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Abstract

In this paper we analyze the performance of a Reed-Mulbker( code in channels
where at most one synchronization error, viewed as either a repetition or a deletion of
a bit, occurs. We first establish several useful properties of the run-lengths of a Reed-
Muller(1,m) code. Based on the transformation of a code in which a repetition operation
becomes an insertion of a zero operation, we conclude that a Reed-Mutledode is
immune to a sampling error that causes a single repetition of a bit. By analyzing the
image of the code under this same transformation, and utilizing the previously established
properties of a Reed-Mullek(m) code, we are able to enumerate all pairs of sequences
of this code that can result in the same received sequence when a sampling error causes
a deletion of a bit. In addition, we propose a simple way to prune the code so that the
resulting linear subcode is immune to a single deletion.

1 Introduction

In many communication systems, a binary input messaigeencoded at the transmitter using
substitution-error correcting codg(n, k) into a coded sequenee= C(x). The modulated
version of this sequence is corrupted by additive noise and arrives at the receiver as a waveform

r(t),
r(t) = ch-h(t —iT) +n(t), (1)

wherec; is thei™ bit of ¢, h(t) is the modulating pulse, andt) is the noise introduced in the
channel.
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Figure 1: An example of oversampling.
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Upon receiving-(t), the receiver samples it at time instanéd$ + 7. The sequence
of samples is fed into the decoder which produces the most likely input message. In order
to fully exploit coding gains, accurate synchronization becomes critical and many proposed
methods focus on estimating and adjusting the phase offsf], [12]. Here, the underlying
assumption is that the initial synchronization is accurate enough to ensure that, even with some
frequency error, there will still be one sample per symbol. However, when the initial samples
are not taken at correct places, with an incorrect frequency rate (i.e. Whgril’), a symbol
can be sampled twice or not at all. This situation can arise in many applications, for example in
wireless fading channels and digital magnetic and optical recording channels, typically because
of slow convergence of a decision feedback based timing recovery loop.

To illustrate the issues that arise, assume ktigtis a rectangular pulse of duratidn
and unit amplitude i.e. the modulation scheme is pulse-amplitude modulation (PAM). Let us
also assume that we are operating in the infinite signal-to-noise (SNR) regime where the effect
of n(t) is negligible. As a result;(¢) simply becomes

r(t) =Y _al(iT <t < (i+1)T). 2)

i

If the waveform is sampled at instances separated’l{g.g. samples taken in the
middle of each pulse would be &f" + 7'/2), then the sampled version oft) would be
preciselyc. Now suppose that the initial frequency error causes the sampling to occur at
instances T + 7.

As an example, consider the sequence (0,1,0,1,1,..) that results in the waveform
r(t) shown in Figure 1. The sampling pointd; + 7, are marked in the figure by. In
this exampleT; < T causes oversampling. As a result, the sampled versief ptontains
a repeated bit (the fourth bit is sampled twice).7lf > 7', undersampling occurs, and the
separation between two consecutive samples can become so large that some bit is not sampled
at all. Therefore, without the initial synchronization, a frequency error causes the sampled
version ofr(t) to be the sequence obtained by repeating or deleting some hits in

Assuming that the exact sampling instances are not known, a coded segueate
give rise to a whole set of received sampled versions(of When two distinct sequences
ci andc, result in the same sampled sequence, it is no longer possible to uniquely determine
the coded sequence or its pre-imagom the received sequence. We then say that the code
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C'(n, k) suffers from ardentification problem

We adopt a set-theoretic model in which a coded sequence gives rise to a set of possible
received sampled sequences depending on whether a bit was repeated or deleted. We say that
the identification problem occurs whenever two distinct codewords have intersecting sets. In
this context, our goal is to determine necessary and sufficient conditions for the identification
problem to not occur. Furthermore, we wish to determine the largest linear subcode for which
the identification problem is eliminated. In the remainder of the paper, we will address these
guestions for a Reed-Mullérn) code.

It is worth mentioning that several authors have studied codes immune to a deletion
or an insertion of a bit. For example, the so-called Varshamov-Tenengolts code proposed in
[16] and popularized by Levenshtein in [9] has been further studied by Ferreira et al., [5],
Levenshtein [10], Sloane [13], and Tenengolts [14]. Related constructions were proposed in
[1], [2], [3], [7] and [15]. Even though these constructions assure that the code is immune to a
deletion or an insertion of a bit, they do not guarantee any other desirable properties of standard
substitution error correcting codes (such as linearity and a good minimum Hamming distance)
and are therefore not known to be used in practice.

To address this issue, we instead consider a Reed-Muhterode known to have good
substitution error correcting properties. We analyze the identification problem for this code,
and propose a pruning technique to eliminate this problem. The motivation for this approach is
that, with a small loss in the overall rate, and a small additional overhead needed to extract the
appropriate subcode (e.g. this processing could precede the encoding block and would need to
be done only once), a subcode of a code already used to protect the data from additive noise
would also be immune to synchronization errors.

In order to determine the codewords that cause the identification problem, the code
must be analyzed in a systematic manner. For this purpose, we express the codewords in terms
of their runs from which a series of structural properties of a Reed-Muljtej(code follow.

These useful properties are presented in Section 2, and are used in Section 3 for the analysis of
the identification problem under one synchronization error.

2 Structural Properties of RM(1,m)

First order Reed-Muller codes (RM(r)) are an instance of linear substitution error-correcting
codes. They are known for their good minimum distance, simple encoding, and relatively easy
maximum likelihood decoding. On the negative side, they have low rate.

This code is described bykax n generator matrixz,, wherek = m + 1 andn = 2™.
Let go(m) denote the all-ones vector of lengtti, and letg; (m) be anm x 2" matrix whose
columns are binaryr-tuples in the decreasing order.

The generator matrix of the RMg¢n) code is then
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11 1 1 1 1 1 1]
1 1 1 1 ... 0 0 0
Gm_|:g1(m):|_ 1 1 1 1 ....0 0 0 0 |- (3)
11 0 1 1 0 0
1 0 1 0 ... 1 1 0

Observe that the first row df,, consists of all ones, and th& row of G,,, for 1 <
i < m-+1 consists oRi~! alternating runs of ones and zeros, where each run is o2%ize !,
and the leftmost run in each row is a run of ones. Cét») denote the RM{(,m) code. Note
that every codeword it'(m + 1) is either the concatenation of a codewordifm) with itself
or with its bitwise complement.

Definition 2.1 (of G7*) The set of all codewords 6f(rn) can be partitioned into groups, such

that the codewords belonging to the same group have the same number of runs of ones. Let
G denote the group in which all codewords have exagtiyns of ones.

Definition 2.2 (of ¢*(10), ¢7*(01), ¢}*(11) and c}*(00)) Letc}*(10) denote codewords ifi(m)
that havej runs of ones, start with a "1’ and end with a’0’. Similarly, l€t(11), ¢*(00), and
cj*(01) denote codewords i6(mm) that have;j runs of ones, and start with '1’;0’, and '0’,
respectively, and end with '1’/0’, and '1’, respectively.

We are now ready to prove several structural properties of thelRM(code.

Lemma 1 For C(m), m > 1, there are2™~! + 1 distinct non-empty groupS’, for 0 < j <
2m~1 There are 4 distinct codewords in each grodp, for0 < j < 2m~1 and there are 3
distinct codewords in the grou@?,,_,. There is one codeword in the grodg’, namely the

all-zero codeword. No two codewords in each group agree in both the first and last bit. In
om—1 N0 codeword both starts and ends ina’0'.

Proof : The proof is by induction omn. Form = 1 the statement can be verified by in-
spection. Suppose this assertion holds for an arbitrary= my. Then all codewords in

the same groug:* have different starting and ending bits, so we a$e(11), c;*(01),

cj*(10), andc;*(00) as a shorthand for these codewords. Out of eight possible concatena-
tions of codewords i for 1 < j < 2™~', 3 result in codewords in?;’}“_*ll (these are

[cfo(11)[cf(11)], [ef** (11)ef*(11)], and [ (01)[c}*(01)]), 4 resultin codewords iﬁl’;}“l
(these ared;™ (01)|c;* (01)], [ (10)] cj*(10)], [¢}*(10)|c;*(10)], and [} (00)|c;™ (00)]),

and 1 results in the codeword;’ (00)|c;* (00)] in Gg’;‘jﬁl (here the overline denotes comple-

mentation and sign denotes concatenation). By varyinffom 1 to 2°~! — 1, inclusive, we
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can describe 3 codewords @', 4 codewords in eact”;*™" for 2 < j/ < 2™ —2and 1

codeword inG:¢H, such that no two codewords that belong to the same group agree in both
the first and the last bit. While preserving the condition that the codeword&in + 1) in the

same group have distinct outermost bits, the remaining 8 codewo€dsnp+ 1) are obtained

by concatenating the three codewordgiiiy _,, neither of which has both the first and the
last bit equal to '0’, each with itself and with its complement (thereby completing the groups
Goodtt andGheh), and by concatenating the all-zero codewdf¢él(00) with itself and with

¢ (11) (completing the group&jot! andGy ™). .

Now we know that*(xy) for z,y € {0, 1} represents at most one codeword, so from
now on we will usec’*(xy) as a shorthand for the codeworddfim), if it exists, that hag
runs of ones, starts with and ends withy for =,y € {0, 1}.

Lemma 2 In C(m) there are exactly 2 codewords which have a totdl nins forl < k£ < 2™,
and they are complements of each other.

Proof : Let us collect the codewords across different gratiffsas follows. The complement
codewords”}” ; (00) andcy*(11) both have2j — 1 runs, and complement§'(10) andcj(01)
both have2; runs. Letting; vary from 1 to 2! and recalling that except fa&{* which
contains only*(00), andG?;, -, which contains only:;, . (11), ¢,—,(10) andcZ;,_, (01), all
otherG7* contain all four ofci*(10), ¢*(01), ¢j*(00), andc}*(11), we arrive at the proposed
result. [

Lemma 3 Consider a codeword in C'(m). The runs inc are of at most two different sizes,

and these two sizes are consecutive powers of 2. In addition, if there are runs of two different
sizes inc, the outer runs (i.e. the leftmost run and the rightmost run) are of the smaller

size.

Proof : (Outline) The proof is by induction om. For small values ofn the statement can be
verified directly. Suppose now that the given statement is true for an arbitrarym,. For a
codeword:in C'(my) let¢ andc¢” denote the codewords {ti(my+1) that are the concatenation

of ¢ with itself, and with its complement, respectively. By separately analyzing the cases when
¢ has one and two different run-sizes, and distinguishing the sub-casescvilasnthe same
outermost bits, and when these two bits are different, the statement follows. For a complete
proof please see [4]. [ |

Lemma 4 With the exception of the all-ones codeword, all codewords belonging to the group
G;." for 27~ < j < 27 for somep, 0 < p < m — 1 have all runs of ones either of leng2it 7!

or of length2™~?, Moreover,(j — 2°~!) x 2 runs out of thesg runs have lengtk™ !, and
the remaining?? — j runs have lengtk™?.

In particular for; a complete power of the Lemma says the following: All codewords be-
longing to the grou:"" for j = 27 for somep, 0 < p < m — 1 have all runs of ones of length
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2m=P=1 egach. Ifj = 27 andp = 0 all but one codeword, namely the all-ones codeword, have
the single run of ones of lengg* 71,

Proof : (Outline) To prove the statement we use inductiomanFor small values ofn, the
proposed statement can be verified directly. Suppose now that the assertion holds for some
m = my. We analyze the concatenations of the codewords that belong to the samé-gtqup

0 < j < 2mo~1 each with itself and with its complement. By Lemma 1 there are at most 8
such concatenations, namely,(11) with itself and withc , (00), cf*(00) with itself and with

i1 (11), ¢5*(10) with itself and withe(01), andc} (01) with itself and withc}*(10). We treat

the caseg = 0, j = 1 andj > 1 separately. For the cage> 1 we rely on the observation
proved in Lemma 3. In particular, in analyzing the concatenation$ 0f1) with itself and of

c7*(00) with its complement, we distinguish the subcages2” and2r—! < j < 27, Similarly,

for the concatenation ef?*(11) with its complement we analyze the subcases = 27~ and

j — 1> 2r~1 separately. By combining the results for each concatenation, the lemma follows.
For a detailed proof please see [4]. [ |

We now address the identification problem for this code, while making use of the struc-
tural properties established so far.

3 RM(1,m) in Channels With Synchronization Errors

Before proceeding with the analysis of the RMf() code under at most one repetition or
deletion, let us first introduce a useful general transformation in which we express the number
of runs of the original codeword in terms of the weight of a string in the transformed domain.
Suppose& is ak x n generator matrix of some codé&n, k).

Let G = GT,, andC be the code generated 6% whereT), is an x (n — 1) matrix
satisfying
1, ifi=j
T )= 1, ifizj+1 )
0, else.

Remark 3.1 If c = mG € C hasr runs, theré = mG has weight- — 1, and vice versa. Both
c and its complemer (if it exists) result in the same

In essence, a repetition ine C' corresponds to an insertion of a zero in its counterpartC'.
Binary codes immune to insertions of the same kind of bit were studied in [8].

Since no new runs are created when a codeword experiences a repetition, for two code-
wordsc, andcy, in C'to result in the same sequence when they both experience such synchro-

nization error, it is necessary that their counterpagtandé,, in C' have the same weight.

However, during a deletion, the total number of runs in the codeword can stay the same
or it can decrease by one or by two. Suppose a codewpekperiences a deletion in a run
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of size at least 2. Therg, will experience a deletion of a zero, so its weight will remain
unchanged. It, experiences a deletion in a run of size 1, the neighboring runs (if any) will
merge and the total number of runs will decrease. In particular, if this deleted run of size 1 is
an outermost run, the total number of runs decreases by k.aexperiences a deletion of an
outermost '1’. If this deleted run of size 1 is located somewhere eleg, ithe total number of

runs decreases by 2, and a string '11¢jnis replaced by a '0’. Therefore, for two codewords

c, andcy, to result in the same sequence when they both experience one deletion, it is necessary

that their counterpar®, andé, in C differ in weight by at most 2.

In particular, when the original codé is a Reed-Muller(,m) code, the following sym-
metry property holds fo€'.

Lemma 5 SupposeG., is a generator matrix of’(m). LetC(m) be the code generated by
Gy, WhereTy is given by Eq.(4). Then, i@'(m), all codewords are mirror-symmetric,
i.e.Ve= (61,62, ...762m_1) € é’(m), C; = Com_; forl <i<2m—1.

Proof : The proof is by induction om. By inspection we can conclude that the statement is
true form = 0,1 and2. Suppose the statement is true for= m,. We wish to show that it is
also true forn = mo+1. Recall from the previous section that a string is a codewofd{ in,+

1) if and only if it is obtained by concatenating a codeword’im,) either with itself or with
its complement. Consider a codewargl € C(mg). Let¢o = coTomo = Colomo € C(mo)
(the overline denotes the complement codeword). By assumgtjpis mirror-symmetric.
Consider two codewordsyo= [co|co] @ndco1=[co|Co] that belong ta” (m, + 1) (vertical bars
denote concatenation). NowgeZsmo+1 = [Co|x|Co), @Ndco1Tome+1 = [Co|T|Co], Wherex is O
or 1 depending on whether the last run and the first rueyiare of the same type. In either
way, in bothcggTym+1 andcgy Tyme+1, by assumption, the bit in positignis the same as the
bit in position2™ — p for 1 < p < 2™ — 1, which is in turn equal to the bit in position
Mo _ p 4 om0 — gmotl _ p n

We now state the main results regarding the existence of the identification problem in a
Reed-Muller{,m) code under one synchronization error.

Theorem 1 In C(m), no two codewords can result in the same string when they experience
repetitions.

Proof : For the case of one repetition (or any number of repetitions for that matter) two code-
words inC'(m) resulting in the same string must have the same number of runs, and the same
sequence of runs. By Lemma 2 there are exactly two codewords with the same number of runs.
However these two codewords are also complements of each other and therefore cannot have
the same sequence of runs. We can concludethat) is immune to repetition errors. B

Theorem 2 When codewords if(m) experience a deletion the following ones can result in
the same string and thereby cause the identification problem:
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m = 0 The only codewords are ‘0’ and "1’ and they can both result in an empty string.

m = 1 The codewords '00’, '01’, and '10’ can all result in '0’, and the codewords '11'/10’,
and '01’ can all resultin '1".

m = 2 The codeword '0011’ and any one of '0110’, '0101’, and '1001’ can result in the same
string. Similarly, the codeword '1100" and any one of '1001’, '1010’, and '0110’ can
result in the same string. The same is true for '0110’, and any one of '1010’ and ‘0101’
as well as for 1001’ and any one of ‘0101’ and '1010’. Also, '1010’ and '0101’ can
result in the same string.

m > 3 There is a total of 11 pairs of distinct codewordgiifrm) that result in the same string
when each experiences a deletion. These &fg10) and ¢}*(01), ¢/*(10) and c*(11),
c*(10) and cf*,(00), ¢f*(01) and ¢f*(11), ¢*(01) and cf* , (00), ¢7*(01) and ¢}*,(01),
c*(10) and ¢, (10), ¢*(01) and ¢;*(00), c*(01) and ¢, ; (11), ¢*(10) and ¢;*(00),
cr(10) and¢?, (11), wherej = 2™~ andk = 22,

Proof : (Outline) For valuesn = 0, 1,2, the statement can be verified directly. Suppese
and ¢, are distinct codewords i6’'(m) for m > 3, which result in the same string when
each experiences one deletion. lgt = c,75» and¢, = cpTom, Where Ty IS given

by Eq.(4). Without loss of generality assume that Weight¢ Weight(c,). We treat the
cases Weigh#, )=Weight(s,), Weight(.)=Weightcy)+1, and Weighi,)=Weight(,)+2 sep-
arately. In the first case, it can be shown by using Lemmas 2 and £ tteatd ¢, must be
equal. It is further necessary that bathandc, experience deletions in the outermost runs
of size 1. By combining weight properties of a Reed-Muller code ([11]) and the results of
Lemmas 3 and 4 we conclude that the only choicecfoandcy, is c5;,-. (10) andcl;,_, (01).

When Weight¢,)=Weight(,)+1, we consider the cases of even and odd weight of

C. Separately. In the former case, by using Lemmas 2, 4 and the mirror symmei’t(yn)f
(Lemma 5), it can be shown thé&t must be an all-ones string wherdgshas all but the middle
bit equal to 1. It can be easily verified that all four choices for the paandc,, are possible,
namely,ci;._, (10) andc;,_, (11), or c%;,_, (10) andchr,—, _,(00), or ¢, (01) andcy,_, (11),

or ¢, (01) andchr,—,_,(00). In the case when the weight 8f is odd, it can be similarly
shown that the string&, andc,, consist of alternating bits (former starting with a '1’, latter
with a’0’). Again, all four choices foey, andc,, which arech;,_. (01) andc?},_.(00), c5;,_»(01)
andcy;, ., ,(11), ¢f;._»(10) andci;,»(00), andcy), _»(10) andcy;,», (11), are possible.

Finally, for Weight¢,)=Weight(,)+2, by using the structural properties ©f{m) es-
tablished in Lemmas 3, 4 and 5, one can show &jas the all-ones string whereasg has
all ones except in positior"—2 and2™ — 2™~2, By inspection it can be shown that the only
choices forc, andcy, arecy,,_,(10) andcl;,_, (10), or ¢, (01) andcl;,_, ,(01). Fora
detailed proof please see [4]. |

We now wish to find the largest linear subcode(fn), in which no two codewords
cause the identification problem under one deletion. From the previous theorem, we know that
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the generator matrix of such subcode has at mosiws.

Consider a matrix consisting of the tap — 1 rows of G,,, followed by a binary sum
of the last two rows o0fG,,. This matrix hasm rows and it can be shown that no linear
combinations of its rows give rise to codewords causing the identification problem. We are
therefore able to eliminate the identification problem while preserving the linearity of the code
and suffering a very small loss in the overall rate.

4 Conclusion and Future Work

In this paper we studied the performance of a Reed-Mdller( code, as an instance of a
substitution error-correcting code, in channels in which a sampling error causes a repetition
or a deletion of a bit. This error can occur in the absence of adequate timing recovery in a
variety of applications, for example in magnetic recording and in wireless transmission. The
advantage of analyzing a good substitution error correcting code under varying sampling rate
over designing a brand new code immune to synchronization errors is that the resulting subcode
would both provide protection against additive noise and would be robust to sampling errors.
The additional processing needed to extract the subcode and the rate loss incurred from using
the subcode should be made reasonably small.

When a bit is repeated or deleted, two distinct codewords (even in the absence of noise)
could give rise to the same string, which is known as the identification problem. Having estab-
lished several useful structural properties of a Reed-Muller( code, we are able to conclude
that no two codewords of this code cause the identification problem when they experience a
repetition. Moreover, we are able to determine all pairs of codewords that can yield the same
string when they experience a deletion. Based on the structure of the codewords causing the
identification problem, we showed how one can modify a Reed-Mulle)(code so that the
resulting linear subcode is immune to a single deletion error, while preserving good Hamming
distance properties of the original code.

Although the structure of a Reed-Mullér(:) code lent itself nicely to the analysis of

the identification problem under one synchronization error, there are many other codes that
have superior properties (e.g. higher rate and larger minimum distance). Future work would
involve studying the behavior of other families of codes with good substitution error-correcting
properties. The analysis should also be broadened to include a more general model in which
several repetitions and deletions are allowed. In doing so, one would arrive at a (pruned)
version of the code which would not only have good substitution error-correcting capabilities,
but would also provide protection against a variety of sampling errors.
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