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ABSTRACT. We study the issue of how to fairly allocate communicatiate mmong the
users of a Gaussian multiaccess channel. All users are adsionvalue rate equally and
each is assumed to have no limit on its desired rate. We admugtzerative game-theoretic
viewpoint, i.e. it is assumed that the users can potentiatiy coalitions off line to threaten
other users with jamming the channel, using this as an amgufmedeserving a larger share
of the rate. To determine the characteristic function ofdhee, we first determine the
capacity region of the Gaussian multiaccess arbitrarityimg channel, with an operational
meaning of capacity somewhat modified from the usual one;twisimore appropriate to
our context and permits time sharing. We then propose aignlabncept for the game
through a set of natural fairness axioms and prove that #hésts a unique fair allocation
that satisfies the axioms. Moreover, we demonstrate thatrifggie allocation is always
feasible and lies in the core of the game. Itis also shown $s@&s some intuitively natural
qualitative properties as the signal to noise ratio varies.

1. Introduction

There has been a resurgence of interest in multiuser intiwmtneory. Major driving
forces behind this are the growth of networking, the indreggenetration of wireless local
access (including multiple antenna techniques), and tive tr develop sensor networks
using ad hoc wireless networking technology.

Apart from playing an obvious role in meeting the technidedltenges needed to de-
velop and deploy such systems, we believe that informatieor can also help to provide
insight into the important social choice issues that anieenfthis networking explosion.
By this we mean aspects of multiple agent interaction thatrearmally studied in the
economics literature, such as fairness, incentive cotifigti mechanism design, pricing,
revenue maximization, budget balance, €8;.7]. When the system is modeled as having
a single objective, which may be shared by the agents or iethbem above, some of
these issues disappear, and such problems fall within #aéittnal domain of optimiza-
tion theory. There is a well established body of such workhi@ information-theoretic
literature. However, much less attention has been paicetstiidy of situations where the
individual agents may have objectives that are in conflithwach other.
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In this paper we make a start on the discussion of such isguesrisidering one of
the most basic multiuser information theory models : the S multiaccess channel.
We view the channel from the point of view of the users and askat is a fair way
for the users to choose an operating point in the capaciipm@gThe answer, of course,
depends on what one means by “fair”. To this end we adopt thepoint of cooperative
game theory. First of all, we assume that all users valueagully and each user has no
intrinsic limit on its desired rate. We envision subsetshaf tisers as being able to form
contracts off line that enable them to act as coalitionsh sucoalition of users can threaten
the others with using its power to jam the shared channel androplicitly demand a
larger share of the resource as a payoff to avoid the execotisuch a threat. Cooperative
game theory addresses this by defining a notion called theréckeristic function” : this
associates to each subset of the players (users) a numbar igtthe largest payoff that
they are guaranteed even if all the other players form atomalio work against them. A
fair allocation may then be roughly defined as one that is aiible with the characteristic
function (precise definitions are given later — what we meahat the allocation should lie
in the core of the game) and satisfies some natural set okfsraxioms. Our goal in this
paper is to carry out this cooperative game-theoretic gmodor the Gaussian multiaccess
channel.

There are several aspects that we need to address. Firseatdetm determine the
characteristic function of the game, and for this we needbeesa version of the Gauss-
ian multiaccess arbitrarily varying channel problem. Tvisblem has been known to the
community for some time and the major bottleneck to its sofuis the ability, in the tra-
ditional formulation, of the jammer to use a very skewed padigtribution in its jamming
sequence, preventing the use of time sharing. In our coitiextatural to think of all users
as aligned to a common underlying time frame, so we are alflad@ese this problem by
working with an alternative operational meaning of capa@gion (which reduces to the
usual definition in the absence of a jammer). This developnserarried out in Section
2. Secondly, we need to propose a natural set of fairnessaxior the problem. We do
this, with the notion of envy-freeness, in Section 4, afteuek introduction to standard
cooperative game-theoretic concepts in Section 3. Finalyneed to demonstrate the ex-
istence and uniqueness of a rate allocation that is both atibig with the characteristic
function (in the core) and feasiblei-e.,it is in the capacity region. We do this in Section
5. We make some concluding remarks in Section 6. Some simetpigalities that we use
in the proof are gathered in an Appendix.

2. Capacity region of Gaussian multiaccess arbitrarily varying channel

We first discuss the standard power constrained Gaussiamoogss channel with
an alternative operational interpretation of capacity fhelds a capacity region identical
to the original one. The reason for doing this will becomeappt when we turn to
the analysis of the version of the Gaussian multiaccessrarity varying channel that is
necessary for us to set up the game-theoretic formulatidmeoproblem we are interested
in.

2.1. A mildly different look at the usual Gaussian multiaccess channel. Consider
a Gaussian multiple access channel withsers and lef = {1, ..., I} denote the set of
users. Acoding schemat block lengthn for this channel is a collection of sequences
of codes{C;(k),k > 1}, one for each user, whe@ (k) : M;(k) — R". Here
(M;(k),k > 1) is a sequence of positive integers. The coding scheme isnaskto be
common knowledge to all users and to the receiver. The cagslihgme is said to satisfy
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power constraint§ = (I'y,..., ;) if for eachi € Z, eachk > 1, and eachn € M;(k)

we have
Z x? <nl;
j=1
wherez = (z1,...,2,) = C;(k)(m) is the codeword corresponding to messagef user
iin block k. We denote a coding scheme at block lengthy C().
Let «
.. Zk—l log M; (k)
P = 1 f=i= - -7
o= limint =R
where the logarithm is to bageand letp denote(py, . . ., pr). We callp the rate vector of
the coding schemé(™).

Each usef uses its sequence of codebooks in the coding scheme to emsedeence
of messages block by block, being allowed to send on&/gft) messages in block.
Suppose usersends message; (k) in block k. The received vector in blodkis

1
=Y (k) + 2(k
=1
wherez; (k) = (z1,...,z,) = Ci(k)(m;(k)) is the codeword corresponding to message
m;(k) of useri in blockk andz = (z1,..., z,) IS @ sequence of independent Gaussian

random variables of mean zero and varianéeA decoding scheme for the given coding
scheme is a sequen@é k), k > 1) Whered(k) R [M1(k)] x ... x [M1(k)]U {x}.
Here[M;(k)] denotes the seftl,. .., M;(k)}. The probability of error of the decoding
scheme in block is defined as

e(k) = P(d(k)(y) # (ma(k), ..., mi(k))

wherey is the received vector in block corresponding to the users having transmitted
messa_gemi(k) in block & and the choices of messages in the message sets of the indi-
vidual users assumed to be uniformly distributed. The podibaof error of the decoding
scheme is defined as = sup,~; e(k). Finally, for the given coding scheme at block
lengthn, C(™), lete(C(™) denote the infimum of the probability of error over all decuyli
schemes for that coding scheme.

We say coding is achievable at rate vedbe (Ry, . .., Ry) if there is a sequence of
coding scheme@ (™, n > 1) such that botk(C™) — 0asn — oo andlim inf,, p(C(™) >
R. The capacity region of the Gaussian multiaccess chantiel/wisers satisfying power
constraintd is defined as the closure of all achievable rate vectors.

THEOREMZ2.1. The capacity region of the Gaussian multiaccess channetfisat] in
the preceding paragraphs is identical to the capacity regid the channel as it is usually
defined.

PrROOF The usual definition of coding at block lengthdiffers from our definition
precisely in that it presumes a coding scheme where eaclusssthe same code in each
block,i.e., M;(k) = M; andC;(k) = C; for eachk > 1, and also requires that the same
decoding rule be used in each block,,d(k) = d for eachk > 1. One then has(k) = e
for eachk > 1 and the rate vector of the code becorpes (p1, .. ., pr) with p; = &M
Also, in the usual case, one has exactly the same definitidthdaconcept of codlng belng
achievable at rat& as we have, only that one has already restricted to codingnses
using the same set of codebooks in each block.
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It follows then that the capacity region of a Gaussian mottiss channel, as we have
defined it, is no smaller than the capacity region as usuafindd. For the converse,
suppose we are given a sequence of coding schemes in our &&ffisen > 1), such that
bothe(C™) — 0 asn — oo andliminf, p(C™) > R. Then, for anys > 0, for all
sufficiently largen we havep(C(™) > RwhereR = (Ry, ..., R;) with R; = (R; — §)*
Givene > 0, however small, we then also have, for all sufficiently langehat for every
blockk > 1 of the coding schem@™ there is a decoding rule for the associated family of
codesCi(")(k), 1 < i < Z, resulting in average probability of error at mesBy applying
Fano’s inequality in the usual way we then conclude that fogrsubset7 C Z of users

we have
1 1 P
5™ Liog M (k) < L 1og(1 4 Zies
—n 2 02
icJ
whereD is a fixed constant that does not dependw, § or e. From this we conclude
that

)+ De

ZR <= 1og ZZGJP)—FDE

icJ
Since this holds for every > 0 and every > 0, we conclude that the capacity region of
the channel in our sense is identical to the capacity regidheochannel as it is usually
defined. O

2.2. A fresh look at the Gaussian multiaccess arbitrarily varying channel. We
next turn to study the Gaussian multiaccess channel whenbsesof the users form a
coalition attempting to limit the ability of the other usesscommunicate. We call these
users the jamming users, while the remaining users aredctileecommunicating users.
Assume, for notational convenience, that the jamming uasrusers/ + 1 < ¢ < I,
so that the communicating users are users ¢ < J. We assume that communication
takes places with all users using codes at block lengtit determine their input into the
channel. We may then describe the overall communicatioresysia a coding scheme
with notation essentially as above, while noting the foilogvcrucial difference : since the
jamming users are no longer participating in the commuitingirocess, we assume that
the inputs to the channel of the jamming users are privatavletlge to the coalition of
jammers. The sequences of codes of the communicating usesassumed to be common
knowledge to all users and to the receiver. The communigatsers should be able to
communicate irrespective of the jamming strategy of theyamg users. With this in mind
we may set up the problem as follows :

Since the jamming users do not wish to communicate, we do swibe a set of
messages to such users, but rather use the notgtidh for the input to the channel of
the jamming usef, J + 1 < i < I, in the blockk. Thus a coding schem@&™ at block
lengthn for a Gaussian multiaccess channel witlusers where user +1 < ¢ < I
are the jamming users is a collection of sequences of cf@ék), k > 1}, one for each
communicating user] < ¢ < J, whereC;(k) : M;(k) — R™ and a collection of
sequencess; (k), k > 1), one for each jamming usérJ +1 < i < I, wheres; (k) € R".
The coding scheme is said to satisfy power constrdints (I'y,...,T';) if for eachl <
i < J,eachk > 1, and eachn € M;(k) we have

n
>t <ar,
Jj=1
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wherez = (z1,...,2,) = C;(k)(m) is the codeword corresponding to messagef user
7 in block k, and further, foreach + 1 < < I and eactk > 1 we have

Zsij (k)Q S nl"z-

j=1
wheres, (k) = (si1(k), ..., sin(k)) is the input to the channel of jamming uget et

Y log Mi(k) .
_ k=1 TO VY <i<
Di thlnf e ,1<i<J,

where the logarithm is to base and letp denote(ps,...,ps). We callp the rate vector

of the block coding schem@&™.
Suppose communicating userl < i < J, sends message;(k) in block k. The
received vector in block is

I

J
y= k) + Y si(k)+z(k)
=1

i=J+1
wherez; (k) = (z1,...,2,) = Ci(k)(m;(k)) is the codeword corresponding to mes-
sagem;(k) of communicating uset in block k, andz = (z1,...,2,) IS @ sequence

of independent Gaussian random variables of mean zero afmheacs?. A decoding
scheme for the given coding scheme is a sequéii@e, k > 1) whered(k) : R" —
[M1(k)] x ... x [M;(k)] U{x}. The probability of error of the decoding scheme in block
k is defined as
e(k) = sup P(d(k)(y) # (mai(k),...,mr(k))
{8;(k),J+1<i<I}

wherey is the received vector in blodkcorresponding to the communicating users having
transmitted messages; (k) in block & and the choices of messages of the communicating
users in the individual message sets assumed to be unifalisthbuted. The probability
of error of the decoding scheme is definedeas- sup,, e(k). Finally, for the given
coding scheme at block length C(™), let e(C("™)) denote the infimum of the probability
of error over all decoding schemes for that coding scheme.

We say coding is achievable at rate ved®e (R, ..., R;) if there is a sequence of
coding scheme& ("™, n > 1) such that botl(C(™)) — 0 asn — oo andlim inf,, p(C(™) >
R. The capacity region of the Gaussian multiaccess chanribl isers where users
J 4+ 1 < i < [ are jamming users, and satisfying power constrdints defined as the
closure of all achievable rate vectors.

THEOREM?Z2.2. The capacity region of the Gaussian multiaccess channblMisers
where users/ + 1 < i < [ are jamming users, and satisfying power constraintss a
convex set.

PROOF. Suppose coding is achievable at rate vecfeysand R,, whereR, = (RY,
...,R%Y)andR, = (R},...,R}), and let\ € (0, 1). We will show that coding is achiev-
able at rate vectaR,, whereR, = AR, + (1 — A\)R,. Choose integerd,,,n > 1) such
that%" — A and consider the sequence of coding schemes where the oleelatdngth
n is constructed by repeatedly interlacihgblocks of the coding scheme at block length
n in the sequence that verifies the achievabilityf with n — [,, blocks of the coding
scheme at block length in the sequence that verifies the achievabilityyt O
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THEOREM2.3. The capacity region of the Gaussian multiaccess channbkliisers
where users/ + 1 <4 < [ are jamming users, and satisfying power constralnts

(1) {(R1,...,Ry) : R;=0 forall 1 <4< Jsuchthafl; < A and
STRi <Y Ti,A+0?) forall AC[J]}
i€EA icA

whereA denoteg>"7_ ., vT;)?, C(I, ) denotes; log(1+ L), [J] denoteq(1, .. ., J},
andforA C [J], Adenotes(i € A : T'; > A}.

PrRoOF Proof of the converseSince the jamming users are acting as a single coali-
tion we can think of them as a single agent, which we will dadl tombined jammer. This
combined jammer is power limited th, as can be seen from the fact that the jamming
users can coherently combine their jamming vectors.

Let1 < i < J be such thaf'; < A. Consider any sequen¢é™,n > 1) of coding
schemes for whickim sup,, sup;,, M (k) > 2. We claim thatim sup,, e(C™) > 1.
This proves that no vector of ratgs = (R1,...,Ry)with R; > 0 is achievable. Hence
the capacity region of the channel is contained in the seeofors of rates wherg; = 0
forall 1 <i < Jsuchthafl’; <A.

The proof of this follows Blackwell's argument, which wasalused in ] (see the
beginning of the Appendix on page 23 df). Given anyng > 0 there isn > ng and at
least one block with Mi(”)(k:) > 2. We now consider the family of jamming strategies
for the combined jammer, indexed IMZ.(")(I@), with strategym being to use as jamming
sequence (in block, which is all we are interested in) the codewd)fﬁ)(k:)(m) of user
1 corresponding to his message We think of the combined jammer as choosing one of
these strategies uniformly at random. Then, for any degpdite in blockk, the error
probability in blockk for decoding the message of useraveraged over equiprobable
messages and averaged over the strategies of the jammdea‘as% (in fact very close

to % if Mi(")(k) is large) because any decoding rule that is correct when gssage isn
and the jamming strategyis (m # ) is wrong when the messageisand the jamming
strategy ism. This means that the jammer has a strategy whose probadiilgyror for
decoding the message of ugeaveraged over equiprobable messages, is at ieathis
being true in blockk, and since the error probability of a coding scheme is givethie
supremum of the error probability over its blocks, we hayg™) > i. Since given
arbitraryng > 0 there isn > n, for which this is true, we havém sup,, e(C(™) > 1.

Next consider a sequence of coding schemes where for attisutffiy largern we have
Mi(")(k) =1forallk > 1andforalll <i < .J suchthaf; < A. GivenA < A consider
the strategy of the combined jammer for the coding schem®ek tengthn which is to
pick a jamming sequence whose components are independess$i@a random variables
of mean zero and varianceand to use the same jamming sequence in each block. The
probability that the jamming sequence does not meet the ipoovestraint goes to zero as
n — oo. In any block of the coding scheme at block lengtthe average probability of
error, averaged over equiprobable messages and the ranclomsien jamming sequence, is
bounded above by the sum of the probability that the rand@imbgen jamming sequence
does not meet the power constraint and the maximum over jagnsgquences that do
meet the power constraint of the average probability ofreeneeraged over equiprobable
messages. Since this goes to zera as oo it must be the case that in each block the rate
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vectors asymptotically satisfy the capacity constraiotsaf Gaussian multiaccess channel
with noise power\ + ¢2. We may now let\ — A to complete the proof of the converse.
Proof of achievability.
We first need to verify that everything in the paper of Csiszad Narayan goes
through with the following noise model : instead of the nosetorV = (V1,...,V,)
in a block having i.i.d Gaussian coordinates, it is modeked a

V=W+U +...4U,

whereWW = (Wy,...,W,) has i.i.d Gaussian coordinaté§,,U,,...,U,; are indepen-
dent, and eacl/, is chosen uniformly at random from a spherdifi of fixed radius.
Let R = (Ry,...,Ry) be a corner point of the rate region given in the theorem.

To clarify what this means let us assume, for notational eafence, that’; > A for

1 <i< Kandl'; < Afor K4+ 1 < 4 < J and let us consider the corner point
corresponding to the decoding order : decode user 1, fotldweauser 2, and so on ending
with userk. By this we mean the rate vect&= (R, ..., R;) with

K

R = C(I‘l,ZI‘Z—+A+o—2)
1=2
K

Ry = C(FQ,ZFZ'—FA—FO'Q)
1=3

Ry = C(FK,A+02)

R, = O0forK4+1<i</J.

Fix § > 0 with 6 < minj<;<x R;. We will demonstrate the achievability of the rate
vectorR whereR = (Ry,...,R;) with R; = (R; — §) for1 < i < K andR; = 0 for

K +1 < i < J. From the result on the convexity of the capacity region thathave
proved earlier, on letting — 0, this will complete the proof.

We will show the existence of a sequence of coding scheméewsdhify the achiev-
ability of R by a random coding argument. The coding schemes that we hiv she
existence of will be coding schemes in the usual seinsethey will be constant in each
block. Thus we focus on any one block of the coding scheme twohstructed at block
lengthn and drop the notation for the specific block under considarat

Following Csiszar and Narayan, we change the normalizatfgmower so that the
additive Gaussian noise in the channel has mean zero arahrzaﬁllE in each coordinate
and so that each codeword of each communicating {aed the jamming sequence of
each jamming userhave norm at mosy/T; respectively. )

Suppose user 1 chooses a random codeBgais follows : he first pickd/, = 2"
independent vectors iR™, each uniformly distributed on the sphere of radiusall them
Z11,---» 21, - These are scaled byT'; to give the codewords,; = T1zy; ,1 <i; <
M. Users2 throughK choose their random codebooks by an analogous procedure.

The average probability of error of maximum likelihood déitm for userk’, assum-
ing that userd throughK — 1 have already been correctly decoded, when the jamming
users use jamming sequenges) + 1 < i < [ and usergl + 1 < i < J send the zero
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vector, is given by

Mg I I

_ 1

e(s) = g D Pllawic + 3 st Wi P <1 3 s+ W)
ik =1 i=J+1 i=J+1

forsomejx # ik ).

This should be thought of as a random variable, which is atfonof the realization of
the random codebodkx as well ass = (s;, J + 1 <1i < I). HereW = (Wy,...,W,,)
with coordinates that are i.i.d. Gaussian with mean zerwaridnce%.

Fix 1 < k < K. The average probability of error of maximum likelihood dding for
userk, assuming that useiisthroughk — 1 (this set is empty ik = 1) have already been
correctly decoded, when the jamming users use jamming seqee, J +1 < i < I and
userskK + 1 <14 < J send the zero vector is given by

M;, K ;
_ 1
ek(ﬁ) = ﬁ Z P( ||£,ﬂ-k + Z Zy;, + Z S; +m_£kjk”2
k ik:1 l:k+1 l:J+1
K I
< 2 f . .
<| Z Zy;, + Z s; + W]||* for somejy, # ix) .
I=k+1 i=J+1

Herei, for k + 1 < | < K are thought of as random, uniformly distributed [d;]
respectively. Alsog(s) is thought of as a random variable which is a function of the
realizations of the random codebodaksthrough toCx as well as ok = (s;, J +1 <i <

I).

Foreachl < k < K, leté;, denotesup, & (s). Again these are thought of as random
variables dependent on the realization of the random caxleho

We now consider the expectations of each of these quantitiksn over the distri-
bution of the random codebooks. Consider first the expectatie,. On the event that
the random codeboayx is derived from scaling a set of unit norm vectors that satisf
the conditions of Lemma 1 of Csiszar and Narayan,is pointwise dominated by,, for
somey, — 0 asn — oo. Further, the complement of this event has probability loeah
above byr,, for somer,, — 0 asn — oco. Hence the expectation éf; is bounded above
by somex,, wherea,, — 0 asn — co.

Next consider anyt < k < K. On the event that the codebo6k is derived from
scaling a set of unit norm vectors that satisfy the condi#iohLemma 1 of Csiszar and
Narayangy, is pointwise dominated by,, for somey,, — 0 asn — oo, where in making
this claim we appeal to the extension of the results in Ceiszd Narayan to noise models
which are of the extended type discussed above, the salmitlpeing that we now treat
the entire vectoEfik+1 2y, + W as anoise vector (where we recall that for eaehl <
I < K we think of4; as a random variable drawn uniformly at random frghfy]). As
before the complement of this event has probability bouradbede byr, for somer,, — 0
asn — oo. Hence the expectation éf is bounded above by sonag, wherea,, — 0 as
n — o0.

We may therefore find realizations of the codebo6ksl < k < K such that for
these realizations each of the quantitigsl < k¥ < K is bounded above by,,, where
a, — 0asn — oco. This completes the proof. (]
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3. Cooperative games

In Section 2 we have characterized the capacity region oles&an multiaccess chan-
nel when a subset of users form a coalition of jamming users.férmation of such coali-
tions will depend on the offered rates to each individuak lseproposed coalitions. In
other words, a user will join a coalition of communicatingrssonly if it feels that it is
getting a fair share of the available rate based on its p&docepA natural question that
arises in such a scenario is how these users should alldeaswailable rate among them-
selves, given the possibility of forming different coalits among themselves. Providing
a plausible answer to this question for the Gaussian moktgschannel is the main aim
of this paper. We approach this question via cooperativeegdueory. In this section we
therefore first briefly review the language of cooperativeagaheory 5.

LetZ = {1,2,--- , I} be the set of players. The problem is to decide how to allocate
some fungible quantity between the users (in our case thisty is communication rate),
which we will call value. A key assumption is that all the usbave a shared notion of
value. A non-empty subset @fis called a coalition. The basic mathematical object that
describes the game between the players ishitgacteristic function This is a functiorv
defined on the subsets &f which associates to ea¢hC 7 the maximum value that the
players inS can acquire from the game regardless of what the playéar§ ifido. Namely,
the players inS, acting as a coalition, can guarantee themselves as a drewaluev(S)
even if the playersif \ S, acting as a coalition, work to minimize the total value aekid
by the players irb.

In the Gaussian multiaccess channel viewed as a gaf$§,for a subset of users
S C T is seen, from Theorem 2.3, to be

(2) v(S) = C(FS, AI\S + 0'2)

whereAns = (3;cr s VTi)?, S={ieS|Ti>Ans}andlg =3, T
Itis generally assumed that the characteristic functi@mukhsatisfy the following two
properties :
(i) The value of characteristic function for an empty setdsxi.e.,v(0) = 0.
(i) Suppose thaf andT are two disjoint coalitiond,e., S N T = . Then,

(3) o(8) +o(T) < v(SUT) (superadditivity)

In our case, these properties are apparent. The truth ofetand property is most
easily seen from the obvious fact that the sum of the sum eatigigvable by two disjoint
coalitions of users each acting separately when its congri¢amny set of users acts to jam
it is no bigger than the sum rate that can be achieved whenthesie sets of users group
together to form a single coalition whose complement is #etimg to jam it.

An imputation for an/-person game is a vectorz = (x1,--- , ) that satisfies (i)
Y ier i = v(I), and (ii)z; > v({i}) for all i € Z. One can argue that any proposed
allocation of value among the users that is not an imputasamreasonable. This is
because, first of all there is no point in leaving some valwslooated so the first condition
had better be satisfied, and second, if some user is givetomabn that is less than what
he/she could get by acting unilaterally even when everyletelyforms a coalition to work
against him/her, this user will not be satisfied with the josga allocation.

We say that an imputation dominates another imputatignthrough a coalitiort' if
(i) x; > y; foralli € S, and (i) },c g #: < v(S). Also, we say that: dominatesy if
there exists some coalitio$i such thatr dominateg, throughS. One can argue that any
proposed allocation of value among the users that is doednay another allocation is
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unreasonable. This is because if the proposed allocateregsarily an imputation), say
y, is dominated by some other imputation, sgythrough a subset of uses then the
users inS will find it to their advantage to disregard the proposeddtmn, since they
can act as a coalition to guarantee each of them a stricttgrbatocation even when the
usersinZ \ S work as a coalition against them.

The set of all undominated imputations is called toee of the game, denoted by
C(v). With the axioms we have assumed on the characteristiciimaine can show that
C(v) is given by the set of imputations that satify,_ ¢ 2; > v(S) forall S C Z. Also,
what we have argued so far suggests that any proposed alocivalue among the users
must lie in the core of the game if it is to be considered reabltm

Here it is necessary, unfortunately, to point out a key mobWith cooperative game
theory : there are examples of games where the core can bg.eByth games would
then seem to have no reasonable solution. On the other lmaméyiy examples the core is
nonempty and for such games (of which, as we will prove, thesSian multiaccess game
is one) the core provides a natural starting point in theckefor reasonable solutions.
However, for most games, including the one we are interdstettie core has more than
one element. Thus one needs some additional natural setoshsto further restrict the
set of reasonable solutions. We will carry out this programdur game in the next two
sections. To end this section, we mention another very pomXiomatic approach to
the search for a notion of solution for a cooperative game, tduShapley. Our purpose
in describing the Shapley approach is only for completenazom (a3) in the axiomatic
formulation below is not natural for the class of games wesader, since there is no natural
way in which the sums of the characteristic functions of ti@ar games is physically
relevant. Indeed, the Shapley value also suffers from @nptioblem, in that it can resultin
an allocation that is not in the core, as we will later shovoieslin our game. Nevertheless,
being such a popular concept, it merits some discussion.

Let 7 be a permutation of the set of play&sThen, we denote byv the new game
wsuch that, forallS = {i1,- - ,is} C Z, u({w(i1), w(i2), - ,7(is)}) = v(S). Clearly,
this new game is the gamewith the roles of the players interchanged by the permutatio
.

Shapley proposed to study an allocation of valije] in gamev that satisfies the
following set of axioms:

al. Additive partition of the value of the gamg;, _; ¢:[v] = v(Z).
a2. Invariance under permutation: for any permutatioandi € Z, ¢.(;)[mv] =
®iv].
a3. Ifu andv are any two games); [u + v] = ¢;[u] + ¢;[v].
He showed that there is a unique functipdefined on all games that satisfies the axioms
above. It is given by

@ sl = S DUy - gy

I
TCI,ieT

wheret = |T'|. This allocation is called th8hapley valuef the game.

4. An envy-freeallocation of rate

Inthe preceding section we have already implicitly introgldiour notion of the Gauss-
ian multiaccess game through definition of its characierfishction, given in equation (2).
Communication rate plays the role of value in our game, arditximum value that a
coalition of users can get even when the other users work asldgicn against them is
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the maximum sum capacity of the corresponding Gaussiariancdiss arbitrarily varying
channel, whose capacity region we characterized in The@r8m

In this section we first discuss the core of our game. The canebe immediately
written down as the set of allocations satisfying a set oddininequalities determined
from the characteristic function, as was mentioned in $ac3i — all this uses is that the
characteristic function of our game is superadditive. Thestmimportant point for us is
that the core contains all feasible imputations, as dematest in subsection 4.1. We then
propose a natural set of fairness axioms which we will worthvn Section 5 to propose
an allocation in the game that is uniquely defined as the otigfysag our axioms and
will turn out to be both feasible and in the core. This is damsubsection 4.2. Finally
in subsection 4.3 we briefly return to the Shapley value amd gisimple example of a
Gaussian multiaccess game where the Shapley value is nittstble nor in the core.

4.1. Thecoreof a Gaussian multiaccessgame. Recall that the capacity region for a
Gaussian multiaccess channel, which can be thought of asfiaeity region correspond-
ing to the game when all the users form a single communicatiadjtion, is given by the
set of rate vectors satisfying

(5) Y Ri< C(Ta,0%) forall ACT .

icA
We denote the set of rate vectdighat satisfy (5) byC. The main result about the core of
our game that interests us is the following :

PROPOSITIONL. The core of the gam@&(v) contains{R € C | 3., ., R: = C(T'z,0?)}.

i€ZL
PROOF. We show that ifR belongs to the capacity region ahd,_; R; = C(I'z,0?),
then for allS C Z,

ZRi > C(Ts,Aps +0%) > v(S) .
ies
This can be easily shown from the following:

Y Ri=C(z,0°) = Y R

= JET\S
> C(I'z,0%) = C(Tn\s,07)
=C(Ts,A\ps+07),
where the inequality follows from the capacity constraings) with A =7 \ S. (|

One sees from this result that the core of our game is not enmpigct, all imputations
in C belong to the core, and so it is also the case that the core isnigue. Therefore, to
arrive at a reasonable allocation that serves as a solutidhé game, we need to propose
a natural system of axioms that one can argue the allocdtmuld satisfy. This allocation
should, of course, also be feasible for it to make sense. \ietunm to this issue.

4.2. Fair allocation. We now propose an axiomatic system to define a fair allocation
in our game. The first two axioms of Shapley (axioms al and &&wrequire efficiency
and invariance under permutation respectively, are bdilralrequirements : there is no
pointin leaving some rate unallocated, and any solutioreptihat yields different values
for the same player if they are labelled differently is hgntthtural. Hence, we impose the
following two axioms:

(f1) Efficiency or Pareto optimalityy_, 7 v (v) = C(T'z, 0?).
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(f2) Invariance under permutation: For any permutatioand: € Z, i;(v) =
Vr(iy(mv), whererv is the permuted game.

To these, we add a third axiom based on the notion of ey The second axiom
of Shapley states that two users with the same power comtssitaduld receive the same
rate. Now suppose that we take two useasmdj such thafl’; > I';. Then, clearly user
i can act as if its power constraint were alsp instead ofl’; by not consuming all of
its power constraint. Let this new game with ussrpower constraint reduced 10; be
denoted by®7. We say that userenvies usey if 1;(v) # v;(v*7), and we measure it by
the difference); (v) — v, (v*7). Based on this definition of envy we impose the following
fairness constraint:

(f3) Fairness (or envy-free allocation)

Yo ) i) = Y ) — i) =0 foralli € T,

{i#4|0;<T} {g#4|0; <Ti}
where the first equality is a consequence of axiom (f2).

We will show in the following section that axiom (f3) is eqalent to the stronger require-
ment that for alk and;j such thaf; > T';

(6) Vi (v) — () =0,

Also in that section we will show that there is a unique altarasatisfying our axioms
and this allocation is feasible and in the core.

4.3. About the Shapley value. To end this section we briefly discuss the popular
concept of Shapley value, even though we have argued thakibm system underlying
this concept is not appropriate for our game. We give an elaafm Gaussian multiaccess
game where the Shapley value is not feasible and does nattlieicore.

Consider the following example: there are three users ith= 10.1,T'> = 10, and
I's = 1. The noise power is given by?> = 10. In this example, from (4), the Shapley
value of user 3 is

¢slv] = g (v({3}) —v(?)) + % ((v({1,3}) —ov({1})) + (v({2,3}) —v({2})))
3 (0({1,2,3) - v({1,2))
= 20— 0)+ £((C(10.1,20) ~ 0) + (0 — 0)) + F(C(21.1,10) — C(20.1,11))
=0.07206 .

However, the rate of user 3 cannot be larger th4h3, 02) = C(1,10) = 0.06875 from
the capacity constraint in (5). Therefore, the Shapleyevalithis game does not belong
toC.

In addition, one can see that the Shapley value of the game mimtebelong to the
core of the game by realizing that [v] + ¢2[v] = C(21.1,10) — ¢1[v] < C(20.1,11) =

v({1,2}).

1The definition of envy is slightly modified in our context fraime reference.
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5. Existence, uniqueness and properties of a fair allocation

In this section we first show that there exists a unique fonati defined on all games,
which satisfies axioms (f1) - (f3) in Section 4.2, and thenvprthat the unique allocation
always lies in the capacity regioie., it is feasible. Since the allocation is efficient it then
follows from Proposition 1 that it is also in the core. Withdass of generality we assume
that users are ordered by decreasing power consfrathiroughout the rest of this paper.

5.1. Existenceof afair allocation.

THEOREMbG.1. There exists a unique rate allocation that satisfies axidfjsiirough
(f3).

ProOOF. Consider the following rate allocation: for ale 7

) pi(v) = Ol + Z§:i+1 T ’;2) - ZJI':iJrl () '

One can see that such an allocation can be easily computecsiregy, starting with user
1. Axiom (f1) is trivially satisfied by construction. Suppabeat there are two useisand
1+ 1 such thaf’; = T'; ;1. We show thatp;(v) = ;41 (v). In order to show this we prove
thatforallk =1,--- , 1 —1,

C(kl“k—i—Z{: Ij,0%) — C(kT'kyq +ZI: T;,02)
(8) ‘Pk(v) - ﬁpk+1(v) = J=k+1 "7 p j=k+1"+J '

This can be proved by showing that the sum of the right-hade sf (8) andyy+1(v)
from (7) equalspi(v), and the details are provided id][ From (8) one can see that if
I; =Ty41, thenp;(v) — wi+1(v) = 0. Hence, this proves that the allocation given by (7)
satisfies axiom (f2).

In order to show that axiom (f3) is satisfied, we first proveftiilowing Lemma.

LEMMA 1. Forall i andj such thatl; > T';, ;(v"7) = ¢, (v).
PROOF This can be easily shown from
. 1 I 1,5
C(UTj+ 3 hmjir T 0%) = 3ohmjir ou(0™)
J
cur; + Zi:j-&—l Ty, 0%) — Zi:j-ﬁ-l er(v)
J

oi(v1) =

= p;(v),

where the first equality is a consequence of axiom (f2), aedstttond equality follows
because for alk > j, ¢ (v) = px(v?9), i.e.,the rates of users > j are not affected by
the replacement of power constraint of usby that of useyj as can be seen from (7)C

Now axiom (f3) holds trivially from
S i) -e) = Y (=0
{j>i|T;<T;} {j>i|;<T;}

Note that, combined with Lemma 1, axiom (f3) implies the sgyer condition given in (6)
underp(-).
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5.2. Uniqueness of thefair allocation. We now prove the unigqueness of rate alloca-
tion that satisfies axioms (f1) - (f3). For=2,--- I, letu®/, j < i, be the game where
the power constraints of the users are giveri'hy

P r, j<k<i
= T, otherwise

Leti = I. From the fairness constraint in axiom (f3), we have ; (u’'~1) = ¥;(v) =
Yr(uhT=1). Starting withj = I — 1 repeatedly applying the fairness requirement to user

j — 1in gameu!+/ with decreasing, j = 2,--- ,I — 1, yields

z/J.j_l(uI’j_l) — Q/Jj(ul,j—l) R wl_l(ukl—l) = (v)
which, forj = 2, gives usy;(v) = M from axiom (f2) since all users have the
same power constraifity in gameu’-!. Following similar steps with?-!, j = 1,-..  I—1,

also leads ta); (v/"/) = ¢ (v) = 70(1'?"’2).
Decreaséby onej.e.,leti = I —1. Following the above argument starting wjth= ¢
and successively applying the fairness requirement{o ! with decreasing yields

I I
9) bilv) = + <C(1Ti + > Tpo’)= > lﬁk(v)) = ¢i(v) .

2
k=i+1 k=i+1

Repeating this procedure after decrementitg one untili = 1 leads to (9) for alk =
1,---, 1. This completes the proof. O

5.3. Onthestructureof thefair allocation. We now provide an intuitive way of un-
derstanding the structure of the fair allocation whoseterise and uniqueness was demon-
strated in the last two subsections. Consider the folloveognario. Initially all users

start with the same power constraint, where each user receives a rate—céf'rjf—’(ﬁ).
Now suppose that usér— 1 decides to unilaterally increase its power constrairtto .
Then, since usef — 1 was willing to pay the price of increasing its power consttai
(assuming that it finds this decision beneficial), the inseem the total rate, namely
C(Tr—1 + (I — 1) - Ty,0%) — C(ITy,0?), should be assigned to usér— 1, while
the rates of the other users remain the same. Suppose now usé@rpays the price
to increase its power constraint Iy _;. Then, the gain enjoyed by usér— 1 before
should be shared with usér— 2 as well. More specifically, the increase in the total rate
C(2T-1 + (I —2)-Ty,0%) — C(IT';,0?), should be equally shared by usérs 2 and

I — 1. Similar arguments can be made when another user unilgterenges its power
constraint. The rate allocation in (7) is a generalizatibthe allocation scheme resulting
from this thought process.

5.4. Feasibility and reasonablenessof thefair allocation. We now demonstrate that
the rate allocatiorp(v) lies in the capacity region, i.e. it feasible, and then shoat it is
in the core of the game.

THEOREMS.2. The rate allocation given by (7) lies in the capacity regioe,, for all
SC1I, Zies pi(v) <C (Zz‘es L, 02)'

PrROOF Before we prove the theorem we note that several simpleugdégs will be
used in the proof, all of which can be obtained from the straricavity of log function.
These are gathered in the Appendix.
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We prove the theorem by induction. If there is only one usertheorem is true. Now
suppose that the theorem holds for any set okerskt = 1,--- , K. We now show that
the theorem is true for any set &f + 1 users.

Let 7K+ = {1,--. | K + 1} be the set of users and denote the game.bWe let
87 = 7K+ {5}, wherej € 7K+, and denote the game only with the usersirby v7.
In order to prove that theorem holds wifti ™1, it suffices to show that, for ajl € 75 +1

(10) @i(v') > @i(v), i £ 7.

Eqg. (10) tells us that when a new user enters the game, thefrdte existing users strictly
decreases. Therefore, from the induction hypothesis, Ifstrict subsetss of ZX+1 we
will have 3, ¢ 0i(v) < C (X;esTi,0%) = 3 ,c5¢i(v°), wherev? is the game only
with users inS. Thus, the theorem will follow.

We consider the following three cases: (1) = I'x4+1, (2)I'; = T'y, and (3)['; <
Fj < FK+1.
case (1)I'; = I'k41: In this case, from axiom (f2), without loss of generality agsume
thatj = K + 1. First, from (7) and (8)

¢i (V) = pr4+1(0) + (0K (v) — Pr+1(v))
C((K +DI'kt1,0%) L CE Pk + Tg41,0%) = C((K + 1)k 41, 07)

K+1 K
. C(KPK +FK+1702) _ C((K+ 1)1—‘K+1502)
N K K(K +1)
pr () — oK (v)
1 1
=% (C(K Tk,0%) = C(K -Tk +Tgy1,0%) + K——HC((K + 1)FK+1,02)>
1 1
Z % (K—HC((K + Dl 41,0%) = (C((K + )Tk 41,07) — C(KFK-l—laUQ)))
>0,

where the firstinequality follows from (16) (with= K -I'y11,y = K-I'y, andz = I'y11),
and the second inequality from (17) (with= I'y1, andz = 0). From (8) and (19), one
canshowthatforal=1,--- K — 1,

K+1 K+1
0i(v) —pipi(v) == [ C(Ti+ D Tj,0%) = C(iTipa + Y Ty,0%)
j=i+1 j=i+1

IN

K K
1 ) .
7 C@Hr; + . E Fj,02) —C(ili41 + ‘ E Fj,02)
j=i+1 Jj=i+1

= oi(0"*) — i (V)

where the equality holds only if; = I';;;. Eq. (10) now follows from the above two
inequalities.
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case (2).I'; = I'i: Again, from axiom (f2), without loss of generality we assuthat
j = 1. This case follows directly from (8) and (18) because, foi at 2,--- | K,

K+1 K+1
%‘(U)—%'H(U)—.( T+ Y Th0®)=C(iTiyr+ > Tho ))
k=i+1 k=i+1
1 K+1 K+1
(11) §¢—1< (—1DTi+ > Tho?) = C((i—Dliga + Y Th,0” )
k=i+1 k=i+1

= @i(v!) = pip1(v') .
andyx11(v) = 27 C((K + D)k 41,0°) < £C(KTk11,07) = o (v?).
case (3)I'y < T'; < I'k41: Similarly as in (11), we have forall=j +1,--- , K,
(12)  9i(v) = ir1(v) < @i(0?) = pira(v?) and 41 (v) < Pry1(v?) .
We first show that, for all’; € [I';j;1,T";j_1]

(13) 0i—1(v) = @ir1(v) < i1 (V7)) — i1 (V7).

Suppose thdt,;,_; =TI';4;1. Then, (13)is trivially true from axiom (f2). Hence, we ass
thatI’;_; > I';;1. One can see from (7) that_, (v) — ¢;+1(v) is strictly decreasing in
I'; over the rangel[;;+1, I';_1]. For more details, seel]. Hence, it suffices to show that
(13) is true withl'; = I';4; as follows:

©j-1(v) — pjr1(v) = pj—1(v) — @;(v)

1 K+1 K+1
= (G — J1+Zrk, C((j =T+ Y Ty, 07

k=j

1 K+1 K+1
—1 (G -1) T+ Y Two®)=C((G -+ Y, Tk0”)
k=j+1 k=j+1
=i 1(v?) =i (v’),
where the inequality follows from (19).
Now we show thatforall =1,--- ,j — 2,

(14) i(v) = pir1(v) < @i(v?) = i1 (V7).
This follows trivially because
©i(v) = pir1(v)

I I
1 ) .
=3 <C(Z'Fi+ g Fk,a2)—C(z~Fi+1+ g Fk,02)>

k=i+1 k=141

I I
1 . .
; (O(’L-FZ‘—F E Fk,a'z)—O(’L~Fi+1+ E Fk,02)>

k=i+1,k#j k=i+1,k#j

IN
|

= sDi(Uj) - <Pz'+1(Uj) )
where the inequality is true from (19). Eq. (10) now followsrh (12) - (14). O

THEOREM5.3. The rate allocationp(v) is in the core of the game.
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PrROOF This is a simple consequence of the fact that the core comddliimputations
that are inC and p(v) is an imputation (from axiom (f1)) and lies i&i from Theorem
5.2. O

5.5. Qualitative properties of the fair allocation. Finally, we investigate how the
allocationy(v) changes as one varies the noise powerin order to make the dependence
ono? explicit we denote by? (v) the rate allocation given the noise powseér.

THEOREMbS.4. The rate allocationp? (v) satisfies the following: for all, j € Z such
thatl'; > I';

1) 2 (,( ) is strictly increasing ino, o > 0.

(2) lim 210 EZ% 1.

(3) limy20e Zﬂ EZ; Fj
From (1) - (3) for anyi andj such thafl’; > I';, we have
| < v;(v) < Ly
pi(v) — T

PROOF The first property can be proved by showing that forkal: 1,--- | T — 1,
ande > 0,

7 () —@Ti(v) et (v) — e7ts(v)

‘Pk( v) — ‘Pk+1( v) ‘Pk+1( v) — ‘Pk+2( v)

wherel';; andy?, , (v) are defined to be zero. The manipulations required to prase th
are standard, so, in the interest of meeting the page coumstraint, they are left to the

reader. If necessary, sef for the details.
©7 (v)

(15)

We now prove thalim, 2, O 1. In order to show this, it suffices to show that,
forall k = 1,---, 1 —1, Lﬁ’yl(v) — 0 aso | 0. This can be easily shown as
follows. From (7)p9 (v) = M — oo aso | 0. On the other hand, from (8)

C(kTy + Z§:k+1 Lj,0%) = C(kTpq1 + ZJI':]H»l L, 0%)

o (v) — @i (v) =

k
_ C(k(Tk = Tyy1), 0% + kg1 + Sk I
k
_ C(k(Tk = Tir1), k1 + Y5 pr T)) aso | 0.
k
Thus, the difference (v) — ¢7, (v) is decreasing i andlim, o (¢ (v) — ¢7, 1 (v))
is finite for allk = 1,--- ,I — 1, whereadim, o ¢J(v) = cc. Therefore,zggzg | 1as

oclOforallk=1,--- 1.
To prove the last property we show that forfal=1,--- , 7 — 1,2

‘Pg(v) - ‘PZ-H(U) Iy — Tyt
—

asoc ] oo.
071 (0) =7 o) Trpr —Tryo

2Here we assume thllty 11 > Deyo.
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The rest can be easily proved from thtlog(1 + z) = m? From (8)

1
R (v) — i (v) _ k+1)-C (k(rk ~ L), 0® + k- Do + Zj:kﬂ Fj)
P () =92 ke (R + 1)(Thst = Tat2)s0® + (b + Dz + 2y T )
I'y-T .
N, k. aso T oo by L'Hopital's rule
Pri1 —Trqo
This completes the proof of the theorem. O

Theorem 5.4 tells us that when the signal-to-noise-rathtRBis high for all users,
their rates are roughly the same, while when the SNR is logit thtes are approximately
proportional to their power constraints. In the two usersecahen the noise power is
very small,i.e.,high SNR, the constraint thdt; + R, < C (I'; 4+ I's, 0%) becomes the
dominant constraint. Hence, the allocation is mostly gogdiby this constraint and both
users receive roughly the same rate. On the other hand, fificiver constraints of the two
users are quite different and the noise power is high,low SNR, then the constraint on
the rate of the user with smaller power constraint becomes mtive. Therefore, the rate
allocation is close to the intersection of these two com#isaSimilar intuition carries over
to multiple user cases. Thus, in conclusion, we have als@dstrated some pleasing and
natural properties of the fair rate allocation as the nosegy varies.

6. Concluding remarks

We have studied the issue of how to fairly allocate commuiunarate among the
users of a Gaussian multiaccess channel. We adopted a atiepgrame-theoretic view-
point which presumed the ability to make contracts offlinedabon threat strategies and
the potential formation of coalitions. Contributions oéthaper included (i) determining
the capacity region of the Gaussian multiaccess arbigraaitying channel (albeit with an
alternative operational definition of capacity which awitde main technical difficulty of
the usual approach); (ii) determining the characteristiccfion of the Gaussian multiac-
cess game; (iii) proposing a natural set of axioms that aaflication should satisfy; (iv)
proving the existence and unigueness of a fair allocatian htisfies these axioms; (v)
demonstrating that this fair allocation is feasible andoe@ble, in the sense that it lies in
the core of the game; and finally (vi) demonstrating some qicditative properties of the
fair allocation as the noise power varies. We also brieflchmad upon the Shapley value
as a solution concept, even though we argued that the axioderlying this concept are
not natural for our game.

Our main motivation for undertaking this study was to expltie intersection of
the two rich fields of cooperative game theory and infornmatieeory. We believe that
investigations in this intersection can have a valuable tolplay in bringing information-
theoretic ideas to bear on the social choice issues that Erisultiuser communication
systems where the agents might have diverse objectives.

7. Appendix

Here we gather some simple inequalities which the readéhaite no trouble verify-
ing in a few minutes.

SRecall that the logarithm is to base 2 in this paper.
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o If y>a >0andz > 0, then
(16) C(‘T + 2702) - C((E,Uz) > C(y + 2702) - C(yuaz) )

and the equality holds only if = .
e If x> 0andz > 0, then

17)  C((k+1Dz+2z,0%) > (k+1)(C((k+ 1z +z0%) — Clkz + 2,0°))

wherek e N' = {1,2,---}.
e If y>ax>0andz >0, thenfork =2,3,---,

1
Z (C(ky +2,0%) = C(kx + 2, 02))

(18) < ﬁ (C((k — 1Dy +2,0%) —C((k—1)z + 2, 02))

and the equality holds only if = y.
o If z1 > 2z, > 0andy >z > 0, thenforallk ¢ N

(19)  CO(ky + 21,0%) — C(kx + 21,0%) < C(ky + 29,0%) — C(kx + 22,07%) ,

and the equality holds only if = z.
o If y >ax >0andz > 0, then

C(ky + z,0%) — C(kx + 2z,0%)
(20) >k(C’((k—1)y+y+z,02)—0((1€—1)y+a:—|—z,02)) .
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