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Abstract — It was shown recently in [1] that there
is a close connection between the belief propagation
algorithm and certain approximations to the varia-
tional free energy in statistical physics. Specifically,
the fixed points of the belief propagation algorithm
are shown to coincide with the stationary points of
the Bethe’s approximate free energy subject to con-
sistency constraints. Bethe’s approximation is known
as a special case of a general class of approximations
called Kikuchi free energy approximations. A general
class of belief propagation algorithms was also intro-
duced in [1], which attempts to find the stationary
points of a general Kikuchi free energy functional.

In this paper we first examine the physical signif-

icance of the ‘free energy’ functions, and review the

general Kikuchi approximations using Möbius inver-

sion formula. Next we define a general constrained

minimization problem corresponding to the general

Kikuchi approximation whose stationary points ap-

proximate marginals of a product function, and we

specify a general class of local message passing algo-

rithms along the edges of the Hasse diagram of the

collection of Kikuchi regions, which attempt to solve

that problem. We further give sufficient conditions

under which a Kikuchi functional has a unique mini-

mum, and/or closely approximates the exact free en-

ergy. These directly translate to conditions for the

convergence and correctness of the belief propagation

algorithm.

I. Free Energy and Kikuchi Approximation

Consider a system with N distinct and fixed sites. Attached to
each site i is an elementary magnet which can take a spin value
si from the set A of possible spins. Denote by s = (s1, · · · , sN )
the configuration of the system. Then, under fundamental
assumptions of thermal physics, it can be shown that if the
system is in thermal equilibrium with a large reservoir, the
probability that the system will be in a configuration s is
given by the Boltzmann distribution:

P (s) =
e−εs/τ

Z
(1)

where εs is the energy of the system at state configuration s,
and τ is the temperature(see [2]). Z is called the partition
function of the system and is defined by

Z =
∑

s

e−εs/τ (2)

The function

F = U − τS (3)

is called the Helmholtz (variational) free energy, where U =
∑

s P (s)εs is the average energy and S = −
∑

s P (s) ln(P (s))
is the entropy of the system. We view F as a function of the
distribution P .

It can be shown that the free energy F is minimized with
the Boltzmann distribution, and at that point

F0 := min
P (s)

F = −τ ln(Z) (4)

Thermodynamical properties of the system can be derived
if the free energy F0 is known as a function of the tempera-
ture, e.g. U = −τ 2∂(F0/τ )/∂τ and S = −∂F0/∂τ . However,
equation (4) does not prescribe a practical way to compute
F0 as it contains minimization over the exponentially large
domain of distributions P (s).

Suppose now that there is a collection R of the subsets
of {1, · · · , N} such that the state energy function εs can be
written as

εs =
∑

r∈R

Er(sr) (5)

for some set of energy functions Er. Then the Boltzmann
distribution is given by

P (s) =

∏

r∈R e−Er(sr)

Z
(6)

and the average energy is

U =
∑

r∈R

∑

sr

Pr(sr)Er(sr) (7)

where Pr(sr) is the marginal of distribution P (s). Note that
the average energy is now only a function of the marginals
{Pr(sr)}.

Then from equation (4), we have

F0 = min
{Pr(sr)}

(

U({Pr(sr)})− τ S̃({Pr(sr)})
)

(8)

where
S̃({Pr(sr)}) := max

P (s):{Pr(sr)}
S(P (s))

is the maximum taken with respect to the joint distributions
P (s) that marginalize to a given collection {Pr(sr)}. Note
that not every collection {Pr(sr)} of probability functions can
be marginals of a single distribution P (s). In such cases we
adopt the convention that S̃({Pr(sr)}) = −∞.

Equation (8) is in the desirable form of replacing the
minimization in (4) over complete distributions P (s), by
minimization over marginals {Pr(sr)}. But we still need to
estimate the entropy term S̃({Pr(sr)}). Following [3], we
describe the estimation using the Möbius inversion formula.

Let R̂ be the collection R of subsets of C := {1, . . . , N}
together with the set C itself. Then R̂ is a poset with the
partial ordering of inclusion (see [4]). For each r ∈ R̂ define the



regional entropy Sr(Pr) := −
∑

sr
Pr(sr) ln(Pr(sr)), where,

as before Pr’s denote the marginals of a distribution P (s).
We wish to approximate the entropy S = SC . Möbius dual
functions S̄r’s are defined such that for each t ∈ R̂,

St =
∑

r∈R̂
r⊆t

S̄r (9)

Then by the Möbius inversion formula

S̄r =
∑

u∈R̂
u⊆r

Suµ(u, r) (10)

Here the Möbius function µ(u, r) is defined for u, r ∈ R,u ⊆ r
by equations

∑

u∈R′

t⊆u⊆r

µ(u, r) = δtr (11)

Setting r = C in (10) yields

SC = S = −
∑

r∈R

Srµ(r, C) + S̄C (12)

If the term S̄C can be ignored, we get the approximation

S ' −
∑

r∈R

Srµ(r, C) (13)

The Kikuchi’s approximate free energy uses the above ap-
proximation of entropy in (3):

FK({Pr(sr)}) :=
(

U({Pr(sr)}) + τ
∑

r∈R

Sr(Pr(sr))µ(r,C)
)

=
∑

r∈R

∑

sr

(Pr(sr)Er(sr)− τµ(r,C)Pr(sr) ln(Pr(sr))
)

(14)

This is identical to equation (35) in [1], where the ‘over-
counting factors’ cr in [1] are precisely the negatives of
the corresponding Möbius factors µ(r, C), since from (11),
µ(r,C) = −1 for any maximal element r of R, and µ(u, C) =
−1 −

∑

r⊃u µ(r, C) for any u ∈ R. For the remainder of this
paper we shall also use the shorthand cr = −µ(r,C).

Free energy F0 of equation (4) is estimated from the
Kikuchi free energy (14) as

F0 ' min
{Pr(sr)}∈CR

FK (15)

where CR is the constraint set of the pseudo-marginals that
are locally consistent with respect to R:

CR :=
{

{Pr(sr); r ∈ R} | ∀t, u ∈ R, t ⊂ u,
∑

su\t

Pu(su) = Pt(st)
}

(16)

Notice that here we are not only approximating the exact
variational free energy F by its Kikuchi approximation FK ,
but we are also replacing the minimization over the complete
distributions P (s) by minimization over consistent pseudo-
marginals {Pr(sr)} ∈ CR. The consistency constraint, how-
ever, is not enough in general to guarantee that a collection
{Pr(sr)} ∈ CR are marginals of a single distribution function
P (s). In other words, the minimizing collection of pseudo-
marginals {Pr(sr)} may not even belong to any real distribu-
tion.

II. A General Class of Constrained

Minimization Problems

From the discussion in the previous section, the above method
can be viewed as a way to estimate the marginals of a prod-
uct function given by (6): given a set of local functions
αr(sr) := e−Er(sr), if the Kikuchi approximation FK were
exact, and the constrained pseudo-marginals corresponded to
the marginals of a single distribution, then the minimizing
Pr’s of (15) would correspond exactly with the marginals of
the Boltzmann distribution,

∏

r∈R αr(sr)/Z; then, applying
(15) with a good Kikuchi approximation FK and set of con-
straints is expected to give a reasonable approximation of
these marginals.

The collection R of regions effectively specifies both the
Kikuchi approximation (14), and the constraint set CR. It is
also evident that (15) as an approximation method can be
applied for any given FK and CR; better choices of R simply
result in better approximations. Therefore we can define a
general class of constrained minimization problems, which are
specified by a poset R of regions, and local functions αr(sr)
for each r ∈ R. (Note that although ‘inclusion’ is certainly
the most natural partial ordering for R, the problem is well-
defined for any arbitrary partial ordering. For conceptual
comfort, however, we can assume that R is equipped with the
partial ordering of inclusion for the remainder of this paper.)

A marginalization problem can be described by an objective
‘marginalizable’ function β(s1, · · · , sN ) which is decomposable
as a product of some functions αr(sr) for r’s in a collection
R of subsets of C = {1, · · · , N}. We call the maximal ele-
ments of R the basic clusters; these are (typically) the largest
non-decomposable factors of the objective function β(s). For
regions r, t, we include r ∩ t in R if we need to impose the
constraint that the solutions Pr and Pt marginalize down to
the same function Pr∩t.

It is natural to represent poset R with its Hasse diagram
GR (see [4]). This is an undirected graph with an implied
upward orientation, whose vertices are the elements of R and
whose edges are the cover relations, and such that if u ⊂ t
then t is drawn “above” u. Therefore an edge exists between
each r ∈ R and its immediate parents, i.e. the minimal
elements of R that properly contain r. As we shall see in
the next section, there exist local message-passing algorithms
along the edges of GR, whose fixed points are solutions to the
above constrained minimization problem.

It remains to specify which choices of R yield good ap-
proximations of the marginals. It certainly seems that mini-
mization with more local consistency constraints on {Pr(sr)}
should result in better approximations, since true marginals
would satisfy all such constraints. Therefore one might con-
clude that including more subregions in R should improve the
approximation (at the expense of increasing the complexity of
GR and its corresponding algorithm).

It is natural to require that all the regions in R which con-
tain a given index i ∈ {1, · · · , N} be connected in the Hasse
diagram GR (Condition (A1)). This will ensure that the be-
liefs Pr(sr) at all the regions r which contain index i will be
consistent at the level of variable si. Based on this, we can
devise condition (An), which requires that for each m ≤ n, all
the regions containing a given m-tuple of indices {i1, · · · , im}
be connected.

Inspired by [5], one might insist that acceptable approxima-
tions of the entropy term (13) are those in which each variable



si appears the same number of times on the two sides of the
equality sign, i.e.

∑

r:i∈r

cr = 1 for each i = 1, · · · , N (B1)

We can extend this condition also, as follows:

∑

r:s⊆r

cr = 1 for each s ⊂ {1, · · · , N}, |s| ≤ n (Bn)

These conditions are expected to give progressively better
approximate solutions. It is noteworthy that the original
Kikuchi collection of regions as defined in [3] and [1] was
required to be closed under intersection. It can be shown that
any collection of regions R which is closed under intersection
satisfies (An) and (Bn) for all n.

The special case when the Hasse diagram GR has depth
2, i.e. there are no distinct r, s, t ∈ R such that r ⊂ s ⊂ t,
is called the Bethe case. In this case GR can be thought of
as a hypergraph in which the basic clusters are the vertices
and other regions are the hyperedges. If we insist that the
basic clusters be pairs {i, j} of indices for i, j ∈ {1, · · · , N}
as assumed in [1], we will in fact have a poset R of depth 2
which is closed under intersection. But as discussed here, the
restriction on the size of clusters is in fact unnecessary, as we
allow for R not to be closed under intersection.

On the other hand, [5] considers only the case when the
aforementioned ‘hypergraph’ view of GR is a graph (i.e. the
minimal elements of R are covered by at most two basic clus-
ters, so the hyperedges are in fact edges). The ‘junction graph’
condition given in [5] is simply the intersection of conditions
(A1) and (B1) above. (It can be shown that the ‘junction
graph’ condition does not imply (A2) or (B2).)

It can be verified that neither of definitions above from [1]
and [5] includes the other and, as shown here, our definition
includes both of them as special cases, and in that sense our
formulation is more general than both [1] and [5].

III. Lagrange Multipliers and Iterative

Solutions

Lagrange’s method can be used to solve the constrained mini-
mization problem (15). Taking τ = 1, and using cr = −µ(r, C)
and αr(sr) = e−Er(sr) the Lagrangian becomes:

L :=
∑

r∈R

∑

sr

(−Pr(sr) ln(αr(sr)) + crPr(sr) ln(Pr(sr))
)

+
∑

r∈R

∑

t≺r

∑

st

λrt(st)
(

Pt(st)−
∑

sr\t

Pr(sr)
)

+
∑

r∈R

κr

(

∑

sr

Pr(sr)− 1
)

(17)

where coefficients λrt(st) enforce consistency constraints, and
coefficients κr enforce normalization constraints, and by t ≺ r
in the second line we mean that r covers t, i.e. t is maximal
in the subset of elements of R that are properly contained in
r. Note that we need only define λrt for pairs r, t ∈ R with
t ≺ r, i.e. along the edges of GR.

Setting partial derivative ∂L/∂Pr(sr) = 0 for each r ∈ R
gives an equation for Pr(sr) in terms of λur’s and λrt’s. The
consistency constraints give update rules for each λrt in terms
of other λ factors. Once a set of messages mrt (from r to t,

with t ≺ r) has been defined in terms of the Lagrange factors
λrt’s, these update rules define an iterative algorithm whose
fixed points are the stationary points of the given constrained
minimization problem.

One particularly nice such algorithm is the ‘generalized
belief propagation’ discussed in [1] which defines the messages
so that belief Pr(sr) depends only on the outside messages
to a subregion of r. Belief propagation algorithm can also be
seen as one such iterative algorithm in the Bethe case (see [1]
and [5]).

The Kikuchi free energy (14) is bounded below and hence
the constrained minimization problem (15) always has a global
minimum. Therefore the above message passing algorithms
always possess at least one fixed point (see [6] for an algorithm
that is guaranteed to find a minimum of FK).

The following result gives sufficient conditions on R for the
problem (15) to have precisely one minimum:

Theorem 1. The Kikuchi free energy functional (14) is con-
vex over the set of consistency constraints imposed by a col-
lection of regions R (and hence the constrained minimization
problem has a unique solution) if the overcounting factors
cr, r ∈ R satisfy:

∀S ⊂ R,
∑

t∈S

ct +
∑

r∈R\S:
∃t∈S,t⊂r

cr ≥ 0 (18)

In words, for any subset S of R, the sum of overcounting fac-
tors of elements of S and all their ancestors in R must be
nonnegative.

Remember that in the Bethe case, for basic clusters r ∈
R, cr = 1, and for the other regions t ∈ R, ct = 1 −
(no. of covers of t). Thus we have

Corollary 2. In the Bethe case, the constrained minimization
problem (15) has a unique solution if the graphical represen-
tation GR of R has at most one loop.
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