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Abstract.  All-optical packet switched networking is hampered by the p roblem of
realizing viable queues for optical packets. Packets can bebu ered in delay lines, but

delay lines do not functionally emulate queues from an input -output point of view.

In this paper we consider the problem of exact emulation of a priority queue of size K
using a switching system comprised of a switch of size M +1) (M +1), which has
one distinguished input for external arrivals, one disting uished output for external
departures, and xed-length delay lines of lengths Li;L2;:::;Lm connecting the
other inputs and outputs in pairs. We measure the complexity of such an emulation
by M + 1. We prove .that M d log(K 1)e and pr¢?§ent a construction \ghich
works with M = O( K); further, in our construction M Lm =K+ O( K).

m=1
We also sketch an idea for an all-optical packet switched communication network

architecture based on approximate emulation of priority queues of nite size using
switches and delay lines, with erasure control coding at the packet level.

Keywords: erasure control coding, error control coding, networking, optical net-
working, priority queues, queueing, switching

1. Introduction

Packet switched communication networks need to resolve cdantion
for links by bu ering some of the contending packets. Opticd networks
with wavelength division multiplexing can already support data rates
of several terabytes per second [15]. Unfortunately, therelo not exist
bu ering strategies for optical packets that have the exib ility of their
electronic counterparts [14]. As a result, currently deplyed high speed
optical packet switched networks have to transform optical packets
into electronics for switching, and then convert the switched electronic
packets back to optics for high speed transmission [13]. Tlsi so-called
O-E-O bottleneck is one of the main stumbling blocks to the rapid
deployment of all-optical networks.
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There have been many schemes proposed for mimicking bu ermpfor
optical packets, almost all of which involve using a system omprised
of an optical switch and delay lines to hold the packets. In this paper
we will call such a system aswitching system A survey of this work is
available in [10]; see also [14], and the more recent work [s refer-
enced in [7]). All of these schemes are ad-hoc in nature, andhé¢ extent
to which they are successful in emulating bu ering for arbitrary tra c
patterns is rather unclear. Our purpose in this paper is to famulate
and investigate from rst principles the problem of emulati ng bu ered
gueueing disciplines with a switching system.

2. Problem formulation

We rst describe in detail the dynamics of the priority queue of size
K with gated service that we seek to emulate. The queue is asswd
to start empty at time 0 1. At each time there may or may not be an
arrival request and there may or may not be a departure reques Each
arrival request has an associated integer called itpriority . The queue
operates as follows :

If there is no arrival request and no departure request the pakets
that were in the queue continue to remain in the queue.

If there is no arrival request and there is a departure reques then

among the packets in the queue (if any) the oldest one among thse
with the highest priority is released from the queue to servethe
departure request. The other packets remain in the queue.

If there is an arrival request which has lower priority than j of the
packets currently in the queue and there is no departure reqgest,
and if the total number of packets currently in the queue isk <K,
the arriving packet is admitted into the queue. The packets that
were in the queue remain in the queue.

If there is an arrival request and there is no departure requst and
the total number of packets in the queue isK , the arriving packet
is rejected, irrespective of what its priority is 2. The packets that
were in the queue remain in the queue.

! The modi cations required to derive our results without thi s assumption are
straightforward.

2 |tis possible to modify our results to deal with the case that the arriving packet
displaces the lowest priority packet. See Section 5 for this extension.
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If there is an arrival request which has higher priority than all the
packets currently in the queue and there is a departure requst, the
departure request is served by the arriving packet and the pekets
that were in the queue remain in the queue.

If there is an arrival request which has lower priority than j of the
packets currently in the queue,j > 0, and there is a departure
request, the departure request is served by the packet in thgueue
that is the oldest among the highest priority packets in the queue.
The arriving packet is admitted into the queue and the packet
that were in the queue, other than the one that departed, reman
in the queue.

It is not hard to check that both a nite bu er First-In-First -Out
(FIFO) queue and a nite bu er Last-In-First-Out (LIFO) que ue? are
priority queues.

Consider a timet at whichthereare 0 k K packets in the queue.
It is convenient to think of each packet, if any, as carrying atag at time
t from among the numbers 1 throughk. Packets of higher priority have
smaller tags than those of lower priority, and among among pekets of
the same priority older packets have smaller tags than youngr packets.
From the dynamics of the queue, as described above, one seémt the
relative order of the tags of the packets in the queue never @nges from
one time to another. It is also convenient to de ne anext-tag at time t
for each packet that is in the queue at timet and the arriving packet at
time t (if any). For a packet that is present in the queue both at time
t and at time t + 1 its next-tag at time t equals its tag at time t + 1.
If a packet is released from the queue at time to serve a departure
request at time t (if any) its next-tag at time t equals 0. An arriving
packet at time t (if any) is assigned next-tag O at timet if either it is
rejected from a full queue or if it is the one that serves the dparture
request at time t (if any). An arriving packet at time t (if any) that is
admitted into the queue has its next-tag at time t equal to its tag at
time t + 1 (as a member of the queue).

We turn now to switching systems. The switching systems we co-
sider in this paper are as shown in Figure 1. Packets arrive ahg a
distinguished input to the switch, called the arrival input , and indexed
by 0; they exit along a distinguished output of the switch, cdled the
departure output, and indexed by 0. The remaining M inputs and

We assume that the switching system is synchronous at the p&et level,

3 In the LIFO case, if there is an arrival request into a full que ue when there is
no departure request, it is the arriving packet that is rejec ted.
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Figure 1. A queue implemented as a switch with delay lines.

and that all packets have the xed length 1. At each time step t, the
following events happen in order:

1. A packet may arrive at the arrival input. Also, a departure request
may arrive.

2. The packets in the delay lines move forward by one slot. Thewitch
implements a one-to-one mapping (matching) from itsM +1 inputs
to its M + 1 outputs. Thus the arriving packet, if any, and the
packets at the ends of theM delay lines, if any, are switched into
the departure output and the beginnings of theM delay lines. The
matching used by the switch at any timet is in principle allowed
to depend on the entire history of the arrival process up to am
including time t and of the matchings used up to and including
time t 1. A packet that is switched into the departure output
leaves the switching system.

We now de ne what we mean by saying that a switching system
exactly emulates a priority queue of sizeK . We start with an empty
priority queue of size K at time 0 on the one hand, and an empty
switching system at time O on the other hand. We are given an dboitrary
sequence of departure requests and an arbitrary sequence afrival
requests with associated priorities, which we think of as aplied to the
gueue on the one hand and to the switching system on the otherdnd.
We will say that the switching system exactly emulates the piority
queue up to timet if foreachtime 0 s t the packets that are in the
priority queue at time s are identical to those that are in the switching
system at time s and the packet that is placed on the departure output
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of the switching system at time s is identical to the one that departs
from the queue at time s or to the one that is rejected from the queue
at time s 4. We will say that the switching system exactly emulates the
priority queue for all time if it emulates the priority queue up to time

t for eacht 0.

We measure the complexity of the switching system for a targe
gueue depthK by the size M + 1 of the switch. We are interested
in how small we can makeM as a function of K. In this paper, we
will shoW that M dlog(K 1)e and provide a construction with
M = O( K).

3. Alower bound of dog(K 1e

We now establish a lower bound on the switch size in any exactraula-
tion. In this section we will assume that the lengths of the dday lines

are ordered so thatL; L» Ly °. There must be at least
enough room in the delay lines forK packets, so we must have
Pl
Li K: Q)

i=1

Now, note that a packet with next-tag j at time t cannot be switched
at time t into a delay line with length more than j. Suppose to the
contrary that at time t, the packet with next-tag j is switched into a
delay line of length more that . Suppose that at timest+1;t+2;:::t+],
there are departure requests and no arrivals. Then at timet + j, this
packet will have next-tag 0, but will not be available to be switched to
the output line of the switching system, so the switching sysem cannot
correctly emulate the priority queue.

This observation leads to the following lemma, which applies to any
switching system that exactly emulates a priority queue of &e K :

Lemmal. L;=1.1f K 2, thenforall m 1 such that

xn
Li K 1 2)
i=1
4 At the times when an arriving packet is rejected from the full priority queue
when there is no departure request, in the emulation we treat it as being placed
on the departure output of the switching system. This is just a convenient way of
representing its rejection. In a practical implementation , in this case, the arriving
packet would simply be erased, for instance by disconnecting the departure output
from the rest of the world.
5 This assumption applies only in this section; for instance, it does not apply in
the next section.
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we have

Proof. First note that the statement of the lemma makes sense, since
if (2) holds then, by (1), line m + 1 must exist. We must have L; =1
because if the switching system is empty at timet and there is an
arrival request and no departure request at this time, then the arriving
packet must, by our observation above, be assigned to a delaljne of
length 1. Thus there has to be at least one delay line of lengthlL, so
|_1 =1.

Now suppgse that (2) holds but (3) does not hold, for somen 1.
Letj denote Z; Li.Notethatl j K 1 under our assumptions.
Suppose the switching system hag packets in it at time t and there
are no arrivals and no departure requests at timeg;t+1;:::;t+] 1.
From our observation above, at timet + j the switching system has
j packets which are all in the delay lines numbered 12;::: m. Thus
these delay lines are \full". Suppose that at time t + j there is an
arrival request but no departure request, and that this arrival request
has lower priority than all the packets in the switching system at time
t + j. The new packet then has next-tagj + 1. Since the lines 1.::m
are full at time t + j, the total number of packets to be switched back
into the delay lines at time t + j is m + 1. Hence, at least one packet
has to be switched into a line numberedm + 1 or higher. The switching
system is therefore forced to assign a packet with next-tag + 1 or less
to a line with length j +2 or higher, which, by our observation, implies
that the switching system cannot exactly emulate a priority queue of
sizeK .

Using Lemma 1 we get our lower bound :

Proposition 1. M dlog(K 1l)e

Proof. Let K =24 +1. From Lemma 1, starting with L1 = 1, we see
that L» 2,Ls 4, and so on, through tol.o» 2* 1. This tells us
that A_;Lm 2* 1. However, we have M_ L, K =2A+1;
thisis (1). HenceM A+1 logK. Since the smallest possibléM is a
nondecreasing function ofK { any switching system that can emulate
of priority queue of a given size can emulate one of smaller z { it
follows that M d log(K 1)e.

myrevisionfinal.tex; 14/09/2005; 10:58; p.6



4. An upper bound of O(p K)

In this section we describe an algorithm to emulate a prioriy qu%ugof
size K using a switching system with a switch of sizeM = O( K).
Since a switching system emulating a priority queue of a give size can
also emulate one of any smaller size, it su ce to consider onf the case
whereK is of the form N (N +1) for some N 1 and to show that
a priority queue of sizeK can be emulated by a switching system with
an (M +1) (M +1) switch with M =2N 1. The architecture for the
switching system we construct is given in Figure 2 for the casN = 5.
This gure shows the lengths of the 9 delays lines; the switchitself is
a 10 10 switch, since it also has an arrival input and a departure
output. It emulates a priority queue of size 15.

For a more realistic assessment of our construction, note tht a 128
128 switch can be used to emulate a priority queue of size 208@hich
is bigger than 2048°%, a quite interesting size in practice. The switch has
one arrival input and one departure output. Of the 127 delay Ines in
the switching system, the rst 64 have length equal to their index, and
the next 63 are of length 1. The longest delay line used is of teyth 64.
The total length needed for all the delay lines is 2143, so theverhead,
in terms of this metric, as compared to the absolute lower boud of
2080, as given by (1), is negligible.

Let (k) be de ned as

(k) = %+ %pl+8k: (4)

Then (k) satises k = 3 (k)( (k) +1), soif K = N(N +1), as
we assume, thenN = (K). We will show how to emulate a priority
queue of sizeK with a switching system that uses a switch of size
2N 2N, soM = 2N 1. We partition the set of delay lines into
two sets of sizeN and N 1 respectively : the set ofregular lines
R and the set of over ow lines F. The lines in R have lengthsL, =
1L, =2;:::Ly = N, and the lines in F all have length 1. That is,
Ln+1 =1;Ln+2 =150 Loy 1 = 1. Note that, with this construction,
the total length of the delay lines needed, for arbitrary K, is

1
L = _
mT 2

m=1

d (K)e(d (K)e+1)+ d (K)e 1=K + O(pi) ;
To start with we are going to consider a sloppy switching sysém

(SSS), which uses a much bigger switch, with the regular ling as above,

6 Commonly, 2048 is called \2K".
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Figure 2. A queue of size K = 15.

but with a total of K 1 over ow lines, each of which is of length 1.
With some abuse of notation, we will continue to useR for the set of
regular lines andF for the set of over ow lines in the SSS. We consider
only K = IN(N +1) for some N 1, so the SSS haN regular
lines, of lengths 1:::;N respectively, andK 1 over ow lines, each of
length 1, and it needs an N + K) (N + K) switch. We will describe
a switching algorithm for the SSS and prove that it exactly enulates
a priority queue of size K. We will then argue that at every time at
most N 1 over ow lines are used in the SSS, so it unnecessary to
have so many over ow lines. Thus, the same algorithm, applid to the
original switching system, will ensure that it also the exadly emulates
a priority queue of sizeK .

We now describe a class of algorithms for the SSS that will mak
it emulate a priority queue of size K. Assume that the SSS has been
correctly emulating the priority queue up to time t, so we can talk about
the tag and post-tag of packets at timet. The algorithms we consider
are of the following type : at time t, the algorithm computes a number
1 T(t) N. The regular line with this index is called the trapping
line. At time t, the algorithm places the packet with next-tag 0, if any,
in the departure line, and places the remaining packets thatneed to
be switched, if any, in order of increasing next-tag, in the egular lines
of least index, up to and including the trapping line, and places any
remaining packets that still need to be switched into the ove ow lines,
one to each over ow line.

Note that, in the SSS, irrespective of how T(t) is computed an
algorithm of this type will continue to exactly emulate the p riority
queue up to timet + 1, and the packet with tag 1 at time t +1 will be
in the regular line of least index at time t + 1. This follows from the
observation that the packet with next-tag 0, if any, is always placed in
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the departure line, and any other packet is always placed in dine of
length that is no bigger than its next-tag.

We will now build up to a particular way of computing T(t), see
equation (9) below. Let a(t) denote that indicator that there is an
arrival request at time t. Let d(t) denote the indicator that there is
a departure request at timet. Let ! o(t) denote the total number of
packets in the SSS at timet. This does not include the arrival request,
if any. We have already proved that that the SSS exactly emulaées the
priority queue of sizeK , so we know that! o(t) evolves like the queue
size in the priority queue, i.e.

o(t+1)=min( K; [ (1) + at) d(t)]") : ®)

For future convenience, let! 5(t) denote! o(t +1). Thus

o) =min(K; [ o(t) + a(t)  d(t)]") : (6)

Let ! g (1) denote the number of packets in the over ow lines of the
SSS at timet. Let S(t) denote the largest index among the regular lines
that have a packet at time t, if any, with S(t) = 0 if none of the regular
lines have packets at timet. Let (t) denote the number of packets that
need to be circulated back into theN + (K 1) delay lines of the SSS
at time t 7. Then we have

(1) [SO+ e+ at) du]" : ()

This comes from the fact that every packet that needs to be rerculated
as well as the packet that departs (if any) is either the arriving packet
(if any), a packet at the head of one of the regular lines 1 thragh S(t),
or a packet in one of the occupied over ow lines (of which thee are
Pe (1))

Let P(t) denote the number of shortest regular lines that would be
needed to pack! (t), i.e.

P(t)=d (! 5(D)e: (8)
The trapping line is given by setting
T(t) =max f1;S(t); P(t)g : 9)

We have 0 S(t) N, since there are onlyN regular lines. We have
0 P(t) N, since we have!l ;(t) K. Hence we have 1 T(t)
N. The algorithm used by the SSS is as described above, with thi

" Note that this does not include the packet placed in the depar ture output of
the switch in the SSS, if any.
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particular choice for T(t). Thus, of the (t) packets that need to be
recirculated into the delay lines at time t, up to exactly T(t) will be
put in the shortest T(t) delay lines in increasing order of next-tag,
and any others will be placed in the over ow lines, one to a lire. We
therefore have

Sit) Tt 1); (10)
le()=[ (t 1) Tt 1" ; (11)

and
S)<T( 1)=) !g(t)=0: (12)

For the convenience of the reader, in the following table we ige a
glossary of the notation we have introduced so far. All quanities are
at time t.

' o(t) Queue size in the priority queue being emulated.

a(t) Indicator of arrival request.

d(t) Indicator of departure request.

! 5(t) Projected queue size one step later,
ie. ! o(t+1).

I £(t) Number of packets in the over ow lines.

S(t) Largest index of a regular line with a packet
(equals O if all regular lines are empty).

P(t) Number of shortest regular lines needed to pack
1 5(t) (equals 0 if! 5(t) = 0).

(t) Number of packets needing recirculation into

the delay lines.

T(t) Trapping line.

Our aim is to show that with T (t) chosen as in equation (9), we have

I'e(t) N 1 forall t. We do this in Proposition 2 after rst proving
a sequence of lemmas. The SSS and the priority queue of sike that
is being emulated are assumed to start empty at timet = 0. Thus all
the variables de ned in the preceding table may be taken to bezero for
allt 0, the exceptions beinga(0) and d(0), which are given att = 0,
I 5(0), which equals (@(0) d(0))*, P(0), which equalsd (! ;(0))e,

(0), which equals @(0) d(0))*, and T(0), which will equal 1 for all
t O.

Lemma 2. For all t we have

! F(t) ! |:(t l)+l . (13)
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Proof.
Starting with equation (7) we have

(t 1) [S(t D+!gt D+at 1) dit 1"
St +!'e(t 1+1
Tt LD+ 1)+1; (14)

where the last step uses equation (9). Now, starting with eqation (11)
we have

le) = [ (t 1) Tt I
(a

‘e v
= 1t 1+1

where step (a) comes from equation (9). This completes the mof.
Lemma 3. For all t we have
TA <T@ 1)=) !'g()=0: (15)

Proof.

From equation (9) we know that T(t) <T (t 1)=) S(t) <T(t 1).
From equation (12) this further implies that ! ¢ (t) = 0. This completes
the proof.

Lemma 4. Forall t,if T(t 1)<T({)thenT(t)=T(t 1)+1 and
Lo =15t 1)+1.

Proof.
We have

max(1;S(t)) max(1;T(t 21)=T(@¢ 1);

where the rst step is from equation (10) and the second steps from
equation (9). From the de nition of T(t) in equation (9) it follows that

T(t) =max(1;S(t);P(t)) max(T(t 21);P(t)) :
It then follows that
TO>T@E =) TE)=PH)>T@ 1) PG 1):

Since ! 5() and P() can increase by at most 1 at any time, this
completes the proof of the lemma.
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Lemma 5. Forallt,if T(t 1)<T(t) thenS(t)= T(t 1)

Proof.

From equation (10) we know that S(t) T(t 1). Assume that
S(t) <T (t 1). From equation (12) this implies that ! ¢ (t) = 0. From
the algorithm used by the switch in the SSS to recirculate pakets,
we have that ! ¢ (t) = 0 implies ! o(t) T RTE DD " hecause all
the packets in the system at timet would be in the shortest regular
lines up to and including the line of index T(t 1). However, since
we have also assumed thaS(t) < T (t 1), it follows that ! o(t) <
T UAL D This then implies that | §(t) — TCROL DD pe.
cause! ;() can increase by at most 1 at any time. Hence (! ;(t))
T(t 1), and soP(t) =d (! 5(t))e T(t 1). It then follows that
T(t) =max(1;S(t);P(t)) T(t 1). We have thus completed the proof
of the lemma.

Lemma 6. Forall t,if T(t 1)<T(t) then S(t+1)= T(t).

Proof.

From equation (10), we always haveS(t +1) T(t). If S(t+1) <
T(t), then, from equation (12), we would have! g (t+1) = 0. From the
algorithm used by the switch in the SSS, this means that all pakets
in the queue at time t + 1 are in the regular lines of least index up
to and including the line of index T(t) 1, if any 8. We then have
o+ O DGO DD since we assumed thalf (t 1) < T (t)
and sinceT () can increase by at most 1 at any time, what this says
isthat 1 §(t+1) TG DD mom this, exactly as in the proof
of Lemma 5, we conclude thatT(t) T(t 1), a contradiction. This
concludes the proof of the lemma.

Lemma 7. For all t,if T(t 1)<T(t) thenS(t+1)= S(t+2)=
=S+ T =TW)and T(H)= T+ = :::=TE+T({) 1).

Proof.

In Lemma 3 we proved that T(t 1) < T (t) implies that T(t) =
T(t 1)+landthat ! 5(t)="!5(t 1)+1=1!q(t)+1. It follows that
L) = T D 41 1n Lemma 6 we proved that S(t+1) = T(t).
Intuitively, what has happened is that the algorithm has placed, at time
t+1, exactly one packet in the \new" regular line, of index T (t) that it

8 If T(t) = 1 the conclusion would be that there no packets in the queue at time
t+1.
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has just\opened"” at time t+1. Now, since the queue size can increase by
at most 1 at each time step, we have §(t+i) TCROEDD 4jpg
So,for0 i T(t) 1, we haveP(t+ i) T(t) from equation (8).
SinceS(t+1)= T(t) and P(t+1) T(t), we haveT(t+1) = T(t).
The packet that was placed in the line of indexT (t) at time t+1 must
continue to be in the same line at timet +2. Hence S(t +2) = T(t). If
T(t) = 2, we have completed the proof. Otherwise, we may continugn
this manner to argue that sinceS(t+2) = T(t) and P(t+2) T(t),
we haveT (t+2)= T(t). If T(t) 3, the packet that was placed in the
line of index T(t) at time t+ 1 must continue to be in the same line at
time t+3, so we haveS(t+3) = T(t). In the general case, the last step
would be to use the previously proved fact thatS(t + T(t) 1) = T(t)
with P(t+ T(t) 1) T(t)to conclude that T(t+ T(t) 1)= T(t)
and then to use that fact that the packet that was placed in the line of
index T(t) at time t + 1 must continue to be in the same line at time
t+ T(t) to conclude that S(t + T(t)) = T(t).

Lemma8. Forallt,if T(t 1)<T(@)then!g(t+i) !g@+i 1)
forall i=1;2;:::T(t).

Proof.

In Lemma 5 we proved that T(t 1) < T (t) implies that S(t
1) = T(t). In Lemma 3 we proved that T(t 1) < T (t) implies that
T()=T( 1)+landthat ! 5(t)="!5(t 1)+1=1q(t)+1. This
implies that a(t) = 1 and d(t) = 0. We may now start from equation
(7) to write

(t) SO+ e+ alt) dnl
S)+ g(t)+1

Tt D+!'g(t)+1

T+ ')

From equation (11) we now have! g(t+1)=[ (t) T(@®)]" !e(1).

From Lemma 7, using the fact that there is no packet that is present
at the output of the regular line of index T(t) at times t+ i 1 for
i=2;::;T({t),wehave (t+1 1) (T({) D+!eg@+i 1)+1
for all suchi. Further, Lemma 7 tells us that T(t+i 1) = T(t) for all
suchi,so! g(t+i)=[ (t+i 1) T@+i 21" !'g@+i 1)for
all suchi. This completes the proof of the lemma.

We are now able to prove the claim that the SSS never needs to es
more than N 1 over ow lines.
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Proposition 2.  We have! (t) < T (t) for all t. In particular, we have
'e(t) N 1forallt.

Proof.

The proof is by induction on T(t). To start with, it is true for all t
with T(t) = 1. To see this, consider two cases. First, ifT(t 1) =1,
then ! a(t 1) 1so!g(t)=0.Second, if T(t 1) 2, then since
S(t) 1, we have! (t) = 0. In either case, we are done.

Next, we show that the claim is true for all t with T(t) = 2. We
have to consider three cases. First, iff (t 1) =1, then ! a(t 1) 1
so!g(t) =0. Second, if T(t 1) 3, then sinceS(t) 2, we have
'e(t) =0. Third, if T(t 1)=2,then! 5(t 1) 3,s0ifS(t) =2,
we have! (t) 1, while if S(t) < 2, we have! £(t) = 0. In all three
cases, we are done.

Assume now that the claim has been established for atl with T (t)

r 1, wherer 1 2. Considert with T(t) = r. We again consider
three cases. First, if T(t 1) r 1, thenT(t 1)=r 1 and
'e(t 1)<r 1so(t 1)<2(r 1+1,so!g(t) r 1. Second,
if T(t 1) r+1, thensinceS(t) r we have! ¢(t)=0.

The third case, whenT(t 1) = r, is the most interesting. Suppose
I'r(t) r.Then, as we proved in Lemma 2, we haveé (t i) > O for
0O i r 1. Hence we have

T r) T r+1) =0 TH)=r:

Suppose there is 1 r with T(t ) <T(t +1)= r. Then by
Lemmas8,! g(t +1) !g(t +2)::: g(t)= r,acontradiction.
On the other hand, if there is no such , i.e. if we suppose that

Tt =T r+l)=:::=TH)=r;

then!o(t) "D 4y 1> 1D 50T(t) r+1, whichis also a
contradiction. Thus we are done in all three cases and have ocapleted
the proof of the proposition. This implies that there was no need to have
as many over ow lines as provided in the SSS : the original svithing

sygeln would have done as well. This completes our proof thaM =

o( K).

5. A modied packet rejection scheme

In this section we describe an extension to the previous comsiction
that allows arriving packets to force the switching system o drop the
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lowest priority packet rather than rejecting the arriving p acket. As
before, at each timet we will talk about the tag for each packet in the
gueue at timet, and we will talk about the next-tag for packets that are
in the queue at timet and for the arriving packet at time t (if any). The

tag at time t is de ned exactly as before : higher priority packets have
smaller tags than lower priority packets, and among packetsof the
same priority, older packets have smaller tags than youngempackets.
The next-tags at time t will be computed in terms of the tags at time
t + 1 exactly as for the preceding de nition of priority queues, except
in one case : if the queue is full at timet, there is no departure request
at time t, and there is an arrival at time t that has priority higher than

preciselyj of the packets currently in the queue 0 j K 1, then
the packet that had tag K at time t will get next-tag 0 at time t and
the packet that arrived at time t will be given next-tag j + 1 at time

t. The point, of course, is that it is now the arriving packet that gets
admitted by displacing a lowest priority packet currently i n the (full)

queue (which we take to be the youngest of the lowest prioritypackets).

We will show how to emulate a priority queue of sizeK = M
in the new sense, with a switching system having a switch of ge N +
(N 1+(N 1). The method we propose is like that in the preceding
discussion, except that we requireN 1 additional delay lines of length
1 each and a slight modi cation to the switch operation.

Let us add to the previous construction a setE of N 1 delay lines
of length 1 each. We call this the set theend lines To start with, we
again use a sloppy switching system (SSS) witltN regular lines, K 1
over ow lines, and the N 1 end lines, prove that the SSS exactly
emulates the priority queue of sizeK and then prove that no more
than N 1 over ow lines ever need to be used.

The operation of the new SSS is similar to that in the previous
section. At each timet the algorithm computes a trapping line T (t)
l.LetA=fK N+2;K N +3;:::Kg. The algorithm places a
packet with next-tag 0, if any, in the departure line, places any packets
with next-tags in the set A into the lines in E, places T (t) packets
in increasing order of next-tag into the regular lines of sméest index,
and places the remaining packets in the over ow lines. In ths new
operation, the end lineskE are reserved for the packets with tags inA.

Since a packet is always placed in a line of length no bigger #n
its next-tag, we can see that packet with highest priority is always
available at the input of the switch. The new requirement we have is
that the packet with tag K, if any, should be available at the input of
the switch. We will prove this below in Lemma 9. This lemma holds
true irrespective of how the trapping line is computed
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Lemma 9. At all times t for which queue is full, the packet with tag
K is always available at the input of the switch.

Proof. Suppose that the queue is full at timet and the packet with
tag K is not available at the input of the switch. Then it cannot be
in the over ow lines F or the end linesE since they are of length 1.
The packet must be in a line of lengthj > 1 in R. Since this line has
length less than or equal toN and the packet is not at the input of
the switch, it must have been switched into this line at a time s where
t N+1 s t 1. Thus the packet's next-tag at time s, i.e. its
tag at time s+ 1, must have been at mostK N + 1. Since the tag of
a packet can increase by at most 1 at each time, its current tags at
most (K N+1)+(t (s+1) K 1, acontradiction. Thus the
packet with tag K must be available at the input of the switch.

We have now proved that the new SSS correctly emulates a priaty
queue of sizeK in the new sense. The proof thatN 1 over ow lines
are su cient proceeds along the same lines as in the last sen, by
showing that, with a speci c choice of trapping line, which we give
below, the SSS needs to use no more thaN 1 of the over ow lines.

Let ! o(t), ! 5(t), a(t), and d(t) be as before. Let! g(t) denote the
number of packets inE. Let S(t) denote the longest length among the
regular lines that have a packet at timet, if any, with S(t) = 0 if none
of the regular lines has a packet at timet. Let P(t) be de ned as in
equation (8). Let T(t) be de ned as in equation (9). Let "(t) denote the
number of packets that need to be circulated back into theN +( K 1)
delay lines inR [ F at time t. Note that this does not include packets
that need to be recirculated into the end lines, if any. Then t is clear
that the following holds:

) SO+ e+ d)T (16)

This bound is di erent from the analogous bound (7) of the preceding
section, because we may have the case where a departure f@@epacket
formerly in E to be switched into R[ F. It is also clear that we have

S(t) Tt 1) _ (17)

I
e = Nt 1) T (18)
SH)<T( 1) =) !lg(t)=0: (19)

The following three lemmas are the analogs of Lemmas 2, 3, and
respectively. The proof only depends on equations (16){(1Q in exactly
the same way in which the proofs of those lemmas depend on eqi@ns
(7) and (10{(12) respectively, so they follow immediately.
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Lemma 10. For all t we have
Pe(t) 'e(t 1)+1: (20)

Lemma 11. For all t we have
TA)<T({ 1)=) !'g(t)=0: (21)

Lemma 12. Forall t,if T(t 1)<T(t)thenT(t)=T(t 1)+1 and
Lo =15t 1)+1.

The next three lemmas correspond to Lemmas 5, 6, and 7 respec-
tively. Their proofs are given in the appendix.

Lemma 13. Forall t,if T(t 1)<T(t) then S(t)= T(t 1).
Lemma 14. Forall t,if T(t 1)<T (t) then S(t+1) = T(t).

Lemma 15. Forall t,if T(t 1)<T(t) thenS(t+1)= S(t+2)=
=S+ T =TW)and T(t)=T(+1)= :::=TE+TH) 1).

The three lemmas above can be used to show Lemma 16, which is
the analog of Lemma 8. The proof is given in the appendix.

Lemma 16. Forall t,if T(t 1)<T (t) then! g(t+i) !'g(t+i 1)
forall i=1;2;:::T(t).

With these lemmas one can prove the following analog to Propsition
2. The proof is given in the appendix.

Proposition 3.  We have! (t) < T (t) for all t. In particular, we have
're(t) N 1forallt.

This proposition establishes that is possible to emulate a pBriLy
gueue of sizeK in the new sense, with (K)+2( (K) 1)= O( K)
delay lines. T61e total length of the lines used isw +2( (K)
1)= K + O( K).

6. Concluding remarks

We have consideredexact emulation of nite bu er priority queues

using a switching system comprised of a switch with delay lies. While
this problem is interesting and appears challenging, we hay the more
general aim of motivating the study from rst principles of t he problem
of approximate emulation of queues by structures that can be imple-
mented in all-optical technology, in particular switching systems. In
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this concluding section we brie y sketch an idea for building an all-
optical packet switched network by approximate emulation o nite
bu er priority queues, with end to end erasure control coding at the
packet level.

Our idea is to view the pattern of drops of packets in a ow as a
parameter of quality of service. An approximate emulation d a queue-
ing discipline is thus allowed to occasionally fail to deliver a packet in
response to a departure request, but we would aim to give a guantee
on the dropping pattern. Since an end to end guarantee on the kbpping
pattern could be built up from guarantees at the switches almg the
path of the ow, this architecture decouples the network level design
problem into a set of switch level problems.

We propose to characterize a dropping pattern bys, an integer, and
p, a numberin (0; 1), such that, for eachn 1, over any stretch ofn suc-
cessive demand requests, the total number of departure reasts that
are not satis ed is at most s+ pn. This characterization is analogous
to that in the familiar theory of burstiness constrained ow s [3,8,9,11],
except that it is being applied to packet drops. One could sty the
problem of most e cient emulation of a priority queueing dis cipline by
a switching system that can give an §, p) guarantee on the dropping
pattern. More generally, we may also allow for the demand regests
to be satis ed with some delay. To avoid dealing with resequecing
problems at the receiving end in a practical system we might msist
that demand requests are served in order and insist that the mximum
delay su ered by any packet is at most some integer . We could then
pose the problem of approximately emulating a priority quewe by a
system that can give a quality of service guaranteeg; ; ) on drops
and delays. By this we mean that each departure request is dier
not satis ed or is satis ed within a delay of and further tha t for
each n 1, over any stretch of n successive demand requests, the
total number of departure requests that are not satis ed is & most
s + pn. Other related kinds of quality of service de nitions can be
easily imagined and might be of interest.

A communication network is basically just a channel shared ly the
ows that use it to achieve the end to end communication that they
desire. In packet switched networks, packet loss can therefe be viewed
as a kind of channel-introduced error, more speci cally theerasure of a
packet. Erasure control coding [2,4,12] can overcome thisild of error,
so it makes considerable sense to study such approximate etation
problems. For other ideas that bring erasure control codingto bear in
networking, see [1,5].

Clearly there is a large gap between the upper and lower boursl
we proved in this paper for the exact emulation problem. The poof of

myrevisionfinal.tex; 14/09/2005; 10:58; p.18



19

our lower bound is quite naive, and it may be possible to impree it
by more careful analysis. Further, there may exist better castructions
for FIFO, LIFO, or other specic priority queues. Simulatio ns with
real trac patterns to measure the number of recirculations would
help in determining the practicality of this scheme for implementation.
Ultimately, construction and testing of these optical packet switches is
needed to prove if this feedback mechanism is feasible in pctce.

Appendix
A. Proofs

We prove the lemmas from Section 5.

Lemma 13. Forall t,if T(t 1)<T(t) thenS(t)= Tt 1).

Proof. Equation (17) gives S(t) T(t 1). Assume that S(t) <
T(t 1). By equation (19) we have! (t) = 0. Since S(t) < T (t 1)
and ! ¢(t) = 0, all of the packets in the system at time t are in the
lines 1,2;:::T(t 1) 1in R orin E. This implies that ! g(t)
T D DTCD 41 (1), so! ot) < HEDTE D 4y (1), Because
Tt 1)<T(t) N,wehaveT(t 1) N 1,so!lg(t)<K N+
I e(t). Because! ((t) =0, this means there are at mostK N packets
in the switching system at time t that are not in E. This in turn implies
I (t) = 0 becauseE contains packets with rank at leastK N +2. Thus
o) < TEDOE DD “Thyg 1 ()  TEDTL D g0 pr) =
d( a(t))e T(t 1). ThereforeT(t) = max(1;S(t);P(t)) T( 1),
a contradiction. This completes the proof.

Lemma 14. Forall t,ifIf T(t 1)<T(t) thenS(t+1)= T(t).

Proof. From equation (17), we always haveS(t+1) T(t). Suppose
that S(t+1) <T (t). Then, from equation (19), we would have! ¢ (t +
1) = 0. From the algorithm used by the switch in the SSS, this means
that all packets in the queue at time t + 1 are in the shortest regular
lines up to and including the line of length T(t) 1, if any, and possibly
in the end lines. We then have! (t+1) < (T 1)((”“) D 4r e (t+
1). From Lemma 12 we haveT(t) =Tt 1)+ 1 so!lg(t+1) <
TE DA I 4y o (t+1). Because T(t 1) <T(t) N, we have
Tt 1) N 1,s0!g(t+1) <K N+ !g(t+1). From this, exactly
as in the proof of Lemma 13, we conclude that! g(t + 1) = 0, so
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lo(t+1) < TEDOE D “ywhich is to say ! (1) < TE UL DL
soT(t) T(t 1), a contradiction. This concludes the proof of the
lemma.

Lemma 15. Forall t,if T(t 1)<T(t) thenS(t+1)= S(t+2)=
=S+ T =TW)and T(H) = T(+1)= :::=TE+T({) 1).

Proof. In Lemma 12 we proved that T(t 1) < T (t) implies that
T()= T( 1)+landthat ! 5(t)= !5t 1)+1=!qg(t)+1 It
follows that ! & (t) = LEAEL DD 41 1n Lemma 14 we proved that
S(t+1) = T(t). Again, the same intuition from Section 4 holds { what
has happened is that the algorithm has placed, at timet + 1, exactly
one packet in the \new" regular line, of length T(t) that it has just
\opened" at time t + 1. Since the queue size can increase by at most
1 at each time step, we havel §(t+i) TEDIE DD 417 So,
forO i T(t) 1,wehaveP(t+i) T(t)from equation (8). Since
S(t+1)= T(t)and P(t+1) T(t), we haveT(t+1) = T(t). The
packet that was placed in the line of length T (t) at time t + 1 must
continue to be in the same line at timet +2. Hence S(t +2) = T(t). If
T(t) = 2, we have completed the proof. Otherwise, we may continugn
this manner to argue that sinceS(t+2) = T(t)and P(t+2) T(t), we
have T(t +2) = T(t). Since, if T(t) 3, the packet that was placed in
the line of length T (t) at time t+1 must continue to be in the same line
at time t+3, we have S(t+3) = T(t). In the general case, the last step
would be to use the previously proved fact thatS(t + T(t) 1) = T(t)
with P(t+ T(t) 1) T(t) to conclude that T(t+ T(t) 1)= T(t)
and then to use that fact that the packet that was placed in the line of
length T (t) at time t + 1 must continue to be in the same line at time
t + T(t) to conclude that S(t + T(t)) = T(t).

Lemma 16. Forall t,if T(t 1)<T(t) then!g(t+i) !'g(t+i 1)
forall i=1;2;:::T(t).

Proof. From the previous Lemma, we haveS(t 1) = T(t). From
Lemma 12 we also haveT (t) = T(t 1)+1and ! 5(t) = ! q(t) +1.
Thus a(t) =1 and d(t) = 0. From equation (16) we can write

) S+ e+l dn)]
St)+ 'p(t)+1

Tt 1D+!e@)+1
T@E)+ (1) :
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Therefore! g (t+1) ! (t), as before.

From Lemma 15 we know that there is no packet at the output of
the reqgular line of length T (t) at time t+ i fori =2;:::T(t). Therefore
we have’\(t+ 1) (T(@) D+!'p@+i D+1fori=2;:::T().
Lemma 15 also tells us thatT(t+i 1) = T(t) for all such i, so we
have! g(t+ 1) = [’\(t +i 1) T@)]" !'e(+i 1). This completes
the proof of the lemma.

Proposition 3.  We have! (t) < T (t) for all t. In particular, we have
l're(t) N 1forallt.

Proof. The proof, as in the previous construction, is by induction
on T(t). Assume T(t) = 1. We have two cases. IfT(t 1) = 1 then
1ot 1) 1solp(t)=0.1f T(t 1) 2 thensinceS(t) 1 we
have! £ (t) = 0.

Now we show the claim for timest with T(t) = 2. There are now
three cases. First, ifT(t 1) =1,then ! 5(t 1) 1so!g(t)=0.
Second, ifT(t 1) 3, then sinceS(t) 2 we have! ¢(t) =0. Third,
if T(t 1)=2,then! 5(t 1) 3,s0ifS(t) =2 we have ! (1) 1,
while if S(t) < 2, we have! ¢(t) = 0. In all three cases, we are done.

Assume now that the claim has been established for atl with T (t)

r 1lforr 1 2.Considertimest with T(t) = r. There are again three
cases. First, if T(t 1) r 1thenbylLemmal2,T(t 1)=r 1land
by the induction hypothesis! ¢(t 1) <r 1, so’\(t 1)< 2(r 1+1

and!g(t) r 1.Second,ifT(t 1) r+1,sinceS(t) r we have
I'F (t) =0.

For the third case, assumel(t 1)=r and! g(t) r.FomLemma
10, we know! g (t) can only increase by one each time, sbg(t i) > 0
fori=1;2;:::r 1. Thus by Lemma 11 we have

Tt r) T r+1) =0 TH)=r:
Suppose there is a 1 r such that T(t ) <T(t +1)=r.
Then by Lemma 16,! ¢ (t +1) e(t +2) o e =1,

which is a contradiction. Suppose now that there is no such , so that
Tt r)=T r+1)=::=T({)=r:

Then we have! o(t) @H 1> @,Which impliesT(t) r+1,

also a contradiction. Therefore N 1 over ow lines are su cent to

implement a priorty queue under the new dynamic. This conclules the
proof of the proposition.
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