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Abstract

We study the so-called Skorokhod reflection problem (SRP) posed for real-valued
functions defined on a partially ordered set (poset), when there are two boundaries,
considered also to be functions of the poset. The problem is to constrain the function
between the boundaries by adding and subtracting nonnegative nondecreasing (NN)
functions in the most efficient way. We show existence and uniqueness of its solution by
using only order theoretic arguments. The solution is also shown to obey a fixed point
equation.

When the underlying poset is a σ-algebra of subsets of a set, our results yield a
generalization of the classical Jordan-Hahn decomposition of a signed measure. We
also study the problem on a poset that has the structure of a tree, where we identify
additional structural properties of the solution, and on discrete posets, where we show
that the fixed point equation uniquely characterizes the solution. Further interesting
posets we consider are the poset of real n-vectors ordered by majorization, and the
poset of n × n positive semidefinite real matrices ordered by pointwise ordering of the
associated quadratic forms.

We say a function on a poset is of bounded variation if it can be written as the
difference of two NN functions. The solution to the SRP when the upper and lower
boundaries are the identically zero function corresponds to the most efficient or minimal
such representation of a function of bounded variation. Minimal representations for
several important functions of bounded variation on several of the posets mentioned
above are determined in this paper.
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1 Introduction

The topic of this paper is an extension to a problem originated by A. V. Skorokhod [16].
The problem was to specify equations for the description of a random motion that was
constrained to stay in a region, say the positive real line. Without constraints, the random
motion was a diffusion [19] – a generalization of the famous Brownian motion [14] – that
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obeyed a “stochastic evolution equation” (stochastic differential equation [13] in a more
modern terminology). With constraints, the description of the evolution equation became
harder. Skorokhod observed that, instead of changing the evolution equation by introduc-
ing boundary conditions, he could, instead, apply a transformation to the unconstrained
motion in order to obtain the constrained one. This observation has proved very fertile
in the study of generalizations, in many directions, of the original problem of Skorokhod.
Being a transformation from functions to functions, it was clear, at the outset, that the
transformation introduced by Skorokhod to solve his reflection problem had nothing to do
with the randomness of the motion, which somewhat explains its wide ranging significance.

To set the stage for our ideas, we briefly recall here how the classical problem is posed.
Let R+ = [0,∞), and x a continuous function from R+ into R. This function represents the
unconstrained or free motion. To constrain it in the region R+, one adds another function,
`, so that z(t) := x(t) + `(t) > 0, for all t > 0, in such a way that `(t) does not change
with time t, unless z(t) = 0, and when z(t) = 0, the quantity `(t) can only increase (i.e.,
it “pushes” toward the interior of R+). More precisely, the original Skorokhod reflection
problem (SRP)1 seeks a nonnegative nondecreasing (NN) function ` : R+ → R so that
z(t) = x(t) + `(t) > 0, for all t > 0, such that

∫

[0,∞)
1(z(t) > 0)d`(t) = 0.

If we also assume x(0) > 0, i.e., that the motion starts within the region we are interested in,
then there should be no initial “push”, namely, `(0) = 0. The integral above is a Lebesgue-
Stieltjes integral against the function `, and the integrand, 1(z(t) > 0), is the indicator (or
characteristic) function of the set {t : z(t) > 0}, namely the function that assigns value 1
to every t with z(t) > 0 and 0 otherwise. Skorokhod saw that ` is explicitly given by the
formula

`(t) = sup
06s6t

(−x(s)) ∨ 0, t > 0, (1)

where a ∨ b := max(a, b), for reals a, b. The transformation x 7→ ` is often called the
Skorokhod reflection mapping, in this simplest case.2

An equivalent formulation of the problem above turned out to be this : consider the
set of all NN functions ` : R+ → R such that x(t) + `(t) > 0 for all t > 0. This set is
naturally partially ordered by pointwise ordering of functions and the problem is to find a
minimal element in this set. It is easily seen that there is indeed a minimal such element
and that this is the ` defined by (1). This equivalent formulation is the one that will form
the starting point of this paper.

Building upon the work of Skorokhod, various researchers extended the problem in
various directions. We indicatively mention some. For instance, it was necessary to estab-
lish such a Skorokhod reflection mapping to constrain multidimensional (perhaps random)
motions so that they stay within a domain G ⊆ R

d. This became (and still is) the pri-
mary concern of people working in areas such as constrained multidimensional stochastic
differential equations, see e.g., [18, 21], and stochastic (queueing) networks, see e.g., [7].
Apparently, it was Anderson and Orey [1] who first generalized the SRP to the half-space
R+ ×R

d−1 of the Euclidean d-dimensional space, with normal direction of reflection on the
boundary. Indeed, when one passes from one to many dimensions, it is necessary not only

1The phrase “Skorokhod reflection problem” will often be abbreviated to “SRP” in the sequel. The
meaning of this phrase will depend on the context during the initial discussion, and will settle down after
Definition 1 in Section 2.

2Occasionally in the literature the Skorokhod reflection mapping refers to the transformation x 7→ x + `.
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to specify the constraining region G but also the directions, defined locally on the boundary
of G, along which the reflection takes place, see e.g., [20]. We shall not enter into these
details here, this being beyond the scope of our paper. It became clear in the course of such
generalizations that solving the SRP for multidimensional functions raises many challenges,
in that the solution may fail to exist or to be unique, see [2].

Another type of generalization in the literature proceeded by relaxing the continuity
assumption on the free motion x. This was necessary because several of the stochastic pro-
cesses considered in applications are discontinuous (e.g., sample paths of “Lévy processes”,
which are natural generalizations of Brownian motion and typically have highly discontin-
uous paths). The weakest type of assumption for which the problem has been studied,
to-date, is that x have paths of “càdlàg” type3, i.e., paths which have discontinuities of the
first kind (jumps) and which are right-continuous everywhere, see e.g., [4, 5]. In these works
it is shown that the Skorokhod reflection mapping, when it exists and is well-defined, enjoys
several properties, such as the Lipschitz property; see also [3, 10, 22] for further properties
of this mapping.

Specializing to dimension one again, let α < β be real numbers, let x : R+ → R be such
that x(0) ∈ [α, β] and consider the problem of finding a pair of NN functions `, u : R+ → R+

such that z(t) := x(t) + `(t) − u(t) ∈ [α, β] for all t > 0, in such a way that (`, u) is least.
We assume that x is such that the domain of the problem is nonempty, i.e., there is at least
one pair of NN functions (`, u) such that z(t) := x(t) + `(t) − u(t) ∈ [α, β] for all t. It can
be seen that the problem has a unique solution. Existence and uniqueness has been known
for long time when x is continuous, see [6], or is càdlàg. Let us now observe that when β is
very close to α (in the limit β−α = 0) then z(t) ≡ 0, i.e., x(t) ≡ u(t)−`(t). In other words,
the problem becomes that of writing the function x as the difference of two NN functions,
in the most efficient manner. From classical analysis [8] we know that the nonemptiness of
the domain of the problem in the case where α = β = 0 characterizes functions of bounded
variation: these functions are precisely those that can be represented as the difference of
two NN functions; this is part of the so-called Jordan decomposition [23]. Thus, for α < β,
one can view the problem posed in this paragraph as potentially leading to a generalization
of the notion of a function of bounded variation.

The realization that the solution of the version of the SRP posed in the preceding
paragraph depends entirely on monotonicity arguments provides the basic motivation for
the following leap, which is the main concern of this paper: generalize the domain T over
which x is defined (which so far has been the set R+) into a partially ordered set (poset). All
the posets in this paper are assumed to possess a bottom (least) element, generally denoted
by 0. The main result of Section 2 makes this formulation of the problem precise and
constructs the solution to the problem by a recursive scheme using purely order theoretic
ideas. There are two boundaries, considered also to be functions of the poset, and the
problem is to constrain the function between the boundaries by adding and subtracting NN
functions in the most efficient way. We say a function on a poset is of bounded variation if
it can be written as the difference of two NN functions. The solution to the SRP when the
upper and lower boundaries are the identically zero function then corresponds to the most
efficient or minimal such representation of a function of bounded variation. This provides
a link, for a wide range of functions on posets, to the classical Jordan decomposition.

A particularly interesting case appears when T is a σ-algebra of subsets of a set S. Here,
in the case of general boundaries, one gets an extension of the classical Jordan decomposition
for signed measures [23], which itself corresponds to the special case where the boundaries

3This is an acronym for the French phrase “continu à droite avec des limites à gauche”.
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are the identically zero function. This is discussed in Section 4. We also study the problem
on a poset that has the structure of a tree, where we identify additional structural properties
of the solution, and on discrete posets, where we show that the fixed point equation uniquely
characterizes the solution. The former is done is Subsection 2.3 and the latter in Section 3.

As a sampling of the kinds of results one can prove, the last two sections consider two
different posets, of interest in several branches of mathematics and its applications. The
first one is the set of equivalence classes of probability distributions on a finite set, under
permutation of the elements of the set, partially ordered by the “majorization order”; the
second poset is the set of positive semidefinite matrices (i.e., matrices A for which the
quadratic form xT Ax is nonnegative for all vectors x), partially ordered by the pointwise
ordering of the associated quadratic forms. The first poset is the subject of Section 5, and
the second one of Section 6. In both cases, we consider the SRP when α = β = 0, for
various functions of interest, thus giving examples for the most efficient representations for
certain natural functions of bounded variation, in our sense.

One motivation for studying ways to solve the SRP when α = β = 0 stems from the
fact that such a solution may provide bounds for a function x on a subset of T that possesses
a least and a greatest element. This is briefly pointed out in Remark 10. It should also be
mentioned that the problem of constraining a function between two general boundaries, even
when the underlying poset is the usual one dimensional time, has important engineering
applications [11]; the solution of this problem is intimately connected with certain types of
traffic regulators4 that are widely deployed in modern communication networks.

2 The Skorokhod reflection problem on a poset

2.1 Generalities

Let (T,6) be a partially ordered set (poset)5 with a least element 0, which we will call the
bottom element, partially ordered by the relation 6. We recall some notions. We write s > t
if t 6 s. If t1, t2 ∈ T , such that t1 6 t2, the interval [t1, t2] is the set of all s ∈ T that are
comparable to both t1 and t2, and t1 6 s 6 t2. The interval [0, t] is defined for every t and
is also called the down-set of t, and is customarily denoted by ↓t. Note that if t1 6 t2 6 t3,
then [t1, t2]∪ [t2, t3] ⊆ [t1, t3], but equality does not hold in general. The up-set ↑t of a t ∈ T
contains all s such that s > t. Note that [t1, t2] =↑t1∩ ↓t2. A function x : T → R is said
to be locally bounded if sups∈[0,t] |x(s)| < ∞ for all t ∈ T . The collection of locally bounded
functions is partially ordered by the usual pointwise order: x 6 y if x(t) 6 y(t) for all t ∈ T .
A function x is nondecreasing if it preserves the order, namely, s 6 t ⇒ x(s) 6 x(t). A
function x is nonincreasing if −x is nondecreasing. Nonnegative nondecreasing functions
show up very often in the sequel, and will be abbreviated as NN functions. For a, b ∈ R,
we shall write a ∨ b = max(a, b), a ∧ b = min(a, b), as usual.

We say that a function on (T,6) is of bounded variation if it can be written as the
difference of two nondecreasing functions. This definition is by analogy with the case when
T = [a, b], a bounded interval of the real line, with the usual order – in that case we
have the Jordan decomposition theorem [8, pg. 266] which says that a function of bounded
variation on [a, b] defined in the usual way [8, pg. 266], can be written as the difference of
two nondecreasing functions.

4These are called “leaky bucket” regulators [11].
5For basic notions regarding partially ordered sets, see [17, Chapter 3].
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We now gather a few straightforward facts about functions of bounded variation. Every
such function can be written as the difference of two NN functions, because of the assumed
existence of a bottom element in the poset. Indeed, if x is of bounded variation, write
x = u − `, with u, ` both nondecreasing, and then set ũ(t) = u(t) − m, ˜̀(t) = `(t) − m,
where m = u(0)∧ `(0). Clearly, ũ, ˜̀ are NN functions, and x = ũ− ˜̀. If x, y are of bounded
variation, then x ± y, x ∨ y, x ∧ y are also of bounded variation. To see that x ∨ y is of
bounded variation, write x = ux − `x and y = uy − `y for the pairs of NN functions (`x, ux)
and (`y, uy). Write

x ∨ y + `x + `y = (ux − `x) ∨ (uy − `y) + `x + `y

= (ux + `y) ∨ (uy + `x)

=: ux∨y ,

and let `x∨y := `x + `y. Note that `x∨y and ux∨y are NN functions, and that

x ∨ y = ux∨y − `x∨y .

A similar argument shows that x ∧ y is of bounded variation.

Examples of posets of interest to us in this paper are (i) the set [0,∞) of real numbers,
totally ordered by the natural order, (ii) a tree T , i.e., a poset for which ↓t is a chain6 for
each t, (iii) a σ-algebra B of subsets of a given set, ordered by set-inclusion, (iv) the poset of
equivalence classes of probability distributions on a finite set, under the full symmetry group
of the elements of the set, with majorization order, and (v) the poset of symmetric positive
semidefinite real matrices of fixed size, order by the pointwise order on their associated
quadratic forms. Each of these posets will appear in one or more of the examples in the
sequel.

2.2 Definitions and main theorems for the SRP on a poset

Given a locally bounded function x, we associate to it the function

U(x)(t) := sup
s∈[0,t]

x(s) ∨ 0.

Owing to [0, t1] ⊆ [0, t2] if t1 6 t2, the function U(x) is NN. We regard U as an operator
from the set of locally bounded functions to the set of NN functions. Note that U is an
increasing operator, i.e., x 6 y⇒U(x) 6 U(y). We also find it convenient to write

L(x) = U(−x),

so that L is a decreasing operator. To be explicit, given a locally bounded function x, we
associate to it the function

L(x)(t) := sup
s∈[0,t]

(−x(s)) ∨ 0.

L is also an operator from the set of locally bounded functions to the set of NN functions.

We now give a formal definition of the Skorokhod reflection problem on a poset.

6A chain is defined as a poset in which every pair of elements is comparable. We do not require that a
tree be finite.
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Definition 1 (Skorokhod reflection problem on a poset). We are given two locally
bounded functions α, β : T → R. with α(t) 6 β(t) for all t, and a locally bounded function
x : T → R, such that α(0) 6 x(0) 6 β(0). Consider now the set of pairs of NN functions
(`, u) such that z(t) := x(t) + `(t) − u(t) satisfies α(t) 6 z(t) 6 β(t), for all t. This set is
ordered by the natural partial order: (`, u) 6 (`′, u′) if ` 6 `′ and u 6 u′. The problem is to
find a minimal element of this set.

Remark 1. The condition

α(t) 6 z(t) = x(t) + `(t) − u(t) 6 β(t), for all t

implies that the bounded variation function y(t) := u(t) − `(t) satisfies

y(t) + α(t) 6 x(t) 6 y(t) + β(t) for all t . (2)

Thus, given two locally bounded functions α, β : T → R. with α(t) 6 β(t) for all t, the SRP
is of interest only for those locally bounded functions x : T → R, with α(0) 6 x(0) 6 β(0)
for which there is some function y : T → R of bounded variation such that (2) holds. �

Remark 2. Three special cases are necessary to mention:

(i) We may formally let β = ∞, and α an arbitrary locally bounded function. Then the
problem becomes that of a one-sided regulator, in that we only consider those NN functions
` for which x − ` > α. We may refer to this problem as “upward reflection at α”. This
problem is of interest for those locally bounded functions x : T → R, with α(0) 6 x(0) for
which there exists some function y : T → R of bounded variation such that y(t)+α(t) 6 x(t)
for all t. But note that for any locally bounded x : T → R, we have that x(t) − α(t) is
locally bounded and

x(t) − α(t) > −L(x − α)(t) for all t .

Since L(x − α) is NN, −L(x − α) is of bounded variation. Hence, the Skorokhod upward
reflection problem at a locally bounded function is of interest for all locally bounded
functions.

(ii) Analogously, for an arbitrary locally bounded function β, we obtain the problem of
“downward reflection at β”, by letting α = −∞. As in (i), the Skorokhod downward reflec-
tion problem at a locally bounded function is of interest for all locally bounded functions.

(iii) By setting α = β, a locally bounded function, we obtain a problem of restricting
locally bounded functions x to within a one-point interval defined by the locally bounded
function α = β. This problem is of interest for those x, with x(0) = α(0), for which
x−α is of bounded variation, as can be seen from (2). A special case of importance is when
α = β = 0. The SRP in this case if of interest for x of bounded variation with x(0) = 0. The
problem can be interpreted as seeking the decomposition of a bounded variation function x
in the form x = u−`, where (`, u) is a pair of NN functions, in a minimal or “most efficient”
manner. �

It is useful to agree on some terminology for the discussion that follows. The functions
α, β are called boundary functions, with α being the lower boundary and β the upper bound-
ary. The function x may be called the free function or the unconstrained function, while
z = x+ `−u may be called the reflected function, the regulated function, or the constrained
function. Finally, ` and u are, respectively, the lower regulator and the upper regulator .
We are concerned with conditions that guarantee existence and uniqueness of a solution to
the SRP. This is the content of our main theorem, which follows immediately.
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Theorem 1. Let α, β, x be locally bounded with α(0) 6 x(0) 6 β(0). Assume that there is
a function y of bounded variation, with y(0) = 0, such that

y(t) + α(t) 6 x(t) 6 y(t) + β(t), for all t ∈ T. (3)

Then the set of pairs (`, u) of NN functions such that

α(t) 6 x(t) + `(t) − u(t) 6 β(t), for all t ∈ T, (4)

possesses a least7 element (`∗, u∗), called the solution to the SRP. Further, we have

`∗ = U(−x + u∗ + α)

u∗ = U(x + `∗ − β) ,

i.e., (`∗, u∗) satisfies the fixed point equation

` = U(−x + u + α)

u = U(x + ` − β). (5)

Remark 3. It is straightforward to check that any pair of functions (`, u) satisfying the
fixed point equation (5) must be NN, and must satisfy the inequality (4). However, it is
important to recognize that, in general, the fixed point equation (5), which is satisfied by
the solution to the SRP, does not characterize the solution to the SRP. We illustrate this
point by an example, assuming the truth of Theorem 1.

Example 1. Let T = R+, with the usual order, and let

α(t) =

{
−1 t = 0

−t t > 0
, β(t) =

{
1 t = 0

t t > 0
.

These are locally bounded functions, and we even have the strict inequality8 α(t) < β(t)
for all t ∈ R+. Let x(t) = 0 for all t ∈ R+. Then (`∗, u∗) = (0, 0) is the solution to the SRP
for x with the boundaries α (lower) and β (upper). Now write the fixed point equation (5)
with x = 0:

`(t) = sup
06s6t

(u(s) + α(s)) ∨ 0, t > 0,

u(t) = sup
06s6t

(`(s) − β(s)) ∨ 0, t > 0, (6)

and consider the NN functions

`(t) = u(t) =

{
0 if t = 0
1 if t > 0

.

It is easy to see that these satisfy (6), and so, in this example, the fixed point equation (5)
has at least two solutions. �

7Note that our use of the words “least” and “minimal” is the traditionally accepted one: a least element
is an element such that (i) it compares to every other element and (ii) it is less than any other element;
hence a least element is minimal and, if it exists, it is unique.

8When α(t) = β(t) for some t ∈ T , it is even easier to construct examples where multiple solutions exist
for the fixed point equation (5).
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Remark 4. The solution (`∗, u∗) announced by Theorem 1 must satisfy `∗(0) = u∗(0) = 0.
We prove this by considering first the case where α(0) = β(0) and then the case where
α(0) < β(0).

If α(0) = β(0) = c, say, then x(0) = c by hypothesis, so (4) yields `∗(0) − u∗(0) = 0.
If the common value δ := `∗(0) = u∗(0) is strictly positive, define the functions ˜̀ := `∗ − δ,
ũ := u∗ − δ, observe that x + `∗ − u∗ = x + ˜̀− ũ, and note that (˜̀, ũ) is strictly smaller
than (`∗, u∗), which contradicts the minimality of the latter. Hence it must be that `∗(0) =
u∗(0) = 0.

Suppose now that α(0) < β(0) Suppose `∗(0) > 0. Since `∗ = U(−x + u∗ + α),
we have `∗(0) = (−x(0) + u∗(0) + α(0)) ∨ 0, and since we assumed `∗(0) > 0, we have
`∗(0) = −x(0) + u∗(0) + α(0). Then, from u∗ = U(x + `∗ − β) we have u∗(0) = (x(0) +
`∗(0)−β(0))∨0 = (u∗(0)+α(0)−β(0))∨0, which gives (α(0)−β(0))∨ (−u∗(0)) = 0. Since
α(0) − β(0) < 0, we obtain u∗(0) = 0. So `∗(0) = −x(0) + u∗(0) + α(0) = −x(0) + α(0).
But α(0) 6 x(0) 6 β(0), by assumption. So `∗(0) 6 0, which is a contradiction. We can
similarly arrive at a contradiction starting from the hypothesis that u(0) > 0. Hence it
must be that `∗(0) = u∗(0) = 0.

So the solution to the SRP is not only a pair of NN functions but they must also
start from zero. It is easy to see that the same observation holds even when α ≡ −∞, or
β ≡ +∞. �

Before proving Theorem 1, we collect some structural properties of the operator U .

Lemma 1. Let x be a locally bounded function on the poset (T,6). Then:
(i) The function u := U(x) is NN.
(ii) x − u 6 0.
(iii) The operator U is increasing: x 6 y ⇒ U(x) 6 U(y).
(iv) Suppose the function ũ is NN, with ũ(0) = 0, and such that x − ũ 6 0 then u 6 ũ.

Proof. (i) Let s 6 t. Since [0, s] ⊆ [0, t] we have u(s) 6 u(t).
(ii) Obvious.
(iii) If x 6 y then x(s) 6 y(s) for all s and so sups∈[0,t] x(s) ∨ 0 6 sups∈[0,t] y(s) ∨ 0.
(iv) Suppose the function ũ is NN, with ũ > x. Then, for all s ∈ [0, t], ũ(t) > ũ(s) > x(s),
giving ũ(t) > sups∈[0,t] x(s). Since also ũ(t) > 0, we obtain ũ(t) > sups∈[0,t] x(s) ∨ 0.

Corollary 1. Let x be an arbitrary locally bounded function. Consider the downward SRP
for x at the locally bounded function β, with α = −∞. Then the function U(x − β) is the
unique solution to the SRP, i.e., it is least among the NN functions u with x − u 6 β.
Similarly, consider the upward SRP for x at the locally bounded function α, with β = ∞.
Then the function U(α − x) is the unique solution to the SRP, in the sense that it is least
among the NN functions ` with x + ` > α.

Proof. For the first case apply Lemma 1 with x replaced by x − β. For the second case
apply the same Lemma with x replaced by α − x.

Proof of Theorem 1. Let y be of bounded variation such that (2) holds. We may assume
without loss of generality that y(0) = 0. We write

y = u − ` ,

where u, ` are NN functions. We may assume without loss of generality that u(0) = `(0) = 0.
Since (y+`)−u 6 0, we have U(y+`) 6 u. And since (y−u)+` > 0, we have L(y−u) 6 `.
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Using the fact that L is a decreasing operator and that U is an increasing operator, together
with the assumptions y 6 x − α, and y > x − β, the previous inequalities yield

` > L(x − u − α)

u > U(x + ` − β) .

Define next sequences of functions `n, un, n = 0, 1, 2, . . ., by

`0 = u0 = 0,

`n+1 = L(x − un − α), n = 1, 2, . . . ,

un+1 = U(x + `n − β), n = 1, 2, . . .

We have `0 6 `1, u0 6 u1. If, for some n > 1, `n 6 `n+1, then un+1 6 un+2, and if
un 6 un+1, then `n+1 6 `n+2. Hence

∀n (`n, un) 6 (`n+1, un+1).

We also have `0 6 `, u0 6 u. If, for some n > 1, `n 6 `, then un+1 = U(x + `n − β) 6

U(x + ` − β) 6 u. And, if un 6 u, then `n+1 = L(x − un − α) 6 L(x − u − β) 6 `. Hence,

∀n (`n, un) 6 (`, u).

Thus, for each t ∈ T , the sequences of real numbers {`n(t), n = 0, 1, . . .}, {un(t), n =
0, 1, . . .}, are nondecreasing and bounded. Let

`∗(t) = lim
n→∞

`n(t), u∗(t) = lim
n→∞

un(t),

be their limits. Furthermore, each of the `n, un are NN functions on (T,6). So `∗, u∗ are
also NN. Let now

̂̀= L(x − u∗ − α),

û = U(x + `∗ − β).

From the recursive definitions of `n, un, we have

x − un + `n+1 > α,

x + `n − un+1
6 β.

Taking pointwise limits we obtain

x − u∗ + `∗ > α,

x + `∗ − u∗ 6 β

Applying L to the inequality x − u∗ − α > −`∗ yields L(x − u∗ − α) 6 L(−`∗) = `∗. (The
last equality follows from L(−`∗)(t) = U(`∗)(t) = sups∈[0,t] `

∗(s) ∨ 0 = `∗(t).) Thus

̂̀6 `∗.

Applying L to the inequality x−u∗−α 6 x−un −α yields L(x−u∗−α) > L(x−un −α).
But L(x − u∗ − α) = ̂̀, and L(x − un − α) = `n+1. Thus ̂̀> `n+1 and so

̂̀> `∗.
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We thus conclude that `∗ = ̂̀. A similar line of reasoning yields u∗ = û. So (`∗, u∗) satisfies
the fixed point equation

`∗ = L(x − u∗ − α),

u∗ = U(x + `∗ − β).

We finally need to show that (`∗, u∗) is least among all pairs (`, u) of NN functions, with
`(0) = u(0) = 0, such that α 6 x + ` − u 6 β. Let (`, u) be such a pair. We will show
that (`∗, u∗) 6 (`, u). Clearly, (`0, u0) 6 (`, u). Now suppose that for some n > 1, we have
un 6 u. Then `n+1 = L(x−un−α) 6 L(x−u−α) 6 `, where the last inequality follows from
the fact that ` is such that x + `− u > α. Similarly, if `n 6 ` then un+1 6 u. Hence, for all
n, (`n, un) 6 (`, u). Since (`∗, u∗) = limn→∞(`n, un), we conclude that (`∗, u∗) 6 (`, u).

The special case where α = β = 0 is of particular interest. For the SRP to make sense,
it is necessary to assume that x is a function of bounded variation. The solution to the SRP
then provides the minimal way to write x as the difference of two NN functions: x = u− `.
Several examples along these lines will be developed in the sequel.

2.3 The SRP on a tree

As an example, consider the situation where (T,6) is a tree rooted at 0, i.e., a poset with
bottom element 0, such that [0, t] is a chain for all t ∈ T . We examine the problem of
minimal representation of a bounded variation function on this poset as a difference of two
NN functions, i.e., we consider the SRP with the boundary functions α = β = 0. We
show that the solution to the SRP for a bounded variation function x is minimal in a much
stronger sense in this example, in that, for any interval

�
�
�
�

A rooted tree.

of the poset, the increments of the NN functions solving the SRP for x on the full poset are
the solutions to the SRP for the normalized restriction of x to the interval.9 It is simple to
construct examples to show that this statement is not true in general; we give one following
the proof of the theorem.

Theorem 2 (minimal decomposition of a function of bounded variation on a
tree). Let (T,6) be a tree rooted at 0. Let x be a function of bounded variation on (T,6),
with x(0) = 0. Consider the SRP for x with boundary functions α = β = 0, and let (`∗, u∗)
be its solution. Let (`, u) be any pair of NN functions such that x = u − `. Then, for any
t1, t2 ∈ T with t1 6 t2, `∗(t2) − `∗(t1) 6 `(t2) − `(t1), and u∗(t2) − u∗(t1) 6 u(t2) − u(t1).

9x is normalized to start at zero at the bottom element of the interval.
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Proof. Given NN functions (`, u) on (T,6) with x = u − `, as in the statement of the
corollary, define NN functions (˜̀, ũ) on (T,6) by

˜̀(t) =

{
`∗(t1) + `(t) − `(t1) if t > t1

`∗(t) otherwise

u(t) =

{
u∗(t1) + u(t) − u(t1) if t > t1

u∗(t) otherwise
.

Then we have x = ũ − ˜̀. By the minimality of the solution to the SRP on (T,6), we must
have, for all t > t1, `∗(t) 6 ˜̀(t) := `∗(t1)+`(t)−`(t1) and u∗(t) 6 ũ(t) := u∗(t1)+u(t)−u(t1).
This is just the what the theorem claims.

Fix now a t1 ∈ T . We observe that (↑t1,6) is a tree rooted at t1. To see this, consider
t > t1. Then the down-set of t in the poset (↑t1,6) is a subset of the down-set of t in the
poset (T,6); the latter is a chain, and hence the former is a chain too. Note that t1 is the
bottom element of the poset (↑t1,6). We wish to relate the SRP for functions on the tree
T with that on the tree ↑t1. Given a function x : T → R, define the function θt1x :↑t1 → R

by
θt1x(t) := x(t) − x(t1), t ∈↑t1.

Corollary 2. Let x be a function of bounded variation on the tree (T,6), with x(0) = 0
and let (`∗, u∗) be the solution to the SRP for x with boundary functions α = β = 0. Fix
t1 ∈ T . Then (θt1`

∗, θt1u
∗) is the solution to the SRP for θt1x on the tree (↑t1,6) with

boundary functions α = β = 0.

Proof. Suppose that (˜̀, ũ) is the solution to this SRP on (↑t1,6). Note that ˜̀(t1) = ũ(t1) =
0, and define NN functions (`, u) on (T,6) by

`(t) =

{
`∗(t1) + ˜̀(t) if t > t1

`∗(t) otherwise

u(t) =

{
u∗(t1) + ũ(t) if t > t1

u∗(t) otherwise
.

Notice that x = u− ` on (T,6). From Theorem 2 we conclude that ̂̀(t) := `∗(t)− `∗(t1) 6
˜̀(t) and û(t) := u∗(t) − u∗(t1) 6 ũ(t) for all t > t1. But, since (˜̀, ũ) is the solution to this
SRP on (↑t1,6), we have ˜̀6 ̂̀, ũ 6 û. Therefore, (˜̀, ũ) = (̂̀, û).

Here is another way to look at the above result. Take a function x of bounded variation
on T , with x(0) = 0. Define the positive and negative variations of x by

V+(x)(t) = sup

k∑

i=1

[x(ti) − x(ti−1)]
+,

V−(x)(t) = sup
k∑

i=1

[x(ti) − x(ti−1)]
−, (7)

respectively, where the suprema are taken over all possible subdivisions 0 = t0 < t1 < · · · <
tk = t of [0, t]. Both quantities are finite, and they define NN functions on t. Define the
total variation of x by

V(x)(t) = sup

k∑

i=1

|x(ti) − x(ti−1)|.
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Since
∑k

i=1[x(ti)− x(ti−1)]
+ =

∑k
i=1[x(ti)− x(ti−1)]

− + x(t), for any subdivision as above,
taking supremum over all such subdivisions we get V+(x)(t) 6 V−(x)(t) + x(t). Similarly,
we obtain the opposite inequality, and so

x = V+(x) − V−(x).

It is also easy to see that V(x)(t) = V+(x)(t)+V−(x)(t). Let (`∗, u∗) be the solution to the
SRP as above. Then u∗ 6 V+(x), and `∗ 6 V−(x). On the other hand x(ti) − x(ti−1) 6

u∗(ti) − u∗(ti−1), and so, from the definition of V(x), we have V+(x) 6 u∗. Similarly,
V−(x) 6 `∗.

So we proved

Corollary 3. Under the assumption of Theorem 2, we have that the solution (`∗, u∗) to the
SRP on a tree is such that u∗ = V+(x), `∗ = V−(x), u∗ + `∗ = V(x), where V+,V− are
defined by (7).

In particular, this decomposition of a function x of bounded variation on a tree T
reduces to the so-called Jordan decomposition of x when T = [0,∞).

Example 2. We now give a simple example where the conclusion of Theorem 2 fails when
(T,6) is not a tree. Let T be the set with 5 elements T = {0, 1a, 1b, 2, 3} with bottom
element 0 and with the partial order generated by the relations

0 6 1a , 0 6 1b , 1a 6 2 , 1b 6 2 , 2 6 3 .

See the figure.

3

0

2

1b1a

The poset of Example 2.

Note that 1a and 1b are not comparable in (T,6). Consider the following functions on T :

t 0 1a 1b 2 3

x 0 10 3 6 8

`∗ 0 0 0 4 4

u∗ 0 10 3 10 12

` 0 0 4 4 4

u 0 10 7 10 12

.

Note that the pair of NN functions (`∗, u∗) is the solution to the SRP for the function x
with boundary functions α = β = 0. Hence x = u∗ − `∗. One can also check that (`, u) is a
pair of NN functions with x = u − `.

Let t1 = 1b. Then ↑t1 = {1b, 2, 3} and the bottom element of (↑t1,6) is 1b. We have :
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t 1b 2 3

x(t) − x(1b) 0 3 5

`∗(t) − `∗(1b) 0 4 4

u∗(t) − u(1b) 0 7 9

`(t) − `(1b) 0 0 0

u(t) − u(1b) 0 3 5

.

Note that, for instance, u∗(2) − u∗(1b) > u(2) − u(1b). Theorem 2 guarantees that this
phenomenon cannot occur when (T,6) is a tree. �

3 Discrete posets

Definition 2 (Discrete poset). Let (T,6) be a poset with a bottom element, denoted 0.
We say the poset is discrete if, for all t ∈ T , the interval [0, t] is a finite set.

Note that a discrete poset is not necessarily a countable set. As an example of an
uncountable discrete poset, let S be an uncountable set, let Pn(S) be the collection of its
subsets of cardinality n, n ∈ N, with P0(S) := {∅}, and let T := ∪∞

n=0Pn(S) be the collection
of all finite subsets of S; order T by set inclusion. Then for each set t ⊆ S with cardinality
n, the interval [0, t] is the collection of all subsets of t, so [0, t] has cardinality 2n. Thus T
is a discrete poset with ∅ as the bottom element.

Definition 3 (Bulk of an element in a discrete poset). Let (T,6) be a discrete poset
with bottom element 0. Given t ∈ T , we define its bulk, denoted B(t), to be the cardinality
of the interval [0, t]. Thus, B(·) is a positive integer valued function on T , with B(0) = 1,
and 0 is the unique element with bulk 1.

Lemma 2. Let (T,6) be a discrete poset with bottom element 0. Let x : T → R be an
arbitrary function. Then x is locally bounded. Also, x is of bounded variation.

Proof. That x is locally bounded is immediate from the definition. To see that x is of
bounded variation, we need to construct NN functions u : T → R and ` : T → R such that

x(t) = u(t) − `(t) for all t ∈ T .

We may assume without loss of generality that x(0) = 0 and we will construct the required
functions with the additional property that u(0) = `(0) = 0. We proceed to do this by
induction on the bulk.

To begin with, let u(0) = `(0) = 0. Thus x(0) = u(0) − `(0). If T = {0} there is
nothing to prove. So let T contain an element different from the bottom element. Let t ∈ T
be such that B(t) = 2 (it is straightforward to see that there is at least one such element
in T ). Thus [0, t] = {0, t}. We define u(t) and `(t) as follows :

u(t) = x(t) and `(t) = 0 if x(t) > 0
u(t) = 0 and `(t) = −x(t) if x(t) 6 0

.

Suppose now that u(·) and `(·) have been defined for all s ∈ T with 1 6 B(s) 6 b. Let
b̄ = min{n ∈ N : n > b and ∃t ∈ T B(t) = n}.10 We now demonstrate how to define u(t)
and `(t) for all t with B(t) = b̄.

10It is easy to construct examples where there may not be any element in T with bulk b + 1, which is why
it is necessary to introduce b̄.
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Given any t with B(t) = b̄, note that for every s ∈ [0, t] − {t} we have B(s) 6 b. This
allows us to temporarily define nonnegative real numbers :

z̄` := max
s∈[0,t]−{t}

`(s)

z̄u := max
s∈[0,t]−{t}

u(s) .

Now consider the set

{(z`, zu) : z` > z̄` , zu > z̄u , zu − z` = x(t)} .

It is straightforward to see that this set is nonempty and has a least element in the sense of
pointwise partial order on R

2
+. We define the pair (`(t), u(t)) to be this minimal element.

We finally observe that the functions u : T → R and ` : T → R defined in this way are
NN functions, and that

x(t) = u(t) − `(t) for all t ∈ T .

Corollary 4. Let (T,6) be a discrete poset with least element 0. Then for every triple of
functions α, β, and x on T , with α(t) 6 β(t) for all t ∈ T and α(0) 6 x(0) 6 β(0), the
SRP for x(·) with lower boundary α(·) and upper boundary β(·) is of interest (in the sense
defined in Remark 1 above).

Proof. First note that since all functions on T are locally bounded, it makes sense to even
talk about whether the SRP is of interest. To verify the truth of the corollary, we need to
demonstrate the existence of a function of bounded variation y : T → R such that

y(t) + α(t) 6 x(t) 6 y(t) + β(t), for all t ∈ T. (8)

Let y(t) = x(t) − α(t)+β(t)
2 . Then y(·) satisfies the conditions in (8). Further, since every

function is of bounded variation, so is y(·).

We have now established the truth of the following general theorem :

Theorem 3. Let (T,6) be a discrete poset with least element 0. Let α, β, and x be an
arbitrary triple of functions on T , with α(t) 6 β(t) for all t ∈ T and α(0) 6 x(0) 6 β(0).
Then the set of pairs (`, u) of NN functions on T such that

α(t) 6 x(t) + `(t) − u(t) 6 β(t), for all t ∈ T,

possesses a least element (`∗, u∗) which satisfies the fixed point equation

`∗ = U(−x + u∗ + α)

u∗ = U(x + `∗ − β). (9)

In particular, specializing to the case where α(t) = β(t) = 0 for all t ∈ T , we have that
every function x : T → R with x(0) = 0 has a representation

x(t) = u∗(t) − `∗(t) for all t ∈ T,

where `∗(·) and u∗(·) are NN functions on T , and the pair (`∗, u∗) is the least among all
pairs (`, u) of NN functions on T satisfying x(t) = u(t) − `(t) for all t ∈ T . Further,

`∗ = U(−x + u∗)

u∗ = U(x + `∗).
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In the Remark 3 following the statement of Theorem 1 we gave an example where the
fixed point equation (5) has multiple solutions, even when the boundary functions α and
β are strictly separated in the sense that α(t) < β(t) for all t ∈ T . If (T,6) be a discrete
poset, however, such a phenomenon cannot arise.

Theorem 4. Let (T,6) be a discrete poset with least element 0. Let α, β, and x be an
arbitrary triple of functions on T , with α(t) < β(t) for all t ∈ T and α(0) 6 x(0) 6 β(0).
Then there is a unique pair of NN functions (`, u) on T which satisfy the fixed point equation
(5). This pair necessarily satisfies

α(t) 6 x(t) + `(t) − u(t) 6 β(t), for all t ∈ T, (10)

and, by virtue of equation (9) is the pair (`∗, u∗) that solves the SRP for x with boundary
functions α and β.

Proof. It is straightforward to verify that any pair of NN functions (`, u) on T which satisfy
the fixed point equation (5) must satisfy the inequality (10). Theorem 3 verifies that the
pair (`∗, u∗) satisfies the fixed point equation (5). Let (`, u) be a pair of NN functions on T
which satisfy the fixed point equation (5). We shall prove that (`, u) = (`∗, u∗).

We prove this by induction on the bulk of t ∈ T . To begin with, consider t = 0, which
has bulk B(0) = 1. Suppose u(0) > 0. Then, since u = U(x + ` − β), we must have

u(0) = x(0) + `(0) − β(0),

which implies that
`(0) = u(0) + β(0) − x(0) > 0,

which, since ` = U(−x + u + α), implies that

`(0) = −x(0) + u(0) + α(0).

But we have arrived at the contradiction that x(0) + `(0) − u(0) = α(0) = β(0), where
we know that α(0) < β(0). We can arrive at a similar contradiction starting with the
assumption that `(0) > 0. Therefore, it must be the case that `(0) = 0, and u(0) = 0.
But we know (see Remark 4 above) that `∗(0) = 0, and u∗(0) = 0. Thus, (`(0), u(0)) =
(`∗(0), u∗(0)). This is the initial step of the inductive process.

Assume T 6= {0}, and let b > 2. Suppose we have proved, for all t ∈ T with B(t) 6 b,
that (`(s), u(s)) = (`∗(s), u∗(s)) for all s 6 t. Let t ∈ T be such that B(t) has the smallest
possibly bulk that is strictly bigger than b.

Suppose `(t) = 0. Since ` > `∗, it then follows that `∗(t) = 0. Also, since ` and `∗

are NN, it follows that both `(s) = 0 for all s 6 t and `∗(s) = 0 for all s 6 t. Since
u = U(x+ `−β) and u∗ = U(x+ `∗−β) it follows that u(s) = u∗(s) for all s 6 t. Similarly,
if u(t) = 0, we can conclude that u(s) = u∗(s) = 0 for all s 6 t, and `(s) = `∗(s) for all
s 6 t. In either case, this suffices to propagate the induction.

Let us therefore assume that `(t) > 0 and u(t) > 0. Since ` = U(−x + u + α) and
u = U(x + ` − β), we then have

`(t) = −x(s) + u(s) + α(s), for some s 6 t

u(t) = x(s̄) + `(s̄) − β(s̄), for some s̄ 6 t.

Since α(t) < β(t), we cannot have s = s̄ = t. Thus, s 6= t or s̄ 6= t.
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Suppose s 6= t. Since also s 6 t, we have B(s) < B(t). Since

−x(s) + u(s) + α(s) 6 `(s) 6 `(t) = −x(s) + u(s) + α(s) ,

we conclude that `(s) = `(t). By inductive hypothesis we had `(s) = `∗(s). Hence we have

`∗(t) 6 `(t) = `(s) = `∗(s) 6 `∗(t) ,

from which we conclude that `(t) = `∗(t). Together with the inductive hypothesis, we now
conclude that `(s) = `∗(s) for all s 6 t. Since u = U(x + ` − β) and u∗ = U(x + `∗ − β)
we now conclude that u(s) = u∗(s) for all s 6 t. This suffices to propagate the induction
in this case. A similar argument suffices to propagate the induction in the remaining case
where s̄ 6= t, which completes the proof.

4 The Skorokhod reflection problem on a σ-algebra of sets

Consider a set S and a σ-algebra B of subsets of S, ordered by set inclusion. Recall that B
is a σ-algebra if ∅ ∈ B, if A ∈ B⇒Ac = S −A ∈ B, and if {An, n ∈ N} ⊆ B⇒

⋃
n∈N

An ∈ B.
In this section, (B,⊆) is our poset, with bottom element the empty set ∅. We will consider
functions x : B → R with x(∅) = 0 that are σ-additive, i.e.,

x




∞⋃

j=1

Aj



 =
∞∑

j=1

x(Aj), for any disjoint sequence {Aj} of sets in B,

where equality means that the series on the right converges absolutely to the number on
the left. Such a function on (B,⊆) may equivalently be viewed as a signed measure11 on
(S,B) [23, pg. 35].

We write A(S,B) for the collection of all signed measures on the σ-algebra B of subsets
of the set S Equivalently, these correspond to σ-additive functions on the poset (B,⊆). We
recall some terms and facts about signed measures. Two measures12 µ, ν are said to be
mutually singular (we write µ ⊥ ν) if there are disjoint sets A,B ∈ B with S = A ∪ B such
that µ(B) = ν(A) = 0. Any signed measure x ∈ A(S,B) induces a Hahn decomposition
(S+, S−) of S, i.e., there are sets S+, S− such that

(i) S = S+ ∪ S−, S+ ∩ S− = ∅

(ii) x(· ∩ S+), −x(· ∩ S−) are both (nonnegative) measures.

See, e.g., [23, Thm. 3, pg. 36]. The Hahn decomposition (S+, S−) is not unique. However,
the pair of measures13 (x⊕, x	) defined by

x⊕ := x(· ∩ S+), x	 := −x(· ∩ S−)

form a unique decomposition of x, called the Jordan decomposition [23, Thm. 2, pg. 36], in
that

(i) x = x⊕ − x	,

(ii) x = µ − ν, µ, ν measures, µ ⊥ ν ⇒ µ = x⊕, ν = x	.

11Some authors, e.g., [15, pg. 235], allow signed measure to explicitly take on the value +∞ or −∞ (one
of them–never both). We will not allow this, but extensions of our results to cover this case are possible.

12“Measure” means “nonnegative signed measure”.
13We choose the notation x⊕, x	 instead of the more traditional notation x+, x− of measure theory, to

avoid confusion with similar symbols elsewhere in this paper.
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The total variation ||x|| of a signed measure x is the measure defined by

||x|| := x⊕ + x	.

One consequence of the Jordan decomposition is that any signed measure, viewed as a σ-
additive function x : B → R, is automatically locally bounded, in the sense defined in this
paper [23, Lemma 2, pg. 35]. Secondly, since any signed measure can be written as the
difference of two measures, when viewed as a function on the poset (B,⊆), it is a function
of bounded variation, as defined in this paper.

4.1 The case α = β = 0

We first consider the SRP of a signed measure x for the case α = β = 0. The problem is of
interest because x is of bounded variation, as discussed above. We find that the solution to
the SRP for x is just the Jordan decomposition of x.

Theorem 5 (Jordan decomposition). Let x ∈ A(S,B) be a signed measure. Let (`∗, u∗)
be the solution to the SRP with α = β = 0. Then u∗ = x⊕, `∗ = x	.

Proof. Since (`∗, u∗) is least among pairs of NN functions (`, u) for which x = u − `, and
since (x	, x⊕) is such a pair, we have

`∗ 6 x	, u∗
6 x⊕.

However x⊕ ⊥ x	, i.e., there is a partition S = A ∪ B, with A,B ∈ B, such that x⊕(B) =
x	(A) = 0. Hence u∗(B) 6 x⊕(B) = 0, and `∗(A) 6 x	(A) = 0. So u∗ ⊥ `∗. It is an easy
standard argument in measure theory that if u∗ − `∗ = x⊕ −x	, u∗ ⊥ `∗, x	 ⊥ x⊕ actually
imply that u∗ = x⊕, `∗ = x	.

Consider now the fixed point equation (5) of the general Theorem 1:

` = U(−x + u),

u = U(x + `).

This, written explicitly, reads:

`(B) = sup
C⊆B

(−x(C) + u(C)), B ∈ B

u(B) = sup
C⊆B

(x(C) + `(C)), B ∈ B. (11)

It is easy to see that (11) is satisfied with (`, u) = (L(x),U(x)). Indeed, substituting
U(x)(C) = supC′⊆C x(C ′) in the right-hand side of the first of the above gives

sup
C⊆B

(−x(C) + U(x)(C)) = sup
C⊆B

(−x(C) + sup
C′⊆C

x(C ′))

= sup
C′⊆C⊆B

(−x(C − C ′))

= sup
A⊆B

(−x(A)) = L(x)(B),

which is its left-hand side. One can handle the second equation in (11) similarly. These
calculation show that the following holds:
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Corollary 5. Let x ∈ A(S,B) be a signed measure. Consider three SRP’s: (i) the upward
reflection of x at α = 0, and let ¯̀ be its solution; (ii) the downward reflection of x at β = 0,
and let ū be its solution; (iii) the reflection of x at α = β = 0, and let (`∗, u∗) be its solution.
Then x	 = `∗ = L(x) = ¯̀, and x⊕ = u∗ = U(x) = ū.

Proof. In the proof of Theorem 5 we showed that x	 = `∗, and x⊕ = u∗. That L(x) = ¯̀and
U(x) = ū follows from the Corollary 1. We next show that `∗ = L(x) and u∗ = U(x). Let `, u
solve the fixed point equation (5), which, in our case is written as (11). Then, for all B ∈ B,
u(B) = supC⊆B(x(C) + `(C)) > supC⊆B x(C) = U(x)(B). Similarly, `(B) > L(x)(B),
for all B ∈ B. But the solution (`∗, u∗) to the third SRP certainly satisfies (11). Hence
u∗ > U(x), `∗ > L(x). On the other hand, as shown in the remarks preceding the statement
of the corollary, U(x),L(x) satisfy the (11). Hence x = U(x) − L(x). (Any solution to the
fixed point equation (5) must satisfy the inequality (10)–as observed in Remark 3.) Thus,
by the minimality of (`∗, u∗) we have `∗ 6 L(x) and u∗ 6 U(x).

Remark 5. The meaning of Corollary 5 is that the solutions to the one-sided reflection
problems at 0 also give the solution to the simultaneous reflection problem when the upper
and lower boundary are both 0. This is not true in general for the SRP with boundaries 0
on a general poset; the reader should have no difficulty constructing examples on discrete
posets, for instance, where this is not true. It is a peculiar feature of the SRP for a signed
measure on the poset of a σ-algebra, when the boundaries are the zero measure. �

Remark 6. We further remark that this corollary provides an alternative proof of the
fact that the Jordan decomposition (x⊕, x	) of the signed measure x is given by x⊕(B) :=
supC⊆B x(C), x	(B) := − infC⊆B x(C), for B ∈ B. (See, e.g., [15] for a standard measure-
theoretic proof.)

4.2 The case α 6 β, with α, β being measures

Theorem 6 (generalized Jordan decomposition). Let x, α, β ∈ A(S,B), where α 6 β.
We view these as functions on the poset (B,⊆). Let (`∗, u∗) be the solution to the SRP for
x with the boundary functions α and β on this poset. Then `∗, u∗ are σ-additive, so that
they can be viewed as measures14 in A(S,B). As measures, we have `∗ ⊥ u∗. Further, we
have the explicit expressions:

`∗ = (α − x)⊕,

u∗ = (x − β)⊕.

Proof. First note that x, α, and β are locally bounded as functions on the poset (B,⊆),
by virtue of being signed measures on (S,B). Further, since x − α is a signed measure on
(S,B), it is of bounded variation as a function on the poset (B,⊆). Setting y := x − α, we
have

y + α 6 x 6 y + β ,

so it makes sense to talk about the SRP for x with the boundary functions α and β.

We will construct the solution (`∗, u∗) to this SRP by going through the steps of the
iteration that was used in the proof of Theorem 1 in order to argue its existence and
uniqueness.

14since they are nonnegative signed measures
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We start with `0 = u0 = 0. We have

`1 = U(α + u0 − x)

= U(α − x)

= (α − x)⊕,

where the expression (α − x)⊕ is viewed as the function on (B,⊆) corresponding to the
measure (α − x)⊕. We also have

u1 = U(x + `0 − β)

= U(x − β)

= (x − β)⊕.

At this point we know that (α − x)⊕ 6 `∗ and (x − β)⊕ 6 u∗. If we could show that

β > x + (α − x)⊕ − (x − β)⊕ > α , (12)

then the proof of the theorem would be complete, because equation (12) and the minimality
of (`∗, u∗) imply that (α− x)⊕ > `∗ and (x− β)⊕ > u∗. To show the truth of equation (12)
we need to show that

x + (α − x)⊕ − (x − β)⊕ > α , (13)

and
β > x + (α − x)⊕ − (x − β)⊕ . (14)

To show (13), write

(x − α) + (α − x)⊕ = (x − α) + (x − α)	

= (x − α)⊕

> (x − β)⊕

where the last step comes from (x − α) > (x − β). To show (14), write

(β − x) + (x − β)⊕ = (β − x) + (β − x)	

= (β − x)⊕

> (α − x)⊕

where the last step comes from (β − x) > (α − x). This completes the proof.

Remark 7. What is interesting in the above is that, a priori, there is no reason for the
solution (`∗, u∗) of the SRP on the poset (B,⊆) to possess additional structure besides
monotonicity. It turned out that both `∗ and u∗ are σ-additive and mutually singular, just
as in the standard Jordan decomposition, whence the adjective “generalized”. In a sense,
this is a Jordan decomposition with “slackness” defined by the boundary functions α, β, or,
rather, by β −α. It is interesting that “explicit” formulas exist for the solution to the SRP
of a signed measure on a σ-algebra where the boundary functions are also signed measure.
�

Remark 8. Let S = R+ = [0,∞), and B its Borel σ-algebra. Consider a signed measure x
on B and the SRP with α = β = 0. We know that its solution is given by (`∗, u∗) = (x	, x⊕).
Now consider the function X : S → R defined by

X(t) := x([0, t]),
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and consider the SRP with for the function X on the poset (S,6) with boundaries both at
zero. We know that its solution is given by (L∗, U∗) = (V−(X),V+(X)), as defined by (7).
Observe that the solutions of the two different SRP’s are related, namely,

V+(X)(t) = x⊕([0, t]), V−(X)(t) = x	([0, t]), t ∈ R+.

Thus the Jordan decomposition of a signed measure x, which results from solving the
SRP for x with boundaries α = β = 0 on the poset (B,⊆) is directly related to the Jordan
decomposition of the function X, which results from solving the SRP for X with boundaries
α = β = 0 on the poset (R+,6). �

Remark 9. One might conjecture that the observation above carries through to the case
where α 6= β. Specifically, Consider the SRP for the signed measure x on (B,⊆), as above,
but with boundaries α, β, where α 6 β are signed measures. Let (`∗, u∗) be its solution.
Next, let

X(t) := x([0, t]), A(t) := α([0, t]), B(t) := β([0, t]), t ∈ R+,

and consider the SRP for X, with boundary functions A and B, on the poset (R+,6). One
might conjecture that L∗(t) = `∗([0, t]), and U∗(t) = u∗([0, t]), Some motivation for this
conjecture is provided by the previous remark. Unfortunately, this conjecture is false in
general. Indeed, such a conjecture is quite näıve, as there is no particular relation between
the order structure of (B,⊆), with bottom element ∅, and the order structure of (R+,6),
with bottom element 0; this perhaps makes the result of Corollary 3 seem surprising. It
is probably illustrative to see a concrete counterexample to this conjecture. Let α be the
discrete measure assigning mass 1 to the point {1}, and β the discrete measure assigning
mass 2 to the point {1}. Then

A(t) =

{
0 if 0 6 t < 1
1 if t > 1

,

and

B(t) =

{
0 if 0 6 t < 1
2 if t > 1

.

Let x be the signed measure assigning mass 3
2 to the point {1}, having uniform density −1

over the interval (1, 2), and uniform density 1 over the interval (2, 3). Then

X(t) =






0 if 0 6 t < 1
5
2 − t if 1 6 t < 2

−3
2 + t if 2 6 t < 3
3
2 if t > 3

.

Note that `∗ = (α − x)⊕ is the measure with uniform density 1 over the interval (1, 2), so,
for instance, `∗([0, 3

2 ]) = 1
2 . However L∗(3

2 ) = 0. Note that in this example both α and β
are actually measures. �

5 Majorization order

Given p = (p1, . . . , pn) ∈ R
n, let p[1] > p[2] > . . . > p[n] be defined as the components of p

in decreasing order [12]. Now define the relation ≺ on R
n by:

p ≺ q iff

j∑

i=1

p[i] 6

j∑

i=1

q[i] for all 1 6 j 6 n − 1, and

n∑

i=1

p[i] =

n∑

i=1

q[i];
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in this case, we say that p is majorized by q [12, pg. 7]. This relation is a preorder, namely,
for all p, q, r ∈ R

n, p ≺ q, q ≺ r⇒p ≺ r (transitivity), and p ≺ p (reflexivity). However, if
p ≺ q and q ≺ p then the entries of q are a permutation of those of p [12, pp. 12-13].

Let Pn denote the set of probability distributions on [n] := {1, . . . , n}. We may think
of the element p of Pn as a vector in R

n with nonnegative entries pi, i = 1, . . . , n such that∑n
i=1 pi = 1.

Let Pn denote the set of equivalence classes of probability distributions on [n], up to
permutation. This can be thought of as comprised of sets of n nonnegative numbers that
sum to 1. Then (Pn,≺) is a poset with bottom element the equivalence class of the uniform
distribution

θ := (1/n, . . . , 1/n)

on [n] [12, pg. 13]. Elements of Pn will be denoted by p, q, r, . . ..15 See the figure.

(p , p , p  )
1 2 3

(0, 0, 1)

(0, 1, 0)(1, 0, 0)

θ

The unit simplex in R
3. The shaded region

represents those vectors q such that q ≺ p.

The center θ is the bottom element.

The increasing functions on (Pn,≺) can be identified with the Schur convex functions
on Pn [12, pp. 13-14]. The negative of a Schur convex function is called a Schur concave
function. Thus the functions of bounded variation on (Pn,≺) are precisely those that can
be expressed as the sum of a Schur convex function and a Schur concave function.

Theorem 1, applied to the poset (Pn,≺) with upper and lower boundaries α = β = 0
tells us that every bounded variation function x : Pn → R with x(θ) = 0 has a minimal
decomposition of the form x = u∗ − `∗ where u∗ and `∗ are nonnegative Schur convex
functions, in the sense that for any pair of nonnegative Schur convex functions (`, u) with
x = u − `, we have `∗ 6 ` and u∗ 6 u.

Remark 10. Suppose A ⊂ Pn has a Schur minimal element, denoted pm, and a Schur
maximal element, denote pM , i.e., for all p ∈ A we have pm ≺ p ≺ pM . Many interesting
sets of probability distributions are symmetric and are such that the set of equivalence
classes under symmetry (which is a subset of Pn) admits both a Schur minimal and a Schur
maximal element. Suppose x is a function of bounded variation on Pn, and let x = u∗ − `∗

15We abuse notation and use p also for equivalence classes of probability distributions under symmetry in
order to not overload the notation with overlines.
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be its minimal representation as the difference of two nonnegative Schur convex functions.
Then one has the bounds

x(p) 6 u∗(pM ) − `∗(pm) and

x(p) > u∗(pm) − `∗(pM )

for all p ∈ A. The solution to the SRP also gives the best bounds of this form among all
representation of x as the difference of two nonnegative Schur convex functions on (Pn,≺).
The analogous claim is also true in any poset: for a function of bounded variation the
solution to the SRP gives uniform upper and lower bounds over any subset of the poset that
admits both a maximum and a minimum element, and the bounds are the best possible
among bounds of this kind (i.e., those that result from representing the function as a
difference of two NN functions). �

5.1 Regulating an order statistic

It is interesting to explore the solution to the SRP with α = β = 0 for some natural
functions on the poset (Pn,≺) of equivalence classes of probability distributions on [n] with
majorization order. We work out an example here.

For 1 6 k 6 n, let δk,σk denote the functions on Pn given by

δk(p) := p[k],

σk(p) := p[1] + · · · + p[k],

where p[1] > p[2] > . . . > p[n] denote the components of p ∈ Pn in decreasing order. Thus,
δk(p) gives the k-th order statistic16 of p. We seek the solution to the SRP for the function

xk := δk −
1

n
,

which equals 0 at θ, the bottom element of (Pn,≺). This function is of bounded variation,
since we can write

xk = σk −

(
σk−1 +

1

n

)
(15)

where σk is seen to be Schur convex on Pn, from the definition of majorization.

Notice that σk−1(θ) = (k − 1)/n. It is therefore easy to improve the representation in
equation (15) and write

xk =

(
σk −

k

n

)
−

(
σk−1 −

k − 1

n

)
, (16)

where we observe that σk−1−
k−1
n

and σk −
k
n

are nonnegative Schur convex functions (NN
functions).

We now argue that the representation in equation (16) is the solution to the SRP for
xk, i.e., that (`∗, u∗) := (σk−1 − k−1

n
,σk − k

n
) is the minimal pair of nonnegative Schur

convex functions among all pairs (`, u) with δk − 1
n

= u − `. This can be seen by going
through the steps in the proof of Theorem 1, where the solution to the SRP was constructed
as the limit of a sequence of iterations. The following lemma is useful in the computations
below.

16The terminology is borrowed from Statistics.
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Lemma 3. Fix p ∈ Pn and c1, c2 > 0. For m ∈ [n] let τm(p) denote the element of Pn

given by

τ
m(p)i =

{
σm(p)

m
, 1 6 i 6 m

1−σm(p)
n−m

, m + 1 6 i 6 n.

Then:
(i)

sup{c1σk(r) + c2δk(r) : r ≺ p} = c1σk(p) + c2
σk(p)

k
,

and the supremum is achieved at r = τ k(p).
(ii)

sup{c1σk−1(r) − c2δk(r) : r ≺ p} = c1σk−1(p) − c2
1 − σk−1(p)

n − k + 1
,

supremum is achieved at r = τ k−1(p).

Proof. (i) For r ≺ p we have c1σk(r) 6 c1σk(p). Also, we have c2δk(r) 6 c2
σk(r)

k
6 c2

σk(p)
k

.

It is also straightforward to check that c1σk(r) + c2δk(r) evaluates to c1σk(p) + c2
σk(p)

k
at

r = τ k(p). (ii) For r ≺ p we have c1σ(k − 1)(r) 6 c1σ(k − 1)(p). Also, we have c2δ(k)(r) >

c2
1−σ(k−1)(r)

n−k+1 > c2
1−σ(k−1)(p)

n−k+1 . It is again straightforward to check that c1σk−1(r)− c2δk(r)

evaluates to c1σk−1(p) − c2
1−σk−1(p)

n−k+1 at r = τ k−1(p).

We continue with our example. Recall our nondecreasing recursive scheme:

`j+1(p) = U(−xk + uj)(p) = sup
r≺p

(−δk(r) + (1/n) + uj(r)) ∨ 0,

uj+1(p) = U(xk + `j)(p) = sup
r≺p

(δk(r) − (1/n) + `j(r)) ∨ 0.

We start with `0 = u0 = 0. It is easy to see that, since xk(θ) = 0, and `j+1(θ) = uj(θ) > 0,
uj+1(θ) = `j(θ) ∨ 0, for all j, we have `j(θ) = uj(θ) = 0 for all j, and hence the maximum
with 0 in the above recursion can be dropped. We have `1 = U(−xk) = 0, because xk > 0.
Then

u1(p) = sup
r≺p

δk(r) −
1

n
=

σk(p)

k
−

1

n
,

by (i) of Lemma 3. Next,

`2(p) = sup
r≺p

(
−δk(r) +

σk(r)

k

)
= sup

r≺p

(
σk−1(r)

k
−

k − 1

k
δk(r)

)

=
σk−1(p)

k
−

k − 1

k

1 − σk−1(p)

n − k + 1
= c2σk−1(p) − d2,

where we used (ii) of Lemma 3 and define c2 and d2 in this equation. Also,

u2(p) = sup
r≺p

δk(r) −
1

n
= u1(p) =

1

k
σk(p) −

1

n
= a2σk(p) − b2,

where we define a2 and b2 in this equation. We now argue by induction that, for all j > 2,
we have

`j = cjσk−1 − dj , and

uj = ajσk − bj,
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for nonnegative constants aj , bj , cj , dj with aj 6 1, bj > 1
n
, and cj 6 1 for all j > 2. The

induction starts with the case j = 2, where have

a2 =
1

k
, b2 =

1

n
, c2 =

n

k(n − k + 1)
, d2 =

k − 1

k(n − k + 1)
.

For the inductive step, first consider

`j+1(p) = sup
r≺p

(−δk(r) + (1/n) + ajσk(r) − bj)

= sup
r≺p

[ajσk−1(r) − (1 − aj)δk(r)] − [bj − (1/n)]

= ajσk−1(p) − (1 − aj)
1 − σk−1(p)

n − k + 1
− [bj − (1/n)]

= cj+1σk−1(p) − dj+1,

where we used (i) of Lemma 3, and where

cj+1 =
(n − k)aj + 1

n − k + 1
, dj+1 = bj −

1

n
+

1 − aj

n − k + 1
. (17)

We also observe that 0 6 cj+1 6 1 and dj+1 > 0. To complete the inductive step, consider

uj+1(p) = sup
r≺p

(δk(r) − (1/n) + cjσk−1(r) − dj)

= sup
r≺p

[cjσk(r) + (1 − cj)δk(r)] − [dj − (1/n)]

= cjσk(p) + (1 − cj)
σk(p)

k
− [dj − (1/n)]

= aj+1σk(p) − bj+1,

where we used (i) of Lemma 3, and where

aj+1 =
1 + (k − 1)cj

k
, bj+1 = dj +

1

n
. (18)

We also observe that 0 6 aj+1 6 1 and bj+1 > 1
n
. This completes the inductive proof of the

claim regarding the structure of `j and uj for j > 2.

Now notice that both aj and cj are nondecreasing in j. This is apparent, by induction
on j, from equations (17) and (18). Let a∞ and c∞ denote the respective limits of these
increasing sequences. Then

a∞ =
1 + (k − 1)c∞

k
,

c∞ =
(n − k)a∞ + 1

n − k + 1
.

This pair of equations has the unique solutions a∞ = c∞ = 1. From equation (17) we have
d3 = b2 − 1

n
+ 1−a2

n−k+1 = k−1
k(n−k+1) = d2. It then follows from equations (17) and (18) that

the sequence dj is nondecreasing in j. Let d denote the limit of this sequence. As apparent
from equation (18), the limit of the sequence bj exists and equals d + 1

n
.

We conclude that the solution to the SRP for xk := δk − 1
n

is (σk−1 − d,σk − d − 1
n
).

However, it is clear that for any real number d for which σk−1−d is everywhere nonnegative,
the pair (`, u) = (σk−1 − d,σk − d − 1

n
) gives a representation of δk − 1

n
as the difference

of two nonnegative Schur convex functions. The largest d for which this holds will give the
minimal representation in this class of representations, and this is the choice k−1

n
. It must

then be the case that d is actually k−1
n

, and we have proved that the solution to the SRP

for xk := δk − 1
n

is (`∗, u∗) = (σk−1 −
k−1
n

,σk − k
n
), as claimed. �
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Remark 11. It will be of interest to explicitly work out the solution to the SRP for
arbitrary17 monomials. A monomial is a function on Pn of the type

δ
m1
k1

δ
m2
k2

. . . δmd

kd
,

where d > 1, 1 6 k1 < k2 < . . . < kd 6 n, and mj > 1 , 1 6 j 6 d. It is straightforward to
see that any such function is of bounded variation (simply use the formula δk = σk −σk−1,
which was also used in the example above, expand out the product, and gather all terms
with positive coefficients on one side and all terms with negative coefficients on the other
side). However: what is the minimal representation of such a function as the difference of
nonnegative Schur convex functions? �

6 Positive semidefinite symmetric matrices

Let S denote the set of positive semidefinite symmetric d × d real matrices. Let ≺ be the
partial order defined on S as follows: given A,B ∈ S, we say B ≺ A iff A− B is a positive
semidefinite matrix, i.e., iff

xT Bx 6 xT Ax for all x ∈ R
d.

Then (S,≺) is a partially ordered set with minimal element the zero matrix, which will be
denoted 0 in the sequel. A real valued function on (S,≺) will be called a matrix function.
Theorem 1, applied to the poset (S,≺) with upper and lower boundaries the matrix func-
tions α = β = 0 tells us that every bounded variation matrix function x with x(0) = 0 has
a minimal decomposition of the form x = u∗− `∗ where u∗ and `∗ are NN matrix functions,
in the sense that for any pair of NN matrix functions (`, u) with x = u − `, we have `∗ 6 `
and u∗ 6 u.

Remark 12. Every positive semidefinite symmetric d × d real matrix A has d real eigen-
values, which we enumerate as λ1(A) > λ2(A) > . . . > λd(A) > 0. It is well known that
each of the matrix functions λj , 1 6 j 6 d, is nonnegative and nondecreasing on the poset
(S,≺). This is most easily seen from the variational characterization of λj(A) [9, pg. 179].
Given vectors y1, . . . , yl ∈ R

d, let V ⊥
y1,...,yl

denote the orthogonal complement of the subspace
spanned by these vectors. Then

λj(A) = inf
y1,...,yj−1

sup
x∈V ⊥

y1,...,yj−1
, xT x=1

xT Ax. (19)

Here, the interpretation for j = 1 is that there is no outer infimum and the condition
x ∈ V ⊥

y1,...,yj−1
is vacuous. Now suppose B ≺ A. Then, for every y1, . . . , yj−1 we have

sup
x∈V ⊥

y1,...,yj−1
, xT x=1

xT Bx 6 sup
x∈V ⊥

y1,...,yj−1
, xT x=1

xT Ax,

so we may next take the outer infimum in equation (19) to conclude that λj(B) 6 λj(A).
�

6.1 Examples

It is interesting to explore the solution to the SRP with α = β = 0 for some natural matrix
functions on the poset (S,≺). We work out some examples here.

17with a suitable constant subtracted
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6.1.1 Differences of eigenvalues

For 1 6 i < j 6 d, let xij denote the matrix function

xij := λi − λj .

This is obviously of bounded variation, being the difference of the NN matrix functions
λi and λj. We claim that this representation is the solution to the SRP for xij , i.e., that
(λj , λi) is the minimal pair of NN matrix functions among all pairs (`, u) with xij = u − `.
This can be seen by going through the steps of the iteration in the proof of Theorem 1.
Before beginning, let us note that xij(0) = λi(0) = λj(0) = 0.

We start with `0 = u0 = 0. We have `1 = U(−xij) = 0, because xij > 0. Then

u1(A) = U(xij)(A)

= sup
B≺A

xij(B) ∨ 0

= sup
B≺A

λi(B) − λj(B)

= λi(A) ,

which means u1 = λi. Here the last step is because one can find B ≺ A with λi(B) = λi(A)
and λj(B) = 0. Now note that this already completes the proof. This is because we know
from the proof of Theorem 1 that u∗ > u1, where (`∗, u∗) denotes the solution to the SRP
for xij . Hence we must have u∗ > λi, and then trivially also `∗ > λj , so it now follows that
(`∗, u∗) = (λj , λi).

6.1.2 Powers of differences of eigenvalues

For 1 6 i < j 6 d and m > 1, let xm
ij denote the matrix function

xm
ij := (λi − λj)

m.

This may be seen to be of bounded variation by expanding out the power, and gathering the
terms with positive coefficients to one side and the terms with negative coefficients to the
other side, which gives a representation of xm

ij as the difference of two NN matrix functions.

We now observe that the matrix function λm
i − (λi − λj)

m is nonnegative and nonde-
creasing. Thus we have the representation

xm
ij = λm

i − [λm
i − (λi − λj)

m] ,

of xm
ij in terms of the pair of NN matrix functions (λm

i − (λi−λj)
m, λm

i ). We claim that this
representation is the solution to the SRP for xm

ij . This can also be seen by going through
the steps of the iteration in the proof of Theorem 1.

We start with `0 = u0 = 0. We have `1 = U(−xm
ij ) = 0, because xm

ij > 0. Then

u1(A) = U(xm
ij )(A)

= sup
B≺A

xm
ij (B) ∨ 0

= sup
B≺A

(λi(B) − λj(B))m

= λm
i (A) ,

which means u1 = λm
i . Here the last step, as in the case m = 1 considered earlier, is because

one can find B ≺ A with λi(B) = λi(A) and λj(B) = 0. As in the case m = 1, this already
completes the proof.
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6.1.3 Ratios

For 1 6 i < j 6 d, and an arbitrary real number a > 0, let yij denote the matrix function.18

yij :=
λi

λj + a

This is of bounded variation, since we may write

λi

λj + a
=

1

a
λi −

(
1

a
λi −

λi

λj + a

)
,

which gives a representation of yij in terms of the pair of NN functions (1
a
λi −

λi

λj+a
, 1

a
λi).

We claim that this representation is the solution to the SRP for yij. This can be seen by
going through the steps of the iteration in the proof of Theorem 1.

We start with `0 = u0 = 0. We have `1 = U(−yij) = 0, because yij > 0. Then

u1(A) = U(yij)(A)

= sup
B≺A

yij(B) ∨ 0

= sup
B≺A

λi(B)

λj(B) + a

=
1

a
λi(A) ,

which means u1 = 1
a
λi. This completes the proof.

6.1.4 Powers of ratios

For 1 6 i < j 6 d, m > 1, and an arbitrary real number a > 0, consider

ym
ij :=

(
λi

λj + a

)m

.

This is of bounded variation, since we may write
(

λi

λj + a

)m

=
1

am
λm

i −

(
1

am
λm

i −

(
λi

λj + a

)m)
,

which gives a representation of ym
ij in terms of the pair of NN functions ( 1

am λm
i −( λi

λj+a
)m, 1

am λm
i ).

We claim that this representation is the solution to the SRP for yij. This can be seen by
going through the steps of the iteration in the proof of Theorem 1.

We start with `0 = u0 = 0. We have `1 = U(−ym
ij ) = 0, because ym

ij > 0. Then

u1(A) = U(ym
ij )(A)

= sup
B≺A

ym
ij (B) ∨ 0

= sup
B≺A

(
λi(B)

λj(B) + a
)m

=
1

am
λm

i (A) ,

which means u1 = 1
am λm

i . This completes the proof.
18We add a constant to the denominator to make the ratio well defined when λj(A) = 0.
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6.1.5 Matrix entries

On the poset (S,≺), with bottom element the zero matrix, consider the matrix function

zij(A) := eT
i Aej ,

where ei is the unit vector for coordinate i. Thus zij gives the (i, j) coordinate of its
argument. It is interesting to study the solution to the SRP for this function with boundary
functions α = β = 0, i.e., to determine the minimal representation of zij as a difference of
NN functions. For i = j this function is already NN, since it equals eT

i Aei. For all i 6= j,
zij is a function of bounded variation, because

zij(A) =

[
1

2
(ei + ej)

T A(ei + ej)

]
−

[
1

2
(eT

i Aei + eT
j Aej)

]
.

The solution to the SRP for all the zij , i 6= j, should be the same, up to permutation, by
symmetry considerations. Hence we focus on z12, and economize on subscripts by writing
it as z, i.e.,

z(A) := eT
1 Ae2.

We first describe how one might guess the solution to the SRP for z with boundary
functions α = β = 0. Observe that, for any real number γ > 0, we have

z(A) = eT
1 Ae2 =

[
(γe1 +

1

2γ
e2)

T A(γe1 +
1

2γ
e2)

]
−

[
γ2eT

1 Ae1 +
1

4γ2
eT
2 Ae2

]
.

This suggests to consider the NN function:

inf
γ>0

{
γ2eT

1 Ae1 +
1

4γ2
eT
2 Ae2

}
.

Straightforward algebra reveals that this function is
√

(eT
1 Ae1)(e

T
2 Ae2). Next, we recognize

that, for any A ∈ S,

det12(A) = (eT
1 Ae1)(e

T
2 Ae2) − (eT

1 Ae2)
2

> 0 ,

where det12(A) denotes the determinant of the 2 × 2 submatrix of A defined by the first
two rows and the first two columns of A (i.e., we focus attention on the subspace spanned
by e1 and e2). We see from this that the function:

A 7→
√

(eT
1 Ae1)(eT

2 Ae2) − eT
1 Ae2 , (20)

is a nonnegative function, as is the function:

A 7→
√

(eT
1 Ae1)(eT

2 Ae2) + eT
1 Ae2 . (21)

Further, each of these functions is strictly positive precisely where det12(A) 6= 0. We now
claim that each of these functions is also nondecreasing on the poset (S,≺). To see this
for the function (20), let v ∈ R

d be an arbitrary vector, let δ > 0 be a real number, let Aδ

denote A + δvvT , and consider the function

δ 7→
√

(eT
1 Aδe1)(eT

2 Aδe2) − eT
1 Aδe2 .
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The first derivative of this function at δ = 0 exists for all A with det12(A) 6= 0 and equals

1

2
(eT

1 v)2

√
eT
2 Ae2

eT
1 Ae1

+
1

2
(eT

2 v)2

√
eT
1 Ae1

eT
2 Ae2

− (eT
1 v)(eT

2 v) ,

which is nonnegative. This demonstrates that the function (20) is nondecreasing on the
poset (S,≺). The proof that the function (21) is nondecreasing is similar.

Let

̂̀(A) =
1

2

[√
(eT

1 Ae1)(e
T
2 Ae2) − eT

1 Ae2

]
,

û(A) :=
1

2

[√
(eT

1 Ae1)(eT
2 Ae2) + eT

1 Ae2

]
. (22)

Then we have
z = û − ̂̀ .

Also, we have just demonstrated that (̂̀, û) is a pair of NN function on the poset (S,≺).
We will next demonstrate that this representation is the solution to the SRP for z with
boundary functions α = β = 0.

We follow the steps of the iterative procedure by which the existence and uniqueness
of the solution to the SRP was demonstrated in Theorem 1. We start with `0 = u0 = 0.

We have
u1(A) = U(z)(A) = sup

B≺A

eT
1 Be2 .

To determine u1(A) it is enough to restrict attention to the subspace spanned by e1 and e2,
so we will assume, for purposes of determining u1(A), that A is a 2 × 2 matrix. Further,
since u1(0) = 0, we will assume that A 6= 0. We next observe that in order to determine
u1(A) it suffices to consider B ≺ A of rank 1. Indeed, any B ∈ S can be written as
B = η1w1w

T
1 + η2w2w

T
2 , with η1 > η2 > 0, wT

1 w1 = wT
2 w2 = 1, and wT

1 w2 = 0, and then we
have

eT
1 Be2 = eT

1 (η1w1w
T
1 + η2w2w

T
2 )e2

= (η1 − η2)e
T
1 (w1w

T
1 )e2 + η2e

T
1 (w1w

T
1 + w2w

T
2 )e2

= (η1 − η2)e
T
1 (w1w

T
1 )e2 ,

because w1w
T
1 +w2w

T
2 is the 2× 2 identity matrix, and eT

1 e2 = 0. Since B ≺ A implies that
(η1 − η2)w1w

T
1 ≺ A, we might as well have taken B to equal (η1 − η2)w1w

T
1 , for purposes of

determining u1(A).

Thus, fix w ∈ R
2 with wT w = 1, and ask how large η can be so that we still have

ηwwT ≺ A . (23)

Recall that we assume A 6= 0. It is convenient to express A as A = λ1v1v
T
1 + λ2v2v

T
2 with

λ1 > λ2 > 0, vT
1 v1 = vT

2 v2 = 1, and vT
1 v2 = 0, and to write

w = γ1v1 + γ2v2 .

Then, if we write
w̄ := −γ2v1 + γ1v2 ,
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we have w̄T w̄ = 1 and w̄T w = 0. Consider an arbitrary vector in R
2, written as aw + āw̄.

The condition in equation (23) requires that, for every choice of a, ā, we have

η(aw + āw̄)T wwT (aw + āw̄) 6 (aw + āw̄)T A(aw + āw̄) ,

i.e., that
ηa2

6 λ1(aγ1 − āγ2)
2 + λ2(aγ2 + āγ1)

2 .

We wish to determine the largest value of η satisfying this condition for all a, ā. Some
algebra shows that this is:

η∗(w) :=
λ1λ2

λ1γ2
2 + λ2γ2

1

. (24)

This expression holds for all A 6= 0 (including those of rank 1). Note that the denominator
of the expression on the right hand side of equation (24) is uniquely defined in terms of w
even when A has rank 1, and even when λ1 = λ2 so this formula makes sense.19

So now, to determine u1(A) for A 6= 0, we may write

u1(A) = sup
w∈R2 : wT w=1

η∗(w)eT
1 (wwT )e2 ,

where η∗(w) is given by equation (24). Let w := [w1 w2]
T , v1 := [v11 v12]

T , and v2 :=
[v21 v22]

T be the expression of w, v1, and v2 respectively in coordinates in the basis given by
e1 and e2. Then γ1 = wT v1 = w1v11 + w2v12 and γ2 = wT v2 = w1v21 + w2v22. We conclude
that

u1(A) = sup
w1,w2 : w2

1+w2
2=1

λ1λ2w1w2

λ1(w1v21 + w2v22)2 + λ2(w1v11 + w2v12)2
.

Some algebra shows that the optimal solution has w1 and w2 in the ratio

w1

w2
=

√
λ1v2

22 + λ2v2
12√

λ1v2
21 + λ2v2

11

=

√
eT
1 Ae1

√
eT
2 Ae2

.

Substituting for this gives
u1 = û ,

where û is defined in equation (22).

Now, we also have

`1(A) = U(−z)(A) = sup
B≺A

−eT
1 Be2 .

Mimicking the preceding calculation (the only difference is the use of −e1 instead of e1) we
arrive at the conclusion that

`1 = ̂̀ ,

where ̂̀ is defined in equation (22).

But now we have verified that the pair of NN functions (̂̀, û) is the solution to the SRP
for z with boundary functions α = β = 0. Indeed if (`∗, u∗) denotes the solution to this
SRP, then the fact that ̂̀and û are NN and that z = û− ̂̀ implies that ̂̀> `∗ and û > u∗,
while, since we have `1 6 `∗ and u1 6 u∗, the preceding calculation has demonstrated that
̂̀6 `∗ and û 6 u∗.

19Note that the sign of γ2 is not uniquely defined when A has rank 1; further, γ1 and γ2 are not uniquely
defined when λ1 = λ2.
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Remark 13. 1. It will be of interest to explicitly work out the solution to the SRP for
the matrix function 1

λi−λj+a
, where a > 0 is an arbitrary real number and 1 6 i < j 6

are fixed.

2. It will be of interest to explicitly work out the solution to the SRP for the matrix
function

∏
16i<j6d(λi − λj)

�
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