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Ensuring Convergence of the MMSE lteration for
Interference Avoidance to the Global Optimum

Pablo Anigstein and Venkat Anantharahellow, IEEE

Abstract—Viswanath and Anantharam [1] characterize the sum nication can take place. If we fix the processing gain, number
capacity of multiaccess vector channels. For a given number of of ysers, and received user powers, we can regard the sum ca-
users, received powers, spreading gain, and noise covariance Mmay ity as a function of the signature sequences assigned to the

trix in a code-division multiple-access (CDMA) system, the authors We will refer t h . i “confi tion”
of [1] present a combinatorial algorithm to generate a set of sig- users. Vve will refer to such an assignment as a “configuration

nature sequences that achieves the maximum sum capacity. Theseof signature sequences. A signature sequence will be modeled
sets also minimize a performance measure called generalized totalas a unit-norm real vector of dimension equal to the spreading
square correlation (TSC,). ain.

_UI_ukus a_nd Yates [2] _pro.pose an iterative algorlthm suitable for_ The capacity region of a symbol-synchronous CDMA
distributed implementation: at each step, one signature sequence is h | first obtained in [31. Later. Ruof and M 4
replaced by its linear minimum mean-square error (MMSE) filter. channe vyas Irst o a!ne in [3]. La er,' uptan assey [4]
This algorithm results in a decrease ofTSC, at each step. The Characterized the maximum sum capacity of a CDMA channel
MMSE iteration has fixed points not only at the optimal configu-  with white noise and equal user received powers. In [5], the case
rations which attain the global minimum TSC, but also at other  of different user received powers was solved using majorization
configurations which are suboptimal. The authors of [2] claim that 166y Viswanath and Anantharam [1] also consider the case
simulations show that when starting with random sequences, the f tri ived ith colored noi d ai
algorithm converges to optimum sets of sequences, but they give0 asymme ne r.ecelve powers with co Qre nOIS?, an .glve a
no formal proof. recursive algorithm to construct an optimal configuration of

We show that the TSC, function has no local minima, in the Signature sequences.
sense that given any suboptimal set of sequences, there exist arbi- - Another performance measure of the CDMA channel is the
trarily close sets with lowerTSC,,. Therefore, only the optimal sets generalized total square correlatiGiSC, ). An iterative pro-

are stable fixed points of the MMSE iteration. We define a noisy d lled mini MMSE) iterati
version of the MMSE iteration as follows: after replacing all the cedure called minimum mean-square error ( ) iteration,

signature sequences, one at a time, by their linear MMSE filter, we N Which at each step one signature sequence is modified in a
add a bounded random noise to all the sequences. Using our obser-way such thatl'SC,, is nonincreasing, was proposed in [2], [6].

vation about the TSC, function, we can prove that if we choose Another iterative procedure with the same property is proposed
the bound on the noise adequately, making it decrease to zero, thejy, [7]. These algorithms are suitable for distributed implemen-
noisy MMSE iteration converges to the set of optimal configura- tation. The main idea is that the receiver for some user would
tions with probability one for any initial set of sequences. o . .
periodically decide on an update for the signature sequence of
. . . ; ! . that user and communicate it to the user through some feedback
ence av0|dance, iterative construction of S|gnature sequences, min- . . .
imum mean-square error (MMSE) receiver, Welch bound equality channel. The user transmitter would Fhen switch to the new sig-
(WBE) sequences. nature sequence. When these algorithms are apglied, is
nonincreasing, but there is no guarantee thafit€, will con-
verge to its minimum possible value. Nevertheless, simulations
suggest that when the initial signature sequences are chosen at
E consider the uplink of a symbol-synchronous code-diandom, the iteration converges to the minimumIsfC,. A
vision multiple-access (CDMA) system. An importantodification of the algorithm of [7] is proposed in [8] in order
performance measure of such a system is the sum capacity,tthguarantee convergence to the optimi¥iC, value. How-
maximum sum of rates of the users at which reliable commeaver, the modified algorithm has increased complexity and is
not suitable for distributed implementation.
We will define a modified version of the MMSE iteration
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the MMSE iteration proposed in [2], [6]. The fixed configura- In the sequel, we assumé, K, p;. (k € {1, ..., K}), and
tions of this iteration are characterized, and we prove that thHé are given and fixed. Thus, a configuration is determined by
MMSE iteration asymptotically approaches the set of fixed cothe signatures matrif € S where

figurations. In Section VII, we state the recursive algorithm of .

[1] which obtains the maximum sum capacity and a configura-S = {[s1 -~ sxl:se €SV ' Vke{l,..., K}} (3)

tion of signature sequences attaining it. We give a proof of the

o . A _with V=1 = {s € RY: ||s|| = 1} the unit-sphere iR" .
optimality of the algorithm which is different from the one in We will denote the MMSE linear filter for usér asuy, de-

[1]. I.n the Process, We_prowde a charactenzapon of the Opt'mf?r%ed as the linear filter that minimizes the mean squared dif-
configurations which is useful later. In Section VIII, we ob-

serve and prove thdtSC, has no minima other than the globalference between t.he information .transm|tted by uster;;) and
o ) : : . .~ the output of the filter. The following formulas are well known

minima. Motivated by this result, in Section 1X, we define jllo]_

modified version of the MMSE update adding noise. We prove

that if the noise bound is chosen adequately, the noisy MMSE v = /Pr(SDST + W)~ tsy, (4)

iteration converges to the optimuBisC, almost surely regard-

— T -1
less of the initial configuration. = o(SkDiSi + W)™ sk ®)
where
[ll. M ODEL
. B Pk
Consider a symbol-synchronous CDMA system wih Xk =7 + st (SuDpST + W)Ly,

users. LetT' be the duration of the symbol interval and let

s [0, T] — R represent the signature waveform assigned #n important property of the filtep,, is that it maximizes the
userk, assumed to be of unit norm. The received signal at tie&itput signal-to-interference ratio (SIR) of ugesver all linear
base station in one symbol interval can then be expressed aseceivers [10].

K
y(t) = Z resu(t) + (1), tel0, 7. () V. M AJORIZATION

k=1 In this section, we define the majorization partial order on
R™. This order makes precise the notion that the components of

Here, p;. is the power received from usér The information avector are “less spread out” or “more nearly equal” than those
transmitted by usek is modeled by the random variahleg, of another P yeq

having zero mean and unit variance, and independent of the in-_. . .

. . N Givena € R™, the components of in decreasing order,
formation transmitted by other users. The nciff is assumed . .

. . called the order statistics af will be denotedy), ..., ap,.In
to be a zero-mean Gaussian process independent of the user . :
symbolsz . otherwords(apj, - . ., ap,) isthe permutation dfay, ..., a,)
L1y oo TK-
Let the processing gain h&. The signature waveform of such thatayy > -+ 2 afy). . .
: . Givena, b € R™, we say that: majorizes iff

userk can therefore be represented as\&dimensional vector

Sg. LetS = [s1 - sk], D = diag(py, ..., pr), andz = m m
[21 -+ zx]". We can write ag =D by, Vme{l, ..., n—1}
=1 =1
y:SD%:L’—f—z (2)

n n
>Sw=3 b
wherey andz are N-dimensional vectors representing received i=1 i=1
signal_and_noise, res_pecti_vel_y. Because of our_assunjption OM\s a trivial example, given any € R™
the noisez is a Gaussian distributed zero-mesrdimensional
column vector independent of We will denote the covariance . 1 & -
of z asE[zzT] = W, aK x K symmetric positive-definite a1, ..., an) Majorizes| — > ai @i |-
matrix. Usually, the noise proces§) is assumed white. In that =1 =1
caselV is amultiple of the identity matrix anglis easily shown  The following theorem will be useful later.
Fo be asu_ffluent statistic for esnmaumg Note that if the noise Theorem 1:Let H € R"*" be symmetric with diagonal el-
is not white, then not only the different componentszpbut .
. . . ementshy, ..., h, and eigenvaluegi, ..., \,. Then\ ma-

also the vectors corresponding to different symbol mtervalsorizes 1
will be correlated. Moreover, in this cageis not a sufficient : X . n o

o - 7 . Conversely, ifA, h € R™ and\ majorizesh, then there ex-
statistic. Nevertheless, we will just consider the model (2) with . : nxXn .

: . . . . . ists a symmetric matrid € R with diagonal elements
an arbitrary symmetric positive-definite noise covariance matrhx .
. X . 1, ..., hy and eigenvalues, ..., \,.
W, and to compute the sum capacity, the noise vectaiill !
. . Proof: See[11, Theorems 9.B.1 and 9.B.2]. O

be assumed uncorrelated across different symbol intervals. The
solution of this case of colored noise may provide insight for In the sequel, given a symmetric matik € R™*™ we will
the consideration of a system with multiple base stations, whetenote by\(H) the vector whose components are the eigen-
users communicating with one base station could be modeled/akies ofH in nonincreasing order.
noise at the other base stations. The following lemma will be used later.

S|
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Lemma 1:Let H € R™*™ be symmetric and nonnegative VI. MMSE ITERATION
definite and lety € $”~! be a unit-norm eigenvector associated

: . . Ulukus and Yates [2], [6] propose an iterative procedure that,
with the minimum eigenvalue aff. Then, for allp > 0 and all L [21, 6] prop ! vep "

starting with some initial configuration, modifies one of the sig-

s €8 nature sequences at each iteration in a way that reduces the
- o - TSC,. In what follows, we state this algorithm and summarize
A(H + pss’ ) majorizes\(H + pvv™ ). some known properties. Although the authors of [2] consider
the case of white noise and equal received powers, the results
Proof: See [12] or [13]. U hold for arbitrary noise covariance and received user powers.

A function f: A — R (with A ¢ R") is said to be Schur- For a given configuratiols € S, we will denote the normal-
convex iff for all a,b € A such that: majorizesb we have ized MMSE linear fi_lterfor usek asc(S). Define the MMSE
f(a) > f(b). If —f is Schur-convex is said to be Schur- Userk update function as

concave. (Dk(S) = [81 e Sk—1 Ck(S) Sk+1 SK] (8)

Lemma 2:Letg: A — R (with A C R a convex set) be \nich replaces the signature sequence for sy the corre-

convex (concave). Then the symmetric functipnA™ — R g54ing normalized linear MMSE filter. This update strictly
with f(a) = 32;_; g(a:) is Schur-convex (Schur-Concave).  yecreased'SC, except when the signature sequence for éiser
Proof: See [11, Theorem 3.C.1]. O coincides with the MMSE filter.

Given a setA C R™ and an elemerit € A we say thab is a
Schur-minimum of4 if and only if for alla € A, a majorized.
Clearly, if f: A — R is Schur-convex (Schur-concave) and VS € 8: TSCy(Px(S)) < TSC,(S), 9)
A is a Schur-minimum of4, then f attains a global minimum
(maximum) ath.

Lemma 3:

with equality iff s, = ¢ (9).

Proof: See [2], [6], O
V. SUM CAPACITY AND TSC, Consider the MMSE update dynamicsSn
S = ¢, 1 (S®) (10)

In this section, we define two important performance mea-
sures of a given configuration. Sum capacifi.., ) is defined where we define, for ¢t > K setting®; = ®;_x. This corre-
as the maximum sum of rates at which the users can transspbnds to replacing each signature sequence using the MMSE
and be reliably decoded at the base station. All other paran@date, one at a time. We remark that this iteration is amenable
ters being thought fixed, we will regaxd,.., as a function of for a distributed implementation. The linear MMSE filter for a
the signature sequencés,,,,: S — R. It can be shown that [1] user can be implemented blindly [15], without needing knowl-
edge of received powers or signature sequences of other users.
Coum(S) = llogdet (SDST + W) — llogdet(W). )  Given any initial configurations(® ¢ S, the sequence
2 2 TSC,(S™) defined by (10) converges because it is nonin-

. . o creasing by Lemma 3 and bounded below.
Aslog(+) is a concave function, Lemma 2 implies tld&t,, (.S) The MMSE update function is defined as
is a Schur-concave function af SDST + W).

We define the generalized total square correlatibsC, ) as O(S) = O (Pr—1(--- P1(5))). (11)

afunctionTSCy: & — R with [8] Let Fg be the set of fixed configurations &f

TSC,(S) = tr [(SDST + W)Z] @) Fp={S €8:9(5) = S}. (12)

a weighted sum of the interference-plus-noise power seen b)}_emma 4:LetS € S.Then

the users. For the case of white noise and equal powers, use ¢&C (¢ (@(S)) < TSCy(S), withequalityiff S € Fo. (13)
TSC, as a performance measure is motivated by the work of

Massey and Mittelholzer [14] showing that minimizifighC, Moreover,S € Fop if and only if ®,,(S) = Sforall k €

is equivalent to minimizing the worst case interference seen ﬁ)%/ , K}

any user. PrOOf: See [2], [6] O

~ As(-)?is aconvex function, Lemr¥a2 implies tHB8C,(S)  The following lemma and theorem (proved in [2] for white
is a Schur-convex function of(SDS™ + W). noise and equal powers) provide a characterization of the fixed

From now on, we will focus o1'SC,. Itis know_n _[1], [13]  configurations.
thatthe sef\(SDST+W): S € S} has a Schur-minimum ele- )
ment. Therefore, as.,,,, is Schur-concave arifiSC, is Schur- ~ Lemma 5:let S = [s; --- sx] € S.ThensS € Fy if
convex, the configurations attaining this Schur-minimum elé&nd 0Tn|y if forallk € {1,..., K}, s Is an eigenvector of
ment will achieve the maximur@.,, and the minimunl'SC,,. SDST + W.
Hence, the optimal configurations are the same Whether W€ USfyere, distributed means that it can be implemented in parallel modules with
Csum OF TSCg as performance measure. no interaction. The user receivers are in the base station, hence colocated.
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Proof: See [2]. The proof there carries over with straight€orollary 3 of Theorem'3n Ch. VIII]). Now choose the parti-
forward modification to the case of possibly different receivetion of the sef{1, ..., N} as follows:

powers and colored noise. -
. Zr={nef{l,..., N} (S’DS —f—W)qnzqu}.
Theorem 2:Let S € Fs. Then we have the following.

1) There exists an orthonormal basis of (common) eigenveld?en (15) is satisfied and (16) follows. Fixe {1, ..., L}
tors of SDST andW. Equivalently, matrices§ DS” and @nd letn € Z, andk € {1, ..., K} \ J;. Theng, ands; are
W commute. eigenvectors of D ST + W associated with distinct eigenvalues

2) Let wy, ..., wy be the eigenvalues of¥, and let and hence are orthogonal. Therefore,

{q1, ..., qv} be an orthonormal basis of eigenvec- feqn = (SDST + W)gn = (SJ[DJCS?}( + W)gn
tors of SDST and W with Wq, = w,g, for all
n€{l,..., N}. There existL. € {1, ..., N}, aparti- andSz,Dz,S% ¢, = (e —w,)q,. By convention, we will take
tion J1, ..., Jr (with possibly some of the7, empty) SjeDL’][S:];( as theN x N zero matrix when7, = (). Then
of the set{1, ..., K}, a partitionZy, ..., Zr, of the set ( ) —
.. by — Wn )qn, n
{1, ..., N}, and positive real numbeys, > --- > pur S7.D7,5% g, = { He q : ¢ 23)
such that forall € {1, ..., L} 0, if n ¢ 7.

(SDST + W)sy = s, Vked, (14) Equations (17), (19), and (20) are straightforward to obtaih.

(SDST +W)q, = pueqn, Vnel, (15) We remark that the characterization obtained in the proof
A (SDST + W) — e of Theorem 2 may in general not be the only one satisfying
( +W) (g, Pla R < TR ) (14)—(20). As an example, lét = 2, N = 2, p; = p» = 4,
74| 1721 W = diag(1, 9), and
(16)

1 S = [1 1} .
WZW<Z pk+zwn> (17) 0 0
keJ, nely
T . i i Then,SDST + W = 9I and, hence, by Lemma 5% is a
Sk =0, Yk €J0 ke ¢ T (18) g0y configuration. The characterization obtained in the proof
{sk: k € Je} Cspan{gn: n € Ip} (19)  of Theorem 2isl = 1, 11 = 9, T = {1,2}, 7, = {1, 2}.
Lo z Another characterization which verifies (14)—(20)lis= 2,
TSC,y(S) = Z ] <Z Pk + Z wn) pr=p2 =9, 71 =1{1,2}, o =0,1, = {1}, I, = {2}.
£=1 ke n€l, The characterization obtained in the proof of Theorem 2 is
(20) clearly the most economical one in the sense thet as small
. o as possible (because alk are distinct). However, we will find
where|Z;| is the cardinality ofZ;. it convenient to use the characterization of the fixed configura-
Proof: Let L be the number of distinct eigenvalues ofions as in the following lemma.
SDST + W, andu; > --- > pr, be such eigenvalues. From
Lemma 5, alls;, are eigenvectors o DS”T + W, so we can
partition the se{1, ..., K} grouping the signatures associate
to the same eigenvalues

Lemma 6: Let S € F. Then there exists a characterization
gs in Theorem 2 satisfying (14)—(20) that also verifies the fol-
lowing forall¢ € {1, ..., L}.

1) If Jo # 0, then|T,| > |Z,| and for alln € Z, p1¢ > wy,.
Je={k€{l,....K}: (SDST + W)sp = pest}.  (21) 2 f 7, = ¢, then|T| = 1.

The J, are disjoint| J£_, 7, = {1, ..., K}, and (14) is satis- 3 If £ < LandJ, # 0, thenje > jiet1.
fied. As SDST + W is a symmetric matrix, eigenvectors as-  Proof: Take the partitions in the proof of Theorem 2. Con-
sociated with distinct eigenvalues are orthogonal and (18)diler any/ € {1, ..., L} with J, # 0, and anyn € Z,. From
proved. Consider an§ e {1, ..., L} with 7, # 0. If we write  equation (23)
Sz, = [sk, k € Jo) andD 5, = diag (px, k € Jy) it follows:

‘ ‘ szngS‘%Qn - (/l’ﬁ - wn)qn
S7.D7 ST +W)s, = pesr, Vke T (22 . . .
(57, D7,57, + W)sk = sk Je. (22) ) S7,D7,S% is nonnegative definitgs, > w.,.
Multiplying (22) on the right bypy,sT, summing ovek € J,,  Assumeu, = w,. ThenSz, Dz, 87 q, = 0. This implies
and operating we obtain

1 2
ngJcDJeSg(In: HD}[S‘%% =0

WS7,D7,5% = wmS7,D7,5%, — (S7,D7,57,)°
and hence, a® 5, is invertible,S% ¢, = 0. Thereforeg,, is

o . . o
Hence, WSz, D7,57, is a symmetric matrix, which implies gthogonal to the signature sequences of all user& et us
thatW and Sy, Dz, 5% commute for all/, and, thus)¥ and define s, = 0, 7 = 7, and

SDST commute. Therefore, there exists an orthonormal basis
{q1, ..., qn} of eigenvectors of¥ andSDST (see, e.q.,[16, I, ={n €Ly pe=wyn}, I,/ =1{n€Ts: g > wy}.
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Note that|.7;'| > |Z}/| becausqg,: n € Z;} are orthonormal Note that from Theorem Z» has a finite number of elements
eigenvectors OSJZHDJZHSEZ,, associated with nonzero eigen-because there is a finite number of ways of partitioning the sets
values, and hencé,;~ has ranKZ; | and|7;’| columns. {1, ..., K}and{1, ..., N}.Aloose upper bound gff’+| can

A new characterization satisfying (14)-(20) (with in- be found by noting that for a giveh, there are less thah™
creased byZ}|) is obtained by dividing J¢, Z,) in |Z,| + 1 ways of partitioning the seftl, ..., N} in L subsets: for each

parts:(J;', Z//) and for eacm € I, (I{n}). element in{1, ..., N}, we can choose one of the subsets
If we do the same for all for which there is at least onein the partition to put that element. Analogously, there are at
n € I, with w, = e, we obtain the desired result. L&t mostL% ways of partitioning the seftl, ..., K} in L subsets.
(Jiy s Ti)s (Tay oo, I;), fu > --- > ji; be the new char- Hence, ad. € {1, ..., N}
acterization. Note that in our construction given artyere can N
be at most oné with 7, # ) andi, = A. Hence, Condition 1Tp| < Z LE+N (26)
3 is satisfied ordering the partitions so thafiif = /i,+1 then =1
Je=0. O

Let 7 be the minimum ofl'SC,
Given S(®©) ¢ S we can define the-limit set [17] with re-

spect to the dynamics (10) as 7= min TSG,(S). (27)

we (S = {5 €8:3t; <ty <---st. lim Stn) = 5} . As$ is a compact set a@SCg IS continuo_us, the m.inimu.m iS
m—00 attained and we can define the set of optimal configurations
In words,ws (S®) is the set of all limit points of the trajectory

G0, Q= {S €8 TSC,(S) =7} (28)

The following lemma shows that for any initial set of signaclearly, 2 ¢ Fy: For anyS € S, 7 < TSC,(®(S)), and
ture sequences, the MMSE iteration (10) converges to the sep9fLemma 4TSCy(S) > TSC,(®(S)). If S € Qthent =
fixed configurations. TSC,(S) and, thereforeTSC,(®(S)) = TSC,(S), which
again by Lemma 4 implie§ € Fg. But it is easy to see that

Lemma 7: Given anyS© e S . ) . ,
Fg contains nonoptimal configurations, that I8, # Q ex-

we(S®) C Fp. (24) cept for the trivial caséV = 1. As an example, tak&/ > 2
Proof: If S € ws(S(®) then3t; < t, < --- such that and letw, Sb' S wa’ be th?t;er_ere(f:i e|genyaludesl_m‘, and
limy,_. S¢) = S. For somek € {1, ... K}ty — kisa 0 @y bean orthogonal basis of associated eigenvectors.

multiple of K for infinitely manym, lett,,, be the corresponding gi—rggl:grm;?la(ikg qu} qf)orlta}! ];aesﬁc; see tlh(a}t J;’,V e_oslt"’;g da
. =

subsequence. The#{*=) — S as . By continuity of . ; )
Byt ikﬂ(s(t’m)) . (I)k:)l(s) aglm_;o; Y Y si, =qn fork € {2, ..., K}, the new configuratiot$” attains

lowerTSC, value:TSC,(S") < TSC,(S). Hence,S ¢ Q.
Now assumeb;.,(S) # S. Then by Lemma 3 a g g g
k41(5) 7 y Actually, S attains the global maximum of thESC, overS.
TSCy(Prt+1(S)) < TSCy(S). Therefore, forN > 2, the setl'» has more than one element
hiatn ®y =

LetA = TSC,(S)—TSC,(Pr+1(S)). ASTSC, is continuous, and we cannot conclude thatn; oo TSCg(_S. . ) =7 as we
there existg such that for alkn > p it holds that would like. Simulations suggest that if the initial conditiS)

b is chosen randomly, thé[‘SCg(S(t)) converges ta with prob-

TSCg(S(“n“)) < Tscg(g(tin)) — é ability one [2], but no formal proof has been given.
2
Thus, VII. GLoBAL OPTIMAL CONFIGURATIONS
TSCg(S(t;,M)) < TSCg(S“'m)) _ é form > p We have seen in the previous section that the global minimum
R

of theTSC, over all configurations§ € S is attained for some
and, thereforeTSC,(S(n)) — —oo asm — oo. Thisis a fixed configuration of the MMSE updatg € Fs, that is,
ﬁ{:)cl)crjrtlr?g;cior;.becaus@scg is positive, and, thus, we obtain gﬂgg TSC,(S) = 51'1611}%, TSC,(S).

But then®;, ;(S()) = St — &, 1(S) = S as
m — oo. Recurring to the same argument as before we now
®412(S) = S. Repeating this argumefk” — 2) more times we
get®(S) = S as we wanted to prove.

Any fixed configuration is associated with a partition of the
of users and a patrtition of the set of signal dimensions as
shown in Theorem 2. Conversely, given such a pair of partitions,
we could try to find a corresponding configuratiSre F's. This
We conclude that for any initial condition the MMSE iteratioris not always feasible, as the following simple example shows.
approaches the set of fixed configurationg as co. As TSC, Let K = 2, N = 2,p1 = po = 1, w; = 3, andwy =
is a continuous function, this implies that 0.2. ConsiderL = 1, 1 = {1, 2}, andZ; = {1, 2}. For
) @) this partition pair we should have according to Theorem 2 that
tli,nolo TSCy(5) € Tr SDST+W has eigenvalug; = 2.6 with multiplicity 2 (which
where implies SDST + W is 2.6 times the2 x 2 identity matrix).
But, being thats DST andW are symmetric and nonnegative
Tp = {TSCy(S): S € Fg}. (25) definite, the maximum eigenvalue 6fDST + W has to be at
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least as large as the maximum eigenvaludgfu; . As2.6 < 3, b) Else if
we see that it is not possible to firg ands, such thats DST + K N
W =261 anq hence the proposed partition pair i; not feasjple. [ = L Z i+ Z w,
The following lemma characterizes the feasible partition N =1 o
pairs. then let7; = {1,..., K}, Z; = {1,..., N},
Lemma 8:Let {¢1, ..., gv} be an orthonormal basis of L' =0andM = 0.
eigenvectors oW, respectively, associated with eigenvalues c) Else if
wy, ..., wy. Suppose we are giveh € {1,..., N}, real M
nu.mbersy,l. > --- > ur, apartition7y, jL of {1,..., K} 1 = L Z (P + W)
(with possibly some7, empty), and a partitio,, ..., Z; of M oo
{1, ..., N} with — .
for someM € {1, ..., M}, let M be the max-
1 imum suchM, and
He= 17 (Z Pet wn) - elety ={1,..., M},Zy = {1, ..., M}.
keJ, n€l, « Call
Then following are equivalent. (T T (T , , ,
1) There exists a configuratiofi € S satisfying (14)—(20). [ Ji [1(’ M’ NL)]\/; b T) (s i)
2) Foreacl € {1, ..., L} =AM, N=M, gy pxc)
(wM_H, ceey U)N)).
[ > Max w, (29)
nely 4) LetL = L' +1.
M l / v
1 . . 5) Foralll e {2, ..., L}, letp, = py_y, Je =T/ + M,
M2 s i) M mz::l (thn - 0m) - 30 Lo =T;_+ M, whereJ;_,+ M = {k+M: k€ J;_,}

and analogously faF, , + M.
wherep!, is defined as thenth largest component of 6) Exit.

1k =€ andw’_ is themth smallest component of ) .
Eik ‘ne g}g) " . We first state some simple facts about the output of Algo-

rithm 1.
Proof: See [18].

L . Lemma 9: Let
Hence, the problem of minimizingSC,(S) overS € S'is

equivalent to minimizing (20) over all partition pairs that satisfyL, (71, ... J5), (Z1, -, Zr), (p1, -+, por))
(29), (30). Next we present an algorithm proposed in [5], [12] =A(K, N, (p1, ..., px), (w1, ..., wy)).
that solves this optimization problem.
Without loss of generality, from now on we will assupe TNe€Nu1 > -+ > [,
andw, are ordered so that, > py > --- > pg andw; < Proof: See [1] or [12]. O

wy < - WN. As proved in the following lemma, the partitions output by

Algorithm 1 (4): Algorithm 1 satisfy conditions (29), (30) and, therefore, we can
Syntax qonstruct a configuratiof§' corresponding to this pair of parti-
tions.

[L7 (jlv RS jL)7 (Ilv "'7IL)7 (ulv ) /JJL)]

Lemma 10: Let
:A(K7 N7 (p17 "'7pK)7 (w17 R ’lUN))

[L7 (jb ceey jL)7 (1-17 ceey IL); (/1,17 ML)]

Update: R
1) If N = 0then letL = 0 and exit. =A(K, N, (p1, ..., px), (w1, ..., wN)).
2) Let There existsS € Fi such that (14)—(20) are satisfied. In partic-
A N ular
(1 = max (wm N <kz_1pk + Zl wn) ; )\(SDST + W)= (él,h e My e PL s /I/L/).
1 M | Z1] |Zr]
max — m + W, .
1<m<at M 7nz=:1 (p )> Proof: See [1], [18]. m

The optimality of Algorithm 1 has been proved in [1], [12].
The rest of this section presents an alternative proof. The results
will be useful in the next section when we analyze the local
minima of TSC,.

whereM = min(N — 1, K).
3) a) Ifu; = wy then
«LetJy =071, = {N}, M =0.
« Call
Definition 1: We will say a characterization as in Lemma 6
(L (T TL)s (Tn, - I, (s -5 1)) s efficientiffor all £, < £, € {1, ..., L} the following condi-
=A(K,N -1, (p1, ..., px), (w1, ..., wn_1)). tions are satisfied:
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1) |Te,| < |Zo, s Wy, < Wy Letly, by € {1, ..., L} withm € Z,, andn € Iy, .
2) p, > pry, forall by € Jg,, ks € Joy; Asn € 1", we havel, < V', 7, = 0 andZ,, = {n} (see
p - Lemma6). Themy, = w,.Asm € Iy, , j1e, > w,,. Therefore,
< 2 1 1 =
3) If Jp, # O thenw,, < w,,,foralln, € Z, ,nq € Zy,. fe, > Wy > W = g, Hence (recally > -+ > i)
Lemma 11: The characterization output by the Algorithm ¥; < ¢;. So¢; < ¢ and asm ¢ Z"” we must have; € L,
is efficient that is,7,, # 0. But then, by Condition 3 of Definition 1 we
Proof: Follows directly from Algorithm 1. O should havew,, < w,, which is a contradiction. Therefore,
Lemma 12: For allefficientcharacterizations, given am{ e
(1,..., L—1} thereexistVl € {1, ..., min(N — 1, K)} and Y wn= Z wx—r. (35)
Re{0,..., N - M — 1} such that nez”

As|Z'| = M (recallwy < --- < wy)

¢ M
7 m m —r (31) M
;MHH Z:p w ;wz\f anZZwm.
m=1

and nez’
o . . . . . - .
Assume the preceding inequality is strict. This implies that there
M+ R= Z|I‘|' (32)  existn € 7/ andm € {1, ..., M} \ 7’ with w,, > w,,. Let
=1 by, 4y € {1, ..., L}withn € Z,, andm € Z,,. We claim
Proof: Considerany’ € {1, ..., L — 1}. From (17) thatl; < ¢s. First assumé, < ¢'. Then, asn ¢ 7', we have
P o Je, = 0 and soug, = wy, < wy < pe, . Hencel; < £5. Now
. 7’ we havel; € L, s0J;, # 0. But
T, — T+ e assuméds < Z. .ASn € we 1 , 0

Z el ; (kgﬂ Pr nezzé v ) then, by Condition 3 of Definition 1 we should havg < w,,,

which is a contradiction. Therefore,
DefineJ = U§=1 JeandZ = Uif:lL;. Then M

Z Wp = Z W - (36)
Z we|Ze| = Z Dr + Z Wy, - nel! m=l

keJ nez Now (31) follows from (33)—(36). O
Definel = {£ € {1,...,0'}: T # 0}, 7' = Uye Zer, and Theorem 3:Let an efficient characterization (of some
7" = 7\ T'. Hence, S* € Fp) be given byL*, (Jf, ..., Ji.), (ZF, ..., I%.),

PI 2 2 e

Z wlZel =S pe+ 3wt 3w (33) Then for allS € Fy

keg nel’ nez” MSDST + W) majorizes(pk, ..., k..o, he, o, pwh).
Considert € L. As J; # 0, |J¢| > |Z¢| (see Condition 1 75| ’ i |
in Lemma 6). As? < ¢’ < L, by Condition 1 in Definition 1,
\7¢| < |Z4|. Therefore|7;| = |Z;|. This implies|.7| = [Z'|. Let Proof: Let
= [T’| andR = [I"|. Clearly, M + R = |T| = ¥;_, |Z, A = (s oy By oy s o ).

so (32) is verified.
As|J| = M (recallp; > --- > pk)
Consider anyS € F3 along with its characterization of The-
Z o < Z Do orem 2. Fom € 7, take\,, = p,. Thatis,\,, is the eigenvalue

= of SDST + W associated witly,,.2 Then

Assume the above inequality is strict. This implies that there MSDST + W) = (Auy, -+ A)-
existk € Jandm € {1, ..., M}\ J with py < p,,,. Butthen
k € Ju, forsomel; < ¢ andm € 7, for somel, > ¢, which
contradicts Condition 2 of Definition 1. Therefore,

We want to prove that majorizes\*. Suppose the statement
is not true. Then there exists € {1, ..., N — 1} such that

\4 14
> o= Z Prm- (34) mz::l Al < mz::l A

keg
. Take the smallest suck’. Hence\y; < Aj. Take/!' €
As|T"] = R (recallwy < --- < wny) {1, ..., L} such that
Wn < WN—r- I;| <V and | > V.
2= 2 > 1] Z| 7l

AS_Sume the preceding inequa“ty is strict. This implies that therezNote that the components af are ordered nonincreasing, but the compo-
existn € 7”7 andm € {N — R+ 1,..., N} \ Z” such that nents of\ are ordered according to the noise eigenvalues.
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Define As SDST is nonnegative definitey, is nonnegative and, there-
P fore,\,, = yn + wy, > w, foralln € {1, ..., N}. Hence,
v=> Izl S ooz Y w
(=1 meBy UC meBy UC
Forallme{V+1, ..., V} we have);, = puj, =X}, > Ay > and from (41)
A[m]- Therefore, M
. S oSt Y w @
Z Apm] < Z A5 (37) mEA N UByUC )y m=1 mEAy UByUC
= = Note that{ N — R+ 1, ..., N} C (Ap U By UCyy). Define
Clearly,V < N because En = (AyUByUCY)\{N-R+1,..., N}
N N K N
Z /\[m] _ Z )\:;L:Zpk_{_z,wn. Then|EM| = |A]\/[UB]\/[UC]\/[|_R:M. Therefore,
Therefore{’ < L. Hence, we can apply Lemma 12 to obtain Z Z WN—r + Z W

meApyUByUC Y mEEM

1% 14
mzzl)‘ :; nelZ] ZZwar'i'Z’wrrr
r=0 m=1

M
- Z Pm + W) + Z WN (38) Introducing this inequality in (42) we obtain

M R—1
S VL R0 TSNS xS w2
M + R = V. Hence, by (37) mEAy UBy UC et —~
v M R—1 % )
Z Alm] < Z (pm + wm) + Z WN—p. (39) = Z A5
m=1 m=1 —0

Il
=

m

Now forn € {1, ..., N} letr, be the eigenvalue fDST But|Ay UBy UCy| =M+ R = V, hence,
associated witly,,, that is,y, = An, — wn. As Dz STSD? has
diagonal elementép;, ..., px) and the same nonzero eigen- Z A, < Z A

T
values asSDS?*, from Theorem 1 mEAy IByUCa

(Y15 -+ Vimin(x, Ny 0, -+, 0 ) majorizes(py, ..., px).-  So we get

——

K—min(K, N) e v
40 "

, “o Do A = Y A

Let Ay C {1 . N}Wlth |AJ\[| = M and m=1 m=1
M This contradicts (37). Thereforg, majorizes\* as we wanted
Z Tn = Z Vm]- to prove. 0

neAy m=1
DefineBy = {N —R+1, ..., N} \ A, Take any subset
Cy C {1, N} \ (A]\,[ UBM) with |CM| =R - |BM|
(note that| Bys| < R). This is always possible because

Theorem 4: Given anyS € S there existsS’ € Fg such that
A(SDST + W) majorizesA(S' DS’ + W).
Proof: Consider anys € S. We will recursively generate
a sequence of configurations. Tak&) = S. Given S() we

{1, ..., N}\ (Axm U By)| =N — M — |By| will compute S*+1) as follows. For eack € {1, ..., K}, let
=N—-V+R—|By| v, € S¥ 1 be a unit-norm eigenvector 6" D (S ( )) + W
By associated with the minimum eigenvalue. Let
asV < N. CRA [ R 3521 Uk 51221 3%)] .
Now from the definition ofd,; and using (40) we get Take anyk* € {1, ..., K} such that

Do Am= Y (et wm) TSC,(SEHLFD)Y = min{TSC, (S LM ke {1,..., K}}

meAy mEAu
and defines(t+1) = S(+L k")
Z Vi + D, W Applying Lemma 1 withH = 5 Dy (ST + W, v =1y,
meAy ands = sg- we obtain
Z Pt Y W 1) ASODSO)T + W) majorizes\(STH D(S)T + W),

meEAn (43)
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Also, foranyk € {1, ..., K}, we can apply Lemma 1 with VIIl. L ocAL MINIMA OF TSC,

— ¢® (T _ _ i
H = 5,7 Dr(5,7)" + W, v =g, ands = ¢(S) to obtain In this section, we will prove an important property of the
M@ (SO)D(@(SONT + W) TSC, function: that it has no local minima other than the global
. S+, k) Ty/ &(t+1, T minima. To state this formally, let us first define a metric®n
majorizesi (S D(s )W) Given S, S’ € S, we define the distance betweéhand S’
and, thereforel'SC,, (S(+1. %)) < TSC,(®(S™")) due to the as the maximum over the users of the angle between the two
Schur-convexity offSC,(-). Hence, for allc € {1, ..., K} signatures assigned to the user

TSC,(SHHD) < TSC,(®r(SM)). (44) d(S, §') = max arccos(sj. s1,)- (46)

As S is a compact set, there exist € S and a subsequenceNote that the triangle inequality holds: givén S’, S” € S
{Stn)}ee_ such thatim,, .o S(tm? = 8'.Bycontinuity and (5 §”) = max_arccos(sTs})
transitivity of the majorization relation, (43) implies k=1.--K

T/ 1T
A(SDST + W) majorizes\(S'DS'" + W). S Hmax [arccos(sk si) + arccos(s sk)}
T T
Take anyk € {1, ..., K}. Using (43), (44), and Lemma 3 S  max arccos(sj, s3) + pnax arccos(s'y )
we can write =d(S, ")+ d(5’, 5")
TSC,(S®m+1)) < TSC,(8tm*D) and, henceq(-, -) is a metric. Givers € S andd € (0, =], let
< TSCg(<I>k(S(tm))) < TSCg(S(tm)) (45) BIS, 6] be the closed ball of radiuscentered at
where the first inequality follows from (43) becauggC,(-) is B[S, 0] = {S" € S:d(S', S) < 6}. (47)
Schur-convex and the last one from Lemma 3. Letting- co In order to state the main result of this section, we will pro-
in (45), by continuity of'SC,(-) and®(-) we obtain ceed with some lemmas.
TSC,(S") = TSC,(Pr(S")) Lemma 13:1f TSC, has a local minimum af € S, then
) : e
and hence, by Lemma &' = ®,(5’). As this holds for all for all_k € {1’.' o K}’.s.’“ IS an eigenvector 08k Dy Sy + W
, , o associated with the minimum eigenvalue.
ke {l,..., K}, we haveS’ = ®(5’), thatis,S’ € Fs as we i
Proof: See [7]. O
wanted to prove. O
Theorem 5: Let Corollary 2: If TSC, has a local minimum a¥ € S, then
S € Fs.
L (T7 oo TEs (T Th), (e 1i5)] Proof: Apply Lemmas 13 and 5. O
=A(K, N, (p1, ---, pK), (w1, ..., wy)). By Corollary 2, all local minima ofl'SC,, are fixed config-
Then forall§ € S uratlor_1$ of the MMSE updat_e._ Hence, in what follows, we can
associate with each local minimum @8C, the characteriza-
M SDST + W) majorizes(}, ..., pl, ..., W, ..., ui.). tion of Lemma 6. The next three lemmas, which use the same
0 ~——— ideas as in [8], present necessary conditions on this characteri-
173 1Z; .1 . . . -
zation for a configuration to be a local minimumB8C,.
Proof: Use Theorems 4 and 3 and Lemma 11. O .
Lemma 14:Let TSC, have a local minimum af§ € S and
Corollary 1: Let consider the characterization of Lemma 6. Then giers €
% % % % 1, ..., L} with . K ., andk , We must
(L%, (T8 s T2, (T oo T3, s s 3] g, i tes = b1 € T a0k €
1 = 02 "
= A(K (p1> s Pi)s (W wN)) Proof: Suppose the statement of the lemma does not hold,
Then that is,py, < pi,. Consider any > 0 and leta = sine and
8= p’“l . TakeS’ with s}, = sy, for k ¢ {k1, ko}
I’L*7 ttt I’L*7 ttt l’l’**7 R /’I’**
(oo iy s L) o = /1= alsy, +asi,
zr A
175 | IZ; .| and
is a Schur-minimal element ¢i\(SDST + W): S € S}, and Sy = V1 — 328k, + Bsi,
) This can be done becausg is orthogonal ta;., and, therefore,
min TSC, () = Z 1271 (1) I, 1 = [I5, 1l = 1. Then
L+ S'DS'T =SDST + A
max Csum(9) ; |Z7 | log(pp) — = log> det(W). where

B%pr, — a’p s,sTl—s_sT,,)
Proof: Follows from Theorem 5 and Lemma 10 because = (Fp ) (omst k%) . .
TSC, is Schur-convex and.., is Schur-concave. O + (Pklav L —a?+pr,Bv1— 52) (SkySky + Ska Sk, ) -
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Hence,
TSCy(S") = TSC,(S) + 2tr((SDST + W)A) + tr(A?).
Using (14) and (18) we obtain
TSCy(S") =TSCy(S) — 2(pe, — pues) (pry — B*prs,)

+2(’pr, — ﬂzka)Z
+2(poVi—a +pu VI ) |

Now replace for3 = —ii—é a anda = sin ¢, and observe that

TSC,(S)—TSC,(S")=2(1se, — 116, ) 2P, <1-i’; ) +o(ed).

As pg, > e, by hypothesis and we have assumed < py,,
for small e we haveTSC,(S’) < TSC,(S). Therefore, as
d(S, S') < ¢, there are configurations arbitrarily closetavith
lower TSC,. This contradicts the fact thatSC, has a local
minimum atS and, therefore, we conclude that, > p,. O

Lemma 15: Let TSC, have a local minimum af € S and
consider the characterization of Lemma 6. Then, gierfs €
{1, ..., L} with Jp, # 0, pe, > p1e,, n1 € Zy,, @andng € Iy,
we must haveu,, < wy,.

Proof: Suppose the statement of the lemma does not hold

that is,w,, > wy,,. DefineS’ as follows. Fork ¢ J,, U J,
let s;, = si. Let ag, a2 be real numbers withe;| < 1 and
laz] < 1. Fork € Ji,, Wwe write s, = axgn, + vk, Where
ar = qp si andvy = (I — g, gL )si; and we define

r_ 2
s =1/1 —afarqn, + a1akqn, + Vi.

Note that this is valid becauge} || = 1. Similarly, fork € 7,,,
we write s, = akgy, + vp Whereay = ¢I s;, andv, = (I —
n, 4y, )sk; and define

/I 2
s =4/ 1 — a30rqn, + @20kGn, + Vk.

Fork € J;, we obtain

! T

T _ 2 2 T T
SESE — SkSp, = Q10 (qnzqn2 — Q4n, in)

+a1y/1— a%ai (q’nlq’rql; + qn2q71:1)
+ (1/1 —of - 1) ar, (gn, Vi + vrdn, )

+ arak (Gno v + vrqr)
and, similarly, fork € 7,

1 0T T _ 2 2 T T
15k — skst, =50 (qny Gy — Gna )

+ 94/ 1-— Ol%ai (inq;{; + qnzqgjl)
+ (1/1 —a3 - 1) ar, (4n, Vi + Vrdr,)

+ asay, (qn,vf + vrql)) .
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Similarly, Zka% praxvr = 0. Using these identities it is
straightforward to obtais’ DS'" = SDST + Ay + A, where

A1 = O‘%P1 (qn2 q;‘; — Qn, qgl)

+agy/1— Oé%Pl (qnlq’rj;g + qnzq?;l)

A? = 05%P2 (qn1 qgl — Qn, qg;g)

+ ao\/1 = &3P (qn, a0, + Gnady,)

with P; = Zkejgl pkaz, P, = Zke.ﬁz pkai. Now
TSCy(S') = TSCy(S) + 2tr [(SDST + W) (A1 + Ay)]
+tr (A7) + tr (A3) + 2tr (A1 A,)
and after some manipulation we get
TSCy(S") =TSCy(S) — 2(pe, — ue,) (i PL — a3 Ps)
+2 (i Pt + a3 P3) — daja3 PPy

+4(11(¥2 1—&%\/1—(¥%P1P2.
Hence,

TSC,(S) = TSCy(S") = 2(ue, — pie,) (@1 Pr — a3 Ps)
—2(o1 Py + a2 Py)? + o(||o]?)
where||a|| = /o + a3.
From (23) follows thayu,, = P1 + wn,, pe, = Po + wn,.
As we are assuming,,, > w,,, we have

/1421_/1422+P2:P1+wn1_wn2>0

a1 Py
Py — ey +P2

and, thus, we can take, = —
TSC,(S) — TSC,4(S")
_ 2(“1@1 - [L[2>06%P1 (wnl — wnz)
Pl + wnl

By hypothesis7,, # 0 which implies (Lemma 6) thai,, >
wy,, henceP; > 0. Also, by hypothesig,,, > i, Thus, for
a1 small enough we géfsSC,(S) — TSC,(S’) > 0. Hence, as
d(S, S") < |arcsin(wy)|, there are configurations arbitrarily
close toS with lower TSC,. This contradicts the hypothesis
that TSC, has a local minimum at, so we conclude that
Wy < Wpy. O

. Operating we get

+ o(a}).

— Wp,

Lemma 16: Let TSC, have a local minimum af € S and
consider the characterization of Lemma 6. Let {1, ..., L}
with p1p > ming gy, £y per. Then|Te| < |7
Proof: Suppose the statement of the lemma does not hold.
Then, there existy, {2 € {1, ..., L} with pg, > pe, and
|Te,| > |Zs, |- Take anyn € Z,,. As

rank(s.ﬁ]) = |I£1| < |*7Z1|

we can find a column vectar € RV« | such that|v|| = 1 and
Sz, D7, v=0.Consider any >0 and defineS” with s}, = sy,
for k ¢ Jp, ands), = cos(ag)sk+sin(ag)gy, for k€ J, , where

We claim thaty ;. 7, praxvr = 0. To see this, use (23) to o, = evy,. With this choice, after some manipulation we get

write

> or(I = gn,ar, ) SkSk o,
k€T,

T T
(I — QGn, qﬂ/1)5~721 DL7[1 Sjil qn,

= (I - qnlq’?:l)(:u’el - wnl)qnl =0.

Z PrarVk

k€T,

TSCy(S) — TSCy(S") = 26 (e, — 11| Dz, vl|* + 0(€?).
(48)
So for e small enough we geT'sC,(S") < TSC,(S) and

d(S, §') = emaxkez, |vx| < e. This contradicts the fact that
TSC, has a local minimum &§. O
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Theorem 6: Let TSC, have a local minimum & € S. Then IX. Noisy MMSE ITERATION
S has arefficientcharacterization.

; L Our last observation on tHESC,, is key to understand the
Proof: Consider the characterization of Lemma 6. g Y

' convergence of the MMSE iteration. We will next slightly
Letl € {L,..., L =1} If e > pr, Lemma 14 implies mogify the MMSE update algorithm adding noise. To this
|Te| < |Ze|- If pue = pr, by Condition 3 of Lemma 6 we haveeng e first make some definitions. Given two unit-norm

|‘7{| = 0 < |Z|. Therefore, Condition 1 of Definition 1 is orthogonal vectors; , v, (v1, vs € SN-1 with ’U?’Uz = 0) and

satisfied. _ _ an angld, let h(vy, vo, §) denote the rotation af; of angled
Now let¢; < ¢y € {1, ..., L} with 7, # 0. If it were toward v,

we, = pe,, Condition 3 of Lemma 6 would imply7,, = 0

Hence, e, > jus,. Then by Lemmas 14 and 15, Conditions 2 h(v1, v2, 0) = cos fvy + sin fva. (49)

and 3 of Definition 1 are satisfied. O

Analogously, giverd € R® andS, R € S with s¥'r;, = 0 for
Theorem 7: The local minima of 'SC, are global, i.e., if allk € {1, ..., K}, let
TSC, has a local minimum at € S, thenS € Q.

Proof: AssumeT'SC, has a local minimum a$ € S. By WS, B, 0) =[h(sima, 61) oo Rlsrc T, ) |-
Theorem 6,5 has arefficientcharacterization. Hence, we can Given a sequence of angle@ggx}ggl C (0, 27), we define
apply Theorems 3 and 4 to obtain that for&lle S the MMSE noisy iteration as

(t+1) _ (t) (t+1) p(t+1)
A(S'DS'T + W) majorizes\(SDS™T + W). ST = h(@(ST), BT 67 (50)

wherer(”, 6 (k € {1,..., K}, t € N) are independent
Thus, asT'SC, is Schur-convesTSC, (S) < TSC,(S’) forall - random variables,"” is uniform(0, 651x), andr(” is arandom
S’ € 8, thatis,S € Q. O unit-norm vector uniformly distributed orthogonal to thkéh
column of ®(S*-1). In words, the MMSE noisy update con-
sists of applying the MMSE update (10) to all the signatures one
at atime, and then adding a random bounded independent noise

Theorem 7 can be rephrased saying thaf iE S is not a
global optimal configuration, thei’'SC, cannot have a local
minimum atS. That is, given anys € S\ €, for all e € (0, ] h si
there existsS’ € BIS, ¢ with TSC, (S') < TSC,(S). to each signature.

H Th 7 implies that all th timal fixed We now present an intuitive argument to be formalized in the
_mence, Theorem 7 IMplies that all the honoplimal IXed COlkyy; thaorem. We have proved in Section VI that the (noiseless)
figurations are unstable equilibria of the MMSE update. If

RIMSE iteration approaches the set of fixed configurations as
fixed configurationS does not achieve the minimum @5C,, ! I bp - gurat

then th ist arbitraril Il perturbai h that if tt — o0. In Section VIII, we have seen thatSC, has no other
en there exist arbitrarily smat perturbations such that Wihg . yinima than the global ones. Hence, if we start with any

MMSE iteration is started from these perturbed Conﬁgurationéc)nfiguration that does not attain the global minimuniet
the TSC, converges as — oo to a value strictly smaller than 4

. ; : and perturb it a little, there will be a nonzero probability of get-
TSC,(S). We state this formally in the following lemma. ting a new configuration with a loweFSC,. This observation

Lemma 17:Given S € Fp\Q, for all ¢ > 0 there exists suggests that if we fix a sufficiently small noise upper bound in
S" € B[S, €] such that for the MMSE iteration witd(®) = 5’  the noisy iteration$® can be made to converge to an arbitrary
we havelim,_, ., TSC,(S®) < TSC,(S9). small neighborhood of the optimal set with probability one re-

Proof: As S € F3\Q2, TSC, does not have a global min-gardless of the initial configuration.
imum atS. Hence, by Theorem 7, given amay> 0 there ex-
ists.S” € B[S, €] such thatl'SC,(S") < TSC,(S). If we start
the MMSE iteration withS(®©) = S/, asTSC,(S®) is nonin-
creasing, we get

Theorem 8: Given any > 0, there exist8,,., > 0 such that
for any initial conditionS(®) the MMSE noisy iteration defined
by (50) with 6:1x = .. for all ¢, satisfies

lim sup TSCQ(S(t)) <as TH6. (51)
t—oo
Proof: Without loss of generality, assumé is small
enough so that ifS € Fp and TSC,(S) < 7 + 6 then
On the other hand, if a configuratishachieves the minimum TSCy(S) = 7. This can be done because, by Theorem 2, the
of TSC,, then if we start the MMSE iteration from any config-setTr has a finite number of elements (recall (26)). Define the
uration close enough t8, the TSC,, converges ta'SC,(S) as Sets

b= oo Vi ={S €8 TSC,(S) > 7+ 6}
Lemma 18:Given S € () there exists > 0 such that for and
all S € B[S, €] the MMSE iteration withS(®) = S’ satisfies
limy o TSC,(S®) = 7.
Proof: Follows from the fact thaf's is finite andTSC, As TSC,(-) is continuous,V; and V> are compact sets. If
is continuous. O Vi = 0, then (51) is trivially satisfied. Hence, in what follows

ilibri .L
Hence, the only stable equilibria of the MMSE update are tr\{\ée assumé; # 0. Let

optimal configurations. Omax = min{d(S, §'): S € V1, §" € ®(Va)}.

Jim TSC,(S®) < TSC,(S") O

Vo ={Se€S: TSC,(S) <7+ 6}.
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Note thatf,,.. is well defined:d(-, -) is a continuous function, h(®(S), R, 0) is not identically zero in any open subset
V1 is a compact sel/; is compact, and thu®(1%) is compact of B[®(S), Omax], this implies
becaused(-) is continuous.
We claim#f,,.x > 0. To prove this by contradiction, assume P(S) > Pr (TS g , R, 0)) <TSCy(S) — %)
Omax = 0. Then there exis € Vi andS’ € &(V;) with y
d(S, §') = 0.S0S = S and hencél'SC,(S) > r + & and > Pr (TS g , R, 0)) < TSCy(9(5)) - 5)
S = ¢(S5") for someS” € V,. ThereforeTSCy(S") <7+ 6 >0
and we get

which contradicts?(S) = 0.

» Assumed(S) ¢ V1. Then,TSC,(®(S)) < 7+6 and thus
by continuity of TSC,(-) and as the probability density of

T4+ 6 < TSC,(S) <TSC,(S") < T+6

and so h(®(S), R, 0) is not identically zero in any open subset
TSC,(S) = TSC,(S") =7 + 6. of B[®(S), fmax], we have
By (13), this impliesS = S” and, thus,S € Fs. But then, P(S) > Pr(TSCy(h(2(S), R, 0)) <T7+6) >0

by our assumption that was small enough, we must have . .

TSC,(S) = 7 which contradicts['SC,(S) = 7 + ¢. which contradictsP(5) = 0.
Due to our choice 0f,,.x, if S® € V5 thenSttD) € v, Define

and, thusS(t*+™) ¢ V;, for all m > 0.

K N 2
For eachS € S define
€ | M= <Z e+ Z wn)
k=1 n=1

B(S) = min{TSC,(S"): S" € B[S, Omax]}-
Note thatforallS € S, TSC,(S) < M.LetQ = [2(1»1—7_5)1'

: , : . =~
Note thatﬂ(.S) is well defined begauSESCg is continuous and Let E; denote the event thal®) € Vy. Write 2, = Pr ( Eqm).
B[S, 0max] is compact. Alsof(S) is a continuous function of Then
becaus&SC,(-) is continuous and the s&S, 0.,,..] depends
continuously onS. Now define Zm1 = Zm Pt (EQm+1)| Eqm)

v = min{TSC,(S) — B(S): 5 € Vi} + (1= 2m) Pr (Eq@m+1)| Egum) -

Because of our choice of.., £+ C FE.;1. Therefore,

which is well defined becaugd'sC, — 5)(-) is continuous and Pr (Eq(min)| Eom) = 1 and

V4 is compact.
We claim~ > 0. To prove this by contradiction, assume Zma1 = Zm + (1 = zm) Pr (EQ(m+1)|Eém) _

v = 0. Then, for someS € V7, itis §(S) = TSC,(S). But

this means that is a local minimum ofSC, (-). Thus, by The-  Let F, be the eventTSCg(S(t)) < TSCg(S<t—1)) -2

2

orem 7,5 must be a global minimum a&fSC,(-) and, therefore, and defineG;, = E; U F; (that is, Gt denotes the event
TSC,(S) = T which contradictsS € V;. TSC,(S®) < InaX{TSC (SE=DY — 2 7 4 8}).
We will write PI‘() for probabilities. ForS € S define hWe claim thaﬂqu GQm—l—q C EQ(m-‘,—l) To see this, note
that
P(S) = Pr (Tscg(h(cb(S), R, 9)) Q Q
EY N G = E¢ NG
Y Q(m+1) m Qm+q m Q(m+1) Qm+q
< max {TSCg(S) — T + 6}) =1 g=1 ( )

Q
wherery, 6, (k € {1, ..., K}) are independent random vari- =N (Eé(mﬂ) n FQm+q)
ables,fy. is uniform (0, 6,.x), andr is a random unit-norm _
vector uniformly distributed orthogonal to thigh column of Q
®(S). Note thatP(.S) is a continuous _function of because = Eg(miny N ﬂ Fomaiq
TSC,(+), ®(-), andh(-, R, #) are continuous and the proba- g=1
bility distributions involved are continuous. Let =0

p = min P(S). where the last equality follows from the fact that if the following
Sev; inequality holds for aly € {1, ..., Q}:

We claimp > 0. To prove this by contradiction, assume= 0. TSC,(S9mT1) < TSC,(S9™Fa=1) - %
Then there exist§ € V; such thatP(S) = 0. Consider the Qmt1) am .
following two cases. thenTSC, (S ) STSC,(5%") = Q3 < 7+6.

Therefore,
» Assumed(S) € V;. By definition of v, there existsS” € Q
B[®(S), fmax] such thatl'SCy (®(S5)) = TSC,(5") > 3. Pr (Eg(nt1)| E&p) > Pr ﬂ Gomiq
By continuity of TSC, (-) and as the probability density of

Eém> |

q=1
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By the definition ofp, for all ¢ we have
Pr (GQmtql Gamtts -- s Gomiq—1, Egp) 2 p.
Hence,
Pr (Eqen+v)| Egm) > p?
and

Zmt1 > Zm 4 (1 — 2,,)p%.

Thereforel — 2,41 < (1 — z,)(1 — p?) and by induction
L — 2, < (1 - 2) (1 —PQ)m < (1 —pQ)m.
Now

b (m[‘j EQm>

= lim 2z, >1— lim (1—pQ)m:1

m—00 m—00
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covariance, we considered the problem of assigning signature
sequences to the users. Two performance measures were
proposed, sum capacity aftBC,, and we observed that the
optimal configurations for both are the same. The MMSE
iteration is an iterative procedure amenable to distributed
implementation that decreases the generalized total square
correlation at each iteration. However, it does not guarantee
convergence to the minimurfi’SC,. We have shown that
TSC, has no local minima other than the global ones, and
therefore the fixed configurations of the MMSE update that are
not optimal are unstable. Using this fact, we have proved that a
modified noisy version of the MMSE iteration asymptotically
approaches the set of optimal configurations with probability
one.
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