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Abstract—We determine the reliability function of the expo-
nential-server timing channel (ESTC) in the limit as the data rate
approaches zero. The limit shows that at low rates, the ESTC is
strictly more reliable than the Poisson channel without dark cur-
rent, answering a question Arikan posed in these TRANSACTIONS.
The proof employs a distance metric over inputs to timing channels
that parallels Euclidean and Hamming distance for conventional
channels. A consequence of the proof is that bounded-distance
decoding, with distance measured according to this metric, is
exponentially optimum for the ESTC in the low-rate regime. We
also prove the straight-line bound for the channel and a bound on
the reliability of timing channels with general service distributions
in the limit as the data rate approaches zero.

Index Terms—Error exponent, point process, Poisson channel,
queueing theory, sphere-packing bound, straight-line bound,
timing channel, zero-rate reliability.

I. INTRODUCTION

THE exponential-server timing channel (ESTC), as intro-
duced by Anantharam and Verdú [1], is one in which the

sender chooses the arrival times of identical jobs to a single-
server queue with independent, exponentially distributed ser-
vice times, while the receiver observes the resulting departure
times. Timing channels such as the ESTC have been studied
in the context of covert communication [2]; by modulating the
times at which it performs routine tasks, the sender can transmit
information to the receiver in a way that makes it unclear to
an observer that communication has occurred. We assume that
the queue is initially empty and that the service discipline is
first-in-first-out. The first assumption is crucial; see the discus-
sion in Section IV. The second assumption is not. See Anan-
tharam and Verdú [1] for a discussion of this assumption and
for a proof that the capacity of the channel is nats per unit
time, where is the mean service time.

Arikan [3] proves the random-coding and sphere-packing
bounds on the reliability function [4] of the ESTC. These are
shown in Fig. 1, and coincide at rates between and
capacity.1 Although the motivation for proving these bounds
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1Throughout, log denotes the natural logarithm.

was to determine the cutoff rate of the channel, which is
[3], Arikan points out that they provide for an interesting com-
parison between the ESTC and the Poisson channel without
dark current but with a peak power constraint of . The latter
channel models a direct-detection optical channel; the input
is a nonnegative waveform , which is upper-bounded by ,
while the output is a Poisson process with intensity . The
capacity of this channel is also nats per unit time [5], [6],
and its reliability function is known [7], [8] and coincides with
the random-coding exponent of the ESTC. Thus, the ESTC
is at least as reliable as the Poisson channel, and their relia-
bility functions coincide at rates between and their
common capacity. Arikan [3] poses the problem of determining
whether the two reliability functions are identical. We show
that they are not by proving that the zero-rate reliability of the
ESTC, defined as the limit of the reliability function as the
rate approaches zero, equals , which exceeds the zero-rate
reliability of the Poisson channel, which is [7], [8]. We also
provide an improved upper bound on the reliability function
of the ESTC at positive rates, and a bound on the zero-rate
reliability of timing channels with general service distributions,
that is, queues. The proofs use point-process techniques
that could be of independent interest.

It is known that feedback increases the zero-rate reliability
of the Poisson channel from to [9]. Sundaresan and
Verdú [10] show how the ESTC can be emulated on the Poisson
channel with feedback by having the feedback encoder modu-
late the instantaneous intensity to imitate a queue. Our
results quantify, in the low-rate regime, the penalty associated
with using this restricted form of feedback: general feedback
provides for a factor-of-four increase in the reliability of the
Poisson channel, whereas using the feedback to emulate a

queue provides for only a factor-of-two increase.
The covert communication scenario mentioned earlier pro-

vides another motivation, independent of the comparison with
the Poisson channel, for finding improved bounds on the reli-
ability function of the ESTC. When communicating covertly,
the incentive for the sender to use a code with a short block
length goes beyond minimizing the coding delay: a short block
length decreases the likelihood of detection by the observer. Of
course, a shorter block length generally comes at the expense
of a higher error probability. Since the reliability function de-
scribes the tradeoff between the block length of a code and its
error probability, it also captures the tradeoff between the prob-
ability of error and the probability of detection by the observer,
assuming that the sender uses codes that are optimized for com-
munication. More generally, it would be of interest to study this
tradeoff when the codes are optimized with both goals in mind.

0018-9448/$20.00 © 2005 IEEE
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Fig. 1. Sphere-packing, straight-line, and random-coding exponents.

We return to the zero-rate reliability of the ESTC. It is instruc-
tive to begin a study of this problem by considering the zero-rate
reliability of the binary-symmetric channel. This channel has a
natural distance metric over its inputs, Hamming distance, such
that the maximum-likelihood (ML) error probability of a pair
of codewords depends only on the Hamming distance between
them. Furthermore, for low-rate codes, the error probability of a
codeword is well approximated by the probability that it is con-
fused with one of its “nearest neighbors.” The overall error prob-
ability of a low-rate code is then governed by its minimum dis-
tance. In turn, the zero-rate reliability of the channel is governed
by the largest achievable minimum distance of low-rate codes.
This max-min distance can be lower-bounded via a random-
coding argument and upper-bounded using the Plotkin bound
[4].

The situation is similar for the Gaussian channel, with Eu-
clidean distance replacing Hamming distance [11]. Shannon,
Gallager, and Berlekamp [12] extend the approach to a general
discrete memoryless channel (DMC) by devising an appropriate
distance metric and by replacing the Plotkin bound, which is in-
sufficient in this case, with a more intricate converse.

We follow this general approach for the ESTC, although
this channel presents some unique challenges. We define a
distance metric over inputs to timing channels, which parallels
Euclidean and Hamming distance for conventional channels,
and use it to bound the error probability of a pair of codewords,
when used over the ESTC, in terms of the distance between
them. These results are contained in Section III. Lower bounds
on the low-rate reliability of channels are typically based on the
Bhattacharyya bound [13] on the ML pairwise error probability

[4]. For the ESTC, however, the Bhattacharyya bound cannot
easily be reduced to a single-letter expression. Therefore,
our error probability bound is based instead on a suboptimal
approximation of ML decoding. In Section IV, we show that
our suboptimal decoder achieves the same error exponent as
ML decoding in the low-rate regime. In Section IV, we also
reduce the problem of determining the zero-rate reliability
of the ESTC to a combinatorial sphere-packing problem in-
volving our metric: determining the max-min distance. This
quantity is lower-bounded via a random-coding argument and
upper-bounded using an extension of the Shannon, Gallager,
and Berlekamp converse mentioned above. An extension of
their argument is clearly needed since Arikan [3, Sec. IV] has
constructed codes for the ESTC whose codebook grows linearly
with the block length that have an error exponent strictly bigger
than the zero-rate reliability. Codes with this property do not
exist for a DMC, and the Shannon, Gallager, and Berlekamp
converse relies on this fact [12, Theorem 4]. Our extension of
this converse uses an inner-product space lemma that can be
used to elucidate the original proof for discrete memoryless
channels. Section IV also contains a bound on the zero-rate
reliability of timing channels. The last section contains
a proof of the straight-line bound for the ESTC. First we give a
mathematical description of the channel.

II. CHANNEL CONSTRUCTION

The block length of a block code for the ESTC can be defined
in multiple ways, since the transmission and reception time of a
codeword can be quite different, and the reception time depends
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on the channel realization. Two approaches have been used in
the past: i) defining the block length to be the expected time of
the last departure from the queue, averaged over the codebook
and the queueing process [1], and ii) restricting the decoder to
observe the departure process over a finite interval , and
defining the block length to be [10]. We adopt the latter ap-
proach here. Notice that if the decoder is required to decode
based on the observation of the departure process over ,
then it is pointless for the encoder to submit jobs to the queue
after time . Thus, we shall assume that the encoder submits
all of its jobs to the queue during . For , let
be the set of all counting functions over , i.e., the set of
all right-continuous, nondecreasing, integer-valued functions
of such that . When the block length is , we
view the input and output of the channel as elements of by
viewing as the number of arrivals or departures that have oc-
curred during . We use the following window code defini-
tion of Sundaresan and Verdú [10].

Definition 1 ([10]): An encoder is a mapping
from a set of integers to such that and for all ,

.2 An code is an encoder and a
decoder , where is a superset of . The data
rate of the code is .

We have followed precedent [1], [3], [10] and required that
all codewords deliver the same number of jobs to the queue.
Since the decoder only observes the departure process during

, this is no real restriction, because any encoder can be
made compliant by adding arrivals at time to some of the
codewords, and this will not change the output law that they
induce.

To construct the output law induced by sending an input
over the ESTC with service rate , we use Girsanov’s theorem
applied to point processes [14, Sec. VI.2]. Let be the
filtration over generated by the coordinate mappings

.3 Throughout, we denote by the probability measure on
under which the outcomes are distributed as a Poisson

process with rate one.4 The measure is not indexed by since
the measurable space with which it is associated will be clear
from the context.

For each in , define the random variable5

on . By convention, we take on the event that
for some such that . We call an output

2Throughout, we write f (i) in place of the cumbersome (f(i))(t).
3The �-field F is the restriction of the �-field generated by the Skorohod

topology on D[0; 1] to 
 [15, Theorem14.5], but this fact is not needed here.
4When working with point-process martingales, one typically assumes that

the underlying probability space and filtration satisfy the usual conditions:
(
 ;F ; P ) is complete, F is right-continuous, and F contains all of the
P -null sets of F . Brémaud [14, pp. 309–310] shows how to modify F and
P to comply with these requirements; in the sequel, we assume this has been
done.

5Throughout, should be interpreted as . Also, we write indicator
functions as 1(�) instead of 1 .

feasible for if for all . Evidently, is
positive on the event that is feasible for . We view as a
likelihood ratio

[14, Ch. VI, Theorem T4], and if we define by ,
then under , is feasible for a.s. and has -intensity

[14, Ch. VI, Theorem T3]. So is dis-
tributed as the output of an initially empty queue with
input , as desired [14, Ch. III, Theorems T7 and T8]. In general,
we denote by the probability measure on under
which the outcomes are distributed as the output of a
queue with input and service rate .

The error probability of a code , when used over the
ESTC with service rate , is defined as

III. ERROR PROBABILITY BOUNDS

Given an encoder and an output , an ML decoder for the
ESTC chooses a message for which is feasible and that max-
imizes

Now for any message for which is feasible

Therefore, an ML decoder chooses a message in

This motivates the following definition.

Definition 2: Given two elements of , and , we say that
leads by

Also, let

Define the minimum distance of an encoder by

The function is the distance mentioned in the Introduction.
It is not a metric on because two elements of , and ,
that differ only at time will have . It is, however,
a pseudometric [16], and a metric if we identify elements of
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that differ only at . Two other properties of that will be used
later are given in the first lemma, whose straightforward proof
is omitted.

Lemma 1:

a) If and are elements of and , then

and

b) If and is feasible for and , then

Evidently, ML decoding for the ESTC can be described as
finding, among those codewords for which the output is feasible,
one that leads the output by the smallest amount. Thus, is sim-
ilar to Euclidean distance over and Hamming distance over

in that each governs ML decoding for the channel with
the lowest capacity in its class: ML decoding for the ESTC is
governed by distance and the ESTC has the lowest capacity
of all timing channels with fixed service rate [1], [10], ML de-
coding for the Gaussian channel is governed by Euclidean dis-
tance and the Gaussian channel has the lowest capacity of all
additive noise channels with fixed signal-to-noise ratio (SNR)
[4, Theorem 7.4.3], and ML decoding for the binary-symmetric
channel is governed by Hamming distance and the binary-sym-
metric channel has the lowest capacity of all binary memoryless
channels with the sum of the crossover probabilities of the two
inputs held fixed. Unlike the Gaussian and binary-symmetric
channels, though, for the ESTC the ML error probability is dif-
ficult to evaluate even for just two messages, except in special
cases. To proceed, we use a suboptimal decoder that approx-
imates ML decoding. Part b) of Lemma 1 proves that the de-
coding rule is well defined.

Definition 3: Given an encoder and an output , the
bounded-distance decoder declares that message was sent
if is feasible for and . If no message
satisfies this property, then it declares an error (i.e., it chooses
an integer outside the message set).

The bounded distance decoder decodes correctly only up to
the guaranteed error correction “radius” of the ML decoder,
which in this case is the minimum distance of the encoder. As
such, the error probability is easy to bound.

Lemma 2: For any encoder , the error probability
under bounded-distance decoding satisfies

(1)

where are the independent and identically dis-
tributed (i.i.d.) service times, each exponentially distributed
with mean . If , where is the
arrival rate of the code, this yields

Proof: If message is sent, then an error occurs only if
, where is the output of the queue. By

viewing as the service times of the jobs, we can
couple them to such that

a.s.

(with equality on the event that the last departure occurs prior
to ). This proves the first conclusion. The second conclusion
follows from the first by applying the Chernoff bound.

In general, a decoder that decodes correctly only up to the
guaranteed error correction radius of the ML decoder does not
achieve the zero-rate reliability of the channel. In particular,
bounded-distance decoding does not achieve the zero-rate re-
liability of the binary-symmetric channel or the discrete-time
Gaussian channel. For the ESTC, however, the previous lemma
and the next one together imply that there is little loss in using
bounded-distance decoding when the arrival rate is very low. We
shall see in the next section that the zero-rate reliability of the
ESTC is achieved by codes with vanishing arrival rates. Conse-
quently, bounded-distance decoding will achieve the zero-rate
reliability of the ESTC.

Lemma 3: Let be an encoder. Then for any de-
coder , the error probability satisfies

where is the mean service time.
Proof: There exists a pair of messages such that

. Let and be their error probabilities,
and define by . Let be the
decision region for and let be the decision region for
. Also let

is feasible for

and define and similarly. Then

But on

so
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where we have used the triangle inequality for and part a) of
Lemma 1. Similarly

But

So since and are disjoint

Therefore, at least one of these integrals must exceed .

IV. ZERO-RATE RELIABILITY

Let

is an code

and

Then the reliability function (or error exponent) of the channel
at rate is defined by

The zero-rate reliability or zero-rate error exponent is defined
by

We have followed precedent [3], [4], [8], [11], [17] and defined
the reliability function using the limit supremum. Our lower
bounds on the reliability function, however, continue to hold
if the reliability function is defined using the limit infimum in-
stead. For the ESTC, there is little reason to believe that the limit
fails to exist, although this has not been proven, even for DMCs.
For a timing channel with a general service distribution, how-
ever, the limit can fail to exist, as the following example shows.
Consider any service distribution that places all of its mass on
the points of a lattice in . Then for any , the infimum
of the error probability over all codes is .
If one uses our reliability function definition, this gives

for all . One can create a lattice distribution, however, for
which the limit infimum is strictly smaller.

We return to the ESTC. Our definition of the reliability
function incorporates the assumption that the queue is initially
empty. It is easy to see that the distribution of the initial work-
load affects the reliability function. Let denote the amount
of time the server spends serving the jobs in the queue at time
zero. If tends to zero subexponentially fast as

, then the reliability function of the channel will be
zero at all rates, even though the capacity is unaffected. We

assume, therefore, that the queue is initially empty. Under this
assumption, Arikan [3] proves the following random-coding
and sphere-packing bounds [18] on the reliability function.

Theorem 1 ([3]): Let be defined parametrically for
by

where ranges over , and let . For
, let , while for

, let . Then the reliability function of
the ESTC with mean service time satisfies

for all .

We call the random-coding exponent and the
sphere-packing exponent for the channel. These functions are
shown in Fig. 1. Recall that the reliability function of the Poisson
channel without dark current but with a peak power constraint of

equals [7], [8]. Thus, determining whether this channel
and the ESTC have identical reliability functions amounts to de-
termining whether for all . Theorem 1 shows
that this holds for in , so we focus on rates in ,
and in particular on rate zero, since the random coding bound
is rarely tight in the low-rate regime. In particular, Gallager’s
expurgated bound [4] shows that the random-coding bound lies
strictly below the reliability function at sufficiently low rates
for any DMC with nonzero capacity. Indeed, it turns out that

for the ESTC, although a direct application of
the expurgated bound fails because the pairwise error proba-
bility bound on which it is based, the Bhattacharyya bound [13],
is not easily evaluated for this channel. One can replace the
Bhattacharyya bound with (1), however, then mimic the deriva-
tion of the expurgated bound using results on the distance
between two randomly chosen codewords (e.g., Corollary 1 to
follow). Using this approach, one can obtain a lower bound on
the reliability function at all rates that, in particular, proves that

.
This bound, while valid at all rates, improves upon the

random-coding bound only at very low rates, however. There-
fore, we discard this approach in favor of one that only yields
the zero-rate bound , but that better illustrates the
vital role of the max-min distance.

A. Max-Min Distance

Since the distance scales linearly with the block length, we
often find it convenient to normalize the block length to be , as
in the next definition.

Definition 4: For in and in , let

there exists an

encoder with

Define
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One can verify that as for all and that

for all and (2)

We call the max-min distance of the channel. Later we show
that it satisfies . First we link it to the zero-rate relia-
bility.

Proposition 1: The zero-rate reliability of the ESTC with
mean service time satisfies .

Proof: We first show that . Let
and let be a sequence of codes such that is

for each and

(3)

(4)

and

(5)

If , then we can remedy this by choosing
such that , then discarding any

points beyond the first in each codeword of
. If is the new encoder then a straightforward coupling

argument gives

where are i.i.d. exponential with mean . In-
voking the Chernoff bound gives

so that (5) holds with in place of . Therefore, we shall
assume that

By Lemma 3

Thus

Observe that is the minimum distance of the enco-
der obtained by time-scaling to have block length one. Then
since by (3) and (4), and

it must be that by (2). This combined with the obser-
vation

implies

Thus, . Since was arbitrary, we conclude
.

Now let . By the definition of , there exists a
sequence of encoders such that is and

for each , and6

Let , and for each , redefine to be the
encoder obtained by dilating time by a factor

of . Consider decoding using the bounded-distance
decoder.

By choosing sufficiently small, we may assume that
, which implies that for

each . Then by Lemma 2

Since

we have

Taking and establishes that and
completes the proof.

The problem of determining for the ESTC is thus re-
duced to the combinatorial problem of determining . In Sec-
tion IV-B, we lower-bound via a random-coding argument.
In Section IV-C, we prove a coincident upper bound.

B. Direct Result

We define an -point Poisson process over to be a
Poisson process over this interval conditioned on having ex-
actly points. We will construct a random encoder
by choosing the codewords as independent -point Poisson pro-
cesses over . First, we examine the distance between a
pair of -point Poisson processes, as a prelude to bounding the
minimum distance of such an encoder.

6At the suggestion of one of the anonymous reviewers, we use ~R to denote
the data rate normalized by the arrival rate. It has units of nats per job.



WAGNER AND ANANTHARAM: ZERO-RATE RELIABILITY OF THE EXPONENTIAL-SERVER TIMING CHANNEL 453

If is the empirical distribution function of i.i.d.
random variables that are uniformly distributed over ,
then is an -point Poisson process over . As such,

converges weakly in to a Brownian
bridge as tends to infinity, and if is an independent copy
of , then

also converges weakly in to a Brownian bridge [19, The-
orem 14.15]. The amount of time that a Brownian bridge over

spends strictly positive is uniformly distributed over ,
as is, of course, the amount of time that it spends strictly negative
[19, Theorem 13.17]. But the amount of time that spends
strictly positive is precisely the amount by which leads

. It follows that converges weakly to the
uniform distribution over , as does , and

converges weakly to the uniform distribution
over [19, Lemma 14.10]. From these observations one
might guess that . This is true, although the proof does
not use any of these weak convergence facts explicitly. We do,
however, need the following large deviations result.

Lemma 4: Let and be independent
-point Poisson processes over . Let

Then for all in

Proof: Let be a simple random walk on , with
, and let . Also, let be

the order statistics of i.i.d. uniform random variables,
independent of , and write and . Then

Since are exchangeable and independent of ,
this implies

The conditional distribution of can be calculated explicitly

[20, Sec. III.4], so

(6)

For and in , let

where, here and throughout, is the binary entropy function
with natural logarithms. From the combinatorial bound

(7)

[21, Example 12.1.3], it follows that the summand in (6) is
upper-bounded by

Since , this is further bounded by

Applying this bound to each term in (6) shows

Using (7) and the continuity of , one can show that in fact

And an elementary calculation shows that

Corollary 1: In the context of the previous lemma, for all
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Proof: Observe that

Now take probabilities and invoke the previous result.

Proposition 2: The max-min distance of the ESTC satisfies
.

Proof: Let , and choose such that
. Fix , and consider selecting the

codewords of an encoder independently
as -point Poisson processes over . Then using the notation
of Lemma 4 and the union bound

Letting tend to infinity and invoking Corollary 1 shows that
tends to zero. This proves that for all

sufficiently large , an encoder exists with a
minimum distance of at least . But was arbitrary.

Before turning to theconverse,wenote that there isanother, en-
tirely different, method of randomly choosing codewords to con-
struct -achieving codes. Let and be natural numbers,
and let be i.i.d. random variables uniformly dis-
tributedover . Construct acodeword with block length
one by first placing points at time and
points at time . Then place additional points at time

and points at time , etc. Two in-
dependent codewords constructed in this fashion will have an
distance that is close to with high probability if and are
large. Infact, thesecodewordscanreplacethePoisson-distributed
codewords in the proof of Proposition 2. This construction is in-
spired by a comment in Arikan [3, Sec. IV], and is related to the
constrainedencodersdefinedlaterandtothediscrete-timemodels
studied by Bedekar and Azizog̃lu [22].

C. Converse

One approach to showing that the max-min distance is upper-
bounded by is to bound the minimum distance of an encoder
by the average

and then show that the average is asymptotically upper-bounded
by . This technique of bounding the minimum distance of
an encoder by the average yields a tight upper bound on the
max-min distance of the binary-symmetric channel [4], the
Gaussian channel [11], and “pairwise reversible” DMCs [12],
but not the ESTC. Indeed, although we shall see that ,
for arbitrarily large and there exists an encoder
with an average distance near one: let and
consider the encoder in which, for each in

if
if .

This encoder has , and by replicating all
codewords times, we obtain an encoder
whose minimum distance is zero but whose average distance is

which is close to one if and are large and is small.
Thus, this approach fails for the ESTC, as it does for a general

DMC [12]. Shannon, Gallager, and Berlekamp [12] approach
the problem for DMCs by focusing on a class of encoders they
call ordered. For the ESTC, the analogue of this class is the
following.

Definition 5: If and are elements of , then leads if
. An encoder is ordered if leads

for all .

Shannon, Gallager, and Berlekamp [12] bound the minimum
distance of an ordered code using an ingenious procedure of
manipulating codes that involves transforming the original code
into several smaller codes with increasing block lengths. A
bound on the size of the largest ordered subcode within a given
code, which is reproduced below, then suffices to upper-bound
the max-min distance of the channel.

We follow this approach, except that we have replaced the
code manipulation procedure and some of the surrounding anal-
ysis with a simple result about inner-product spaces, Lemma 5.
Evidently, this replacement is a natural one, since it can also be
made in the original proof for DMCs, making the proof some-
what more transparent.

The ESTC presents another obstacle that a DMC does not,
however. Due to the memory in the channel, the contribution
to made by a small time interval ,

, depends not only on the arrivals during but
on all previous arrivals. In fact, the effect of an arrival does not
diminish with time at all: an arrival near zero has the same effect
on as one just prior to . Our solution is again to
reduce to a class of encoders that mitigate the problem. These
encoders have the property that all codewords “agree” at certain
times meaning they have all delivered the same number of jobs
to the queue at those times. This limits the encoder’s use of the
long-term memory of the channel.

Definition 6: An encoder is -constrained if for
all and

for all in .

We shall bound the minimum distance of ordered, constrained
encoders using the following lemma about inner-product
spaces.

Lemma 5: Let be a real inner-product space. Let
be elements of such that for all . For

a nonempty subset of , let

Then there exist nonempty, contiguous, and disjoint subsets of
, , and , such that .
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Proof: Suppose for all nonempty,
contiguous, and disjoint and . Then by the parallelogram
law for inner-product spaces [23]

Similarly

Then

Continuing

This contradiction proves the result.

We shall also use the following fact about distance, whose
straightforward proof is omitted.

Lemma 6: Let and be finite alphabets. Let and be
probability distributions on , and let and be probability
distributions on . Let denote the usual vector -norm, so
that

is the distance between and . Then

where and denote product measures on .

Lemma 7: For any ordered, -constrained en-
coder

Proof: We may assume that the message set is
. For a subset of messages, a time in ,

and an integer in , let

For fixed , we view as describing the empirical distribution
of the codewords in as a function of time. Thus, we view it as
a trajectory through the probability simplex

such that

The set of all such trajectories can be embedded in the real linear
space

where denotes the usual vector -norm. We endow this
linear space with the inner product

where denotes vector transpose. Observe that for every mes-
sage

So by Lemma 5, there exist disjoint and contiguous sets of mes-
sages, and , such that

(8)

We may assume without loss of generality that all elements of
are strictly less than all elements of . Consider averaging

the distance between the messages in and . Since
cannot exceed this average and is ordered, we have

If and were equal, then this last integral would be upper-
bounded by . Since they are “close” by (8), the integral
cannot exceed by much. To quantify this, we compare
and to

Now

and

Lemma 6 shows that

and
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is easily verified by direct calculation. Using these facts and
integrating over , we obtain

(9)

We proceed by using (8) to bound the integral. This can be ac-
complished by defining

and

so that all codewords have delivered between and jobs to
the queue by time . Then we apply Schwarz’s inequality twice
to obtain

(10)

But and for all in , so

Since the encoder is -constrained, for all . Thus,
the summation is telescoping, and

Thus

Combining this inequality with (8) and (10) gives

Combining this with (9) proves the result.

Lemma 8: For any encoder and any , there is
a subset of messages such that restricted to is -con-
strained and

Proof: Let

The cardinality of can be calculated explicitly

[20, Sec. II.5]. For in , let

for all

Then restricted to any is -constrained, and the largest of
these sets must have at least

messages.

The next lemma is Lemma 4.2 in Shannon, Gallager, and
Berlekamp [12]. We include a proof for completeness.

Lemma 9 ([12]): For any encoder , there exists
a subset of messages and a bijection
such that and is an ordered
encoder.

Proof: Call the original message set and initialize
. Observe that every encoder has at least one message that leads

at least half of the other messages. Find such a message in
, move it from to , set , and delete from

all messages that does not lead. Then repeat the procedure,
setting equal to the chosen message . Continue repeating
this procedure until is empty. It follows by induction that after
the th iteration, there are at least messages
remaining in . Thus, there is at least one message remaining
after iterations, so at least iterations are
possible.

Proposition 3: The max-min distance of the ESTC satisfies
.

Proof: Let be a sequence of encoders such that
is , , and

It suffices to show that

For this, choose sufficiently small so that

set , and for each let be an -constrained
encoder with

obtained by restricting to a subset of messages as in
Lemma 8. Since , it suffices to show that
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Now

Using (7), this gives

The second term converges to as tends
to infinity, thus

This implies that . Let . By
Lemma 9, we can find an ordered, -constrained
encoder such that . Applying Lemma 7
to shows that

Since and , the proof is complete.

Theorem 2 follows immediately from Propositions 1–3.

Theorem 2: The zero-rate reliability of the ESTC satisfies
, where is the mean service time.

D. General Service Distributions

The lower bound on can be generalized to queues
with little additional effort. An examination shows that the hy-
pothesis that the service distribution is exponential is used only
in Lemma 2 to estimate large-deviation probabilities involving
the service times. Thus, generalizing the lower bound is only
a matter of replacing the exponential distribution’s large-devia-
tions rate function with the rate function of an arbitrary service
distribution. We give the details of this procedure, along with a
simple upper bound on for timing channels, in this
subsection.

Consider a queue with i.i.d. service times .
Let , which we permit to be zero or infinity. Let
be the logarithmic moment generating function of

and let be its Fenchel–Legendre transform [24]

Lemma 10: The error probability of an encoder
and the bounded-distance decoder used over a timing
channel satisfies

If , where , this yields

Proof: The first conclusion can be proven using the cou-
pling argument used in the proof of Lemma 2. The second con-

clusion follows from the first by applying the Chernoff bound
and using the fact that

(11)

for all [24, Lemma 2.2.5].

Theorem 3: For a timing channel, the zero-rate relia-
bility satisfies

There exists a channel for which the lower bound holds with
equality while the upper bound is strict, and another channel for
which the opposite is true.

Proof: We shall first show that

(12)

It follows from standard results in convex analysis [25, Theo-
rems 8.5 and 13.3] that

(13)

If

then (12) is obvious. If the limit is positive, then by (13), there
exists a positive such that , which implies that

. Let , and choose such that .
By Proposition 2, there exists a sequence of encoders
such that is and for each

, and

For each , redefine to be the encoder ob-
tained by dilating time by a factor of . We decode using
the bounded-distance decoder. By Lemma 10

By (11), is nondecreasing on , so since

This yields a lower bound on

Taking to zero then to zero proves (12). Using the formula

for nonnegative random variables , we have for all
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From this and (13) it follows that7

(14)

which proves the lower bound by (12). The upper bound follows
by observing that for any code with

(15)

which implies

By Theorem 2, for the ESTC, the lower bound holds with
equality while the upper bound is strict. For the lattice example
mentioned at the beginning of this section, on the other hand,
the opposite is true.

If the reliability function is defined using the limit infimum
instead of the limit supremum, Theorem 3 can be strengthened
to

and equality is achieved by the same channels as before. Ev-
idently, Theorem 3 determines only when both bounds
are infinity or zero. Both bounds are infinity, which implies that

, if the service distribution has bounded support or,
for example, if it is a one-sided Gaussian distribution. This latter
example is somewhat surprising since the zero-error capacity [4]
of the Gaussian service distribution is zero, by (15).

A heavy-tailed service distribution is an example for which
both bounds are zero, which implies that . A
timing channel with a heavy-tailed service distribution with fi-
nite mean therefore has the unusual property that its reliability
function is zero everywhere, even though its capacity is positive
[10]. A consequence is that although the queue has the
lowest capacity of all queues with fixed mean [1], [10],
it does not have the lowest reliability at any rate below its ca-
pacity.

V. STRAIGHT-LINE BOUND

In this section, we prove that for the ESTC, any line con-
necting the point and a point on the sphere-packing
exponent upper-bounds the reliability function. That is,

(16)

for all and all in . The best such bound, called the
straight-line exponent, is tangent to the sphere-packing expo-
nent and is shown in Fig. 1.

It would be obvious that the straight-line exponent upper-
bounds the reliability function if it was known that the reliability
function of the ESTC is a convex function of the rate. But the
reliability function is not known to be convex, even for DMCs.
Nevertheless, it is possible to prove (16) using an approach de-
veloped by Shannon, Gallager, and Berlekamp [17] for DMCs

7In fact, equality holds in (14), although this fact is not needed.

that is based on list codes. We shall extend their approach to the
ESTC here. First we define list codes.

Definition 7: An list code is an en-
coder and a decoder , where
is a superset of , such that for all in , . The
discrimination of the code is , and the error
probability is

Let

is an

list code

and

Theorem 4: For all

The proof is contained in Appendix I. It extends a previously
published proof for the case [3] and corrects a minor
omission in it.

Consider now an code. Temporarily, let us make
the unjustified assumption that departures during and

are conditionally independent given the transmitted
codeword. Then for any , if codewords are more likely
than the transmitted codeword to cause the observed departures
during , and if at least one of those codewords is more
likely than the transmitted codeword to cause the observed
departures during , then an ML decoding error will
occur. Thus, given our assumption, one is lead to conjecture
that [17]

(17)

This next result shows that, even without the assumption, (17)
is essentially valid.

Lemma 11: For any and any , , and

Proof: Let be an code. Find a subset
of messages such that and such that for

all and in

Let denote restricted to . Then is an
code and

so it suffices to show
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For in , let . Then for all in

If is a counting function in and is a counting
function in , we construct the counting function
in by setting

for in
for in .

This construction defines an isomorphism between
and the product space

endowed with the product -field and measure [23]. Applying
this isomorphism to the integral and using Tonelli’s theorem
[23] gives

(18)

For a moment let us view the mapping

as an encoder. For a given in
, this encoder has a natural decoder

The integral over in (18) can be viewed as the error prob-
ability of message in this code, when the queue initially con-
tains jobs whose departure times are unknown to the
transmitter. A straightforward argument involving genies shows
that the presence of the initial jobs can only raise the minimum
achievable error probability. Thus there must exist at least one
in such that

Similarly, in any subset of of size there must exist an
such that

(19)

Let be the set of in such that (19) holds, and note
that this set must contain at least messages. Then for all

in

so we get (20) at the bottom of the page. If we now view

(20)



460 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 2, FEBRUARY 2005

as a encoder, then the maximum over
in (20) is the error probability under the list decoder

. From this we can conclude

Thus

Theorem 5 is the main result of this section.

Theorem 5: For the ESTC with service rate , for any in
and any

Proof: We may assume that is in . Let
be a sequence of codes such that is

and

(21)

(22)

and

(23)

If , then we can use the technique described
in the proof of Proposition 1 to modify the code such that

, without violating (21)–(23). Therefore, we
shall assume that . Let . Then by
Lemma 11

So by Theorems 2 and 4

But was arbitrary and is continuous.

APPENDIX I
SPHERE-PACKING BOUND WITH LIST DECODING

Arikan [3] proves the sphere-packing bound for the ESTC
without list decoding

(24)

The proof is a change of measure or “alternate channel” argu-
ment [18, Theorem 2.5.3], where the alternate channel in this
case is an ESTC with a reduced service rate. That is, the proof
bootstraps a converse coding theorem for the ESTC to obtain the
exponential error probability bound (24). An examination of the
proof reveals that extending this result to list codes (Theorem 4)
requires generalizing the converse coding theorem to list codes
(cf. [18, p. 196]); the remainder of the argument is the same.

The converse coding theorem used by Arikan, Theorem 4 of
Anantharam and Verdú [1], must be replaced on other grounds,
however, because Arikan uses the window code definition of
Sundaresan and Verdú [10], while Anantharam and Verdú use
a different block-code definition. In Anantharam and Verdú [1],
the receiver observes the entire departure process, and the block
length of a code is governed by the expected time of the last de-
parture, compared to Definition 1 for window codes. This dis-
tinction, while minor, prevents one from easily applying coding
theorems for one definition to the other. Sundaresan and Verdú
[10] prove a coding theorem for window codes, but they only
prove that the overall capacity is nats per unit time. For the
sphere-packing bound, one requires the result that the capacity
achievable with codes with average departure rate does not
exceed nats per unit time [3].

Thus, a converse coding theorem for window codes with a
particular average departure rate is required to properly prove
(24) and its extension to list codes, Theorem 4. Even though
this converse is all that is needed, we provide a complete proof
of Theorem 4 because combining the converse with the change
of measure argument shortens the overall proof. Note that this
will also prove (24). Our argument retains many elements of
Arikan’s proof. Many of the details are different, however, be-
ginning with the following two lemmas about the queue,
both of which are proved in Appendix II.

Lemma 12: Let be the departure process of an ini-
tially empty queue with service rate and arrival process

. Then

and

Lemma 13: Let be the departure process of an ini-
tially empty queue with deterministic arrival process

. Then .
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Definition 8: For in , define the average departure rate
of a queue with input and service rate as

For an encoder , let

and

with the convention .

The next lemma lower-bounds the error probability of a
list code subject to some technical conditions. The bound is a
composite of the sphere-packing bound for constant-composi-
tion codes [18, Theorem 2.5.3] and the Wolfowitz converse [4,
Theorem 5.8.5]. For the remainder of this appendix, we shall
abbreviate

and

both of which are finite.

Lemma 14: Let be an list code with dis-
crimination . Suppose that and

are such that

and at least one of the following holds:

i) and or

ii)

Then the error probability of when used over the ESTC
with service rate satisfies

for all , where

Proof: If then, under both i) and ii)

This implies , which implies
since . Thus, the conclusion holds in this case, so suppose
that . On , define the random variable

so that under , defined by , is distributed
as a Poisson process with rate . Let

and

Let , so that

We will lower-bound the average error probability

which, of course, will also lower-bound . Now

Thus

(25)

Next we bound the summation. Addressing the terms in reverse
order
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Then, since

(26)

Next

But

-a.s.

so

Since by assumption, this implies

If i) holds, then

Thus, by the definition of , we can conclude that

(27)

If ii) holds, then the left-hand side of (27) is nonpositive. So
either way, (27) holds and

Using Chebyshev’s inequality and Lemmas 12 and 13, this gives

Thus

(28)

Next note that

But

-a.s.

so

By expanding and regrouping terms, we obtain
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By adding and subtracting inside the square brackets and
regrouping again, we obtain

Applying Chebyshev’s inequality and Lemmas 12 and 13 gives

Averaging both sides of this inequality over gives

(29)

Substituting (26), (28), and (29) into (25) completes the proof.

Proof of Theorem 4 (cf. [4, Proposition 3]): It suffices to
show that every sequence of list codes such
that is with and

satisfies

(30)

Let be the set of all nondecreasing functions mapping
into itself such that and

for all . To see that the average departure rate of
any input to the ESTC must be an element of , observe that

is the expected amount of time during that
the rate- server is busy when servicing , by Lemma 12. Then
if , a simple coupling argument shows that

(31)

which implies

Now let be a natural number, and to each in associate the
-dimensional vector of integers defined by

for in . One can verify that the number of possible
vectors is , and that two functions and that map to the
same vector must satisfy

Choose . Let be the set of messages such
that is mapped to the vector , and observe that

is a partition of the message set of . Let be an
encoder obtained by restricting to an

containing the maximum number of messages. Then

so it suffices to show

(32)

Note that

and by omitting finitely many codes in the sequence, if neces-
sary, we may assume that for all .

First suppose that . Fix any
such that . Then

for infinitely many . For these , applying Lemma 14 with
gives

for all . This implies

Taking to zero proves (32) in this case since is nonnega-
tive.

Next suppose that . Let .
Because we are proving an asymptotic assertion we can focus
on those for which

since this holds eventually. For these let

Observe that is continuous8 in so for each

with equality if . It follows that . It also
follows that if , there is a subsequence

8It is a consequence of (31) that C( ~f ; �) is also nondecreasing in � , al-
though this fact is not needed.
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of codes along which , and along this subse-
quence, we have and thus, eventually.
Since this would imply that , we must
have . This implies that for all suffi-
ciently large

By applying Lemma 14 with and we
have, for all sufficiently large

for all . This gives

We can now take to zero. Arikan [3] shows that for any

If , then , in which case

This inequality also holds when since in this case
. Thus

since is continuous. Letting tend to zero and again in-
voking the continuity of establishes (32) in this case and
completes the proof.

APPENDIX II
PROOF OF LEMMAS 12 AND 13

Proof of Lemma 12: If is a rate- Poisson
process, we can construct to satisfy and

(33)

for all in . Then

(34)

By the martingale calculus [26, Ch. 6, Proposition 4.1]

(35)

and

(36)

The conclusion follows by combining these four equations.

Proof of Lemma 13: As in the previous proof, we construct
to satisfy , and

for all in , where is a Poisson process with rate . Let
and . Then if

Expanding this

We shall show that the second expectation is nonpositive. For
any integer-valued random variable a.s., let
and

for in . Then

Let be an independent copy of . Then since is nonin-
creasing a.s. as a function of its superscript

-a.s.
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By taking expectations, multiplying out the factors, and com-
bining like terms we obtain

But and are independent, so the right side is zero. This
proves

or

(37)

One could now bound by proving that is the indefinite in-
tegral of its derivative, and then using (37) to bound the deriva-
tive. Instead, we use a direct approximation argument. For any

If we apply (37) to each summand and then let , the
dominated convergence theorem implies

which implies by Lemma 12.
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