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Optimal Routing Control: Repeated Game Approach
Richard J. La and Venkat Anantharam, Fellow, IEEE

Abstract—Communication networks shared by selfish users are
considered and modeled as noncooperativerepeatedgames. Each
user is interested only in optimizing its own performance by con-
trolling the routing of its load. We investigate the existence of a
Nash equilibrium point (NEP) that achieves the system-wide op-
timum cost. The existence of a subgame-perfect NEP that not only
achieves the system-wide optimum cost but also yields a cost for
each user no greater than its stage game NEP cost is shown for
two-node multiple link networks. It is shown that more general net-
works where all users have the same source–destination pair have
a subgame-perfect NEP that achieves the minimum total system
cost, under a mild technical condition. It is shown that general net-
works with users having multiple source–destination pairs do not
necessarily have such an NEP.

Index Terms—Game theory, Nash equilibrium, routing control.

I. INTRODUCTION

T RADITIONALLY, the network was designed and operated
as a single entity with a single objective under the assump-

tion that users were passive and would cooperate for the good
of the entire network. In modern networking, however, this as-
sumption is no longer valid since many networks, each of which
belongs to a different administration and shares resources with
others, are internetworked to form a coalition of networks. Fur-
thermore, different service providers compete to provide ser-
vices to users over the network. Thus, an alternative approach is
required that views the network as a resource shared by active
players, where players may have different performance mea-
sures and demands, which may even be contradictory in some
cases. One natural way of managing such a resource is letting
the players compete with one another and allow themselves to
settle to an equilibrium where each of them reaches its optimum
working state. Obviously, in this kind of environment, players
change their behavior according to those of others, trying to
achieve the best performance, and this gives a rise to a dynamic
system. The behavior of players in such an environment can be
addressed in the framework of game theory. Of key importance
here is the notion of an equilibrium where no user finds it bene-
ficial to change its behavior unilaterally. Such an equilibrium is
called a Nash equilibrium point (NEP).

There has been some prior work on applying game theory in
many different areas of networking. For instance, Douligeris

Manuscript received June 11, 1998; revised March 28, 2000 and June 11,
2001. Recommended by Associate Editor L. Dai. This work was supported by
the National Science Foundation under Grant NCR 9422513.

R. J. La is with the Department of Electrical and Computer Engi-
neering, University of Maryland, College Park, MD 20742 USA (e-mail:
hyongla@eng.umd.edu).

V. Anantharam is with the Department of Electrical Engineering and Com-
puter Sciences, University of California, Berkeley, CA 94720 USA.

Publisher Item Identifier S 0018-9286(02)02821-0.

and Mazumdar [3], Bovopoulos and Lazar [17], and Hsiao
and Lazar [18] discuss flow control problems. Lee and Cohen
[20] study the problem of customer allocation in a system
of parallel M/M/c queues. Dziong and Mason [4] consider
a call admission control problem. In [19], Lazar, Orda, and
Pendarakis investigate the problem of assigning bandwidth
to different virtual paths and show that the Nash equilibrium
satisfies a certain fairness criterion. Shenker [24] investigates an
internetwork gateway problem, where users are assumed to be
selfish, and discusses the issue of designing resource allocation
mechanisms that produce efficient throughput and congestion
allocations despite the selfish user behavior. Routing problems
are also studied in game theoretic framework by Economides
and Silvester [7] and Yamaoka and Sakai [25], [26].

Most of the past research on the use of game theory in net-
working problems, including all of the papers cited above, has
restricted itself to the use ofstatic games as models, although
in some cases the players clearly interact with each other many
times. In an attempt to understand the dynamics of modern net-
works, we address the routing problem from a game theoretic
point of view, but using the concepts and techniques ofdynamic
game theory. To the best of our knowledge, our work is the first
attempt to formulate the routing control problem as a dynamic
noncooperative game. Our starting point is a paper of Orda,
Rom, and Shimkin [21], where a routing problem, formulated
precisely in Section III, is considered using a static game theo-
retic model.

The agents or users in this routing game are naturally thought
of as theNetwork Access Providers(NAPs), not individual net-
work users. These users have extensive knowledge regarding the
topology of the network, and are capable of exercising source
routing. Although the instantaneous load of each user may be
dynamic, one would expect the average load of the users to be
stationary or slowly varying. Further, these users will have addi-
tional mechanisms in the network in order to cope with tempo-
rary congestions or performance degradations on a short time
scale. We are largely interested in the average performance of
these users over a larger time scale and in understanding their
behavior. In our formulation the users would typically interact
with each other several times before the nature of the game
changes significantly, which might happen, for instance, be-
cause of the addition of new network access providers, a change
in the topology of the network, or a significant change in the
net load being handled by a network access provider. Clearly,
these private NAPs would be interested only in their own per-
formance. Since they need to share the same network, if pos-
sible, it will be in their own interest to discuss how they can
share the network efficiently so that every user can benefit from
it. In other words, if communication is permitted before and
throughout the game, which is the case in practice, users may

0018-9286/02$17.00 © 2002 IEEE



438 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 3, MARCH 2002

be able to communicate with each other to improve their per-
formance. Again, because these users are interested only in opti-
mizing their own performance, even if they reach an agreement,
no user may have an incentive to cooperate or abide by the agree-
ment without rewards for cooperation or credible threats against
a deviation from the agreement. This kind of dynamics between
the users can be capturedonly by a dynamic game, but not by
a single shot game. Therefore, it is more appropriate to model
the routing control problem among the users as a repeated game
than as a single shot game. This also explains why a cooperative
game model may not be appropriate.

While a network access provider might typically handle loads
between several origin–destination pairs, we focus here on the
situation where each of the competing users carries flow be-
tween a specific origin–destination pair. In a repeated game
there is the possibility of strategies that result in NEPs which
are more efficient than in the single shot game. In this paper, we
are interested in investigating the implications of the existence
of such new NEPs in the dynamic routing game. In particular,
we are interested in how efficient such Nash equilibria are rela-
tive to the system wide optimum cost that might be achievable
if the network could force all the users to operate cooperatively
to minimize the overall cost. From the network’s perspective
the efficiency and the total system cost are clearly very much
relevant and important. The users, on the other hand, may be
interested in social optimality not necessarily for the good of
the network (because they are assumed to be selfish), but for the
following reason. The users are assumed to be interested only in
minimizing their own costs, regardless of the costs of the other
users. If the total system cost is fixed, then the only way one
user can reduce its cost is by increasing the cost of another user.
Hence, in order for every user to benefit from the cooperation
in comparison to the single shot game or stage game NEP, the
total system cost should decrease from that of the stage game
NEP. Obviously, the total system cost, even if all users coop-
erate, cannot be smaller than the system optimum. Therefore,
if the users can achieve the system optimum through cooper-
ation in a dynamic setting, some users, if not all, can reduce
their costs while the other users still do not have an incentive
to deviate due to the existence of credible threats. Theorem 2 in
Section III gives an example of a repeated game NEP where the
decrease in the total system cost benefitsall users, compared to
the stage game NEP. Such a repeated game NEP is likely to be
adopted by all users in practice because every user will prefer it
to the stage game NEP.

Although efficiency of the system is clearly relevant as ex-
plained above, users may also be interested in fairness among
the users. Fairness may be defined in several different ways, so
making a definitive sentence is somewhat problematic. One nat-
ural definition of fairness, however, may be based on the cost
per unit flow among the users. We show that some of equilib-
rium flows constructed in our results guarantee fairness among
the users, based on this definition, i.e., the cost per unit flow
among the users is the same. These points are discussed in Sec-
tions III-C and IV-B-2 as well as in the proofs of the theorems.

In the static game model considered in [21], the uniqueness
of the stage game NEP in the routing problem for a two node
network with parallel links is proved, for a wide class of cost

functions. It is shown that the overall system cost at this unique
stage game NEP can be substantially larger than the minimum
system cost that could be achieved if all the users cooperate. In
more general networks, the situation is even more complicated,
because uniqueness of the stage game NEP does not hold even
for rather natural cost functions. An example is given in [21]
where there is more than one NEP when the cost functions are
of what they call type-A.

In this paper we restrict ourselves to cost functions that are of
type-B in the terminology of [21], with two additional assump-
tions. See Section III for more details. We prove that, in the two
node routing problem with parallel links, in a dynamic game
theoretic framework, there are NEPs where the agents operate at
the unique system-wide optimum point, while at the same time,
each user’s cost is no greater than it would be in the unique stage
game NEP. Such strategies are supported by credible threats or
rewards that the users might make or offer to one another. In
the language of game theory, this says that any such strategy
is not only an NEP but also a subgame-perfect NEP (SPNEP);
in fact, it can be shown that no user will be able to reduce its
own cost in any subgame by deviating from such an equilib-
rium. In more general networks, it is much harder to determine
if strategies exist in the repeated game that yield a cost for each
user that is smaller than or equal to its cost in every stage game
NEP. Much of the difficulty lies in the analysis of the stage game
and the characterization of its NEPs. Nevertheless, in networks
where there is a fixed source node and a fixed destination node
common to all the users, we show, under a mild technical con-
dition, that there exists an SPNEP that drives users to operate at
a system-wide optimum point. When different users may have
different source–destination pairs, we show by means of an ex-
ample that the existence of an NEP for the repeated game which
achieves the systemwide optimum cost cannot be guaranteed in
general. On the positive side, we show that there always exists
an NEP in the repeated game which achieves a total system cost
that is no more than the minimum total system cost over all the
NEPs of the static game played between “class users,” where
a class user between a given source node and a given destina-
tion node is defined to be the coalition of all the actual users
that have that particular source–destination pair. However, we
show by means of an example that the systemwide minimum
cost could sometimes be strictly smaller than this minimum, so
the preceding result, while encouraging, is not strong enough.

This paper is organized in the following way. We begin in
Section II with a brief summary on the language of game theory.
Here we also state, with precise references, the results from the
theory of dynamic games that we will be referring to. We discuss
two node parallel link networks in Section III. In Section IV, we
discuss general networks, both in the case where all the users
have a single source–destination pair and in the case when there
are multiple source–destination pairs. Some summarizing re-
marks are made in the final section.

II. GAME THEORY

In this section, we briefly review the language of game theory.
For more details, refer to [8], [10], and [22]. One can model a
game in many different ways, depending on the properties and
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information available to the users. Instaticgames, the interac-
tion between users occurs only once, while indynamicgames
the interaction occurs several times. Note that nevertheless it
involves choices at all nodes of game tree. An example of a dy-
namic game is a repeated game where the same static game is
played many times.

Depending on whether each player knows the other players’
payoff functions or not, a game can be formulated either as a
completeor incompleteinformation game. If every player is
aware of history of all the plays made, the game is said to have
perfect information. If not, the game is ofimperfect information.

A Nash equilibrium of a game is a choice of strategies by
the players where each player’s strategy is a best response to
the other players’ strategies. This implies that no player can
increase its payoffs by unilaterally deviating from the equilib-
rium. One problem with Nash equilibria is that some Nash equi-
libria involve players choosing irrational plays. A simple re-
finement, called asubgame-perfectNash equilibrium eliminates
many such Nash equilibria involving irrational plays. A sub-
game is by itself a well-defined game that starts from a decision
node that is not the beginning node of the game, and includes
all the decision nodes and terminating nodes followingin the
game tree. A Nash equilibrium is a subgame-perfect Nash equi-
librium if the players’ strategies constitute a Nash equilibrium
in every subgame. Consider the example in Fig. 1, where the
pairs of numbers at the terminal nodes of the game tree give
the payoffs of the two players, and the player who plays at any
node of the game tree is indicated in the figure. This is a game
of complete information.

Let us first consider the single shot game, i.e., the game is
played only once. In the single shot game, playing ( ) is a
Nash equilibrium in this game since neither player can increase
its own payoffs by deviating from the equilibrium. However,
( ) is not a subgame-perfect Nash equilibrium because
player 2 playing at the decision node does not lead to a Nash
equilibrium in the subgame starting at. If for some reason
player 1 plays at the beginning, then player 2 should play
whether player 1 plays or at the information node. This
implies that player 2 playing at node is not a credible threat
and that player 1 should always playat the beginning of the
game.

We now investigate the (infinitely) repeated game, i.e., the
entire game represented by Fig. 1 is played infinitely often. The
repeated game is assumed to be discounted, i.e., the reward re-
ceived at time is discounted by for some . In general,
there are many more Nash equilibria in the repeated game than
simply repeating a stage game Nash equilibrium. For instance,
consider the following strategy profile of the players:

• ( ) Initially players play ( ) at each period. If any
player deviates at period, then go to stage () at period

1;
• ( ) Players play ( ), which is a stage game Nash

equilibrium, at each period forever.
Although ( ) is not a stage game Nash equilibrium,

one can easily show that the above strategy profile is a Nash
equilibrium in the repeated game for a discount factor larger
than 0.4. The intuition behind this is that if the discount factor

Fig. 1. A Nash equilibrium that is not a subgame-perfect Nash equilibrium.

is sufficiently close to 1, then any temporary gain in payoffs
by a deviation will be outweighed by a loss in the future. In
the example, obviously player 2 does not have an incentive to
deviate from stage ( ). If player 1 deviates at any period,
then from period 1 and on, player 1 receives 10 instead of
13. Hence, if player 1 deviates at period, it receives a total
discounted payoff of

If player 1 does not deviate, then it receives a total discounted
payoff of

Therefore, if

or , then player 1 does not have an incentive to deviate.
This credible threat can induce cooperation among the players
in a repeated game. Further, even if there is a finite delay before
a player detects a deviation by another player, if the discount
factor is sufficiently close to 1, then a similar Nash equilibrium
can be supported with the delay accounted for.

We now discuss a result due to [23], which is used to es-
tablish the existence of a Nash equilibrium in the stage games
that will be discussed in the following sections. Consider an
I-player game, where the strategy of theth player is repre-
sented by the vector in the subset of the Euclidean space

, I, and the vector denotes the simulta-
neous strategies of all players, where . Thus

, which we assume is a convex, closed,
and bounded set. The cost function for theth player depends
on the strategies of all the other players as well as on its own
strategy, and is given by the function .
We assume that for all , is continuous in and
is convex in for each fixed ( ).
Then, [23, Th. 1] states that there always exists a Nash equilib-
rium point for such a game.
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Let us now define player’s reservation cost, a concept which
is used later in stating the folk theorem for repeated games.
Player ’s reservation cost is denoted by and defined as

where is player ’s strategy space, is the product space
of the strategies of all players except for player, and is player
’s cost function. The significance of player’s reservation cost

is as follows: if the other players are colluding to punish player,
player can guarantee itself a cost no greater than its reservation
cost. In other words, player’s reservation cost is the highest
cost player ’s opponents can hold it to by any choice of .

We now state three key theorems in game theory for repeated
games, which will be used to prove the results of this paper. For
more details on the theorems and their proofs, refer to [8], [10],
and [22]. These theorems are about repeated games with dis-
counting. Namely, the same static game, called the stage game,
is played an infinite number of times. At the end of each stage

, each player is aware of all the actions of all the players at
times 1 through . The overall cost of player is the dis-
counted sum of its costs at each stage, for some discount factor

, normalized by .
The first theorem of interest to us is thefolk theoremfor re-

peated games, which says that for every feasible cost vector
with for all players , where is player ’s reser-
vation cost, there exists a such that for all
there is a Nash equilibrium in the repeated game with cost vector
. Moreover, Fudenberg and Maskin have shown that if the ra-

tional feasible region, i.e., the portion of the feasible region that
Pareto-dominates the reservation cost vector, i.e.,
for all , satisfies the full dimensionality condi-
tion, then there is a subgame-perfect Nash equilibrium with cost
vector (Fudenberg–Maskin’s theorem) [9].

The third theorem of interest to us is calledFriedman’s the-
orem, and says that if a stage game Nash equilibrium has the
corresponding cost vector, then for any feasible cost vector
with for all players , there is a such that for all

there is a subgame-perfect Nash equilibrium in the
repeated game with cost vector. The difference between the
Fudenberg–Maskin’s theorem and Friedman’s theorem is that
Friedman’s theorem guarantees the existence ofsubgame-per-
fectNash equilibrium without the full dimensionality condition.
The folk theorem, on the other hand, guarantees the existence of
only Nash equilibrium, which may involve some irrational plays
as illustrated earlier, without the full dimensionality condition.

In the following sections, these theorems will be used to es-
tablish the existence of Nash equilibria and/or subgame-perfect
Nash equilibria in the dynamic routing game of interest in this
paper.

III. A N ETWORK OFPARALLEL LINKS

A. Model and Problem Formulation

We are given a network with a set , ,
of users that share a set of parallel communication links

interconnecting a common source to a common
destination node. This is shown in Fig. 2. Without loss of gen-
erality, we assume that the links are ordered by decreasing ca-

Fig. 2. Parallel link network.

pacity, i.e., . Each user is assumed
to be selfish in the sense that it attempts to minimize its own
cost regardless of what the other users are doing. Userhas a
demand, which is some ergodic process with an average rate of

. Without loss of any generality, we assume that users are or-
dered in order of decreasing average rate, .

We first describe the stage game, which we assume is repeated
many times. If each user is not sure when the game will end, we
can model this as an infinitely repeated game with an appro-
priate discounting factor . In the stage game, each
user splits its demand over the communication links, i.e., user
decides how much of its demand,, it will send on link . We
must have (nonnegativity constraint) and
(demand constraint). Let denote the total flow on link, i.e.,

. The flow configuration of user is denoted by
and the system flow configuration by ).

A user flow configuration is said to be feasible if it satisfies
the nonnegativity and demand constraints. We denote the set of
all feasible flow configurations for userby . Similarly, a
system flow configuration , is feasible if every user flow con-
figuration is feasible, and denotes the set
of all feasible system flow configurations.

In order to compare the performance of each user , we
need to have a performance measure. This performance mea-
sure is given by a cost function defined for each user.
The goal of each user is to minimize its cost by distributing its
demand over the links. The cost of usergenerally depends not
only on its flow configuration but also on those of other users.
Since we are assuming that every user is selfish, the problem can
be modeled as a noncooperative game where each user is trying
to minimize its cost [21]. A natural question that arises in this
type of setting is whether there is a Nash equilibrium of the game
or not. In other words, we are interested in finding a system flow
configuration such that no user finds it beneficial to change its
own flow configuration assuming that no other users do. Math-
ematically a system flow configuration
is an NEP if, for all , the following holds:

The importance of an NEP is that it is a point at which no
user has an incentive to deviate. However, one problem with an
NEP is that it is not necessarily very efficient [5]. In fact, Ko-
rillis, Lazar, and Orda [14] give numerical examples with natural
cost functions where the difference between the total cost at the
system-wide optimum point and that at the NEP could be more
than 20 percent.
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In our analysis, we consider a family of type-B cost func-
tions as defined in [21]. For the completeness of the paper, we
list the assumptions on the type-B functions and two additional
assumptions we place on the cost functions that we consider.

• is the sum of link cost functions, i.e.,
, where . Each satisfies:

• : , a continuous function.
• is a function of two arguments, namely user’s

flow on link and the total flow on that link. In other
words, .

• , where
• is positive, strictly increasing in and

convex.
• is positive, strictly increasing in

and convex.
• is continuously differentiable.
• as , i.e.,

as .
Assumptions imply that the cost per unit flow is a function

only of the residual capacity and that as the total flow rate to
a link approaches its capacity, the cost per unit flow of the link
gets intolerably large and no user would want to use the link. An
example of a cost function that satisfies the above assumptions
is the delay cost function of an exponential server queue for a
given throughput, i.e., , where
with a choice of scaling

(1)

where is the capacity of link.
Throughout the paper, we assume that the stability condition

is satisfied, i.e., . Then, note thata priori
an NEP automatically excludes any configuration with
for any link . Otherwise, at least one user with infinite cost can
change its own flow configuration to have finite cost.

It turns out that, under these assumptions, the routing game
satisfies the conditions of [23, Th. of Rosen] described in
Section II and so the existence of an NEP is guaranteed. Also,
Kuhn–Tucker (K–T) conditions constitute the necessary and
sufficient conditions for a feasible system configuration to be
an NEP [1], [21]. These say that for every there must
exist a Lagrange multiplier, , such that, for every link

(2)

where is the partial derivative of with respect to and
. We call user ’s marginal cost at the

NEP.
Given a set of demands for all the users, there is a unique

system flow configuration, , that achieves the smallest total
system cost, . This can be seen from the
fact that this flow configuration is the solution to a convex
optimization problem [1]. Unfortunately, in most cases where
multiple selfish users compete over the network, the resulting
unique NEP does not result in the same link flows as the

system-wide optimum point that minimizes the total system
cost. From the theory of dynamic games we know that it is pos-
sible to get NEPs in the repeated game that are different from
merely repeating the NEP of the static game at every period.
Some of these NEPs may be more efficient than repeating the
stage game NEPs at every period. Thus, from the network’s
perspective it would be interesting to see if the system-wide
optimum point can be supported by an NEP in the repeated
game through credible threats among the users. Users, on the
other hand, may be more interested in their costs in comparison
to their stage game NEP costs or fairness among the users. We
discuss these issues in the following sections.1

B. Properties of the Unique Stage Game NEP

In this subsection, we briefly describe the properties of the
unique stage game NEP. Letdenote the unique stage game
NEP and denote the set of links used by userat the NEP,
i.e., . Then, at the unique stage game
NEP , the following are true [21].

1) . For , if
and , then , while if then

.
2) , for all . For ,
if and , then , while if

then .
3) . For ,
if and , then .
4) for all if , i.e., . Moreover,
if and , then .
4 ) if .

C. Existence of an SPNEP That Yields the Optimum System
Cost

We now assume that the stage game of Section III-A is re-
peated infinitely often, with discounting. We show the existence
of a system flow configuration that gives rise to an NEP of the
repeated game and achieves the minimum total system cost.
Furthermore we also show the existence of an SPNEP for the
repeated game achieving the minimum total system cost, where
the cost of each user is no more than its cost if play proceeds by
repeating the unique NEP of the stage game.

Denote user ’s reservation cost, which is defined in Sec-
tion II, by , and let . We denote the
unique stage game NEP byand the cost of userat the stage
game NEP by . The unique flow configuration that achieves
the system optimum is given by . The folk theorem for re-
peated games, which was also stated in Section II, says that any
cost vector that strictly Pareto-dominatesin each coordinate
can be supported by an NEP in the repeated game, for any dis-
count factor sufficiently close to 1. Our first result is the fol-
lowing.

Theorem 1: If the discount factor in the repeated game is
sufficiently close to 1 there is an NEP in the repeated game that
achieves the minimum total system cost,.

Proof: The proof is given in Appendix A.

1These issues are discussed after the relevant theorems or in the proofs of the
theorems.
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An example of such a flow configuration is
in the proof of Theorem 1, where

Note that the above flow configuration gives rise to afair NEP
in the sense that every user receives the same cost per unit flow.

One thing to notice about is that the costs of some users
maya priori be greater than their cost at the stage game NEP.
Friedman in [6] shows that any cost vector that strictly Pareto-
dominates a stage game NEP cost vector in each coordinate can
be supported by an SPNEP for discount factors sufficiently close
to 1. Thus, the following theorem shows that there exists an
SPNEP, , that achieves and yields a cost for each user that
is smaller than or equal to its cost at the stage game NEP, i.e.,

for all .
Theorem 2: There exists a system flow configuration,, that

yields the optimum total system cost and a cost for each
user that is smaller than or equal to its cost at the stage game
NEP. Also, if , then the cost of each
user at this configuration is strictly smaller than its NEP cost.
A consequence is that, if the discount factor is sufficiently close
to 1, there is an SPNEP for the repeated game in which every
user has a cost that is at most equal to its cost in the unique stage
game NEP and the overall cost is optimum.

Proof: The proof is given in Appendix B.
The intuition behind Theorem 2 is as follows. At the stage

game NEP the smaller users tend to place most of their loads
on the links with the largest capacities since these links have the
smallest cost per unit flow from property (3) in Section III-B,
while the larger users distribute their loads across many links
to minimize their overall average cost per unit flow. Hence, if

does not coincide with this results in the links with larger
capacities being more congested at the stage game NEPthan
at the system optimum and the links with smaller capacities
being underutilized at compared to as well as in the larger
overall system cost than . In order to show the existence of
a flow configuration with the property in Theorem 2 we take

, , where , and for all

, we have such

that . Based on the observation
stated earlier we mix , among themselves and construct
another set of flow configurations, ,
such that and

, i.e., the cost per unit flow is no larger than under
the stage game NEP, for all , and the inequality is strict
for .

Note that an SPNEP described in Theorem 2 yields to each
user a cost no larger than its stage game NEP cost. Further, if

, then the cost to each user is strictly smaller than its
stage game NEP cost. Therefore, it is in users’ own interests to
follow such an SPNEP rather than to repeat the stage game NEP
if . Thus, since the users are assumed to be selfish in our
model, such an SPNEP is likely to be preferred byall users to the
stage game NEP. In this sense this SPNEP is a very robust equi-
librium point and is likely to be adopted by the users in practice
if communication is allowed among the users through meetings

as suggested in Section I. Such an SPNEP is an example of a
case where a decrease in the total system cost benefits all users
and induces cooperation among the users. We describe how one
can find such an equilibrium flow in the proof of the theorem.

IV. GENERAL NETWORKS

A. Model

In this section, we consider a network , where is
a finite set of nodes and is a set of directed links.
We assume that there is at most one link between each pair of
nodes in each direction. As before we have a finite number of
selfish users , , that share the network,
and the demand for useris denoted by . Again, assume that
users are ordered in order of decreasing demand.

A user sends its demand from its source node to its destination
by splitting its flow on the different paths that connect its source
and destination nodes. A user is able to decide how to split its
flow as in the parallel links case. An important difference from
the parallel link network is that, in the general network, many
paths can come together at some node, share certain links, and
split again at another node. Let be the set of links on path.
The incoming link of path at node is defined to be the link

such that , and the outgoing link of path at
node is the link such that . We say that
path and split at node if their incoming links to node

are the same but their outgoing links at nodeare different,
and that path and meet at node if they both go through
node but their incoming links at nodeare different. The fact
that many paths may share some links makes the analysis of
the network much harder. Some of the properties that hold in
the parallel link networks and were crucial in the proofs of the
results in Section III no longer hold for more general networks.

We first discuss the single source–destination pair case,
where each user has the same source node and the same desti-
nation node. We then discuss the multiple source–destination
pair case in the next subsection.

B. Single Source–Destination Pair Case

1) Model and Problem Formulation:We are given a net-
work modeled as a directed graph with a set

, , of users that share the network. This
is shown in Fig. 3. Let denote user’s demand. All users have
the same source node and the same destination node. We assume
that the total demand of users, denoted by, is strictly smaller
than the minimal cut capacity from the source node to the des-
tination node. If this were not to hold, the static game would be
of no interest since every user would have infinite cost at every
NEP.

A path is a sequence of links that leads from the source node
to the destination node. Without loss of generality, we may re-
strict attention to paths all of whose nodes are distinct. We may
do this because the problem of each user is one of minimizing
it cost. If any user sends strictly positive flow along a path with
a loop, it can reduce its cost by removing the flow in the loop.
Note that the paths might not be disjoint, i.e., there might be two
paths that share some links. Letdenote the set of paths avail-
able from the source node to the destination node, andthe
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Fig. 3. Single source–destination pair case.

set of links on path . Let . Since we only consider
paths without loops, is finite. We assume that .

The users share the paths available from the source node
to the destination node. Each user splits its own flow over the
paths available. Let denote the amount of flow usersends
on path . We use the bar notation simply to avoid confusion
between path flows and link flows. Then, we must have

(nonnegativity constraint) and (demand con-
straint). Note that the parallel link case is a special case of the
single source–destination pair case. As in the case of the parallel
link network, denotes the capacity of link, denotes user
’s flow on link and denotes the total flow on link.

User ’s performance measure is given by the same family
of cost functions used in the parallel link network case, i.e.,

, where sat-
isfies the conditions in Section III-A. Again since we are faced
with selfish users, we have a noncooperative game played by
users that attempt to minimize their own costs.

2) Existence of an SPNEP That Yields the Optimum System
Cost: The first thing we investigate is the existence of an NEP
in the stage game. This is guaranteed by the result in [23] that
was described in Section II. Kuhn–Tucker conditions for an
NEP can be written as follows: for every , there exists
a set of Lagrange multipliers such that, for every link

:

(3)

where , which is given by
. See [21] for more details. Unique-

ness of the NEP has been proven for only a few special cases.
However, the uniqueness of the system flow configuration that
achieves the minimum total system cost can be easily seen by
observing that this is just the solution to a convex optimization
problem. Therefore, the minimum total system cost,, and
the corresponding system flow configuration are well defined.

Suppose is the system flow configuration that achieves the
minimum total system cost, . Throughout this section, we as-
sume that is such that there are two paths used underwith
different cost per unit flow, . This is the technical
assumption alluded to in the abstract.

We first show the existence of a system flow configuration
that is an NEP in the repeated game with discount factor suffi-
ciently close to 1, and achieves the total system cost,. Then,
we show that any such system flow configuration is an SPNEP.

Theorem 3: If the discount factor in the repeated game is
sufficiently close to 1 there is an NEP in the repeated game that
achieves the minimum total system cost,.

Proof: The proof is given in Appendix C.
Theorem 3 tells us that if the system optimumdoes not co-

incide with any stage game NEP, then there exists a flow config-
uration that yields to each user a cost that is strictly smaller than
its reservation cost. The key idea behind the proof of Theorem 3
is that the users with small loads tend to use only the paths that
have the smallest cost per unit flow. Based on this, one can show
that each user’s reservation cost is no smaller than the cost it
would incur under , where .
This is done as follows. We first take the other users that want
to punish user and split them into , identical users.
For each , we consider a stage game NEP of the game between
user and these identical users, and let go to . One can
show that as goes to the cost per unit flow of user at a
stage game NEP is no smaller than that of the otheridentical
users, and the rest follows from the mild technical assumption
on stated earlier. We show in the proof of Theorem 3 that ei-
ther is an equilibrium flow configuration that
gives rise to a repeated game NEP or there exists an equilibrium
flow configuration that is arbitrarily close to as the discount
factor gets arbitrarily close to 1. Note thatis fair in the sense
that every user’s cost per unit flow is the same.

Let us first define the rational feasible cost region to be the
subset of the feasible cost region that Pareto-dominates the
reservation cost vector. We now define full dimensionality.
Suppose is the rational feasible cost region. Then, we say
that has full dimensionality if there exists and
such that all for which for all are in
[9]. This means that the interior of is nonempty in .

We now show that any NEP of the repeated game is also an
SPNEP of the game by showing that full dimensionality holds.

Theorem 4: If the discount factor is sufficiently close to 1,
there exists an SPNEP in the repeated game that achieves the
minimum total system cost, .

Proof: The proof is given in Appendix D.
The nature of the strategies that result in an SPNEP is de-

scribed in [16]. The essence of the SPNEP is to show that for a
discount factor sufficiently close to 1, any gain from deviation
by some user will be outweighed by a penalty imposed on it
during the finite number of punishment periods plus the penalty
imposed on it forever after the punishment periods.

C. Multiple Source–Destination Pairs Case

1) Model and Problem Formulation:In this subsection, as
in the preceding subsection, we consider a network with a set
of users, , , but now different users
may have different source–destination pairs. This is shown in
Fig. 4. User ’s demand is again denoted by and the ca-
pacity of link is denoted by . Each user splits its demand
among the available paths from its source node to its desti-
nation node. The performance measure of useris given by
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the same family of cost functions
, where satisfies the conditions in Sec-

tion III-A. User ’s flow configuration can be written similarly
as in the single source–destination pair case. However, one has
to be careful with notation since there are different paths avail-
able for different source–destination pairs. Again, since each
user attempts to minimize its own cost, the problem is modeled
as a noncooperative game.

The existence of an NEP for the stage game is guaranteed
by the result due to [23] which was described in Section II.
However, the uniqueness of the system flow configuration that
achieves minimum total system cost has not been proven yet.
Rather than attempting to prove or disprove such uniqueness,
we show that even when there exists a unique system flow con-
figuration that achieves the minimum total system cost,, and
the full dimensionality condition is satisfied, there may not exist
an NEP of the repeated game that achieves, however close
the discount factor is to 1.

Consider the network with two users as shown in Fig. 5. We
assume that the cost function is given by (1). The reservation
costs of user 1 and user 2 are 4.326 and 0.6416, respectively.
Also, if we consider a global user who attempts to minimize
the overall system cost, the unique system flow configuration
that minimizes the total cost is
(1.5, 1.5, 38.5, 0, 0, 4.857), which yields costs 3.81 and 0.944
for user 1 and 2, respectively. It is easy to see that this is the
unique system flow configuration that achieves the minimum
system cost because in order for any system flow configuration
to be optimum, it cannot send any flow on links 4 or 5. No-
tice that even though the total system cost is smaller, the unique
system-wide optimum flow configuration,, requires user 2 to
incur a cost that is greater than its reservation cost. Therefore,
there exists no NEP of the repeated game that achieves the min-
imum system cost and yet Pareto-dominates the reservation cost
vector. This proves that it is not always possible to find an NEP
of the repeated game that achieves the minimum total system
cost in multiple source–destination pairs case.

Let us now consider the system flow configuration
((1.33, 1.33, 35.368, 3.302, 0, 3.302), (0, 0, 3.428,

0, 3.428, 1.429)) which yields and
for user 1 and 2, respectively. It is easy to see that
such that all with for are in
the rational feasible cost region. This proves that the above
example satisfies the full-dimensionality condition.

Suppose that we are given a network with a finite number of
users. Let be the set of source–destination
pairs, and the set of users that have source–destination pair

. Class user is a user whose source–destination pair is
and which has demand . Each class user can
be considered to represent the coalition of the users in the orig-
inal network having a given source–destination pair. We now
consider the stage game NEPs of the network with only class
users. Let and be the smallest among the total system costs
achieved by such NEPs and the corresponding flow configura-
tion, respectively.

Theorem 5: There is an NEP in the repeated game with the
original users that achieves overall cost.

Proof: The proof is given in Appendix E.

Fig. 4. Multiple source–destination pairs case.

Fig. 5. Multiple source–destination pairs case.

The intuition behind Theorem 5 is as follows. If we fix the
flow configurations of the other class users, the problem of class
user becomes that of the single source–destination pair case
because all the other class users do from class user’s perspec-
tive is to take away some of the capacities from the links used
by them. Hence, a similar argument used for Theorem 3 can be
used to prove Theorem 5.

An interesting question now would be whether is the
smallest total system cost that can be achieved by any NEP or if
there is an even smaller cost achievable by some NEP. It proves
to be very difficult to characterize the set of NEPs that achieve
the minimum total system cost among the class user NEPs.
However, it seems that in most cases there exists an NEP for
the game among the original users that achieves a smaller cost
than the minimum among the NEP costs with class users.

For an example of this, let us look at the network in Fig. 6.
There are three users, and user 2 and 3 have same source–des-
tination pair and same demand while user 1 has a different
source–destination pair. Again, we assume that the cost func-
tion is given by (1). If we consider a global user who attempts
to minimize the overall system cost, the unique system flow
configuration that yields the minimum total system costis

(1.5, 1.5, 47.4, 0, 0, 4.857). Note that
requires users 2 and 3 to use link 6 only, which has much

higher cost per unit flow than the path along link 3 and 5.
Now, let us investigate the network with class users. Suppose
class user 2 represents users 2 and 3. The reservation costs of
user 1 and class user 2 are 4.778 and 0.5963, respectively. The
minimum cost that is achievable among the NEPs in repeated
games with class users can be shown to be 5.181 and the
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Fig. 6. Multiple source–destination pairs case.

corresponding system flow configuration is
((1.2765, 1.2765, 44.15, 3.4735, 0, 3.4735), (0, 0, 3.18, 0, 3.18,
1.677)). Now, note that both links 4 and 5 are used in. Let us
go back to the original game now. Suppose users 1 and 2 use
flow configurations (0, 0, 48.9, 0, 0, 0) and (0, 0, 1.764 25, 0,
1.764 25, 0.664 25) respectively. Then, user 3’s best reply is (0,
0, 1.214 25, 0, 1.214 25, 1.214 25), which yields a cost 0.299
for user 3. Since user 2 and 3 are identical, the reservation cost
of each user 2 and 3 is greater than or equal to 0.299. Repeating

((1.2765, 1.2765, 44.16, 3.4635, 0,
3.4635), (0, 0, 1.585, 0, 1.585, 0.8435), (0, 0, 1.585, 0, 1.585,
0.8435)) yields a cost 4.579, 0.299, and 0.299 for users 1, 2,
and 3, respectively, and a total system cost of 5.177. Hence, this
is an NEP that achieves a total system cost smaller than 5.181.
Note that this decrease in the total system cost comes from the
reduction in the flow on links 4 and 5. This phenomenon is
because users 2 and 3 can punish each other, and the presence
of this threat drives the users to operate at an NEP closer to the
system-wide optimum point. This proves that in some cases
there is an NEP that achieves a smaller total system cost than
the smallest NEP cost with class users.

V. CONCLUSION

Due to the steady increase in the demand for bandwidth, it is
becoming increasingly important to find routing schemes that
use resources efficiently. Since IPv6 allows routers to decide
to some extent which path their packets will take, it is crucial
to understand how network access providers will interact with
each other given such capabilities. Because this is essentially a
situation with selfish users who attempt to minimize their own
costs, it is appropriate to model the network routing problem as
a noncooperative game, where the agents playing the game are
thought of as the network access providers. If the strategies of
the users are such that no user finds it beneficial to deviate uni-
laterally, it is natural to believe that this represents an equilib-
rium situation for the network. The concept of an NEP captures
exactly this idea. NEPs are, however, not necessarily efficient
since users are interested in optimizing their own costs but not
the total system cost. Since the network access providers will
typically interact with each other several times before the struc-
ture of the game they are playing changes significantly, it is nat-
ural to investigate the problem of finding an NEP in the repeated
game that achieves the system-wide optimum cost.

In this paper, we have shown that in parallel link networks,
there always exists an NEP that achieves the system-wide op-
timum cost and yet yields a cost for each user that is no greater

than that of the unique stage game NEP. Further, this NEP is
subgame-perfect (SPNEP), i.e., the strategies involved result in
an NEP in every subgame of the overall game. This means that
the strategies involved are based on credible threats and incen-
tives. In general networks where every user has same source
and destination nodes, we again show there exists an SPNEP
that achieves the minimum total system cost, assuming that the
network satisfies a mild technical condition. However, the ex-
istence of an SPNEP that not only achieves the minimum total
system cost but also yields each user a cost no greater than that
of any stage game NEP is still an open problem in this case.
In more general networks where different agents have different
source–destination pairs, we have shown that it is not always
possible to find an NEP that achieves the system-wide optimum
cost even when the full dimensionality condition holds. This
is due to the fact that in order to achieve the minimum total
system cost, some users are required to incur costs greater than
their reservation costs. We have proved that there is an NEP that
achieves the smallest cost among the NEP costs with class users.
This, however, may not be the best one could do. We have given
an example where there exists an NEP that yields a smaller total
system cost than the smallest among the NEP costs with class
users. This shows that it is not always good enough to consider
the network where each source–destination pair is represented
by a class user. More work needs to be done on characterizing
the NEPs that achieve the smallest total system cost in general
networks with multiple source–destination pairs.

APPENDIX A
PROOF OFTHEOREM 1

Let all users other than usercollude to ship their flow on
shortest routes or routes with the smallest cost per unit flow
before user is added. Then, all used links end up with the same
residual capacity, which is no less than the capacity of an unused
link. From property (2) in Section III-B, the optimal response for
user preserves the same ordering of residual capacity, using all
previously used links to equal extent and possibly using some
previously unused links. Thus, user’s share of the total cost is
no less than its traffic share. If useruses a previously unused
link whose capacity is strictly smaller than the residual capacity
of the used links, then its share of the total cost is strictly larger
than its traffic share from property (2) in Section III-B. Now
suppose useruses only previously used links. First suppose that
the resulting rate configuration coincides with . Then, this
implies that by property (1) in Section III-B,
where is the largest such that . If the resulting rate
configuration is not same as , then and

. Therefore, for
all . Further, if there exists such that ,
then for all . This can be seen as follows.
Suppose that there exists such that ,
and for each user , the other users maximize the minimal
residual capacity as described before. Then, the resulting flow
configuration after userbest responds is either different from

or user has to use a link that is not used by the other users.



446 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 47, NO. 3, MARCH 2002

We show that, if the discount factor is sufficiently close to 1,
then playing every period gives rise to an
NEP in the repeated game, where

(4)

We need to consider two cases. First, suppose there exists
such that . From above, yields a cost to each
user that is strictly smaller than its reservation cost. By the
folk theorem it follows that, if the discount factor is sufficiently
close to 1, there is an NEP of the repeated game with cost vector

, and this has total cost , which
is optimum. Such an NEP can be supported by the following
strategy profile in the repeated game: initially, every user uses

every period until exactly one userdeviates from at some
period . If exactly one user deviates at period, then starting
at period other users collaborate and use a flow configu-
ration that yields to user, when it best responds, a cost equal
to its reservation cost, which we saw is strictly greater than its
cost under . Then, one can show that, if the discount factor is
sufficiently close to 1, the normalized total discounted cost of
user will be greater than if it deviates at any pe-
riod. Hence, no userhas the incentive to deviate from. Note
that the implicit assumption underlying the equilibrium strategy
profile is that at the end of each stage of the infinitely repeated
game users can measure the flow allocated along each link by
every user during the stage in order to be able to detect a devia-
tion by a user and to punish it in the following stages.

Now, suppose that for every such that we either
have or . Let be the set of links
such that . Then, by property (1) of Section III-B, is
same for all . We can now show that is a stage game
NEP. First, , the partial derivative of with respect to ,
is same for all because both and are same for all

. Hence, in order to show that is a stage game NEP,
we only need to show that no users are tempted to use any other
links not in . Clearly,

for all and
, where . This proves that no users

are tempted to use any . Thus, is a stage game NEP,
and repeating a stage game NEP is an NEP in the repeated game.
In fact, it is an SPNEP.

Note that under the system flow configuration in (4) the cost
per unit flow is the same for all users. Hence, if fairness is judged
based on the cost per unit flow among the users, perfect fairness
can be achieved by (4), while the total system cost is optimum.

APPENDIX B
PROOF OFTHEOREM 2

We need several lemmas to prove Theorem 2. Refer to [16]
for the proofs of the lemmas. Let user 0 be the global user that
attempts to minimize the overall system cost.

Lemma 1: For all , we have .
Moreover, for all and , if .

Lemma 2: .

For , let

(5)

where and are defined in terms of by

(6)

Similarly, for , let

(7)

where and are defined in terms of by

(8)

Lemma 3: for all . Moreover, if
, then for all .

We consider three cases. The first case is when . In
this case the theorem is trivial, since we may take

. Repeating the NEP of the stage game at every stage of the
repeated game is an SPNEP for the repeated game in which
every player incurs a cost equal to its cost at the stage game
NEP.

In the remaining two cases, we assume that . Think
of flow on each link at the stage game NEP as a flow vector

. This flow has an associated cost
per unit flow, . By property (3) of Section III-B,
this cost per unit flow, , is nondecreasing in. We can create
another set of flows based on the optimum flow configuration
by filling up , in increasing order of. The th such flow
is written as a vector , where

, and for all , ,

such that and . There
is a unique set of s that satisfies the above conditions.

Let , , denote the cost per unit flow of the flow
. This is evaluated by taking the cost per unit flow on link

to be . The second case is when for all
. Suppose we allocate to userthe fraction of , for

all . Call the resulting flow configuration. The demand
constraint of user is met, because we have

(9)

The overall cost under is optimum, because the flow on each
link under is the same as that under. Also, the cost of user

under is strictly smaller than its cost at the unique NEP of
the stage game because, first of all

(10)

and further, Lemma 3 tells us that , which im-
plies that , so that the inequality in equation (10) is
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strict for all . Thus, the vector of costs underis strictly Pareto
dominated by the stage game NEP costs, strictly in each coor-
dinate. By Friedman’s theorem, which was stated in Section II,
for discount factors sufficiently close to 1 there is an SPNEP of
the repeated game with cost vector equal to the cost vector under

. The overall cost at this SPNEP is optimum and the cost for
each user is strictly less than its stage game NEP cost.

The final case is when there is at least one link for
which . In this case, let ,

, and . Lemma 3 says that
. Hence, if , then .

We first argue that if , then there exists another link
in . Suppose not. Then, this implies that for

all . However, this says that

, which contradicts Lemma 3. Thus, for
each , there exists another smaller than.

Let us describe a mixing procedure betweenand , where
, so that , , and . For

consider the flows and defined by

(11)

and

(12)

Note that the total amount of flow being sent in these flows does
not depend on , because

(13)

and

(14)

Further, note that the sum of the flow configurations and
equals the sum of the flow configurationsand , for

all .
Now, let us define to be the cost associated with

and to be the cost associated with . From equations
(11) and (12) we have and

. Since , we
see that is decreasing in and is increasing in .
Since , we also observe that

(15)

while

(16)

Further

(17)

while

(18)

This raises the natural question of whether, asincreases from
0 to 1, we first have becoming equal to for some

or first have becoming equal to . That one or the
other of these possibilities (or both) must occur asranges from
0 to 1 can be seen from equations (15)–(18). Some algebra from
equation (18) shows that if then
the former eventuality occurs first, while if

the latter occurs first, and it is not the case that
both occur simultaneously.

For each in increasing order, we may now perform
the following procedure. Note that this procedure is guaranteed
to terminate after a finite number of steps with for all

.

1) Pick , the largest smaller than . Such an is
guaranteed to exist, as argued earlier.

2) If , let be such that
and . Replace the flow

configuration by . As shown in equations (13)
and (14), the total amount of flow in this flow configura-
tion is still . The total cost associated to this flow con-
figuration, with costs still being evaluated based on cost
per unit flow on link , is .
Thus the cost per unit flow of this flow configuration is
equal to . We may thus removefrom and put it in

. Likewise, we replace the flow configuration by
. Either , in which case we keep

in , or , in which case we remove
from and put it in .

If , let be such that
and We replace the flow configuration

by the flow configuration . Since the cost per unit flow
of new flow configuration is , we may remove from and
put it in . Similarly, we replace the flow configuration by
the flow configuration . Since the cost per unit flow of
new is still strictly higher than , go back to (1).

After the above procedure is completed for every ,
every link is either in or in , and thus, we have a
new set of flows, whose cost per unit flow,, is no greater than

. Hence, for the same reason as in the second case, allocating
a fraction, , of , for all , to user yields to user
a cost smaller than or equal to its stage game NEP. Again, let
be such flow configuration.

Suppose . We show that yields to each user a cost
strictly smaller than its stage game NEP cost. In order to show
this it suffices to show that after each stage of the above proce-
dure we still have , where is now defined for the
flow configuration that results after the corresponding stage
is completed. This may be argued as follows: at any stage the
link under consideration satisfies , by the inductive hy-
pothesis that at the end of the previous stage. If the
stage is being carried out with a value of then does
not change, so there is nothing to worry about. Thus we may
assume that we have during this stage. Recall that we al-
ways choose to be the link in with the largest index strictly
less than . Further we choose to be the link in with the
smallest index. Thus, each of the links must be in

. If, at the end of this stage we have , then we must
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also have , and because ,
this contradicts Lemma 3. Thus, after the procedure terminates,

, and this proves that the cost of each user under
is strictly smaller than its stage game NEP cost. We may now
argue, using Friedman’s theorem that the statements of the the-
orem are true in this case also, exactly as we argued in the second
case.

The SPNEP of the repeated game guaranteed by Friedman’s
theorem in the second and third case can be supported by the fol-
lowing strategy profiles: initially every user usesuntil exactly
one user deviates from. If exactly one user deviates at period

, then staring at period other users use the stage game
NEP flow configuration. Then one can see that, if the discount
factor is sufficiently close to 1, any gain at one period will be
outweighed by the loss in later periods. Also, since no user can
gain anything by deviating from the second stage, where stage
game NEP is played every period, this is an SPNEP in the re-
peated game. Note that unlike the equilibrium strategy profiles
in the proof of Theorem 1 the strategy profiles in this proof do
not require that at the end of each stage users measure the flow
allocated along each link by every user during the stage. Instead
they require only that users measure theaggregateflow along
each link in order to detect a deviation, which can be inferred
from the average delay, and fall back to the stage game NEP.
Hence, the results in Theorem 2 are much stronger than the re-
sults in Theorem 1.

APPENDIX C
PROOF OFTHEOREM 3

We first state a lemma that is used in the proof of the theorem.
See [16] for the proof of the lemma.

Lemma 4: Given a fixed total demand , where is
the minimal cut capacity from the source node to the destination
node, there exists a uniform bound on the total system cost at
any stage game NEP regardless of the distribution of demands
among any finite number of users.

Let denote the reservation cost of user. In order to show
the existence of an NEP, we first show that the reservation value
of each user is greater than or equal to .

Let denote . Since the reservation cost of a user de-
notes its worst cost, however badly the others attempt to punish
it, we consider a game where one user, denoted, with demand

attempts to punish user. Now suppose that user splits
itself into identical users with each demand . Take an
NEP of the game with userand these identical users. Since
all user does at the NEP is take away some capacity from each
link it uses, we may reduce by for each and con-
sider the resulting network with identical users. From [21, Th.
5] each of the identical users in this network uses the same set
of paths. Let be the set of paths used by userat the NEP
and the set of paths used by each of the otheridentical
users. For any , let

(19)

By the K–T conditions for an NEP, this is the same for all
. We also have, by the K–T conditions, that for every

,

(20)

For any , let

(21)

where denotes the flow rate of one of theidentical users.
By the Kuhn–Tucker conditions for an NEP, this is the same for
all . We also have, by the K–T conditions, that for
every ,

(22)

In (19) and (21), the sum of the first terms is the cost per unit
flow along the corresponding path. From the previous lemma,
because the total system cost is bounded asgoes to infinity
and is , we can see that the sum of the second
terms of the RHS in equation (21) or the LHS of (22) goes to
zero, i.e., for every

(23)

Since the total system cost is bounded from the lemma, the se-
quence has a converging subsequence, i.e.,

(24)

for some subsequence ( ). Combining (22)–(24), we
see that, for every , ,

, while, if we combine (21), (23), and (24), we see that for
we have , .

The cost per unit flow along a pathis . We
have just seen that the average cost per unit flow of useralong
any path that it uses is at least as large as the average cost per unit
flow of the identical users into which user (the coalition of
the users other than user) splits itself, in the limit as . As
the total system cost in the limit is no smaller than, the cost
of user is greater than or equal to that of proportional sharing.
This proves that the reservation cost of useris greater than or
equal to the cost of proportional sharing. This gives rise to three
different possible scenarios. This can also be argued from the
results shown in [11].

1) Every user’s reservation cost is strictly greater than that
of proportional sharing.

2) Some users have reservation cost strictly greater than that
of proportional sharing, and some users have reservation
cost equal to that of proportional sharing.

3) Every user’s reservation cost is equal to that of propor-
tional sharing.

In case 1), the existence of an NEP that achieves the minimum
total system cost follows directly from the folk theorem, which
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was described in Section II. Consider the following strategy pro-
file in the repeated game. Initially, each useruses the flow con-
figuration until exactly one user deviates at
some period . If exactly one user deviates at period, then
starting at period , other users use a flow configuration
that yields to user, for its best response, a cost of. Then, it
is easy to see that, if the discount factor is sufficiently close to
1, no user has an incentive to deviate from ,
which we callproportional sharing.

In case 3), since any NEP in the stage game Pareto-domi-
nates the reservation cost vector and the total system cost at the
stage game NEP cannot be smaller than, the stage game NEP
achieves the total system cost. Repeating a stage game NEP
in each period is an NEP, in fact an SPNEP, in the repeated game.

Consider case 2). Let be the set of users whose reserva-
tion cost is equal to that of proportional sharing, and letbe
the complement, . Recall the technical assumption we made
that, under , two paths exist that are used and have different
cost per unit flow. For any user, let be
the flow configuration under proportional sharing, wherede-
notes the amount of flow usersends on path, and is the
number of paths used underby the global user 0 that attempts
to minimize the total system cost. Without loss of generality as-
sume that paths are ordered by increasing cost per unit flow, i.e.,

. Suppose useris in
and user is in . Now, consider the following flow configura-
tions of user and user :

(25)

and

(26)

Since the cost per unit flow of path 1 is strictly smaller than that
of path from the technical assumption, the cost yielded to
user by is strictly smaller than its proportional sharing cost,
which is equal to its reservation cost. Also, since the reservation
cost of user is strictly bigger than that of proportional sharing,
if is sufficiently small, then the cost yielded by will still be
strictly smaller than its reservation cost. For every user inthis
can be done with some user in. Thus, we can find a system
configuration that yields to every user a cost strictly smaller than
its reservation cost, while the overall cost is optimum. By the
folk theorem, this proves that if the discount factor is sufficiently
close to 1 there is an NEP in the repeated game for which the
overall cost is optimum. An underlying assumption behind this
result is that after each stage users can measure the flow allo-
cated along each path by every user during the stage and detect a
deviation by a user, and punish the user if a user deviated during
the stage, starting in the next stage.

Let us comment on the fairness among the users in terms of
the average price per unit flow. Note that if we letin (25) and
(26) go to 0, then the cost per unit flow of each user will be arbi-
trarily close to if it does not equal it. Hence, if the discount
factor gets arbitrarily close to 1, then we can construct an NEP
that supports a flow configuration that is arbitrarily close to a
fair allocation, i.e., a flow configuration under which the cost
per unit flow is the same for all users.

APPENDIX D
PROOF OFTHEOREM 4

We need to show that the rational feasible cost region has
nonempty interior. We need to look at two cases.

1) Every user’s reservation cost is equal to that of propor-
tional sharing.

2) Some user’s reservation cost is strictly greater than that
of proportional sharing.

In case 1), the stage game NEP achieves the minimum total
system cost , and repeating a stage game NEP is obviously
an SPNEP in the repeated game.

In case 2), we know that there is a system flow configuration
that yields every user a cost strictly smaller than its reservation
cost, from the proof of Theorem 3. Let one of such system flow
configurations be and the associated cost vector. Further,
from examining the proof of Theorem 3, we see that there is
an open neighborhood of cost vectors whose intersection with
the hyperplane of constant total cost equal to the optimum cost
consists entirely of feasible cost vectors that Pareto dominate
the reservation cost vector (i.e., rational feasible cost vectors).
Since the rational feasible region is convex, we see that there
is an open neighborhood in the rational feasible region. This
means that the full dimensionality condition holds, and so, by
the Fudenberg–Maskin theorem [9], if the discount factor is suf-
ficiently close to 1 there will be an SPNEP for the repeated game
that achieves optimum total cost. The nature of the strategies that
results in such an SPNEP is discussed in [16].

APPENDIX E
PROOF OFTHEOREM 5

Suppose is a system flow configuration with class users
that achieves . Then, given the flow configurations of other
class users, class usercannot reduce its cost by changing its
own flow configuration. Thus, from class user’s point of view,
all that the other class users do is to take away some of the
capacities from each link used by them. Thus we are now back to
a problem of routing with a single source–destination pair, with
link s capacity reduced by the total flow of the other class users,
so that it is now . Thus, if the cost incurred by class user

at the NEP is denoted then, from the proof of Theorem 3,
the reservation cost of each userof class in the original game
is no smaller than the cost userwould incur when it used a flow
configuration, , and this would be

. The existence of an NEP of the original repeated game that
achieves a total system cost ofnow follows similarly as in the
proof of Theorem 3. Since these results assume that users can
detect a deviation by a user, the underlying assumption is that
the users are able to measure the flow allocated to each path by
every other user that share any links with them.
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