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Optimal Routing Control: Repeated Game Approach

Richard J. La and Venkat Anantharakellow, |IEEE

Abstract—Communication networks shared by selfish users are and Mazumdar [3], Bovopoulos and Lazar [17], and Hsiao
considered and modeled as noncooperativepeatedgames. Each and Lazar [18] discuss flow control problems. Lee and Cohen
user is interested only in optimizing its own performance by con- [20] study the problem of customer allocation in a system

trolling the routing of its load. We investigate the existence of a - .
Nash equilibrium point (NEP) that achieves the system-wide op- of parallel M/M/c queues. Dziong and Mason [4] consider

timum cost. The existence of a subgame-perfect NEP that not only & call admission control problem. In [19], Lazar, Orda, and
achieves the system-wide optimum cost but also yields a cost forPendarakis investigate the problem of assigning bandwidth
each user no greater than its stage game NEP cost is shown fortg different virtual paths and show that the Nash equilibrium
two-node multiple link networks. Itis shown that more generalnet-  gajisfies a certain fairess criterion. Shenker [24] investigates an
works where all users have the same source—destination pair have.
a subgame-perfect NEP that achieves the minimum total system mte_rnetwork Qateway prob_Iem, where _users are assumed to _be
cost, under a mild technical condition. It is shown that general net- S€lfish, and discusses the issue of designing resource allocation
works with users having multiple source—destination pairs do not mechanisms that produce efficient throughput and congestion
necessarily have such an NEP. allocations despite the selfish user behavior. Routing problems
Index Terms—Game theory, Nash equilibrium, routing control. ~ are also studied in game theoretic framework by Economides
and Silvester [7] and Yamaoka and Sakai [25], [26].
Most of the past research on the use of game theory in net-
|. INTRODUCTION working problems, including all of the papers cited above, has
RADITIONALLY, the network was designed and operatedestricted itself to the use aftaticgames as models, although
as a single entity with a single objective under the assumip-some cases the players clearly interact with each other many
tion that users were passive and would cooperate for the gddes. In an attempt to understand the dynamics of modern net-
of the entire network. In modern networking, however, this agorks, we address the routing problem from a game theoretic
sumption is no longer valid since many networks, each of whigioint of view, but using the concepts and techniquedyofamic
belongs to a different administration and shares resources wgtime theory. To the best of our knowledge, our work is the first
others, are internetworked to form a coalition of networks. Fuattempt to formulate the routing control problem as a dynamic
thermore, different service providers compete to provide séencooperative game. Our starting point is a paper of Orda,
vices to users over the network. Thus, an alternative approacR@m, and Shimkin [21], where a routing problem, formulated
required that views the network as a resource shared by actiwecisely in Section lll, is considered using a static game theo-
players, where players may have different performance meatic model.
sures and demands, which may even be contradictory in somd he agents or users in this routing game are naturally thought
cases. One natural way of managing such a resource is lettiigs theNetwork Access Provide(8IAPs), not individual net-
the players compete with one another and allow themselvesiork users. These users have extensive knowledge regarding the
settle to an equilibrium where each of them reaches its optimdapology of the network, and are capable of exercising source
working state. Obviously, in this kind of environment, playergouting. Although the instantaneous load of each user may be
change their behavior according to those of others, trying @ynamic, one would expect the average load of the users to be
achieve the best performance, and this gives a rise to a dynagigionary or slowly varying. Further, these users will have addi-
system. The behavior of players in such an environment cantignal mechanisms in the network in order to cope with tempo-
addressed in the framework of game theory. Of key important&fy congestions or performance degradations on a short time
here is the notion of an equilibrium where no user finds it bengcale. We are largely interested in the average performance of
ficial to change its behavior unilaterally. Such an equilibrium ithese users over a larger time scale and in understanding their
called a Nash equilibrium point (NEP). behavior. In our formulation the users would typically interact
There has been some prior work on applying game theorywith each other several times before the nature of the game
many different areas of networking. For instance, Douligerihanges significantly, which might happen, for instance, be-
cause of the addition of new network access providers, a change
in the topology of the network, or a significant change in the
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be able to communicate with each other to improve their pdunctions. It is shown that the overall system cost at this unique
formance. Again, because these users are interested only in ggiige game NEP can be substantially larger than the minimum
mizing their own performance, even if they reach an agreemesystem cost that could be achieved if all the users cooperate. In
no user may have an incentive to cooperate or abide by the agrmeere general networks, the situation is even more complicated,
ment without rewards for cooperation or credible threats agaifscause uniqueness of the stage game NEP does not hold even
a deviation from the agreement. This kind of dynamics betweéar rather natural cost functions. An example is given in [21]
the users can be capturedly by a dynamic gamédut not by where there is more than one NEP when the cost functions are
a single shot game. Therefore, it is more appropriate to modasdlwhat they call type-A.
the routing control problem among the users as a repeated gamia this paper we restrict ourselves to cost functions that are of
than as a single shot game. This also explains why a cooperatiyge-B in the terminology of [21], with two additional assump-
game model may not be appropriate. tions. See Section Il for more details. We prove that, in the two

While a network access provider might typically handle load®de routing problem with parallel links, in a dynamic game
between several origin—destination pairs, we focus here on theoretic framework, there are NEPs where the agents operate at
situation where each of the competing users carries flow ke unique system-wide optimum point, while at the same time,
tween a specific origin—destination pair. In a repeated gareach user’s costis no greater than it would be in the unique stage
there is the possibility of strategies that result in NEPs whigddame NEP. Such strategies are supported by credible threats or
are more efficient than in the single shot game. In this paper, wavards that the users might make or offer to one another. In
are interested in investigating the implications of the existentige language of game theory, this says that any such strategy
of such new NEPs in the dynamic routing game. In particulds not only an NEP but also a subgame-perfect NEP (SPNEP);
we are interested in how efficient such Nash equilibria are relia-fact, it can be shown that no user will be able to reduce its
tive to the system wide optimum cost that might be achievabbeun cost in any subgame by deviating from such an equilib-
if the network could force all the users to operate cooperativaliym. In more general networks, it is much harder to determine
to minimize the overall cost. From the network’s perspectiviéstrategies exist in the repeated game that yield a cost for each
the efficiency and the total system cost are clearly very mugciser that is smaller than or equal to its cost in every stage game
relevant and important. The users, on the other hand, mayNMEP. Much of the difficulty lies in the analysis of the stage game
interested in social optimality not necessarily for the good aihd the characterization of its NEPs. Nevertheless, in networks
the network (because they are assumed to be selfish), but forwiere there is a fixed source node and a fixed destination node
following reason. The users are assumed to be interested onlggmmon to all the users, we show, under a mild technical con-
minimizing their own costs, regardless of the costs of the otheition, that there exists an SPNEP that drives users to operate at
users. If the total system cost is fixed, then the only way oreesystem-wide optimum point. When different users may have
user can reduce its cost is by increasing the cost of another udéferent source—destination pairs, we show by means of an ex-
Hence, in order for every user to benefit from the cooperati@mple that the existence of an NEP for the repeated game which
in comparison to the single shot game or stage game NEP, #uhieves the systemwide optimum cost cannot be guaranteed in
total system cost should decrease from that of the stage gageeeral. On the positive side, we show that there always exists
NEP. Obviously, the total system cost, even if all users coogn NEP in the repeated game which achieves a total system cost
erate, cannot be smaller than the system optimum. Therefdtat is no more than the minimum total system cost over all the
if the users can achieve the system optimum through coopBiEPs of the static game played between “class users,” where
ation in a dynamic setting, some users, if not all, can reduaeclass user between a given source node and a given destina-
their costs while the other users still do not have an incentitien node is defined to be the coalition of all the actual users
to deviate due to the existence of credible threats. Theorem 2hat have that particular source—destination pair. However, we
Section Il gives an example of a repeated game NEP where 8t®w by means of an example that the systemwide minimum
decrease in the total system cost benefitsisers, compared to cost could sometimes be strictly smaller than this minimum, so
the stage game NEP. Such a repeated game NEP is likely tale preceding result, while encouraging, is not strong enough.
adopted by all users in practice because every user will prefer ifThis paper is organized in the following way. We begin in
to the stage game NEP. Section Il with a brief summary on the language of game theory.

Although efficiency of the system is clearly relevant as exdere we also state, with precise references, the results from the
plained above, users may also be interested in fairness amdrapry of dynamic games that we will be referring to. We discuss
the users. Fairness may be defined in several different waystwo node parallel link networks in Section Ill. In Section IV, we
making a definitive sentence is somewhat problematic. One ndiscuss general networks, both in the case where all the users
ural definition of fairness, however, may be based on the cdwve a single source—destination pair and in the case when there
per unit flow among the users. We show that some of equiliare multiple source—destination pairs. Some summarizing re-
rium flows constructed in our results guarantee fairness amomgrks are made in the final section.
the users, based on this definition, i.e., the cost per unit flow
among the users is the same. These points are discussed in Sec-
tions IlI-C and IV-B-2 as well as in the proofs of the theorems.

In the static game model considered in [21], the uniquenesdn this section, we briefly review the language of game theory.
of the stage game NEP in the routing problem for a two nod®r more details, refer to [8], [10], and [22]. One can model a
network with parallel links is proved, for a wide class of coggame in many different ways, depending on the properties and

Il. GAME THEORY
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information available to the users. staticgames, the interac- Player 1
tion between users occurs only once, whiledlyimamicgames

the interaction occurs several times. Note that nevertheless it
involves choices at all nodes of game tree. An example of a dy-
namic game is a repeated game where the same static game is
played many times.

Depending on whether each player knows the other players’
payoff functions or not, a game can be formulated either as a
completeor incompleteinformation game. If every player is
aware of history of all the plays made, the game is said to have
perfect informationlf not, the game is amperfect information

A Nash equilibrium of a game is a choice of strategies by
the players where each p_Iayer’s _Str_ategy is a best responsgi tpl. A Nash equilibrium that is not a subgame-perfect Nash equilibrium.
the other players’ strategies. This implies that no player car?
increase its payoffs by unilaterally deviating from the equilib-
rium. One problem with Nash equilibria is that some Nash equi-is sufficiently close to 1, then any temporary gain in payoffs
libria involve players choosing irrational plays. A simple reby a deviation will be outweighed by a loss in the future. In
finement, called aubgame-perfe®lash equilibrium eliminates the example, obviously player 2 does not have an incentive to
many such Nash equilibria involving irrational plays. A subdeviate from stageX). If player 1 deviates at any period
game is by itself a well-defined game that starts from a decisigien from periodn+-1 and on, player 1 receives 10 instead of
noden that is not the beginning node of the game, and includé8. Hence, if player 1 deviates at periadit receives a total
all the decision nodes and terminating nodes followirig the  discounted payoff of
game tree. A Nash equilibrium is a subgame-perfect Nash equi-
librium if the players’ strategies constitute a Nash equilibrium 134 4+13.6" 1 +15.6"3+10.-6"1tL ...
in every subgame. Consider the example in Fig. 1, where the
pairs of numbers at the terminal nodes of the game tree gi¥glayer 1 does not deviate, then it receives a total discounted
the payoffs of the two players, and the player who plays at apgyoff of
node of the game tree is indicated in the figure. This is a game
of complete information. 1341364 = 13

Let us first consider the single shot game, i.e., the game is 1-¢6
played only once. In the single shot game, playibhgL, L)isa .

g . . . Therefore, if
Nash equilibrium in this game since neither player can increase
its own payoffs by deviating from the equilibrium. However, )
(L, L, L) is not a subgame-perfect Nash equilibrium becauge +10- ¢ +10-6% 4 ---
player 2 playing. at the decision node does notlead to a Nash . 10-6 13
equilibrium in the subgame starting at. If for some reason =T <7s =B bt
player 1 playsk at the beginning, then player 2 should pl&y ) ) _
whether player 1 play& or R at the information node. This or<_9 > 0.4_, then player 1 _does not have an incentive to deviate.
implies that player 2 playing at noder is not a credible threat This credible threat can induce cooperation among the players

and that player 1 should always pl&yat the beginning of the In @ repeated game. Further, even if there is a finite delay before
game. a player detects a deviation by another player, if the discount

We now investigate the (infinitely) repeated game, i.e tHQCtOV is sufficiently close to 1, then a similar Nash equilibrium

entire game represented by Fig. 1 is played infinitely often. T&"N be supported with the delay accounted for.

repeated game is assumed to be discounted, i.e., the rewarc% rgl\_'/ehntzw dlsctuss a r;esu,l} dl;]e to [|2133 ] Wh.'CTh'S l{[sed to es-
ceived at time is discounted by™ for somes < 1. In general, ablish the existence of a INash equitiorium In the stageé games

there are many more Nash equilibria in the repeated game tﬁgﬁ;;\glrl g:rr?(iascvuvﬁztrag tirr:eths?r;?(ggyigfg t;zcg?ar;ir?;r::::rir_ an

simply repeating a stage game Nash equilibrium. For instané:'@, . ; :
consider the following strategy profile of the players: Se“_te‘?' by the vectof” in the subsef™ of the Euchdean_ space
R™ 4¢=1,...,1, and the vectof € R™ denotes the simulta-

* (X) Initially players play &, R, R) ateach period. If any neous strategies of all players, whete= m; + - - -+my. Thus
player deviates at periog, then go to stageX() at period s ¢ ' = F! x --- x F', which we assume is a convex, closed,
n+1; and bounded set. The cost function for tiie player depends

* (Y) Players play L, L, L), which is a stage game Nashon the strategies of all the other players as well as on its own
equilibrium, at each period forever. strategy, and is given by the functioi(f) = J(f*, ..., f1).

Although (&, R, R) is not a stage game Nash equilibriumWe assume that for alf € F, Ji(f) is continuous inf and
one can easily show that the above strategy profile is a Nashconvex inf? for each fixed f*, ..., fi=t, fitt ... ).
equilibrium in the repeated game for a discount factor larg&hen, [23, Th. 1] states that there always exists a Nash equilib-
than 0.4. The intuition behind this is that if the discount factatum point for such a game.
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Let us now define players reservation cost, a concept which
is used later in stating the folk theorem for repeated games.
Playeri's reservation cost is denoted by and defined as S 6 D
v, = max | min J(f', f7) \/
ffz €F77 fz EFz

whereF" is playeri's strategy spacel’ " is the product space Source T Destination

of the strategies of all players except for playemnd.J? is player

i's cost function. The significance of play&s reservation cost Fig. 2. Parallel link network.

is as follows: if the other players are colluding to punish player

playeri can guarantee itself a cost no greater than its reservatmity, i.e.0, > C, > --- > (L. Each usei € I is assumed
cost. In other words, playefs reservation cost is the highestyg pe selfish in the sense that it attempts to minimize its own
cost player’s opponents can hold it to by any choice0f*. st regardiess of what the other users are doing. Usas a

We now state three key theorems in game theory for repeaifthand, which is some ergodic process with an average rate of
games, which will be used to prove the results of this paper. Far without loss of any generality, we assume that users are or-
more details on the theorems and their proofs, refer to [8], [1Q)ered in order of decreasing average ratey 12 > .- > L.
and [22]. These theorems are about repeated games with disye first describe the stage game, which we assume is repeated
counting. Na_mgly, the same static game, called the stage 9a8M&ny times. If each user is not sure when the game will end, we
is played an infinite number of times. At the end of each staggn model this as an infinitely repeated game with an appro-
n, each player is aware of all the actions of all the players gfiate discounting factod < 6 < 1. In the stage game, each
times 1 through — 1. The overall cost of playeris the dis- ser splits its demand over the communication links, i.e., iiser
counted sum of its costs at each stage, for some discount fag{@kides how much of its demanj,, it will send on linki. We
0 < § <1, normalized byl — 6. _ must havef; > 0 (nonnegativity constraint) anel,, f; = r'

The first theorem of interest to us is tfak theoremfor re-  (gemand constraint). Let denote the total flow on link, i.e.,
peated games, which says that for every feasible cost vectof, _ s~ , fi. The flow configuration of usei is denoted by
with v; < v, for all playersi, wherew, is playeré’'s reser- fi and tF}Ce system flow configuration b= (%, £2, ..., f9.
vation cost, there exists @ < 1 such that for al € (&, 1) A yser flow configurationf’ is said to be feasible if it satisfies
there is a Nash equilibrium in the repeated game with cost vec{gg nonnegativity and demand constraints. We denote the set of
v. Moreover, Fudenberg and Maskin have shown that if the 18y feasible flow configurations for userby F. Similarly, a

tional feasible region, i.e., the portion of the feasible region thé";t/stem flow configuratiorf, is feasible if every user flow con-
Pareto-dominates the reservation cost vector, {ie.p; < v, figuration is feasible, and = F! x --. x FT denotes the set
forall 1 < ¢ < [}, satisfies the full dimensionality condi- ¢ 51| feasible system flow configurations.

tion, then there is a subgame-perfect Nash equilibrium with cost, order to compare the performance of each user!, we
vectorv (Fudenberg-Maskin’s theorem) [9]. need to have a performance measure. This performance mea-
The third theorem of interest to us is callededman’s the- ¢ e is given by a cost functiof( f) defined for each use
orem and says that if a stage game Nash equilibrium has #ge goal of each user is to minimize its cost by distributing its
corresponding cost vecter then for any feasible cost vector gemand over the links. The cost of usgenerally depends not
with v; < ¢; for all playersi, there is & < 1 such that for all oy on its flow configuration but also on those of other users.
6 € (¢, 1) there is a subgame-perfect Nash equilibrium in thgjnce we are assuming that every user is selfish, the problem can
repeated game W_'”? cost vecterThe d_|fferenc,e between thepe modeled as a noncooperative game where each user is trying
Fudenberg-Maskin's theorem and Friedman’s theorem is thgtminimize its cost [21]. A natural question that arises in this
Friedman's theorem guarantees the existencibgame-per- e of setting is whether there is a Nash equilibrium of the game
fectNash equilibrium without the full dimensionality condition.g; not. In other words. we are interested in finding a system flow
The folk theorem, on the other hand, guarantees the existencggifiguration such that no user finds it beneficial to change its

only Nash equilibrium, which may involve some irrational playgyn, flow configuration assuming that no other users do. Math-
as illustrated earlier, without the full dimensionality Conditionematically a system flow configuratiofi= (1, 2 M
2

In the following sections, these theorems will be used to eg-3n NEP if. for alli € 7. the following holds:
tablish the existence of Nash equilibria and/or subgame-perfect

Nash equilibria in the dynamic routing game of interest in this Ji(f) :Ji(Jh’ L J?I)
paper. = min JUFL, .., FUL FL £ .
JiEF

Ill. A'NETWORK OFPARALLEL LINKS ) ) o ) )
The importance of an NEP is that it is a point at which no

A. Model and Problem Formulation user has an incentive to deviate. However, one problem with an

We are given a network with a sét= {1, 2, ..., [},1 > 2, NEP is that it is not necessarily very efficient [5]. In fact, Ko-
of users that share a set of parallel communication libks rillis, Lazar, and Orda [14] give numerical examples with natural
{1, 2, ..., L} interconnecting a common source to a commaeost functions where the difference between the total cost at the

destination node. This is shown in Fig. 2. Without loss of gesystem-wide optimum point and that at the NEP could be more
erality, we assume that the links are ordered by decreasing ttean 20 percent.
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In our analysis, we consider a family of type-B cost funcsystem-wide optimum point that minimizes the total system
tions as defined in [21]. For the completeness of the paper, w@st. From the theory of dynamic games we know that it is pos-
list the assumptions on the type-B functions and two additionsible to get NEPs in the repeated game that are different from
assumptions we place on the cost functions that we considemerely repeating the NEP of the static game at every period.

« Ji is the sum of link cost functions, i.eJi(f) = Some of these NEPs may be more efficient than repeating the
e Ji(h), wheref; = (f}, ..., f}). EachJ; satisfies: Stage game NEPs at every period. Thus, from the network’s
* Ji:[0, 0o)! — [0, oc], & continuous function. perspective it would be interesting to see if the system-wide

« J} is a function of two arguments, namely ugér optimum point can_be supported by an NEP in the repeated
flow on link 7 and the total flow on that link. In other 9ame through credible threats among the users. Users, on the
words, J; (f1) = Ji(f{, fr). other hand, may be more interested in their costs in comparison

o Jif, ) = fi-T(f) = fi-T(Cr — fi), where 1O their stage game NEP costs or fairness among the users. We

* Ty(f,) is positive, strictly increasing ifiy and discuss these issues in the following sections.

convex.
« T(C)— f;) is positive, strictly increasing ify B. Properties of the Unique Stage Game NEP

and convex. . . In this subsection, we briefly describe the properties of the
* T'is continuously differentiable. unique stage game NEP. Létdenote the unique stage game

* T(Cr = fi) = ocasCp— fi — 0,ie, NEP andL; denote the set of links used by useat the NEP,

_ I_}(fl) — oo asf; — C. _ _ e, L; ={l € L: f; > 0}. Then, at the unique stage game
Assumptions imply that the cost per unit flow is a functlorNEpf the following are true [21].

on_ly of the reS|dua_\I capamt_y and that as the 'Fotal flow rate_ to 1) fi>fh>>fForl <1< Lif G > Ci
a link approaches its capacity, the cost per unit flow of the link andf, > 0, thenfi > f, while if Cr — Cr - then
gets intolerably large and no user would want to use the link. An = lf : ! 1 L= i
example of a cost function that satisfies the above assumptions 2! = /71" 5 .

is the delay cost function of an exponential server queue for a i) Cfl Zéf? 2 d 37 i f(?rt?]” ¢ % 1. Fovril = lh% Lf
given throughput, i.e.Ji(f) = Ji(fi, fi) = fi-Ti(f1), where e > G a[‘i i vi> » then fi > fi,,, while i
with a choice of scaling Cr = Ciyq thenfi = fi,. }

3 Ci—fizC—frz-2C.—fi.Forl <I<L,

1 if C; > Cl'tl andf;y1 > 0, thenC; — fz > C.H'l — f1+1.
) G 4) fi > f{foralll e Lifi< j,ie.r* >’ Moreover,
L{f)=q G f (1) it v >/ andf; > 0, thenf} > f;.
00, fi = C 4) L; 2 L;ifi<j.
where( is the capacity of link. . . .
Throughout the paper, we assume that the stability conditién EXistence of an SPNEP That Yields the Optimum System
is satisfied, i.e.Y,c; 7 < 3¢, Ci- Then, note thaa priori  COSt

an NEP automatically excludes any configuration with> C; We now assume that the stage game of Section IlI-A is re-
for any link{. Otherwise, at least one user with infinite cost capeated infinitely often, with discounting. We show the existence
change its own flow configuration to have finite cost. of a system flow configuration that gives rise to an NEP of the

It turns out that, under these assumptions, the routing gare@eated game and achieves the minimum total systenC¢ost
satisfies the conditions of [23, Th. of Rosen] described furthermore we also show the existence of an SPNEP for the
Section Il and so the existence of an NEP is guaranteed. Alggpeated game achieving the minimum total system cost, where
Kuhn-Tucker (K-T) conditions constitute the necessary aife cost of each user is no more than its cost if play proceeds by
sufficient conditions for a feasible system configuration to b@peating the unique NEP of the stage game.

an NEP [1], [21]. These say that for everyc I there must  Denote usef’s reservation cost, which is defined in Sec-

exist a Lagrange multiplied’, such that, for every linke L tjon 11, by v;, and letv = (v, v,, ..., vy). We denote the
unique stage game NEP yand the cost of userat the stage

fi>0= Ki(f) =T f)+ fi-T/(f) = X game NEP by/*. The unique flow configuration that achieves
fi=0= Ki(f) =T(f;) > N @) the system optimum is given by/. The folk theorem for re-

peated games, which was also stated in Section Il, says that any
where & is the partial derivative of} with respect tof; and cost vector that strictly Pareto_—dominatz_em each coordinate _
TI(f,) = dTi(f:)/d fi. We callX useri’s marginal cost at the can be supported by an NEP in the repeated game, for any dis-
NIEP. count factor sufficiently close to 1. Our first result is the fol-

Given a set of demands for all the users, there is a unigif¥/ing- _ _ _ _
system flow configurationf’, that achieves the smallest total 1 neorem 1:If the discount factor in the repeated game is
system costC(f) = 3., J*(f). This can be seen from thesufficiently close to 1 there is an NEP in the repeated game that
S " . ..

fact that this flow configuration is the solution to a conveRchieves t.he minimum total system cast,
optimization problem [1]. Unfortunately, in most cases where ~Proof: The proofis given in Appendix A. u

multiple selfish users compete over the network, the resultingtnese issues are discussed after the relevant theorems o in the proofs of the
uniqgue NEP does not result in the same link flows as thieeorems.
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An example of such a flow configuration i¥ = as suggested in Section I. Such an SPNEP is an example of a
(fl, ey fI) in the proof of Theorem 1, where case where a decrease in the total system cost benefits all users
‘ and induces cooperation among the users. We describe how one
;o can find such an equilibrium flow in the proof of the theorem.
f <f1 X EERE) fL . E)

) . . . . IV. GENERAL NETWORKS
Note that the above flow configuration gives rise tfas NEP

in the sense that every user receives the same cost per unit fiéwModel

One thing to notice abouf is that the costs of some users |n this section, we consider a netwafKV, L), whereV’ is
may a priori be greater than their cost at the stage game NEP¥inite set of nodes anfi C V x V is a set of directed links.
Friedman in [6] shows that any cost vector that strictly Paretgye assume that there is at most one link between each pair of
dominates a stage game NEP cost vector in each coordinate ggfles in each direction. As before we have a finite number of
be supported by an SPNEP for discount factors sufficiently cloggifish userd = {1, 2, ...,1},1 > 2, that share the network,
to 1. ThUS the fO”OWIng theorem shows that there exists Anhd the demand for uséis denoted by Agam assume that
SPNEPf that achieve€” and ylelds a cost for each user thahsers are ordered in order of decreasmg demand.
is smaller than or equal to its cost at the stage game NEP, i.e.A user sends its demand from its source node to its destination
JUf) < JU(f) foralli € 1. X by splitting its flow on the different paths that connect its source

Theorem 2: There exists a system flow configuratigh.that  and destination nodes. A user is able to decide how to split its
yields the optimum total system co§t and a cost for each flow as in the parallel links case. An important difference from
user that is smaller than or equal to its cost at the stage gagne parallel link network is that, in the general network, many
NEP. Also, ifC' = >7;_, Ji(f) > ¢’ then the cost of each paths can come together at some node, share certain links, and
user at this Conflguratlon is strlctly smaller than its NEP Co%p“t agam at another node. Lé}; be the set of links on pawl
A consequence is that, if the discount factor is sufficiently closghe incoming link of pattp at nodeu is defined to be the link
to 1, there is an SPNEP for the repeated game in which every (v, w) such that € L,, and the outgoing link of path at
user has a cost that is at most equal to its cost in the unique stagge, is the link?’ = (u, v') such that’ € L,. We say that
game NEP and the overall cost is optimum. pathp; andp split at nodev if their incoming links to node

Proof: The proof is given in Appendix B. B, are the same but their outgoing links at nadare different,

The intuition behind Theorem 2 is as follows. At the staggnd that patfpl andp, meet at node if they both go through
game NEP the smaller users tend to place most of their loaglsdev but their incoming links at node are different. The fact
on the links with the largest capacities since these links have thgt many paths may share some links makes the analysis of
smallest cost per unit flow from property (3) in Section Ill-Bthe network much harder. Some of the properties that hold in
while the larger users distribute their loads across many linge parallel link networks and were crucial in the proofs of the
to minimize their overall average cost per unit flow. Hence, Hesults in Section 11l no longer hold for more general networks.

J does not coincide witlf” this results in the links with larger we first discuss the single source—destination pair case,
capacities being more congested at the stage game/NE&n \where each user has the same source node and the same desti-

at the system optimurnfi’ and the links with smaller capacitiesnation node. We then discuss the multiple source—destination
being underutilized af compared tgf’ as well as in the larger pair case in the next subsection.

overall system cost tha@’. In order to show the existence of
a flow configuratlon with the property |n Theorem 2 we tak®. Single Source—Destination Pair Case

i i
v = (ai, - ) tel, WhereEm 1L O = fi, and for all 1) Model and Problem FormulationWe are given a net-

le L, we havezl @t = (fp ooy Sy gra1, 0,005 0)SUCh  work modeled as a directed gragh = (V, E) with a set
thatzl Lt ore = El . f!. Based on the observatron] ={1, 2, ..., I},1 > 2, of users that share the network. This
stated earlier we mix‘, [ € L, among themselves and construcis shown in Frg. 3. Let* denote usei’s demand. All users have
another set of flow configurations’ = (44, ...,7}), 1 € L, thesame source node and the same destination node. We assume
such thatzm v, = fi and Em _ v /(Ch — f) < thatthe total demand of users, denotedihys strictly smaller
fl/( fl) i.e., the cost per unit flow is no larger than undethan the minimal cut capacity from the source node to the des-
the stage game NEP, for all I € L, and the inequality is strict tination node. If this were not to hold, the static game would be
forl = 1. of no interest since every user would have infinite cost at every
Note that an SPNEP described in Theorem 2 yields to eadEP.
user a cost no larger than its stage game NEP cost. Further, i path is a sequence of links that leads from the source node
C > (', then the cost to each user is strictly smaller than ite the destination node. Without loss of generality, we may re-
stage game NEP cost. Therefore, it is in users’ own interestsstact attention to paths all of whose nodes are distinct. We may
follow such an SPNEP rather than to repeat the stage game NieRthis because the problem of each user is one of minimizing
if £ # f.Thus, since the users are assumed to be selfish in dugost. If any user sends strictly positive flow along a path with
model, such an SPNEP is likely to be preferrecdbbyisers tothe a loop, it can reduce its cost by removing the flow in the loop.
stage game NEP. In this sense this SPNEP is a very robust edjote that the paths might not be disjoint, i.e., there might be two
librium point and is likely to be adopted by the users in practigeaths that share some links. [22tdenote the set of paths avail-
if communication is allowed among the users through meetingble from the source node to the destination node,anthe



LA AND ANANTHARAM: OPTIMAL ROUTING CONTROL: REPEATED GAME APPROACH 443

Source Nede

We first show the existence of a system flow configuration
that is an NEP in the repeated game with discount factor suffi-
ciently close to 1, and achieves the total system @@stThen,
we show that any such system flow configuration is an SPNEP.

Theorem 3:If the discount factor in the repeated game is
sufficiently close to 1 there is an NEP in the repeated game that
achieves the minimum total system cast,

Proof. The proof is given in Appendix C. [ |

Theorem 3 tells us that if the system optimyffrdoes not co-
incide with any stage game NEP, then there exists a flow config-
uration that yields to each user a cost that is strictly smaller than
its reservation cost. The key idea behind the proof of Theorem 3
is that the users with small loads tend to use only the paths that
have the smallest cost per unit flow. Based on this, one can show
that each usei's reservation cost is no smaller than the cost it
_ _ ~wouldincurunderf = (f*, ..., f1), wheref® = (r'/R) - f'.
setof links on patly € P. LetP = |P|. Since we only consider Thjs is done as follows. We first take the other users that want
paths without loopsP” is finite. We assume that > 2. to punish usei and split them intor, » > 1, identical users.

The users share the paths available from the source nodg-gr eachn, we consider a stage game NEP of the game between
to the destination node. Each user splits its own flow over th@er; and these: identical users, and let go tooo. One can
paths available. Lef; denote the amount of flow usésends show that as: goes toco the cost per unit flow of userat a
on pathp. We use the bar notation simply to avoid confusiogtage game NEP is no smaller than that of the othielentical
between path flows and link flows. Then, we must hﬁ)}ez 0 users, and the rest follows from the mild technical assumption

(nonnegativity constraint) any ., 7; = 7t (demand con- ON /' stated earlier. We show in the proof of Theorem 3 that ei-
P = P2 ST . el . . .
straint). Note that the parallel link case is a special case of therf = (f*, ..., f1) is an equilibrium flow configuration that
single source—destination pair case. As in the case of the pardJiéeS rise to arepeated game NEP or there exists an equilibrium
link network, C; denotes the capacity of link f; denotes user flow configuration that is arbitrarily close t¢ as the discount
#'s flow on link I and f; denotes the total flow on link factor gets arbitrarily close to 1. Note thais fair in the sense
Useri's performance measure is given by the same familfjat every user’s cost per unit flow is the same.
of cost functions used in the parallel link network case, i.e., Let us first define the rational feasible cost region to be the
JUL) = Sier Jif) = Yicr fi - Ti(fr), whereTy(f;) sat- subset of the feasible cost region that Pareto-dominates the
isfies the conditions in Section I11-A. Again since we are facefgservation cost vector. We now define full dimensionality.
with selfish users, we have a noncooperative game played $§PPOS€ " is the rational feasible cost region. Then, we say
users that attempt to minimize their own costs. thatV* has full dlmenS|Onallty if there existse V*ande > 0
2) Existence of an SPNEP That Yields the Optimum Systg#¢h that all’ for which [v; — v;| < e foralli € [areiny
Cost: The first thing we investigate is the existence of an NEI]- This means that the interior 6f* is nonempty inf".
in the stage game. This is guaranteed by the result in [23] that/Vé now show that any NEP of the repeated game is also an
was described in Section Il. Kuhn—Tucker conditions for arPNEP of the game by showing that full dimensionality holds.
NEP can be written as follows: for evetye I, there exists Theorem 4:If the discount factor is sufficiently close to 1,
a set of Lagrange multipliefs\’, }..cy- such that, for every link there exists an SPNEP in the repeated game that achieves the

D

Destination Node

Fig. 3. Single source—destination pair case.

(u, v) € L: minimum total system cost,’.
Proof: The proof is given in Appendix D. [ |
o0 N = K (fue) X The nature of the strategies that result in an SPNEP is de-
P 0o N < K (fun) + A (3) Scribedin [16]. The essence of the SPNEP is to show that for a

discount factor sufficiently close to 1, any gain from deviation

where Ki (fy,) = 8Ji (f,,)/8f , which is given by by some usef will be outweighed by a penalty imposed on it
Too(fus) + [ - T (fuu). See [21] for more details. Unique-during the finite number of punishment periods plus the penalty
ness of the NEP has been proven for only a few special cadggosed on it forever after the punishment periods.
However, the uniqueness of the system flow configuration that
achieves the minimum total system cost can be easily seencﬁy
observing that this is just the solution to a convex optimization 1) Model and Problem Formulationin this subsection, as
problem. Therefore, the minimum total system cdast, and in the preceding subsection, we consider a network with a set
the corresponding system flow configuration are well definedof users,/ = {1, 2, ..., T}, T > 2, but now different users

Supposg’ is the system flow configuration that achieves thenay have different source—destination pairs. This is shown in
minimum total system cosf;”. Throughout this section, we as-Fig. 4. Useri’s demand is again denoted b§ and the ca-
sume thatf’ is such that there are two paths used unflevith  pacity of link [ is denoted byC;. Each user splits its demand
different cost per unit ﬂowEleLp Ti(f]). This is the technical among the available paths from its source node to its desti-
assumption alluded to in the abstract. nation node. The performance measure of usisrgiven by

Multiple Source—Destination Pairs Case
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the same family of cost functions’(f) = >,., J/(f) =

>en [t - Ti(fi), wherely( f;) satisfies the conditions in Sec-
tion IllI-A. User i's flow configuration can be written similarly

as in the single source—destination pair case. However, one has
to be careful with notation since there are different paths avail-
able for different source—destination pairs. Again, since each
user attempts to minimize its own cost, the problem is modeled
as a noncooperative game.

The existence of an NEP for the stage game is guaranteed
by the result due to [23] which was described in Section Il.
However, the unigueness of the system flow configuration that
achieves minimum total system cost has not been proven yet.
Rather than attempting to prove or disprove such uniqueness,
we show that even when there exists a unique system flow con- _ o ,
figuration that achieves the minimum total system c6$f,and Fig. 4. Multiple source—destination pais case.
the full dimensionality condition is satisfied, there may not exist
an NEP of the repeated game that achiev&showever close
the discount factor is to 1.

Consider the network with two users as shown in Fig. 5. We g Cz30
assume that the cost function is given by (1). The reservation ; O
costs of user 1 and user 2 are 4.326 and 0.6416, respectively.
Also, if we consider a global user who attempts to minimize
the overall system cost, the unique system flow configuration
that minimizes the total cost i = (f1, fo2, f3, f4, f5, f6) = 2oass
(1.5, 1.5, 38.5, 0, 0, 4.857), which yields costs 3.81 and 0.944 Y
for user 1 and 2, respectively. It is easy to see that this is the
unique system flow configuration that achieves the minimufig. 5. Multiple source—destination pairs case.
system cost because in order for any system flow configuration
to be optimum, it cannot send any flow on links 4 or 5. No- The intuition behind Theorem 5 is as follows. If we fix the
tice that even though the total system cost is smaller, the unicflsv configurations of the other class users, the problem of class
system-wide optimum flow configuratioif/, requires user 2 to userk becomes that of the single source—destination pair case
incur a cost that is greater than its reservation cost. Therefdsecause all the other class users do from classkis@erspec-
there exists no NEP of the repeated game that achieves the rie is to take away some of the capacities from the links used
imum system cost and yet Pareto-dominates the reservation ¢gsthem. Hence, a similar argument used for Theorem 3 can be
vector. This proves that it is not always possible to find an NEksed to prove Theorem 5.
of the repeated game that achieves the minimum total systenAn interesting question now would be whethér is the
cost in multiple source—destination pairs case. smallest total system cost that can be achieved by any NEP or if

Let us now consider the system flow configuratiothere is an even smaller cost achievable by some NEP. It proves
(f%, f3) =((1.33, 1.33, 35.368, 3.302, 0, 3.302), (0, 0, 3.4280 be very difficult to characterize the set of NEPs that achieve
0, 3.428, 1.429)) which yields’f1 = 4.1839 and.J?2 = 0.5772 the minimum total system cost among the class user NEPs.
for user 1 and 2, respectively. It is easy to see that> 0 However, it seems that in most cases there exists an NEP for
such that allJ with |J° — Ji| < efori e {1,2} are in the game among the original users that achieves a smaller cost
the rational feasible cost region. This proves that the abotrean the minimum among the NEP costs with class users.
example satisfies the full-dimensionality condition. For an example of this, let us look at the network in Fig. 6.

Suppose that we are given a network with a finite number @here are three users, and user 2 and 3 have same source—des-
users. LetS = {si, ..., s} be the set of source—destinatiortination pair and same demand while user 1 has a different
pairs, andl;, the set of users that have source—destination pawurce—destination pair. Again, we assume that the cost func-
sk. Class usek is a user whose source—destination paisxs tion is given by (1). If we consider a global user who attempts
and which has demand;,., = 3=, ‘. Each class user canto minimize the overall system cost, the unique system flow
be considered to represent the coalition of the users in the orgnfiguration that yields the minimum total system c6%tis
inal network having a given source—destination pair. We noff = (f{, ..., f§) = (1.5, 1.5, 47.4, 0, 0, 4.857). Note that
consider the stage game NEPs of the network with only clagsrequires users 2 and 3 to use link 6 only, which has much
users. Le” and f be the smallest among the total system coskégher cost per unit flow than the path along link 3 and 5.
achieved by such NEPs and the corresponding flow configufdew, let us investigate the network with class users. Suppose

O pip?

€ #2000

tion, respectively. class user 2 represents users 2 and 3. The reservation costs of
Theorem 5: There is an NEP in the repeated game with theser 1 and class user 2 are 4.778 and 0.5963, respectively. The
original users that achieves overall cost minimum cost that is achievable among the NEPs in repeated

Proof: The proof is given in Appendix E. B games with class users can be shown to be 5.181 and the
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than that of the unique stage game NEP. Further, this NEP is
subgame-perfect (SPNEP), i.e., the strategies involved result in
an NEP in every subgame of the overall game. This means that
the strategies involved are based on credible threats and incen-
tives. In general networks where every user has same source
and destination nodes, we again show there exists an SPNEP
that achieves the minimum total system cost, assuming that the
network satisfies a mild technical condition. However, the ex-
2=8 =2.4285% istence of an SPNEP that not only achieves the minimum total
system cost but also yields each user a cost no greater than that
of any stage game NEP is still an open problem in this case.

) ] . a In more general networks where different agents have different
corresponding system flow configuration fs= (f', f*) = source—destination pairs, we have shown that it is not always
((1.2765, 1.2765, 44.15, 3'47_35* 0, 3.4735), (0, 0, ?;18' 0, 3-}1%ssible to find an NEP that achieves the system-wide optimum
1.677)). Now, note that both links 4 and 5 are usedl.ihet us cost even when the full dimensionality condition holds. This
go back to the original game now. Suppose users 1 and 2 gs@ue to the fact that in order to achieve the minimum total
flow configurations (0, 0, 48.9, 0, 0, 0) and (0, 0, 1.764 25, Qystem cost, some users are required to incur costs greater than
1.764 25, 0.664 25) respectively. Then, user 3's best reply is {é/eir reservation costs. We have proved that there is an NEP that
0, 1.21425, 0, 1.214 25, 1.21425), which yields a cost 0.298njeves the smallest cost among the NEP costs with class users.
for user 3. Since user 2 and 3 are identical, the reservation CPAls, however, may not be the best one could do. We have given
of each user 2 and 3 is greater than or equal to 0.299. Repeafifxample where there exists an NEP that yields a smaller total
[ o= (/1% f°) = ((1.2765, 1.2765, 44.16, 3.4635, Ogystem cost than the smallest among the NEP costs with class
3.4635), (Qv 0, 1.585, 0, 1.585, 0.8435), (0, 0, 1.585, 0, 1.58n3ers. This shows that it is not always good enough to consider
0.8435)) yields a cost 4.579, 0.299, and 0.299 for users 1,ige network where each source—destination pair is represented
and 3, respectively, and a total system cost of 5.177. Hence, {85 class user. More work needs to be done on characterizing

is an NEP that achieves a total system cost smaller than 5.1k NEPs that achieve the smallest total system cost in general
Note that this decrease in the total system cost comes from f&works with multiple source—destination pairs.

reduction in the flow on links 4 and 5. This phenomenon is
because users 2 and 3 can punish each other, and the presence
of this threat drives the users to operate at an NEP closer to the
system-wide optimum point. This proves that in some cases
there is an NEP that achieves a smaller total system cost than
the smallest NEP cost with class users.

Fig. 6. Multiple source—destination pairs case.

APPENDIX A
PROOF OFTHEOREM 1

Let all users other than useércollude to ship their flow on
shortest routes or routes with the smallest cost per unit flow

Due to the steady increase in the demand for bandwidth, itdefore uset is added. Then, all used links end up with the same
becoming increasingly important to find routing schemes thegsidual capacity, which is no less than the capacity of an unused
use resources efficiently. Since IPv6 allows routers to decitiek. From property (2) in Section IlI-B, the optimal response for
to some extent which path their packets will take, it is crucialser: preserves the same ordering of residual capacity, using all
to understand how network access providers will interact witireviously used links to equal extent and possibly using some
each other given such capabilities. Because this is essentiallyraviously unused links. Thus, usés share of the total cost is
situation with selfish users who attempt to minimize their owno less than its traffic share. If useuses a previously unused
costs, it is appropriate to model the network routing problem sk whose capacity is strictly smaller than the residual capacity
a noncooperative game, where the agents playing the gameddrine used links, then its share of the total cost is strictly larger
thought of as the network access providers. If the strategiestiodn its traffic share from property (2) in Section IlI-B. Now
the users are such that no user finds it beneficial to deviate usijppose usemuses only previously used links. First suppose that
laterally, it is natural to believe that this represents an equilithe resulting rate configuratiofi coincides withf’. Then, this
rium situation for the network. The concept of an NEP captur@splies thatC; = --- = Cy by property (1) in Section IlI-B,
exactly this idea. NEPs are, however, not necessarily efficiemherel’ is the largest such thatf; > 0. If the resulting rate
since users are interested in optimizing their own costs but manfiguration f is not same ag”’, thenC(f") < C(f) and
the total system cost. Since the network access providers will > Ji(f) > C(f') (+'/R). Thereforey, > C’ - r*/R for
typically interact with each other several times before the struah € I. Further, if there exists€ L such thatf; > f/,, > 0,
ture of the game they are playing changes significantly, itis nabenv,; > C’ - r*/R for all i € I. This can be seen as follows.
ural to investigate the problem of finding an NEP in the repeat&lippose that there existse L such thatf; > f/., > 0,
game that achieves the system-wide optimum cost. and for each user € I, the other users maximize the minimal

In this paper, we have shown that in parallel link networksesidual capacity as described before. Then, the resulting flow
there always exists an NEP that achieves the system-wide opnfiguration after userbest responds is either different from
timum cost and yet yields a cost for each user that is no greaféror user: has to use a link that is not used by the other users.

V. CONCLUSION
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We show that, if the discount factor is sufficiently close to 1, For0 < r < R, let
then playingf = (f*, ..., f1) every period gives rise to an
NEP in the repeated game, where =

M@

C(r) = fl Tl(fl) +q- TL+1(fL+1) (5)
=1
. i i . 5 ' .
Fi={(- om0 4) wherek and¢q are defined in terms of by
R R .
We need to consider two cases. First, suppose there éxists Z fi+q=r, 0<g< f;;+1- (6)
such thatf; > f;.; > 0. From abovef yields a cost to each =1
user: that is strictly smaller than its reservation cost. By thgimilarly, for0 < » < R, let

folk theorem it follows that, if the discount factor is sufficiently

closeto 1, there is an NEP of the repeated game with cost vector , , , , ,

((r*/R)C’, ..., (r'/R)C"), and this has total cost’, which ') =>_ fi- T+ Tora(fi), ™

is optimum. Such an NEP can be supported by the following =1

strategy profile in the repeated game: initially, every user useberek’ andq’ are defined in terms of by

f every period until exactly one usedeviates fromf at some

periodk. If exactly one usef deviates at perioél, then starting

at periodk + 1 other users collaborate and use a flow configu-

ration that yields to uset, when it best responds, a cost equal

to its reservation cost, which we saw is strictly greater than itsLemma 3: C(r) > C’(r) for all 0 < » < R. Moreover, if

cost underf. Then, one can show that, if the discount factor i€” < C, thenC(r) > C'(r) forall 0 < r < R.

sufficiently close to 1, the normalized total discounted cost of We consider three cases. The first case is wfler- f.In

useri will be greater tharC’ - +* /R if it deviates at any pe- this case the theorem is trivial, since we may tgke- f/ =

riod. Hence, no userhas the incentive to deviate frofn Note f. Repeating the NEP of the stage game at every stage of the

that the implicit assumption underlying the equilibrium strategyepeated game is an SPNEP for the repeated game in which

profile is that at the end of each stage of the infinitely repeatestery player incurs a cost equal to its cost at the stage game

game users can measure the flow allocated along each linkNbigP.

every user during the stage in order to be able to detect a deviah the remaining two cases, we assume tHat¢ f. Think

tion by a user and to punish it in the following stages. of flow on each link! at the stage game NEP as a flow vector
Now, suppose that for evefye L such thatf; > 0 we either y; = (0, ..., 0, f1,0, ..., 0). This flow has an associated cost

have f| = f/,; > 0or f/,; = 0. Let L° be the set of links per unitflow,s; = 1/(Cy— f;). By property (3) of Section lI-B,

such thatf; > 0. Then, by property (1) of Section llI-B7; is  this cost per unit flow/;, is nondecreasing ih We can create

same for all € L°. We can now show thaf is a stage game another set of flows based on the optimum flow configurafion

NEP. First, K}, the partial derivative off; with respect tof;, byfillingup f/, I € L, inincreasing order df Thelth such flow

is same for all € L° because botlf; and f;/ are same for all is written as a vectar! = (a!, ..., ), whereX% _ af, =

k'

k/
SNfl+d=r,  0<q < flyp ®)
=1

m

I € L°. Hence, in order to show thgtis a stage game NEP, £ andforalll € L, 25—1 =l fhgrsn, 0,...,0)

we only need to show that no users are tempted to use any Ogl%h v T ’
/ ! - ; thad ,_, fi+or+1=>_,—; fiandgr41 < f ... There
links notinL®. Clearly, K (f1) = Tu(/7) + f{ - (' /R) - T (7) is a uniquelsét olzi'ls that satislfiels the above conclii;riéns.

; Tz%}(‘){) J;]f{ ~1¥/}’(f{)_=d;(z(lec)l = ?r;'(()) for all tlhEtLO and ) o a1, 1 < I < L, denote the cost per unit flow of the flow
¢ L°, whereT; () = dTi()/d fi. This proves that no USers ; "y is cualiated by taking the cost per unit flow on link
are tempte.d to use ardy ¢ Lo. Thl.Js’f IS a s.tage game NEP, to bel/(C; — f]). The second case is when < g; for all
and repeating a stage game NEP is an NEP in the repeated g3me, Suppose we allocate to usehe fractionf{/_ﬁ of 2, for

In fact, itis an SPNEP. ' L atll [ € L. Call the resulting flow configuratioffi. The demand
Note that under the system flow configuration in (4) the cos ; .
cgnstralnt of uset is met, because we have

per unit flow is the same for all users. Hence, if fairness is judge
based on the cost per unit flow among the users, perfect fairness f; . f; . .. )
tay = = fi= = 9)
2 2, pun=) ph=) i

can be achieved by (4), while the total system cost is optimum. v

ICL UCL ICL ICL

The overall cost undef is optimum, because the flow on each

link under f is the same as that undgr. Also, the cost of user

¢ underf is strictly smaller than its cost at the unique NEP of
We need several lemmas to prove Theorem 2. Refer to [16 stage game because, first of all

for the proofs of the lemmas. Let user O be the global user that

APPENDIX B
PROOF OFTHEOREM 2

attempts to minimize the overall system cost. Sa-fi<d B-fi (10)
Lemma 1:For alll € L, we havef, > 0 = f; > 0. tel tel
Moreover, foralli € I andl € L, f; < f; if fi > 0. and further, Lemma 3 tells us that (f;) < C(f1), which im-

Lemma2: 3 >3t L, 1<I<L. plies thata; < /1, so that the inequality in equation (10) is



LA AND ANANTHARAM: OPTIMAL ROUTING CONTROL: REPEATED GAME APPROACH

447

strict for all<. Thus, the vector of costs undgis strictly Pareto This raises the natural question of whether ascreases from
dominated by the stage game NEP costs, strictly in each co0rto 1, we first have:;(«) becoming equal tg; - f; for some
dinate. By Friedman'’s theorem, which was stated in Section U,or first haveu, (u) becoming equal t&% f-. That one or the

for discount factors sufficiently close to 1 there is an SPNEP ofher of these possibilities (or both) must occuraanges from

the repeated game with cost vector equal to the cost vector un@déo 1 can be seen from equations (15)—(18). Some algebra from
f. The overall cost at this SPNEP is optimum and the cost fequation (18) shows thatd'»‘f;-f; +ap-fy < /3;-ﬁ+/311-ﬁf}hen

each user is strictly less than its stage game NEP cost.
The final case is when there is at least one link L for
which o > ;. In this case, letdg = {l: oy < i}, Bo =

{l: ay > B}, andCy = {I: oy = F;}. Lemma 3 says that

C(R) > C'(R). Hence, ifBy # 0, thenAq # 0.

the fprmer e\{entuality occurs first, whiledf; - f; +ay - fir >
B35 - f; +8v - fv the latter occurs first, and it is not the case that
both occur simultaneously.

For eachl € B, in increasing order, we may now perform
the following procedure. Note that this procedure is guaranteed

We first argue that if € By, then there exists another linkto terminate after a finite number of steps with < /3; for all

I < lin Ao. Suppose not. Then, this implies that > /3 for
alll < 1. Howe\{er, this says that(Xh_, fi) =1, Bi-fi <
ar- fi=
eachl € By, there exists anothét € A, smaller thari

Let us describe a mixing procedure betvyeéanda: where
I' <l sothaty < a3, By < By andf; < fr.For0 <u <1
consider the flows!(«) and 2" («) defined by

zi(u):(l—u) 2l fl 2¥

[

(11)
and

2 (u) = (12)

Note that the total amount of flow being sent in these flows does

not depend on:, because

Zzg(u)I(l—u)'feru'%fl'Ifz, (13)
lel
and
2711,(71) <1—U ;l)fl"i‘u fi=fr. 14
leL

Further, note that the sum of the flow configuratiofé.) and

2¥'(u) equals the sum of the flow configurationsandz"’, for

allo < u < 1. i
Now, let us defingy;(u) to be the cost associated with(w)

anduy (u) to be the cost associated with(w). From equations

(11) and (12) we havg;(u) = a;-(1—u) f; +ow -uf; andug (u)
= ap - (flr — U,fvj) +ag - U,fvj. Sinceay < fp < /3] < a3, We
see thay;(u) is decreasing in and () is increasing inu.
Sincefy > f;, we also observe that

pD)=ar- i <Br- <8 fi (15)
while
1i(0) = o5 f; > B - i (16)
Further
pr(0) = aw fur < B fo (a7
while
pr(1) = awr(fo = ) + o fy. (18)

(Zl . 1), which contradicts Lemma 3. Thus, for

1 <.

1) Pick”, the largesi € Ay smaller than. Such an/’ is
guaranteed to exist, as argued earlier.

2) If oy fi+av - fv < B fi+ Br - fr. letu’ be such that
pi(') = 5 - fLand/{p( o) < By - fr. Replace the flow
configurationz! by z'(u’). As shown in equations (13)
and (14), the total amount of flow in this flow configura-
tion is still f;. The total cost associated to this flow con-
figuration, with costs still being evaluated based on cost
per unit flow1/(C; — £/) on link , is p13(v') = B; - fi.
Thus the cost per unit flow of this flow configuration is
equal tog;. We may thus removifrom B, and put it in
Cy. Likewise, we replace the flow configuratiard by
2 (). Eitherpy (v') < By - fr, in which case we keep
U'in Ag, orpy(u') = By - fr, in which case we remove
I’ from Ay and put it inCy.

If ag fl-i-qu flf > 3 fl-i-ﬁp flr letw’ be such thaﬁl( u') >
/} fl anduy (v') = By - fr We replace the flow configuration

z' by the flow configuration’’ (u"). Since the cost per unit flow
of new flow configuration is, we may remové from A, and
put it in Co. Similarly, we replace the flow configuratiarf by
the flow configurationz!(«’). Since the cost per unit flow of
new J; is still strictly higher than3;, go back to (1).

After the above procedure is completed for everg By,
every link! € L is either inA, or in Cy, and thus, we have a
new set of flows, whose cost per unit flow;, is no greater than
;. Hence, for the same reason as in the second case, allocating
a fraction, f} / fi, of z;, for all I € L, to user: yields to user
a cost smaller than or equal to its stage game NEP. Agaif, let
be such flow configuration.

Suppose’ < C. We show thatf yields to each user a cost
strictly smaller than its stage game NEP cost. In order to show
this it suffices to show that after each stage of the above proce-
dure we still havex; < 31, wherea; is now defined for the
flow configurationz' that results after the corresponding stage
is completed. This may be argued as follows: at any stage the
link 7 under consideration satisfiés> 2, by the inductive hy-
pothesis thaty; < 3; at the end of the previous stage. If the
stage is being carried out with a valuel6f> 2 thenca; does
not change, so there is nothing to worry about. Thus we may
assume that we have= 1 during this stage. Recall that we al-
ways choos# to be the link inA, with the largest index strictly
less thanl. Further we chooséto be the link inB, with the
smallest index. Thus, each of the links. ..l — 1 must be in
Cy. If, at the end of this stage we hawg = 3, then we must
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also haveC’(Y\_, fi) = C(Xi_, fi), and becausé > 2, By the K-T conditions for an NEP, this is the same forzalf
this contradicts Lemma 3. Thus, after the procedure terminat&¥y). We also have, by the K-T conditions, that for everg
a1 < P, and this proves that the cost of each user urfderP,
is strictly smaller than its stage game NEP cost. We may now ‘ ‘
argue, using Friedman’s theorem that the statements of the the- ~ »_, L1 (fu(n)) + fi(n) - T{ (fi(n)) > X'(n).  (20)
orem are true in this case also, exactly as we argued inthe second ~ {€L»
case.

The SPNEP of the repeated game guaranteed by FriedmaFnoé anyp € Po(n), let
theorem in the second and third case can be supported by the fol- 0 0 p
lowing strategy profiles: initially every user usﬁsmtil exactly An) = Z Li(fu(n)) + fi(n) - Ti(fil) (1)
one user deviates frO[ﬁ. If exactly one user deviates at period teLy

k, then staring at perio#l + 1 other users use the stage 98Mheref?(n) denotes the flow rate of one of thedentical users.
NEP flow configuration. Then one can see that, if the diSCOuBy, ihe Kuhn—Tucker conditions for an NEP, this is the same for

factor is sufficiently close to 1, any gain at one period will bg, p € Po(n). We also have, by the K-T conditions, that for
outweighed by the loss in later periods. Also, since no user Akryp € P

gain anything by deviating from the second stage, where stage

game NEP is played every period, this is an SPNEP in the re- 0/, \ .7 < )0

peated game. Note that unlike the equilibrium strategy profiles Z Tlfdln)) + Jin) - T ((m) 2 A, 2)
in the proof of Theorem 1 the strategy profiles in this proof do
not require that at the end of each stage users measure the floin (19) and (21), the sum of the first terms is the cost per unit
allocated along each link by every user during the stage. Instdlmv along the corresponding path. From the previous lemma,
they require only that users measure #ggregateflow along because the total system cost is bounded gses to infinity
each link in order to detect a deviation, which can be inferrethd f(n) is O(1/n), we can see that the sum of the second
from the average delay, and fall back to the stage game NE#®ms of the RHS in equation (21) or the LHS of (22) goes to
Hence, the results in Theorem 2 are much stronger than thezero, i.e., for every € P

sults in Theorem 1.

ICL,

lim D ) - T7 (fi(n) = 0. (23)
IcL,
APPENDIX C ) )
PROOE OFTHEOREM 3 Since the total system cost is bounded from the lemma, the se-

quence(\°(n), n > 1) has a converging subsequence, i.e.,
We first state alemma that is used in the proof of the theorem.
See [16] for the proof of the lemma. Jim A(ng) = ¥ (24)
Lemma 4: Given a fixed total deman& < C, whereC'is
the minimal cut capacity from the source node to the destinatifor some subsequence,(, & > 1). Combining (22)—(24), we
node, there exists a uniform bound on the total system costsat that, for every € P, liminf;_. ., Zchp Ti(filny)) =
any stage game NEP regardless of the distribution of demands while, if we combine (21), (23), and (24), we see that for
among any finite number of users. p € Po we haveliminfy_. o, ZleL,, Ti(filny)) = A*.
Let v, denote the reservation cost of usein order to show  The cost per unit flow along a paghis e, Ti(fi). We
the existence of an NEP, we first show that the reservation valigve just seen that the average cost per unit flow of Ugkemg
of each user is greater than or equa{itt/ R) - C'. any path thatit uses is atleast as large as the average cost per unit
Letr—* denoteR —r". Since the reservation cost of a user deftow of then;, identical users into which useri (the coalition of
notes its worst cost, however badly the others attempt to punifle users other than usgsplits itself, in the limitag — . As
it, we consider a game where one user, denetedvith demand the total system cost in the limit is no smaller th@h the cost
7% attempts to punish user Now suppose that useri splits of user: is greater than or equal to that of proportional sharing.
itself into n identical users with each demand?/n. Take an This proves that the reservation cost of usirgreater than or
NEP f of the game with userand these: identical users. Since equal to the cost of proportional sharing. This gives rise to three
all useri does at the NEP is take away some capacity from eagifferent possible scenarios. This can also be argued from the
link it uses, we may redud®; by f;(n) for eachl € L and con- results shown in [11].
sider the resulting network withidentical users. From [21, Th. 1) Every user’s reservation cost is strictly greater than that
5] each of the identical users in this network uses the same set  of proportional sharing.
of paths. LetP(n) be the set of paths used by usett the NEP 2y some users have reservation cost strictly greater than that
andPy(n) the set of paths used by each of the othétentical of proportional sharing, and some users have reservation
users. For any € P(n), let cost equal to that of proportional sharing.
3) Every user’s reservation cost is equal to that of propor-
tional sharing.
N(n) = Z Ty (fi(n)) + fi(n) - T} (fi(n)). (19) Incase 1), the existence of an NEP that achieves the minimum
ICL, total system cost follows directly from the folk theorem, which
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was described in Section Il. Consider the following strategy pro- APPENDIX D

file in the repeated game. Initially, each useses the flow con- PROOF OFTHEOREM 4
) . AR P .

gglrfr::“pc)):riidf. If(7e>{fc)tlyfonuentlljlsi)r(e:jcél\¥i aotgg :ts T)re?iz\g?rt\; at We neeq to §how that the rational feasible cost region has
starting at period: + 1, other users use a flow configurationnonempty interior. We need to look at two cases.

that yields to usef, for its best response, a costwof. Then, it 1) Every user's reservation cost is equal to that of propor-
is easy to see that, if the discount factor is sufficiently close to  tional sharing. _ o

1, no user has an incentive to deviate frérma: ( £, JH), 2) Some usgr's reserv_atlon cost is strictly greater than that
which we callproportional sharing of proportional sharing.

In case 3), since any NEP in the stage game Pareto-domitn case 1), the stage game NEP achieves the minimum total
nates the reservation cost vector and the total system cost atsyigtem cost’’, and repeating a stage game NEP is obviously
stage game NEP cannot be smaller thérthe stage game NEP an SPNEP in the repeated game.
achieves the total system ca@st. Repeating a stage game NEP In case 2), we know that there is a system flow configuration
in each period is an NEP, in fact an SPNEP, in the repeated gathet yields every user a cost strictly smaller than its reservation

Consider case 2). Let be the set of users whose reservecost, from the proof of Theorem 3. Let one of such system flow
tion cost is equal to that of proportional sharing, andiebe configurations bef and the associated cost vectorFurther,
the complement]\ A. Recall the technical assumption we mad&#om examining the proof of Theorem 3, we see that there is
that, underf’, two paths exist that are used and have differean open neighborhood of cost vectors whose intersection with
cost per unit flow. For any usér, let g* = (gF, ..., g% ) be the hyperplane of constant total cost equal to the optimum cost
the flow configuration under proportional sharing, whgfede- consists entirely of feasible cost vectors that Pareto dominate
notes the amount of flow usérsends on path, and %, is the the reservation cost vector (i.e., rational feasible cost vectors).
number of paths used undgrby the global user 0 that attemptsSince the rational feasible region is convex, we see that there
to minimize the total system cost. Without loss of generality ass an open neighborhood in the rational feasible region. This
sume that paths are ordered by increasing cost per unit flow, ifragans that the full dimensionality condition holds, and so, by
Yuer, Tilf) £ -+ <30, Ti(fi). Suppose useris in B the Fudenberg—Maskin theorem [9], if the discount factor is suf-
and userj is in A. Now, consider the following flow configura- ficiently close to 1 there will be an SPNEP for the repeated game
tions of user and user;: that achieves optimum total cost. The nature of the strategies that

results in such an SPNEP is discussed in [16].

§i:(gf—e,...,§;;0+e) (25)

and APPENDIX E
_ L - PROOF OFTHEOREM 5
gJ:(glj+67"'7gIJ’0_6)~ (26)

Supposef is a system flow configuration with class users

Since the cost per unit flow of path 1 is strictly smaller than th#hat achieveg’. Then, given the flow configurations of other
of path F, from the technical assumption, the cost yielded tolass users, class usercannot reduce its cost by changing its
userj by g7 is strictly smaller than its proportional sharing costpwn flow configuration. Thus, from class ugés point of view,
which is equal to its reservation cost. Also, since the reservatialh that the other class users do is to take away some of the
cost of useit is strictly bigger than that of proportional sharingcapacities from each link used by them. Thus we are now back to
if ¢ is sufficiently small, then the cost yielded By will still be  a problem of routing with a single source—destination pair, with
strictly smaller than its reservation cost. For every uset this  link /s capacity reduced by the total flow of the other class users,
can be done with some user B Thus, we can find a systemso thatitis novxCl—fl_’“. Thus, ifthe cost incurred by class user
configuration that yields to every user a cost strictly smaller thanat the NEP is denoted, then, from the proof of Theorem 3,
its reservation cost, while the overall cost is optimum. By thiae reservation cost of each userf classk in the original game
folk theorem, this proves that if the discount factor is sufficientlis no smaller than the cost usawould incur when it used a flow
close to 1 there is an NEP in the repeated game for which tbenfiguration,(r/r*__) - f*, and this would béri/r* ) -
overall cost is optimum. An underlying assumption behind this;,. The existence of an NEP of the original repeated game that
result is that after each stage users can measure the flow adlohieves a total system cost@how follows similarly as in the
cated along each path by every user during the stage and detggbaf of Theorem 3. Since these results assume that users can
deviation by a user, and punish the user if a user deviated durdgect a deviation by a user, the underlying assumption is that
the stage, starting in the next stage. the users are able to measure the flow allocated to each path by

Let us comment on the fairness among the users in termsegkry other user that share any links with them.
the average price per unit flow. Note that if we ¢t (25) and
(26) go to 0, then the cost per unit flow of each user will be arbi-
trarily close toC’ / Rif it does not equal it. Hence, if the discount
factor gets arbitrarily close to 1, then we can construct an NEP[1] D. P. Bertsekas\onlinear Programming Belmont, MA: Athena Sci-
that supports a flow configuration that is arbitrarily close to a __ entific, 1985. , o

. . . . . : [2] R.Cocchi, S. Shenker, D. Estrin, and L. Zhang, “Pricing in computer net-
fair allocation, i.e., a flow configuration under which the cost ™ ,s: Motivation, formulation, and exampldEEE/ACM Trans. Net-
per unit flow is the same for all users. working vol. 1, pp. 614-627, Dec. 1991.
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