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Abstract—In this paper we revisit previously proposed tech-
niques for constructing some families of subsets of binary
strings (codes) that are immune to multiple repetition errors. In
particular, we discuss a technique to construct single repetition
error correcting codes and use number theoretic methods to
give an explicit formula for the cardinalities of these codes.
This approach results in codes the ratio of whose cardinality
to the best upper bounds approaches unity in the increasing
codelength limit (asymptotic optimality), We also discuss a
somewhat different technique to construct multiple repetition
error correcting codes. Here the cardinalities are asymptotically
within a fixed constant of the best known upper bounds. Our
constructions are asymptotically better by a constant factor than
the best previously known such constructions, due to Levenshtein.

I. INTRODUCTION

Substitution error correcting codes are traditionally used
in communication systems for encoding of a binary input
message X into a coded sequence ¢ = C'(x). The modulated
version of this sequence is usually corrupted by additive noise,
and is seen at the receiver as a waveform s(¢},

s(t) = > cih(t — i) + n(t), (1)

2

where ¢; is the i bit of ¢, k() is the modulating pulse, and
n(t) is the noise introduced in the channel. The received wave-
form s{t) is sampled at certain sampling points determined
by the timing recovery process, and the resulting sampled
sequence is passed to the decoder which then produces the
estimate of ¢ (or x). In the analysis of substitution error
correcting codes and their decoding algorithms it is tradition-
ally assumed that the decoder receives a sequence which is a
properly sampled version of the waveform s(¢).

The timing recovery process involves a substantial overhead
in the design of communication chips, both in terms of
occupying area on the chip and in terms of power consump-
tion. To avoid some of this cost, particularly in high speed
systems, chip designers could attempt to make do with poorer
timing recovery, while oversampling the received waveform
to attempt to ensure that no information is lost. Thus the
waveform s(#) instead of being sampled at instances &7 + 7
might be sampled at instances roughly 1" apart, for 7' < T,. In
the idealized infinite SNR limit of a PAM system, this appears
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as if some symbols are sampled more than once. As a result,
instead of creating n samples from s(t), n + r samples are
produced, where v > 0. As a consequence, when » > 0, the
decoder is presented with a sampled sequence whose length
exceeds the length of a codeword.

Motivated by this scenario, in this paper we study the
problem of finding maximally sized subsets of binary strings
(codes) that are immune to a given number r of repetitions,
in the sense that no two strings in the code can give rise to
the same string after » repetitions.

A closely related problem of studying codes capable of
overcoming a certain number of insertions and deletions was
first studied by Levenshtein [8] where it was shown that the so-
called Varshamov-Tenengolts codes [13] originally proposed
for the correction of asymmetric errors are capable of over-
coming one deletion or one insertion. They were also shown
to be asymptotically optimal. They have been further studied
in [5] and [2]. In [11] further results on their cardinalities were
obtained. Extensions to constructions for overcoming multiple
insertions and deletions have so far found limited success, [6],
[12].

In Section IT we first introduce an auxiliary transformation
that converts our problem into that of creating subsets of binary
strings immune to the insertions of 0’s. In Section I we
focus on subsets of binary strings immune to single repetitions.
We present explicit constructions of such subsets and use
number theoretic techniques to give explicit formulas for
their cardinalities. Qur constructions here are asymptotically
optimal. In Section IV we discuss subsets of binary strings
immune to multiple repetitions. Our constructions here are
asymptotically within a constant factor of the best known
upper bounds and asymptotically better, by a constant factor
than the best previously known such constructions, due to
Levenshtein [7].

II. AUXILIARY TRANSFORMATION

To construct a binary, r repetitions correcting code €' of
length » we first construct an auxiliary code < of length m =
7 — 1 which is an r ‘0°-insertions correcting code. These two
codes are related through the following transformation.

Suppose ¢ € . We let € = ¢ x T, mod 2, where 7T, is
7 X n— 1 matrix, satisfying
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Talig) = { g): :aflsze. pat 2)

Now, the repetition in ¢ in position p corresponds to the
mnsertion of ‘0’ in position p—1 in ¢, and weight(¢) = number
of runs in ¢ — 1. We let (' be the collection of strings of length
n — 1 obtained by applying T, to all strings . Note that ¢
and its complement both map into the same string in .

It is thus sufficient to construct a code of length n — 1
capable of overcoming r ‘0’-insertions and apply the inverse
T, transformation to obtain r repetitions correcting code of
length 7.

IIT. ONE REPETITION CASE

Following the analysis of Sloane [11] and Levenshtein [8]
of the related Varshamov-Tenengolts codes [13] known to be
capable of overcoming one deletion or one insertion, let AT
be the set of all binary strings of length m and w ones, for 0 <
w <. Partition A™ based on the value of the first moment
of each string. More specifically, let 51, be the subset of A}
such that ,

87 = {(s1,52, s 5m)| Ei x s; =k mod (w+1)}. (3)

i=1

Lemma 1: Each subset 57, is a single ‘0’-insertion cor-
recting code. ,

Proof: Suppose the string s’ is received. We want to uniquely
determine the codeword s = (51, 82, ...,8m,) € S5, such that
s’ is the result of inserting at most one zero in s. If the length
of 8’ is m, conclude that no insertion occurred, and that s = &,

If the length of &' is me-+1, a zero has been inserted. For s’ =
(51,505 s Sy sim+1), compute S 71" ixs; mod (w+1). Due
to the insertion, z;":;lz X & = S i x s;+ Ry where Ry
denotes the number of 1°s to the right of the insertion. Note
that R is always between 0 and w.

Let &' be equal to 327" x s) mod (w+1). If &/ = k the
msertion occurred after the rightmost one, so we declare s to
be the m leftmost bits in &'. If &’ > & we declare s to be the
string obtained by deleting the zero immediately preceding the
rightmost &' — k ones. Finally, if &' < k, we declare s to be
the string obtained by deleting the zero immediately preceding
the rightmost «w + 1 — &k + &' ones. [ ]

Since |Al| = ( :f ) there exists & such that

1 m
St —— .
EEr

Since two codewords of different weights cannot result in
the same string when at most one zero is inserted we let C' be
the union of largest sets S{Z,",k* over different weights w, i.e.

e
C= 1 S,
w=0

where 577, is the set of largest cardinality among all sets

8’3": , for 0 < | < w, and the all-zeros string represents c?)?:"kg-

Thus, the cardinality of ' is at least

i may 11
w w1l m1

w=0

(2™t —1).

The upper bound {71 {m) on any set of strings each of length
e capable of overcoming one insertion of a zero is derived in

[7] to be
2m+1
Ur(m) =

)

Hence the proposed construction is asymptotically optimal.

By applying the inverse T, transformation for n = m +
1 to € we obtain a code of length n and of size at least
L(anHl — 2.

The cardinalities of the sets S:[f’ , may be computed explic-
itly as we now show.

Recall that the Mobius function p{x) of a positive integer

x = pitps® ... p* for distinct primes pq, po, . . ., pr is defined
as [1],
1 forr=1
plry =<4 (-1DF ifag = =ap=1 (5)
0 otherwise,

and that the Euler function ¢(z) denotes the number of
integers y, 1 < y < x — 1 that are relatively prime with
z. By convention ¢(1) = 1.

FLemma 2: Let g = ged(m + 1,w + 1). The cardinality of
HAP G

Suxl =

(_1)(w+1)(1+%)¢(d)w
o stom)

where ged(d, k) is the greatest common divisor of d and £,
interpreted as d if & = 0.

Proof: Motivated by the analysis of Sloane [11] of the
Varshamov-Tenengolts codes, let us introduce the function
Fon(U, V) in which the coefficient of U*V*, call it 9;2,3 (n),
represents the number of strings of length n, weight s and the
first moment equal to & mod &

1 mdj:l
dlg a

FonUV) =" " gh (U VE 7

Observe that f; (U, V) can be written as a generating
function

B V) = H(1 +UVA) mod (VP—-1). (8

z=1
Let o = €% so that for V = of

2

PraUeF) =3 3 gl (Ue™ . 9
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With this substitution, we apply the inverse discrete Fourier
transform and write

Z?:O gi,:,s (n)US
= 15N fon(U €7 E et (10)

= IOTTr (L + Ut 8 )e %

Our next goal is to evaluate the coefficient I/ on the right
hand side. To do so we first evaluate the following expression

b
[Ja+ve™s). a1)
z=1

Let d; = b/ged(b, 7) and s; = 7/ ged(b, 7), and write

T+ U6 )

Ams.z s 2

d; T - ged(b, i
= [LL,+Ue % ). Hz ?cz (—lg)gcd(b,?)—kl(l—i_Ue )

ged(b,5)

 Amag s
dj )

S z{

4_

1+Uzz1 1e &G4

14,0+ 0é

2w {2y deg)
2 d;—1 d; il
4 Z:Zi=1 Z@:zﬁ-l € g +
Sttt +dy) ged(b,7)
+ U‘q!J [ 4 >

(12)
Since ged(d;, s;) = 1, the set
21rs 1 ,21r532 ‘2"53 ciJ
V= {e Toe h e % }
represents all distinct solutions of the equation
% —1=0. (13)

For a polynomial equation P(z) of degree d, the coefficient
multiplying z* is a scaled symmetric function of d — k roots.
Hence, symmetric functions involving at most d; — 1 elements
of V' evaluate to zero. The symmetric function involving all
elements of ¥, which is their product, evaluates to (—1)% 1L,

Therefore,

b

H(l L Ue

z=1

frbaz) _ (1 + (_1)1—}-‘:7!J Uda)QCd(b,j) ‘ (143

Returning to the inner product in (10), let us first suppose that
blr. Then

omis
5

| (1 + Uet
_ b g2miz \ N P
EH (— (1;1_:;];,1 zgc)dgb,j)ﬂ/b

p 0( )(_ YilLrd) s

(15)

Thus (10} becomes

D g (U
s=0

b—1 n
_ 1 a;
- 1233

7=01i=

FL‘?

—_

ik
—jimk

) (_1)£(1+d3)U1d

We now regroup the terms whose j’s yield the same d;’s

n N
Zgz’s (n)U = g Z Z ( (,ii > (71)£(1+d)UG!£
s=0 dlb =0

;omik
e vt

X

(]

Frged(Fb)=0/d,0<j<b—1
The rightmost sum can also be written as

L Smik c dmwsk
E e T = E et

Figed(F,b)=b/d,0<5<b—1 §:0<s<d—1,gcd(s,d)=1
(16)

This last expression is known as the Ramanujan sum [1]
and simplifies to

2mck (gcd?d k))
> e =g a7
5:0<s<d—1,g9cd(s,d)=1 (gcd(d,k))
Now the coefficient of U? in (10} is
d
1 n 5 # ( cd(d k))
- _1y2+d) CAFERER)
bZ(g)(Ud $(d) ; (18)

alb gcd(d, k) )

which is precisely the number of strings of length n, weight
b, and the first moment congruent to & mod &.

Consider the set of strings described by 57" 'y form =n—1
and w = b — 1. Suppose we append ‘1’ to each such string,
and call the resulting set B. Let A denote the set of strings
described by (18). By grouping the elements of A based on
their periodicity one can show that a fraction &/n of strings
in A describe the set B. Therefore, the cardinality of ST, is

Sl =

 (gat)

-
gcd(d,k‘))
(19)

Notice that the last expression is the same as the one
proposed in Lemma 2 with ged(m + 1,w+ 1) =w+ 1.

Now suppose that b is not a factor of n. We work with
fon(U, V) as in (8) where g = ged(n,b) and get

Z:gg,s(n)[ﬁ = ZE( % > (e

dlg =0

_j2mik
X E e ERI

Jiged(f,g)=g/d,0<5<g—1

) (1) 0D ()

1 m;—l
m 1 (%l
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Thus the coefficient of 7% here is

2!

dlg

b (geirg)
¢ gt

This is the number of strings of length n, weight & and
the first moment congruent to & mod g. Let A denote the set
of these strings. Consider the set of strings of length n — 1,
weight & — 1, and the first moment congruent to % mod g,
and call this set B. If we append ‘1’ to each element of B we
will obtain a b/n fraction of the elements of A. Since B is
comprised of strings of length n— 1, weight b— 1, and the first
moment congruent to &y, = k+ug mod bfor0 < u < big—1
and since the evaluation in (20} is the same for all such k.,
it follows by symmetry that a fraction £ of B represents the
set S’y Therefore | S| is

(20

aleas

)Fﬁ“%@

which completes the proof of the lemma. ]

A, Connection with necklaces

It is interesting to briefly visit the relationship between
optimal single insertion of a zero correcting codes and com-
binatorial objects known as necklaces [4].

A necklace consisting of n beads can be viewed as an
equivalence class of strings of length n under cyclic shift
{rotation).

Let us consider two-colored necklaces of length n with b
black beads and n — b white beads. It is known that the total
number of distinet necklaces is

(22)

g
2
[l
| =
o3

ﬁ@.

T
d|ged(n,b)

In general necklaces may exhibit periodicity. However,
consider, for example, the case ged(n,b) = 1. Then there are

1/ n

39
distinet necklaces, all of which are aperiodic. Now assume
that &+ 1|» and note that this implies ged(n 4+ 1,6+ 1) = 1.
Suppose we label each necklace bead in the increasing order
1 through n and we rotate each necklace by one position at
the time relative to this labelling. At each step we sum mod
(b+ 1) the positions of the b black beads. For each necklace,
each residue %, 0 < k < b is encountered n/(b+1) times. The
total number of times each residue % is encountered is thus

1 ny 1 n+1
b1V b, n+l\ B+1 )7

which as expected equals the number of binary strings of
weight b, length n, and the first moment congruent to k& mod
(b+1) (same for all k).

IV. MULTIPLE REPETITION CASE

Fixr =1 Leta = (a1, 02, ...,a.), and consider the set

S{myw,a,p) forw > 1:

n

S(m,w,a,p) ={ 8= (s1,52,...8m) € {0,1}™:
i'il S1 = W,
bi = Vi — Ui_1 — 1 for Vi
the positicn of the ™ *1” in s,
E;{U:_El sz = aj mod P,
Z:’:il ini = a9 mod yiN

(23)

Stttk = a, mod p ).

We say that by, ..., by 1 denote the sizes of the bins of 0’s be-
tween successive 1's. Here vgp = 0 and vy, 1 = m—+1. The set
s (m, 0,0, p) contains just the all-zeros string by convention.
Let ag = 0 and let g(m, (a1,m), (A2,12), vy (A, Pm)) be

defined as

‘g (ma (alapl)a (323p2)1 saey (amapm)) - ’g(malaala pi)'a

s

=0

(24)

Lemma 3: If each py is prime and py > max(r,), the set
S (m, (a1, p1), (Az,Pa)s ooy (Arn, Pom)) 15 F-insertions of zeros
COFYecting.

Proof: Tt suffices to show that each set S’(m,l,al, 1)
is r-insertions of zeros correcting. Suppose a string x €
S (m,l,a1,p) 18 transmitted. After experiencing r insertions
of zeros, it is received as a string x’. We now show that x is
always uniquely determined from x’.

Let i1 < i < ... < 4, be the {(unknown) indices of the
bins of zeros that have experienced insertions. For each 7,
1 <j<r, compute af = z;?”:ll /b, mod p;, where &, is the

size of the % bin of zeros of x’,
oy =LE b modp 25)
=a;+ (¢ + i+ ...+ ) mod py,

where a; is the j™ entry in the residue vector aj.

Using Newton's identities over GF'(p;) which relate power
sums to symmetric functions of the same variable set, the set
{1,172, ..., -} is uniquely determined from the set of equations

(& + & .. +id) = o} —a; mod p;

for 1 < 7 < r. For the details of the proof please see [3]. B
Let S* (m, (a1, 1), (A2,p2), .-, (Am, Pm)) be defined as

’g(ma Ea al*apl)‘

{3

S\Y* (m, (31,}91), (a2ap2)a sy (am’ pm)) =

=0

(26)
where S(m, [, a1*, p;) has the largest cardinality among all sets
(m,lan,m) forap € {0,1,..., ¢ — 1}". The cardinality of
(m, l,a0%, pp) 1s at least

s Uy
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Since for all n there exists a prime between n and 2n it
follows that the cardinality of S{m,{, a;*, p) for { = = is at

least
m 1
[ 2hr -
_ Thus, the cardinality of
5% (m, (a1, p1), (A2, 92), ..., (Am, Pm)) is at least
=i/ m 1 i m 1
1 — —_— 27
(Ve mr @
w=1 w=r

which is lower bounded by
)+
1

2m+'r
2 m+ D)m+2).. . (m+r) (

1+@;;<$

=1

2r—1 m+r
B ( /

k=0

)

28
The prime counting function w(n) which counts the nungbez'

of primes up to n, satisfies for n > 67 the inequalities [10]

i i
G 172 <" <ty —372 -

With some algebra, it follows that for n > 67, there
exists a prime between n and (1 + e)n for e = ﬁ
Thus the lower bound on the asymptotic cardinality of

n

S* (m, (a1, p1), (A2, P2), .oy (A, P ) ) Gan be improved to
1
A+erm+Dim+2)... (m+7)

where € is an arbitrarily small positive constant and P{m) is a
polynomial in #e. In the limit m — oo, (29) is approximately

(2747 — Plm), (29)

2m+'r

(m+1)7°
A construction proposed by Levenshtein [7] has the lower
asymptotic bound on the cardinality given by
1 2m
(logy 2r)" m”
Note that both (27) and the improved bound (29) improve
on (31) by at least a constant factor.

The upper bound U, (m) on any set of strings each of length
m capable of overcoming r insertions of zero is

(30)

(31

Un(m) = cr)

as obtained in [7], where

27r!
0= | S

which makes the proposed construction be within a factor of
this bound. By applying the inverse 1), transformation for
m + 1 to S* (m, (a1, p1), (A2,p2), -y (Am, P ) and
noting that both strings under the inverse T, transformation
can simultaneously belong to the repetition error correcting

odd r
even r

n =

set, we obtain a code of length n capable of overcoming r
repetitions, with an asymptotic lower bound on its size being
2ﬂ+7‘

. (32)
T

An interesting related problem is that of interactive com-
munication when user 1 owns an uncorrupted copy of a data
stream and user 2 owns a corrupted copy of the same data. A
method to communicate the minimal number of bits from user
1 to user 2 when the data stream is corrupted by modifying
the sizes of the runs of equal symbols is proposed in [9]. In
contrast to our model, the model considered in [9] assumes that
these communicated bits are transmitted without themselves
being subjected to repetition errors.

V. CONCLUSION

In this paper we discussed the problem of constructing

.repetition error correcting codes (subsets of binary strings).

We presented some explicit number-theoretic constructions
and provided some results on the cardinalities of these con-
structions. Specific contributions included a generalization
of a generating function calculation of Sloane [11] and a
construction of multiple repetition error correcting codes that
is asymptotically a constant factor better than the previously
best known construction due to Levenshtein [7].
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