry (Lemma 4) we can

express and as and , where
is a substring of is its reverse, and

.
For the situation described in a), by the reversibility property,

we may as well assume that the leftmost bit in is deleted.
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Then the entry in position in must correspond to the entry in
position in , in the sense that except
for exactly one, call it , for which .
In particular, if this entry in is bigger than , by Lemma 3, it
would have to be at least , further implying the existence of a
run in of length at least , which is impossible by Lemma 3
and the fact that there is at least one run of length in .

Therefore, and . Since
and by construction, it follows that

. Furthermore, ,
so that consists of all ’s and has all ’s except for its
innermost entry which is . Consequently, is either
or , and is either or for .
One can check that all four pairs of candidate codewords suffer
from the identification problem. This is the set of pairs listed
under Group 2. This group of codeword pairs is closed under
complementation and reversal.

Now, for the situation described in b), by the reversibility
property, we may as well assume that the rightmost bit in
is deleted.

The first leftmost entries where and differ are their
th entries so the deletion in must be in its th run,

which then disappears altogether. Moreover, both th and
th runs in must be of length each because the th

run of is of length . Therefore .
The entry in position in (which is ) must be the

same as the entry in position in , which is .
The entry in position in , which is itself , is the
same as the entry in in position , which is .

By continuing forward until the end of , we conclude that
consists of all ’s, thereby making be all ’s as well, and

be all ’s except for in the middle. These two and
have already been encountered in the situation described in a),
and yield the codeword pairs listed under Group 2.

Subcase 2-2: is odd. In either case a) or b) has
at least one entry equal to , so all its entries are either or

by Lemma 3. If had an entry larger than , by Lemma 3
case b) would not be even possible. For case a) it would require
an existence of a run in of length at least , which is also
impossible by the same lemma. Since all entries in and
are then precisely or , we can use their mirror symmetry and
apply Lemma 6 to conclude that and have the following
formats: and , where

and and are possibly empty.
Let . Further, note that is even.
For the situation described in a) we may as well assume, by

the reversibility property, that the rightmost bit in is deleted,
and that it belonged to a 1-bit run. Then the deletion in must
be in its th leftmost run (of length ).

Since in , by mirror symmetry, (or
by Lemma 3). Since the rightmost entry in is the same as the
second rightmost entry in , it further follows that

, which in turn implies that , and so on, until the end
of , thereby requiring that consists of all ’s. Similarly, the
entry in in position , which is by assump-
tion, is the same as the entry in in position , which is
itself the last entry in . Thus, ends in and by mirror sym-
metry it also starts with . This in turn implies that starts and

ends with , which then implies that the next to the last entry
in is also . By continuing on until all entries in and
have been encountered we can conclude that and consist
only of ’s. Then “ ” and “ ” (if

nonempty) or “ ” (if empty), where “ ” (“ ”)
indicates a nonempty run of ’s ( ’s). For even, the run of

’s in would have to have even length (since the neighboring
“ ” runs are of the same length by the mirror-symmetry prop-
erty) which is impossible by Lemma 5.2. Thus, “ ,” is
empty, and then “ .” Consequently, itself is either

or for , and is either or
. It can be checked that all four codeword pairs suffer

from the identification problem. These are the pairs listed in
Group 3. This group of codeword pairs is also closed under com-
plementation and reversal.

For b) we may as well assume, by the reversibility property,
that the rightmost bit in is deleted, so that ends in a . Note
that this implies that (and ) cannot be empty, and therefore

. Then the first leftmost entry in which and differ
is compensated for by the deletion in a 1-bit run in . Since
all runs in are of length at most , the deleted run in must
be bordered by two 1-bit runs. Therefore, the th run (of
length ) in is deleted, and both th and th run in

are also of length . Furthermore, the entry in position for
in is the same as the entry in position

in .
In particular, the entry in in position , which

is , is the same as the entry in position in ,
which is . By mirror symmetry entries in positions
in both and are equal to . Then the entry in in position

is also , as is the entry in in position .
By continuing onwards until , and by using the
mirror symmetry, we conclude that (and ) consists of all

’s, which is in contradiction with the earlier requirement that
the deletion in occurs in its outermost run of length .

Case 3: . We now consider the remaining
case where the deletion in occurs in an inner run of length

and in in a run of length at least . This deletion in a 1-bit
run of causes its neighboring runs to merge. By Lemma 3,
these runs are of length or each. If they were both of length

each, there would exist an inner run of ’s in of length ,
which is impossible by Lemma 5.3. If one neighboring run was
of length and the other of length , the merging would require
an existence of a 3-bit run in the postdeletion . By Lemma 3,
the deletion in would then have to be in a 4-bit run, and by the
same lemma, the outermost runs in would be of length at least

. These would have to correspond to the outermost runs in ,
which are themselves of length each. Therefore, the deletion
in must occur in an inner 1-bit run neighbored by two 1-bit
runs, and all entries in both and can be only or .

Consider which has runs. For even,
we can think of as being the result of concatenating a code-
word with itself if is even, and with its
complement if is odd, such that and have the same
leftmost bits (the existence of such codeword in fol-
lows from Lemma 2). Furthermore, in the former case, we can
view as the result of concatenating with its complement,
and in the latter case as the result of concatenating with it-
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self. Then , and
, where and . The leftmost

entry in which and differ is their th leftmost
entry. By mirror symmetry of , this entry in is twice its
counterpart in . Since all entries in are or , and its out-
ermost entries are , it follows that all entries in are also at
most . Then the first leftmost entry in which and differ is
say in position , for and and ,
by Lemma 6. Since , the first leftmost entries in
which and differ is in the th position, where .

A similar argument holds for odd when the first leftmost
entry in which and differ is then in some position , for

, and the first leftmost entry in which and differ
is in their th entry. Then the first leftmost entry in
which and differ is still in position .

As a result and by mirror symmetry, we can then express
and as and , where

, and and are possibly empty.
By the reversibility property, we can assume that the leftmost

error is a deletion in , which then must be in the th
run in (of length ), neighbored by 1-bit runs on each side,
such that the substring “ ” starts at position in and the
substring “ ” in is at position .

From onwards, the entry in position in must be
the same as the entry in position in , except for one pair
of entries. In this exception, the entry is in and in . By
mirror symmetry, the entry in in position is and
the entry in in position is .

We now re-express as and as ,
such that . In particular, is nonempty as otherwise

would have a run of ’s of even length which by Lemma 5.2
would imply that consists of all ’s. As a consequence,
would have an inner run of ’s of length , which is impossible
by Lemma 5.3.

We suppose that . By mirror symmetry of
, and then by mirror symmetry

of as well. By mirror symmetry of
. By continuing on with matching

up the appropriate entries in and , and by utilizing mirror
symmetry we conclude that consists of all ’s. Then,

and , and by Lemma 5.3, is
even, as is then .

Consider , and . Since
and are even, there exist codewords

for which and . Then and
. If following in is not in its innermost posi-

tion, then it would have a mirror image in in (it cannot have
a mirror image in the run of ’s) but such in in would
not have as its mirror image. Thus, and
has all ’s. Then itself has all ’s, and is “ ,”
so that is or , and is or ,
for . By the current assumption on the deletion loca-
tions, it follows that and must have the same leftmost bit.
The resulting two pairs of codewords are listed in Group 4. By
reversibility and complementarity these are the only such pairs.

Remark 3.4: It is well known that a code capable of correcting
a deletion is also capable of correcting an insertion [14]. More-

over, the codeword pairs that cause the identification problem
under a single insertion are the same as the codeword pairs that
cause the identification problem under a single deletion, and
thus Theorem 2 also gives the identification error causing code-
word pairs under a single insertion.

Having identified all pairs of codewords in RM that
have an identification problem, our next goal is to construct a
linear subcode that has good identification under single deletion
errors. It turns out this can be done with the loss of only one
information bit, and furthermore, this subcode also has good
identification for single repetition errors.

D. Pruning of the Code

Let us first recall that the th row of , for
consists of alternating runs of ones and zeros, and that each
run is of length (see Section II). Observe that the th
row is then precisely . In particular, the last two rows
of are for and for .

We write as , where is a -dimen-
sional message vector so that
and . Similarly, is

and is .
Observe that appears in pairs 1 through 3, and the

pair 11 in Theorem 2. Its complement, the codeword
appears in pair 1, 4, 5, and 10. For both these codewords, there
is a nonzero component in the last, i.e., th position in the
corresponding message vectors. Note that appears
in pairs 8 and 9 and that its complement appears in
pairs 6 and 7. Furthermore, the sum of the last two entries in the
message vectors corresponding to these two codewords is .

We may now try to find as large as possible a linear subcode
of , in which no two codewords cause the identification
problem under one deletion. The generator matrix of this sub-
code can have at most rows. Consider a matrix consisting of
the top rows of , followed by a binary sum of the last
two rows of . Now, has rows and no linear combina-
tions of its rows give rise to codewords causing the identification
problem.

Therefore, if instead of using of rate we use its
linear subcode of rate , generated by the top
rows of and the binary sum of the last two rows of , we
are able to eliminate the identification problem under a single
deletion while preserving the linearity of the code and suffering
a very small loss in the overall rate.

Remark 3.5: Since a code is immune to a single insertion if
and only if it is immune to a single deletion [14], it immediately
follows that in the subcode no two codewords cause the
identification problem under a single insertion.

In the next section, we will see that the subcode we have
constructed is not just immune to single deletions; it also has
good identification under the single deletion model and under
the single repetition model.

In principle, one can utilize the run-length structure of the
RM code to determine large subcodes immune to any
number of deletions, or even to combinations of repetitions
and deletions. Such analysis quickly becomes very compli-
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cated. The first author has carried out a detailed analysis of
the identification problem for the RM codes under the
infinite SNR channel model which permits both one repetition
and one deletion [9]. Some additional structural properties of
the codewords in RM codes that may be of independent
interest are also contained in [9].

IV. DECODING THE MODIFIED RM CODE OVER A

CHANNEL WITH SYNCHRONIZATION AND

SUBSTITUTION ERRORS

In the previous section, we described how to extract a linear
subcode of the RM code that is immune to a single dele-
tion. We now consider the behavior of such a subcode over chan-
nels in which, in addition to substitution errors, synchroniza-
tion errors can occur as well. We consider two kinds of channel
models for synchronization errors: channels where the deletion
of a single bit can occur, and channels where the repetition of a
single bit can occur. As in Subsection III-A, we assume in each
case that the receiver learns from the sampled output whether a
deletion (respectively, a repetition) has occurred or not.

In this section, we first determine the minimum distance be-
tween the sets of strings obtained by applying a deletion of a
single bit to codewords of the modified RM code. We
then compute the minimum distance between the sets of strings
obtained by applying the repetition of a single bit to codewords
of the modified RM code. Finally, in each case, we pro-
pose a bounded distance decoding algorithm for up to half the
corresponding minimum distance over a channel where, in addi-
tion to substitution errors, the synchronization error can occur as
well. The complexity of the decoding algorithm is of the same
order as that of the usual fast Hadamard transform based de-
coding for RM codes.

A. Minimum Distance

In this subsection, we first determine the minimum Hamming
distance between the elements of sets associated with distinct
codewords of the modified code that result from the deletion of
a single bit. Let denote the code whose generator matrix
consists of the top rows of and the binary sum of the
last two rows of . The code is immune to one deletion
by construction.

We first make the following observation:

Remark 4.1: For , a codeword of belongs
to if and only if all its quadruplets starting at position
for are all “ ” or “ ” or all are “ ” or
“ .”

In the remainder, we will call quadruplets of starting at po-
sition for constituent quadruplets.

For , let denote the set of strings obtained by
applying the deletion of a single bit to .

Lemma 7: For distinct codewords in , let
be the smallest Hamming distance between and

where ranges over all elements in the set and
ranges over all elements in the set . Let

Then for . Further, for
only for or for

, and either , or , or
vice versa, and in addition for is also ,
or vice versa.

Proof: Suppose that experiences a deletion in position
and experiences a deletion in position . Without loss

of generality we can assume that . Let
and let , so that denotes

the first position of the constituent quadruplet belongs to,
and denotes the last position of the constituent quadruplet

belongs to. We also let be the Hamming distance between
the strings and be the Hamming
distance between the strings and , and
be the Hamming distance between the strings
and , where the notation indicates the
substring of the codeword starting at position and ending at
position . In addition, let be the total
number of quadruplets spanned by positions and . By the
standard properties of a Reed–Muller code,
is either or . Let ,
and . Then the Hamming
distance between and is

Observe that the first term in the sum is simply and that the
last term is . We let denote the middle term,

, and we establish the relationship between
and for all choices of and , from which the bound on the
overall distance will follow.

1) Let us first consider the case when the constituent quadru-
plets in are “ ” and “ ” and in are “ ” and
“ ,” or vice versa. In this case, the Hamming distance be-
tween and is , and the constituent quadruplet pairs
starting at the same positions in and each contribute to
the overall Hamming distance. Therefore, .

If , then the deletions occur in the same quadru-
plet, is to begin with, and the Hamming distance between

and is at least , which can be
verified by checking all cases. Hence, the Hamming distance
between and is at least , which is strictly greater
than .

Now suppose that . Then . After the
deletions, the Hamming distance between
and , for is at least ,
as is the distance between the substrings and

, and between the substrings
and (which again can be verified by checking all
cases). Then, .

Since the Hamming distance between and
is at least , the Hamming distance between

and is then at least , which is lower-bounded
by , and thus strictly greater than .

2) Suppose now that the constituent quadruplets are “ ”
and “ ” in both and . The Hamming distance between
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and is either or , and the constituent quadruplet
pairs starting at the same positions in and each contribute
either or to the overall Hamming distance. In the segment
spanning positions and in and of the constituent
quadruplet pairs each contribute to the overall Hamming dis-
tance between and .

If , the deletions occur in the same quadruplet,
and is either or . Then is
either (if ) or 3 (if ). The overall distance between

and is thus at least , which is bigger than
for all .

If , we consider constituent quadruplets contained
within positions and in and that start at the
same positions and we denote the set of their starting positions
by (the set is nonempty as long as and belong to
nonadjacent quadruplets). Let be the subset of whose
elements index complementary quadruplets in and . Then
the Hamming distance between the quadruplets
and , and, consequently, between and

for is at least . In addition, if belongs
to the constituent quadruplets of and that are complements
of each other, the distance between and

is at least . Similarly, if belongs to the constituent
quadruplets of and that are complements of each other, the
distance between and is also at least

. Therefore, the Hamming distance between and
is at least , thereby making the overall

distance between and be at least , which is
again strictly greater than .

3) Finally, consider and with constituent quadruplets
“ ” and “ .” Again, the Hamming distance between
and is either or , and the constituent quadruplet pairs
starting at the same positions in and each contribute either

or to it.
For the case when is either or , so that the

Hamming distance between and is
either at least for or at least for . In the former
case, the Hamming distance between and is at least ,
and in latter case it is least . In particular, for

is strictly bigger than . For
. Then and would have to be complements of

each other in the quadruplets experiencing deletions, and would
have to be the same in their other quadruplet. For being
either “ ” or “ ,” is then either or

and is either , or , or vice versa.
Observe that these are precisely the codeword pairs listed at the
beginning of the proof for and .

If , we again consider constituent quadruplets
contained within positions and in and that
start at the same positions and we denote the set of their starting
positions by (the set is nonempty as long as and
belong to nonadjacent quadruplets). Let be the subset of

whose elements index complement quadruplets in and
, and let .
Then the Hamming distance between and

for is either or , and we denote their total
number by and , respectively, such that .
The Hamming distance between and

for is either or , and we similarly denote their total
number by and , respectively, where
In addition, if belongs to the constituent quadruplets of
and that are complements of each other, the distance between

and is either , , or , which
we denote by , and is either , , or if those two quadruplets
in and are the same, in which case we denote it by .
Let if these two quadruplets are complements and let

otherwise. Finally, the distance between
and is or if the corresponding quadruplets
in and are the same, when is denoted by , and is
or if these quadruplets are complements, when is denoted by

. Let for complement quadruplets and for the
same.

The overall Hamming distance between and is then

Observe that .
Since and we have

Equality holds in this sequence of inequalities if and only if
(i.e., and are not complements of each

other), , and one of the
following four cases holds:

(a) and

(b) and

(c) and

(d) and

Since and , all constituent quadruplets in
and as well as in and

are pairwise the same. Since , the
constituent quadruplets spanning positions through
in and are pairwise complements of each other. Moreover,
since they are actually alternating “ ” and “ ”
in and are alternating “ ,” or “ ” in , or vice versa.
The quadruplets in and to which ( ) belongs are the
same if ( ), and otherwise they are complements.
Therefore, for all four cases, is of the type “ ,”
with possibly one run of zeros empty (but not both as then and

would be complements), and is such that it belongs to .
Specifically, is either , or , and
by is at least . Since for

, no new pairs can result from this analysis in this case,
so we may assume from now on that .

Let and be the positions of the leftmost and the rightmost
in . Then is either or , depending on the value

of and on the format of , and likewise is either or
, depending on the value of and . In particular,
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for equal to must be and , and for
equal to must be and .

For , since there are at least con-
tiguous alternating “ ” and “ ” (or vice versa) spanning
positions and in , and since is ei-
ther or or ,
by the concatenation principle it follows that all quadruplets
spanning positions and in are alternating “ ” and
“ ,” or vice versa. It then follows that under the set of con-
straints can
only be or for , and is then

, or , or vice versa. It
remains to determine whether these candidate codeword pairs
satisfy one of the (a) through (d) cases.

From the structure of the candidate codeword pairs, it fol-
lows for example that all six codeword pairs achieve
for , with deletions in positions

for , in positions
for , and in positions

for , such
that both individual values of and per pair are possible.

For and , the pairs of codewords
achieving the proposed can be identified directly, and they
have the same format as codewords achieving for .
This concludes the proof of the lemma.

We next determine the minimum Hamming distance between
the elements of sets associated with distinct codewords of the
modified code that result from the repetition of a single bit.

For , let denote the set of strings obtained
by applying the repetition of a single bit to . Recall that
denotes the set of strings obtained by applying the deletion of a
single bit to .

Lemma 8: For distinct codewords in , let
be the smallest Hamming distance between and

where ranges over all elements in the set and
ranges over all elements in the set . Let

Then for . Further, for
only for or for

, and either , or , or
vice versa, and in addition for is also ,
or vice versa.

Proof: We first observe that ,
where is as defined in Lemma 7. To see this, consider

obtained by deleting a bit in in position , and obtained
by deleting a bit in in position . For is

For and such that the bit in position
is the bit that gets repeated in , write as

where and . There-
fore, . A similar
argument gives the same inequality for . Taking the
minimum over all , the claim of this paragraph follows.

By Lemma 7, , so that is at most
. We use the nomenclature introduced in Lemma 7 to determine

the codewords for which yields the proposed
bound on , i.e., the codewords for which is
at most .

1) Let us first consider the case when the constituent quadru-
plets in are “ ” and “ and in are “ ” and
“ ,” or vice versa. From the proof of Lemma 7 it follows
that is at least , as is then . The pro-
posed lower bound can only be met for . By checking
all cases, for , it follows that is at least , thus
exceeding the proposed lower bound.

2) Suppose now that the constituent quadruplets are “ ”
and “ ” in both and . From the proof of Lemma 7 it
follows that is at least , and thus
is strictly greater than the proposed lower bound.

3) Finally, consider and with constituent quadruplets
“ ” and “ .”

We assume that as well as
and are as defined in the proof of Lemma 7.

In the notation of Lemma 7, if is
at least , thus exceeding for . For

, there are four codewords in having “ ” and
“ ” as constituent quadruplets. It follows by direct checking
that only for “ ” or
“ ” and , or , or vice
versa. In the remainder, we will assume .

For , in the notation of Lemma 7, the overall
Hamming distance between and is

(3)

where .
As established in Lemma 7, for to equal for

it is necessary that is or for
, and is either , or ,

or vice versa. By direct checking, it follows that is
precisely for all six codeword pairs (since the deletions
in and yielding are such that one of them belongs to
a run of size and the other belongs to a run of size ).

It remains to determine for which equals
, and such that both deletions occur in runs of size

bigger than . Using the expression in (3) it follows that
(use as

a shorthand for this set of conditions and one of the following
holds:

(a) and

(b) and

(c) and

(d) and
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(e) and

(f) and

(g) and

(h) and

(i) and

(j) and

(k) and

(l) and

Since and , all constituent quadruplets in
and as well as in

and are pairwise the same. Since ,
the constituent quadruplets spanning positions through

in and are pairwise complements of each other.
Therefore, for all cases, is of the type “ ,” with
possibly one run of zeros empty (but not both as then and
would be complements), and is such that it belongs to .

First observe that for cases (a) through (h), the common con-
straint , along with the constraint set is the same as
the set of constraints on the same parameters established in the
proof of Lemma 7. As given in the proof of Lemma 7 under the
set of constraints
can only be or for , and can only
then be , or , or vice versa.
Observe that these codeword pairs are already established in the
earlier case when was analyzed (though it
can also be verified that these candidate codeword pairs satisfy
at least one of the (a) through (h) cases, and with deletions in
appropriate runs of size result in strings with Hamming dis-
tance ).

The remaining cases (i) through (l) all share the same con-
straint that , which implies that all constituent quadru-
plets spanning positions through in and
are the complements of their left neighboring quadruplets, ex-
cept for one constituent quadruplet which is the same as its left
neighboring quadruplet.

Let and be the positions of the leftmost and the rightmost
in , so that is either or

or . Depending on the values of and
and the structure of is either or and is

either or , so that all constituent quadruplets spanning
positions through in and are the complements
of their left neighboring quadruplets with the exception of one
constituent quadruplet which is the same as its left neighboring
quadruplet.

For , by the concatenation principle it follows that
this singular constituent quadruplet must be the one starting at
the position so that is . Moreover, the
constituent quadruplets spanning positions and

are then alternating “ ” and “ ” (or vice versa),
followed by alternating “ ” and “ ” (or vice versa) that
span positions and . As a result, it
follows that is or for ,
and is either , or , or vice
versa. However, in all cases, when , not
both deletion errors can be in runs of size bigger than (which

can be verified by direct checking of all possible constraint sets
as given by (i) through (l)), and therefore, is strictly
greater than .

For it can be checked directly that the only code-
word pairs achieving under the current
constraints are the same as for . Again, not both deletions
can occur in runs of size , and thus is again strictly
greater than .

B. Decoding Algorithm

In this subsection, we first propose a bounded distance de-
coding scheme for which corrects one deletion and up to

substitution errors. We outline the algorithm and dis-
cuss its correctness and complexity.

A common technique for decoding a codeword in a
Reed–Muller code that has experienced a certain
number of substitution errors involves computing a fast
Hadamard transform of the received string, [17, Sec. 4, Ch. 14].
Specifically, the received string (of length ) is multiplied
by a Hadamard matrix to form . The computation is
done efficiently by starting with the binary string of length

and carrying out stages, each of which involves
additions of integers, to return the integer valued

string of length . Subsequently, one needs to find the
coordinate in this integer string of maximum absolute value.
The complexity of the overall algorithm is therefore normally
quoted as .

In our situation, let for be the transmitted
codeword. Let be the received string obtained from by one
deletion and at most substitution errors. Thus, the
received string is of length . The objective is to recover

from . In principle, one could construct strings of length
by inserting either or at each position in and compare
each resulting string with candidate codewords from ,
which would be equivalent to performing standard decoding
operations. The complexity of such an algorithm would be

. However, it is possible to do much better.
For any codeword , write , where
and are each of length . In particular, the trans-

mitted codeword is written as . From the re-
ceived string we create and

. Each of these strings is of length .
If the location of the deletion is in the second half of the code-

word, then is obtained from by at most sub-
stitution errors. Further, for every other than and

we have

If one uses the fast Hadamard transform to compute ,
the coordinate with maximum absolute value will then corre-
spond to either the pair comprised of and its bitwise comple-
ment or the pair comprised of and its bitwise com-
plement. Further, there will be at most two competing locations
for the maximum absolute value.
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Similarly, if the location of the deletion is in the first half of
the codeword, then is obtained from by at most

substitution errors, so by using the fast Hadamard transform
to compute , the coordinate with maximum absolute
value will correspond to either the pair comprised of and its
bitwise complement or the pair comprised of and its
bitwise complement. Again, there will be at most two competing
locations for the maximum absolute value.

Thus, in operations we will be presented with at
most eight candidates for the transmitted codeword. We may
now go to the naive step of considering all the strings of
length got by inserting either or at each position in and
compare each resulting string with each of these eight candidate
codewords. In operations we will arrive at the true code-
word.

There are some obvious inefficiencies in the algorithm just
described. For instance, it is not really necessary to compare
the received string with the columns of that correspond to
strings in that are not in . An analysis of this ineffi-
ciency could save a constant factor. The second stage could also
undoubtedly be improved, but this is less interesting because the
overall complexity is dominated by the first stage. Since using
the first stage as described has the significant practical advan-
tage that the existing hardware which is used to decode when
there is no deletion can also be used when there is a deletion,
we have preferred to describe the overall algorithm as above.

Finally, along similar lines, we propose a bounded distance
decoding scheme for for which corrects one rep-
etition and up to substitution errors and discuss its cor-
rectness and complexity. Let be the received string obtained
from by one repetition and at most substitution errors.
Thus, the received string is of length . As before, for
any codeword , write , where and

are each of length . The transmitted codeword is
written as . From the received string we create

and .
Each of these strings is of length .

If the location of the repetition is in the second half of the
codeword, then we get from by at most substitution
errors. Further, for every other than and
we have

If one uses the fast Hadamard transform to compute ,
the coordinate with maximum absolute value will then corre-
spond to either the pair comprised of and its bitwise comple-
ment or the pair comprised of and its bitwise com-
plement. Further, there will be at most two competing locations
for the maximum absolute value.

Similarly, if the location of the repetition is in the first half of
the codeword, then we get from by at most substi-
tution errors, so by using the fast Hadamard transform to com-
pute , the coordinate with maximum absolute value
will correspond to either the pair comprised of and its bitwise
complement or the pair comprised of and its bitwise

complement. Again, at most two locations will compete for the
maximum absolute value.

Thus, in operations, there will be at most eight
candidates for the transmitted codeword. We may now again
follow the naive way and consider all the strings of length

obtained by inserting either or at each position in and
compare each resulting string with each of these eight candidate
codewords. Using this approach, in operations the true
codeword will follow.

V. CONCLUSION AND FUTURE WORK

In this paper, we studied the performance of a Reed–Muller
RM code, as an instance of a substitution-error correcting
code, over channels in which, in addition to substitution errors,
a sampling error can cause synchronization errors. Specifically,
we studied the cases where the synchronization error results in
the deletion of a single bit and where it results in the repeti-
tion of a single bit. The model we worked with is aimed at han-
dling the kinds of errors that can occur in a variety of appli-
cations, such as magnetic recording and wireless transmission,
in the absence of adequate timing recovery. Our approach to
handling synchronization errors is to start with a good substi-
tution-error correcting code, to analyze which codeword pairs
cause the identification problem, and then find a linear subcode
of as high a rate as possible that would both provide protection
against substitution errors and be robust to the synchronization
errors. The rate loss incurred from using the subcode and the
increase in the complexity of the decoding algorithm should of
course be reasonably small for such an approach to work.

Another contribution of this paper is to develop several struc-
tural properties of the RM codes, which where motivated
by this point of view. These structural properties may be of in-
terest in their own right.

In general, we provided an analysis that is combinatorially
much tighter than might be needed for our immediate con-
cerns. These combinatorial results may also be of independent
interest. Specifically, we enumerated all pairs of codewords of
the RM codes that suffer from an identification problem
over a channel allowing for the deletion of a single bit. We
introduced a pruned linear subcode of the RM code, with
the loss of one information bit, which does not suffer from the
identification problem under the deletion of a single bit. Given a
pair of codewords in the pruned code, the appropriate notion of
distance between them over a channel permitting synchroniza-
tion errors is the minimum Hamming distance between any pair
of strings which are derived, respectively, from each codeword
after the application of such synchronization error. We gave a
combinatorially tight analysis of the minimum distance of the
pruned code for this notion of distance for both the case of the
deletion of a single bit and the case of the repetition of a single
bit. Specifically, we explicitly identified all pairs of codewords
of the pruned code for which the post-synchronization error
Hamming distance equals the corresponding post-synchroniza-
tion minimum distance of the pruned code.

Finally, we provided a bounded distance decoding algorithm,
suitable for the use of the pruned code over a channel where in
addition to possibly one deletion error (respectively, one repeti-
tion error), substitution errors can occur as well. The complexity
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of this algorithm is of the same order as that of the usual fast
Hadamard transform based decoding for the RM code.
What is more, the proposed algorithm can in fact be essentially
run on the same hardware platform as in the case without syn-
chronization errors.

There are of course many codes that are superior to
RM codes in several respects (for instance, having
higher rates). Future work would involve studying the behavior
under our synchronization error model of other families of
codes with good substitution-error correcting properties. The
analysis should also be broadened to include more general
models in which several repetitions and deletions are simulta-
neously allowed. As in this paper, the aim of such an analysis
would be to find pruned versions of such codes, with low rate
loss and only moderate increase in decoding complexity, which
would not only have good substitution error-correcting capa-
bilities but would also provide protection against the sampling
errors of interest. Additional work in progress of ours along
these lines has been reported in [10].
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